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I. Notes on Corpuscular Radiation excited by X-Rays. By 
C. G. Barkua, F.R.S., and Miss A. E. M. M. Darras, 
M.A., B.Sc., Carnegie Fellow, University of Edinburgh *. 


TEE recent important experimental work of M. de Broglie, 

of Whiddington, and of Shearer on the corpuscular 
radiation emitted from substances exposed to X-rays, 
emphasizes the need of further quantitative measurements 
upon radiation of this type. It will, however, be an 
advantage to recall the results of energy measurements 
which have aiready been made, for these appear to possess 
a significance which cannot be overlooked in a complete 
stndy of tle subject. We propose therefore to give a 
briet account of these earlier experiments which led us 
to undertake the investigations described later. 

The maximum velocity of emission of the electrons from 
metal plates was shown by Cooksey and Innes to be a 
function only of the penetrating power (or frequency) of 
the exciting radiation. Later it was assumed that it was 
given by the relation dme? —n: hence the frequency (n), 
and wave-length of the X-radiation was found. The 
method was later justified by the sufficiently close agree- 
ment with the wave-length determinations made by the 
interference method. 

Accurate measurements show no appreciable variation in 
the maaimum velocities of emission from various substances, 
and it is certain that for these 4m? differs little from An. 


* Communicated by the Authors. 


Phil. Mag. 8. 6. Vol. 47. No. 277. Jun. 1924. p 
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Shortly after the. ‘diseovery of the characteristic X- 
radiations, however,’ Darkla * had observed the large 
sudden increase sn, the ionization produced in a gas, and 
Sadler f the ànertase in electronic emission from a metal 
plate when the*primary ‘radiation traversing these passed 
the criticà] trequency essential to the emission of a cha- 
racteristi¢ X-radiation in each. One of us later pointed out 
that the'vlectrons of the corpuscular radiation were emitted 
in claerly defined groups, each group being associated with 
a elyiracteristic X-radiation from the substance. Thus a 

. Substance traversed by X-rays emits distinct groups of 

«$ électrons constituting the K, L, M, ete. corpuscular 

radiations (producing K, L, M, ete. ionizations if the 

substance is in a gaseous form), associated with the emission 

of K, L, M, ete. characteristic radiations. The question 

naturally arose as to whether or not the velocity of emission 

of an electron from the parent atom depended upon the 

group of which the electron was a member, that is, upon 

. the particular characteristic radiation with which it was 
associated. 

As the energy of electrons ejected by an X-radiation of 
frequency n does not range continuously from An down- 
wards f, the only alternatives which appear to have any 
theoretical probability are that the energy of escape trom 
the parent atom is approximately An, or that it is hn 
diminished by Ang, hu, hn, (say), this latter quantity 
being dependent on the particular group to which the 
ejected electron belongs. Thus the energy of a K electron 
—by which we mean an electron emitted in association only 
with the K characteristic radiation, whatever its origin— 
might be h(n—,) where nx is the critical absorption fre- 
quency in the substance for the K radiations,—or at any rate 
something near to that. 

It is, however, quite a simple matter to decide experi- 
mentally between these if they are the only two alternatives. 
Experiments have been undertaken with that purpose, and 
other experimental results may be shown to furnish evidence 
on the same point. These experiments have been of two 
kinds in which the substance used has been in the form of 
(1) a gas, (2) a solid plate. [n the case of gases traversed 
by X-rays, the energy of corpuscular emission has been 
measured by the ionization produced by the electrons in 


* ‘Nature,’ April 15, 1909; Camb. Phil. Soc. Proc. May 1909; Phil. 


Mag. August 1910. 
* Phil. Mag. Mareh 1910. 


1 See C. T. R. Wilson's photographs. 
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the gas itself. Such measurements give the total energy 
without the necessity for any correction due to absorption. 
The energy of emission of electrons from plates exposed to 
X-rays has been measured by the ionization produced in 
a gas (usually air) just outside the surface. Such measure- 
ments, unless they are merely relative, involve a calculation 
of absorption based on somewhat questionable assumptions, 
and they give no indication of slowly moving electrons. But 
a comparison of these measurements both among themselves 
and with those obtained in experiments on gases lead to 
important conclusions. 

We will first consider the results of experiments upon 
gases, as these are tlie more consistent ; their interpretation 
is also less open to question. 


Gas EXPERIMENTS. 


The first application of ionization experiments to the 
measurement of the energy of corpuscular radiation was 
made by Barkla and Philpot*. This led at once to the 
conclusion that when a beam of X-rays is absorbed in 

a substance and little energy is re-emitted as charac- 
hai radiation, the energy of the corpuscular radiation 
is approximately independent of the substance. In other 
words, the energy of the corpuscular radiation excited by 
an X-ray beam is proportional to the energy of the X- 
radiation absorbed whatever the absorbing substance— 
provided no appreciable amount ot energy is re-emitted 
as fluorescent (characteristic) radiation. T he condition may 
be otherwise expressed as: “provided the frequency (n) of 
the primary radiation is much greater than that (nj or m) 
of any characteristic radiation excited in the absorbing 
substance.” It should be noticed that this was found to 
be true (with a maximum variation of only about 7 per 
cent.) for gases containing elements of atomic weight as 
high as 127 (iodine), and that in some cases the K corpus- 
cular radiation was emitted, in others not. It is tolerably 
certain, then, that it is perfectly general. On either of the 
two suggested alternatives—that E= hn, or H=h(n—nx)— 
this would imply that under these conditions the number of 
electrons emitted is (approximately) independent of the 
absorbing substance— which is the form of the conclusion as 
stated in the original paper. 

The interesting question then arose as to the energy 


* Phil. Mag. June 1913. 
B 2 
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of corpuscular radiation when m is only slightly greater 
than ną and the characteristic X-radiation is excited in 
considerable intensity in the substance traversed by the 
primary beam. We already had data on this point, for 
Barkla has found" the sudden increase in ionization in 
C,H,Br when the frequency n of the ionizing radiation 
passed beyond the critical frequency (nz) of bromine. The 
results are shown in Table I., where column 1 gives the 
ionizing radiations used, column 2 the wave-length of 
the a, constituent of this K radiation, column 3 the 
observed ionization in C,H,Br compared with that in an 
equal short path in air at the same pressure. With the purpose 
of obtaining accurate data in the critical region, the experi- 
ments were later performed in an entirely different way 
and with vreat care f, and the results given in column 4 
were obtained. (In the first set the C,H;Br was mixed 
with air; in the later one the C,H4Br was pure.) The 
agreement between the two is quite close and leaves no 
doubt of tlie substantial accuracy of the relative ionizations. 


TABLE I. 

(1) (2) (3) (4) 
Radiation used. hd pee in E cuu d As (3) 
Fe K radiation 1:932x 10-7? cm. a x 

to to 
Br K radiation 1:005 x 10-3 cm. a x 
Sr K radiation 871K 10-8 cin. FAXE 33 xX 
Mo iy 710 " 44xrcr i4xr 
Ag - :062 - 5lixz OXT 
Sn o d87 » OS8xc 6077-9) x 
Sb 468 » 55xr 
Ce 5 305 ee Cra 6:8(0:5) xx 


The results show thzt as the frequency of the radiation 
passing through C,H;Dr is increased, the ionization co- 
efficient remains quite normal, being a constant (w) times 
that in air for instance, until the ionizing radiation has 
a frequency greater than the critical frequency for Br. 
Then there is a sudden and large rise in the ionization 
coefficient. How sudden this is was not shown by these 
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experiments, but when Sr “K” radiation was used, with 
wave-lengths about 16 per cent. shorter than the wave- 
lengths of corresponding radiations from Br, the ionization 
in the C,H;Br had increased to 3:5 times the normal value. 
Again, confirmation of these results is obtained by a 
comparison with Beatty's values obtained for the ionization 
in SeH, and shown in Table II. The corresponding 


columns 1, 2, and 3 have the same meaning as in Table I. 


TABLE II. 

(1) (2) ` (3) 

Radiation used.  „Vave-lengths of fuccum d 
a, constituents, Ioniz. coeff. in air 

Fe K radiation 1:032 X 107? em. y 

to to 
Se K radiation 1:104 x 107? em. y 
Sr K radiation '871 x 107? em. 41xy 
Mo , 7100 , 63xy 
Ag s 5623  , TEX 
Sn ui 487 ,, S&3xy 
I ” 497 n 9:5 xy 


Selenium has a lower, critical frequency than Br ; the 
magnitude of the increase in ionization is, however, almost 
exactly as found for bromine under corresponding con- 
ditions. 

Now the critical absorption wave-length in Br is ‘916 À.U. 
according to de Broglie, or :9179 A.U. according to Duane. 
We thus see that when the frequency of the ionizing 
radiation (Sr K radiation) is in the main about 5 per cent. 
greater, the increase in ionization is 2*5 times the ** normal ” 
ionization —i. e., the K ionization is 2:5 times the L, M, N 
etc. lonizations together. 

Considering now the two alternatives mentioned above, 
if 1c? — hn and these K electrons thus move with approxi- 
mately the same velocity as the L, M, and N electrons, 
there are 2:5 times as many ejected K electrons as ejected 
L, M, N, ete. electrons. But if the K electrons move with 
the velocity given by 4mv?=A(n—n,), then the number of 
K electrons ejected is more than 30 times as great as the 
L, M, N electrons together. 

Now if the energy of each electron is as:umed to be An, 
we arrive at the very simple and satisfaetory conclusion 
that one electron is ejected in association with each quantum 
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of characteristic radiation *. ^ This relation holds very 
‘closely not only when n is just greater than n;, but also 
when it is much greater. 

On the other hand, on the hypothesis that 3mv?— A(n— n;) 
there must be many more, say: roughly 10 «kg? electrons, 
for each quantum of K characteristic radiation from 
bromine; and this number steadily diminishes with an 
increase in n. If this were the case, we should be led 
to one of two alternative conclusions :—either that one 
quantum of characteristic radiation is emitted for only 
one electron in every ten say, or that the characteristic 
radiation is not emitted in quanta, but in small fractions 
of a quantum. All the evidence is against the latter 
assumption; no one even suggests it. Neither is there 
any support for the former supposition—that the emission 
of characteristic radiation is only an occasional accom- 
paniment of the emission of K electrons. That would be 
contrary to the accepted quantum theory of radiation and 
to the hypothesis which demands that the energy of ejection 
shall be (/ (ag. 

Briefly, then; if the K electrons are ejected from the atom 
with the energy hn, there is one electron ejected for from 
two to one quantum of primary radiation absorbed ; there 
is one electron ejected for each quantum of K characteristic 
radiation emitted, not only when n is just greater than n, 
but when it becomes much greater. 

On the other hand, if the ener gy of ejection be A(n—n4) 
these electrons are many times more numerous than the 
number of quanta of primary radiation absorbed, or than 
the number of quanta of characteristic K radiation emitted 
in association. with them. Also the magnitude of their 
excess varies with the frequency n of the primary radiation. 
This is all contrary to the assumption necessary to explain 
the energy A(n— n4) at all! 

This, however, does not show that some of the K electrons 
are not emitted with energy h(n—nz). There might con- 
eeivably be the required number of such electrons when 
n is just greater than nz, and in addition an approximately 
equal number of swiftly moving electrons of energy An. 
But such an assumption would mean, on this view, that 
the K group consisted of electrons both from the K level 
and from other—say L, M, and N levels. 

It must be remembered, however, that no K electron 
is emitted unless n > n, ?. e. this condition applies to all 
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electrons in the K group; so if some of these electrons 
are ejected from L, M, or N levels, it must be as a 
consequence of the ejection of electrons from the K level— 
that is, they must be ejected from the same atom. In 
other words, two electrons in the same atom would absorb 
one quantum of primary radiation, first the K electron, 
then an L, M, or N electron. This is highly improbable 
on any theory yet put forward, but is not inconceivable. 

The following conclusions. which can hardlv be disputed, 
may be drawn from the ionization experiments considered 
alone :— 

The K ionization is not produced simply or even prin- 
cipally by electrons with energy h(n—n,). The K ionization 
may be produced by electrons with energy An,—indeed, if we 
assume that the K ionization is principally by such electrons, 
then we find that one quantum of K characteristic radiation 
is emitted for each electron. 

While there is a possibility that many K electrons are 
emitted with energy h(n—n,), no suggested theory which 
takes them into consideration seems capable of explaining 
the K ionization quantitatively. 


PLATE EXPERIMENTS. 


The experimental results (published by a number of 
observers) on the corpuscular emission from plates seem 
also to indicate unquestionably that the vast majority of 
the K electrons (viz. those eleetrons emitted in association 
with K characteristic radiation whatever their origin) have 
substantially the same velocity as the other (L, M, N, ...) 
electrons ejected by the same primary radiation. 

The evidence is of two kinds: the first based on ob- 
servations of the nerease in electronic emission. when 
n exceeds nx, the second based on measurements of the 
total eneray (ionizing power) of the electrons. 


The K increase of electronic emission, 


SADLER: Thus Sadler * records something like a twenty- 
fold increase in the energy of corpuscular radiation emitted 
from a metal plate when the frequency of the primary 
radiation falling upon it is raised above that necessary to 
excite the K characteristic radiation. This is shown when 
Ni radiation (K) falls on Fe and when As radiation falls 
on Cu. (For wave-lengths see Table III.) Yet the 
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absorbability of the corpuscular radiation (principally 
K electrons) is quite normal, following the same law as 
for the L, M, N electrons ejected from other substances 
by Ni and As radiations respectively. 


TABLE III. 


Wave-lengths of K radiations. (Unit 10-75 cm.) 
(From Siegbahn.) 


Bz B,. a.» a. 
EU EEEE 1741 1:753 1:932 1:9366 
OO. sercescetixaines 1 606 1-617 1:786 1:790 
Ni steve caterers 1:484 1:497 1:655 1:659 
( Socr us 1:377 1:389 1-537 1:541 
OW usd E 1:279 1:293 1:432 1:436 
PT EE etes 1:038 1:052 1:173 1:177 
Il -N CET :093 1:104 1:109 
BE ice Gahan recess ‘914 "929 1:035 1:04 
BP Ves ovis "61 "(49 '871 'sUÓ 
MU oues EE. cuis |. *633 “710 "14 
AE eee ee err 491 501 662 067 
Bü wieed — s 432 87 490 
SD: cece 408 416 "468 “472 
Qe cussseseanb aet '814 "355 9600 


While for certain reasons these results are not altogether 
satisfactory, they must be very strangely in error if they 
do not show that the K electrons emerging from the plate 
move with substantially the same velocity as the L, M and 
other electrons. On the other hand, the inerease in the 
energy of corpuscular emission observed by Sadler is 
certainly enormously larger than we have ever obtained 
from other elements—(see later)—and is difhcult to account 
for on the basis of only an 8-fold increase in absorption. 
The absolute energy measurement, too, does not agree with 
that of other observers. 


Brace: Again, though W. H. Bragg did not undertake 
a systematic investigation of the point, a fragment of the 
results of experiments by Bragg and Porter * indicates 
the sudden large increase in the corpuscular emission from 
a plate of zinc when the primary radiation was only just 
sufficiently penetrating to excite the K characteristic 
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radiation. Thus when Zn radiation fell upon Zn, the 
corpuscular emission was only °33 of that from Fe expo-ed 
to the same radiation ; but when As radiation was used, 
the emission from Zn became 1:28 times us great as that 
from Fe. That is, the corpuscular emission increased in 
the ratio 1:3:84 when the K characteristic radiation was 
excited in Zn. 

Or comparing with the emission of electrons from Ni, 
the sudden increase in the emission of electrons from Zn is 
given by the ratio 1: 3°80. 

This meant that the K electrons emerging from the 
Zn plate bave nearly three times (2:8) the energy of the 
L, M, N electrons, when the exciting radiation (As “K ” 
radiation) has a frequency only about 20 per cent. greater 
than the frequency of the corresponding radiation from Zn, 
and the bulk of the exciting radiations has a frequency 
only about 10 per cent. greater than the critical absorption- 
frequency for Zn. 

The increase is very much smaller than that recorded by 
Sadler, but it has every appearance of being of the right 
order of magnitude. The observations appear more con- 
sistent than Sadler's, and this isolated result agrees very 
closely with the sudden increase previously observed by us 
in the ionization in ethyl bromide, already referred to, when 
the frequency of the ionizing radiation was correspondingly 
greater than the characteristic frequency for bromine. 


Beatty: Further, though Beatty * does not show the 
variation in the energy of emission of electrons from a 
plate when n passes through this critical value ng, his 
measure of this energy when n is greater than n; (accounting 
for about half the K absorption in addition to the L. M, N 
absorptions) implies an increase of corpuscular emission 
as n passes mj, of the magnitude found in ionization 
experiments, and indicated by the plate experiments of 
Bragg and Porter. 


BaRKLA & SHEARER: The unsatisfactory nature of 
Sadler’s results and the fragmentary nature of Dragg's 
(the whole argument being dependent on a single mea- 
surement) led Barkla and Shearer to examine the absorption 
of the K electrons. It was thought that when the fre- ` 
«quency n of the exciting radiation was only slightly greater 
than n, the critical absorption frequency in the element 
experimented upon, a decided loss of energy such as would 
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be expressed by the equation me? =A(n—n,) might he 
observed. In these experiments, however, the K electrons, 
i.e. those electrons associated with the emission of K cha- 
racteristic radiation as distinct from other electrons, produced 
effects much smaller than had been expected from the results 
of Sadler, smaller even than the effect recorded by Bragg, 
and smaller than that shown by measurements of ionization. 
The increase in the energy of the cor puscular emission when . 
the characteristic radiation was excited in the metal plate 
was only of the order of 100 per cent., t. e. the whole 
corpuscular emission was only abont doubled. However, 
measurement showed that the difference between these 
additional K electrons as they emerged from the plate 
and the other electrons (L, M, N electrons) was in one 
case certainly very small, and’ in the other could not be 
detected at all. 

The principal point which was regarded as established 
was that the K electrons which emerged from the metal 
plate were electrons whose maximum energy was given 
by hn approximately and not by h(n—7,). Also that the 
distribution of energy among the whole group was very 
similar to that among the other electrons. 

These experiments thus showed that many of the K 
electrons had the whole energy of a quantum, or some- 
thing very near to the full energy of a quantum, of primary 
radiation; But they did not indicate, as did the experiments 
above referred to, that the energy of these was approxi- 

mately the whole energy of the corpuscular radiation. As 
far as these experiments went, there appeared the possibility 
of other more slowly moving electrons. These could not 
have been detected. 


Eneray Measurements. 


The question as to whether the K electrons, many of 
which are evidently emitted with approximately, if not 
accurately, the energy An of a full quantum of the primary 
radiation, constitute the whole of the K corpuscular radiation, 
was first investigated by Barkla * in a comparison of the 
ionization observed in C;H;Dr when traversed by Ag K rays, 
with that calculated as "rode by the swift electrons, the 
data for the latter being obtained from Sadler's experiments 
on corpuscular radiation from plates. The results showed 
that these corpuscles accounted for less than half of the 
total K ionization, indicating the possibility of other more 
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slowly moving K electrons. If, however, we use Beatty’s 
data obtained later for the corpuseular emission from 
selenium, it appears that approximatelv all the ionization 
is by süch swiftly moving electrons. 

Beatty shortly afterwards used data agreeing with 
Barkla's for the ionization, but values for the corpuscular 
emission about 2:4 times that observed by Sadler, and 
found that approximately all the ionization observed in 
SeH, was produced by the electrons such as were observed 
from a plate of selenium. Making a correction which we 
have previously pointed out, the observed and calculated 
values agree more closely than Beatty thought. Thus when 
Sr, Mo, Ag, Sn, and I radiations (K series) were used 
the rapidly moving corpuscles accounted for 120, 87, 84, 
86, and 103 per cent. respectively of the ionization actually 
observed in SeH, though this was almost entirely K 
ionization. There is here no room for an appreciable 
amount of corpuscular radiation of any other type. 

It would perhaps be easy to attack too much importance 
tu agreement of this kind, for the calculation depends too 
closely on so-called coefficients of absorption of corpuscular 
radiations in the material from which they are emitted. 
Soch calculations as have heen made, however, indicated 
that a large portion of the K corpuscular radiat‘on consists 
of electrons of energy hn and not A(n — n). 

Thus Sadler, Bragg & Porter, and Beatty have all made 
measurements of the energy of corpuscular radiation emitted 
from metal plates. Unfortun: itely the results are very 
far from consistent, except in so far as they indicate the 
large effeets produced by rapidly moving electrons even 
when n is only slightly greater than »;. All three have 
expressed the energy (more precisely the total ionizing- 
power) of the electrons emerging trom a plate exposed 
to a primary beam of X- m in terms of the energv of 
the electrons emitted by a layer of air 1 em. in thickness 
when traversed by the same primary beam. Let this he 
R, when from the face of incidence, R} when from the face 
of emergence, and let R= R, + R,. 

We, however, wish to know the relative energies of the 
corpuseular radiations from layers o£ metal and air which 
produce the same absorption of the primary beam. In 
other words, we wish to know the fraction of the energy 
of the primary beam which is transformed into corpuscular 
radiation in the metal’ plate, as shown by what emerges 
from its surface. If the corpuscular radiation proceeded 
in a direction normal to the surface and were absorbed 
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Paponontially with the distance as given by [=I e-“*, 
# having the value yp,’ in air, p,' in the radiating plate, 
then it is quite easily seen that 


Ru ' = PTY corpuscular radiation from metal (thin sheet) 
: . energy corp. radiution from air of equal thickness ' 
an 
poe corp. radiation emerging from thick metal plate 
energy corp. radiation emerging trom a thick air plate 
energy of corp. radiation emitted by metal 
energy of corp. radiation from equal mass of air 


if the absorption of corpuscular radiation is proportional to 
the density of the absorbing substance. 

Dividing the above by the ratio of the mass absorption 
coefficients of the primary X-radiation in metal and in air, 
we get the fraction 

energy corpuscular radiation from metal 


energy corpuscular radiation from air 
for equal absorptions of primary beam. But the corpus- 
eular radiation from air is a measure of the energy of the 
X-radiation absorbed in it *. 


Now 
Ér = mass absorption coefficient of primary X- 
Pr radiation in the metal ; 
also 
Maas — mass absorption coefficient of primary X- 
Pa radiation in air, after subtraction of the 
sauna 
scattering coefficient °. 
Thus Ps 
Ry! = prlpr = fraction of energy of primary radiation 
Muda transformed into energy of corpuscular 
Pa radiation 1n the metal, 


J 
a 


= — say, 
: 


where £' is the coefficient of transformation of the primary 
X-radiation into corpuseular radiation in the metal. 

We can thus determine the fraction of the energy of a 
primary beam appearing as corpuscular radiation, assuming 
that what emerges from the surface of tho metal is a fair 
sample of the whole corpuscular radiation. Most of the 


* n being much greater than 7, for air. 
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measurements were made on the radiation from one face 
alone, Sadler's and Bragg & Porter’s from the face of 
incidence, Beatty's from the face of emergence; we have 
therefore as an approximation taken R as 2H, or 2R, as the- 
case may be. 

Regarding the assumptions, though the corpuscular 
radiation as measured (?.e. that emerging) consisted of 
rays covering the whole range of velocities from the 
maximum downwards, and these moved in all directions, 
the diminution of ionizing power was found by experiments 
(Sadler) to be connected with the thickness of the absorbing 
sheet approximately by an exponential law ; also the propor- 
tionality of absorption with densitv of the absorbing substance 
seems to hold at least approximately, in such cases as those 
to which we wish to apply it. Table IV. gives the deter- 
minations on these assumptions from the results of Sadler, 
Bragg & Porter in curved brackets, Beatty in square 
brackets. ` 

Beatty’s results (for Ay and Se) are the most regular and 
definite. They indicate at once that when n is less than nz, 
practically the whole of the absorption was accounted for by 
the corpuscular radiation as measured from the Ag plate ;. 
but when n was greater than n, the corpuscular radiation. 
possessed a fraction increasing from about 1/2 to the full 
energy of the absorbed primary radiation. These results 
agree almost perfectly with the conclusions from the 
ionization experiments, and find further support from the 
measurements of the energy of the characteristic radiation. 
These results seem to justify the calculation based on the 
plate experiments. They indicate that the corpuscular. 
radiation such as emerges from the surface of a plate 
gives us a measure of the whole corpuscular radiation as. 
detected in a gas. 

There is no indication of the lar;e diminution in the. 


value i which would have occurred when n slightly 


exceeds ng if the K electrons had been ejected with. 
energy much less than An. 

The results of Bragg & Porter (curved brackets), though 
not so regular, indicate the same thing. ‘The values 
approximate to unity when n is less than or much greater 
than ^4, but when n is slightly greater than ng (see 
columns for Fe, Ni, Cu, and Zn) somewhat smaller values 
are recorded. Yet the K absorption in these cases is 


* Using Sadler's values of the absorption coefficients for corpuscular- 
radiations. 
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almost the total absorption, which indicates that the 
K absorption is attended by an intense K emission from 
the plates. The energy of the fluorescent characteristic 
radiation would approximately account for the deficiency. 
Two values for Zn radiation on Cu and Sn radiation on Sn 
are evidently very high. 

Sadler's results show remarkable variation from Beatty’s 
and Bragg & Porter's With increasing frequency of 


primary radiation, the value of — in Al rises steadily 


p 

from a small value to too large a value; in Ag it rises 
and falls again : in Fe and Cu it commences with negligible 
values, suddenly and enormously rises, when n exceeds ny, 
and subsequently falls away gradually with further increase 
of n. Though these results differ so markedly from Bragg's 
and from Beatty's, they indicate quite as pronouncedlv 
that the result of the K absorption is the emission of an 
intense stream of electrons with energy approximately hn. 
Shearer’s recent experiments, on the other hand, indicate 
little i£ any connexion between the electronic emission and 
characteristic radiations. 

More recently, M. de Broglie (and Whiddington) have 
shown that groups of electrons ,ejected have energy given 
by 4mr?=hn—hn,. Unfortunately we do not yet know 
what fraction these are of the whole number of electrons 
ejected, or of the number of “ K" electrons. In fact the 
method employed does not distinguish between the various 
groups of electrons except by their velocity. 

Tentatively one of us suggested * that the electrons 
with energy hn — n; were those ejected from the atom with 
energv hn which subsequently lost energy hn, in passing 
through another atom, exciting. in it the characteristic 
radiation of frequency nf. Buch electrons would probably 
only form a small fraction of the whole number, and it 
seems very questionable whether they could produce such 
well-marked lines as those shown in the beautiful photo- 
graphs obtained by M. de Broglie. 


Our Plate Experiments. 


The matter is of such importance theoretically, and the 
few results obtained by other experimenters on metal plates 
have been so remarkably inconsistent, that we determined to 

* Solvay Conference, Brussels 1921. 

+ Or it might be ejected with energy An from a certain system 


within the atom subsequently losing An, in another part of the same 
atom. 
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examine the emission of electrons from plates exposed to 
characteristic radiations of various frequencies including 
that of the characteristic radiations excited in the substance 

experimented upon, studying especially the change in the 
emergent corpuscular radiation as the frequency of the 
primary beam is increased from a value less to one greater 
than the critical daa frequency for the plate. For 
when n is only slightly greater than n;, the value of A(n— n) 
is very small, so that the energy of ejection from the atom is 
presumably small: The effect of this is that very few such 
electrons can possibly emerge from the plate experimented 
upon. Thus, supposing n to be slightly greater than w;, 
if the energy of emission of K electrons is given by A (n—n;) 

n — Ny 


each K electron has only the fraction ——  - ^-- — 
N— Ni, Nm, OF N, 
- 5 approximatelv of the energy of the other L, M, N 


A 
electrons. But more than that, these K electrons can only 


. — NE 
emerge from a very thin layer of the order : ) of 


the thickness of that from which the L, M electrons emerge. | 


Thus the K electrons can only produce outside the plate 
3 

an effect ( F 2 of that of an equal number of tlie other 

L, M, N electrons. 


The effect of the K electrons would thus be inappreciable- 


outside the plate when n exceeds n; slightly. It would 
appear only very gradually as m increased, no increase 
being appreciable until n exceeded nę by something of 
the order of 30 per cent. or 40 per cent. On the other 


hand, if the energy of the K electrons from the plate: 


is given by hn, then when n passes n, there is a sudden 
increase in the corpuscular radiation emerging from the 
surface, the K electrons producing ionization proportional 
to their number, 

This experiment was performed using characteristic 
radiations of series K as exciting radiations. The metal 
plate experimented upon was placed at the end of an 
ionization chamber 10 em. in length containing hydrogen. 
The front window was of aluminium faced internally with 
filter-paper. Thus the radiation passed through filter-paper, 
through the hydrogen, and on to the back plate. The direct 
ionization of hydrogen by X-rays was negligible, so that 
the whole ionization observed was that due to electrons 
from the two faces by which the beam entered and left the 


— - 


— SS 0 — 
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chamber. The emission from the front face when this was 
of paper was also small, as was seen by performing the 
experiment with paper faces both front and back. Thus 
the ionization observed was that produced by electrons 
from the metal surface at the end of the ionization chamber. 
A standard for comparison had of course to be employed : 
this was obtained by using a metal, usually platinum, which 
has no characteristic radiation within the range of fre- 
quencies covered by primary radiations. 

The results typical of those obtained from a large number 
of experiments of this kind are shown in fig. 1, in which the 


Fig. 1. 
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Wave lengths in Angstrom Umi 


energy of the emergent corpuscular radiation compared with 
that obtained under similar conditions from platinum is 
plotted against wave-length of the exciting radiation. It 
-should be remembered that each radiation used in these 
experiments was a complex radiation, but may be regarded 
as consisting of only two distinct components, known as 
the K, and Kg radiations—Kg the radiation of higher 
frequency having an intensity about one-fourth that of the 
K, radiation. In the figure, the wave-lengths of both 
the a and £8 constituents are shown along the horizontal 
axis, the æ constituent being exactly to scale, the 8 onlv 
approximatelv so, as there is a slight deviation from pro- 
portionality of the two. In proceeding from longer to 
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shorter wave-length, the Kg radiation is the first to pass 
the critical absorption wave-length in the substance experi- 
mented upon. 

The principal features of interest in the curves are the 
following :— 

Copper.—The corpuscular emission from copper varies 
little from proportionality with that from platinum. This 
is as it should be, as there is no spectral line of either 
within the range covered by these experiments. Even the 
smal] gradual diminution of the ratio with increasing 
frequency at the higher frequency end, would need con- 
firmation. More direct experiments did not show such a 
variation : we shall return to this again. 

Silver.—]In the curve for silver, passing from longer to 
shorter waves two distinct rises occur due to the effects 
of the two components of the K radiation, in each case 
when the effective component passes through the critical 
absorption. wave-length, which is somewhat shorter than 
that of the Kg line for silver. 

The relative magnitudes of these increases are, as nearly 
as can be observed, in the same ratio as the relative 
intensities of the two constituents themselves. 

The total increase in the energy of corpuscular radiation 
when both constituents pass the critical frequeney is about 
100 per cent., the rise actually observed with Sb radiation 
being about 85 per cent. In the case considered, if the 
energy of the K electrons were given by the relation 
imi = h(n— n) and if all the additional energy absorbed — 
the K absorption—were transformed into this radiation, the 
increase observed would be only of the order of 3 per cent. 

It must be remembered, however, that the characteristic 
radiation excited in the plate must itself give rise to a 
corpuseular radiation when absorbed in its own substance. 
Thus for instance, when Sb radiation falls on Ag and causes 
it to emit Ag N-rays (of series K), these Ag X-rays them- 
selves produce an emission of electrons which on either 
theory possess energy differing little from An. Calculation 
(see below *) shows that this would account for a rise of 


* Thus the intensity of the exciting primary beam at a depth x 
is given by l=lẹ7™7. This excites characteristic X-radiation, the 
rate of emission of energy from a thin slab of unit area and thickness éz 
being ATje ^ ^^v, where & is the transformation coefficient. 

The energy of the characteristic radiation passing out through the 
surface in a direction between the angles 0 and 0--60 

= 27 sin. £0 Tye "Y dar (e mar see 9) xk,'t, sec 8, 


T 
where x.’ is the coefficient of transformation of characteristic X-radiation 


— ee ee -a 
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something like 35 per cent. in the corpuscular emission 
from the silver plate, leaving say a 50 per cent. rise due to 
the more direct action of the primary X-rays. The order of 
magnitude of this secondary effect is, however, too close to 
that measured to enable us to arrive at confident conclusions 
without further evidence. In order more directly to test 
this point, we made experiments on very thin sheets 
(thickness :0003 cm.) from which the secondary effect 
of the fluorescent radiation was only about 4 of that from 
the thick sheet ; consequently the corpuscular emission due 
to this was reduced by 3. The difference between the 
effects from thick and thin sheets was experimentally found 
to be quite appreciable (see fig. 2), the increase for the 
thin sheet being diminished to about 60 per cent. From 
these results again it might be concluded that the effect 
produced by the more direct action of the primary rays— | 
that is, the sudden increase occurring in the ionization pro- 
duced outside the silver plate, caused by electrons ejected 
under the direct influence of the primary radiation when 


into corpuscular radiation, and £; is the effective thickness of the surface 
laver contributing to the corpuscular radiation emerging. 

The energy of corpuscular radiation emitted per sec. from the surface 
and due to the secondary characteristic radiation proceeding in direction 
between 8 and (0+ £0) 


ad 
= 3kk,’t], tan 960) e^ tha seco da, 


where d is the thickness of the plate, 
R kk,'t, tan 6 
* ui pa see 8 


Total energy emission per sec. in corpuscular radiation due to the 
secondary characteristic X-radiation 


2 sing D v 
= IAk: 't. T ^ mug -- l—e Mi +H. sec 0; 1 
2 472 JA pi cos 0 -u: { | ,«9. 


I,{ 1 Le (tua sec 64 cg. 


The corpuscular emission due to the direct action of the primary 
X-radiation is Kj, Il, where A,’ is the coefficient of transformation 
of the primary into corpusculir radiation, aud ¢, is the effective 
thickness of the laver contributing to the surface emission. 

Now the only assumption we need make in order to obtain a fairly 
accurate measure of the effect of the corpuscular radiation excited 
by the secondiry characteristic X-radiation, is that the fraction of 
the energy of corpuscular radiation emerging through the surface 
from the very thin eflective layer is the same when the exciting 
X-radiation spreads in all directions as when it passes through the 
thin sheet normal to the surface,—that is, of course, for equal 
absorptions of energy in the thin sheet. 

All the evidence points to the conclusion that for a given absorption 
of energy of a definite X-radiation in the surface layer, the difference 
between the two would be small. 

Assuming exact equality, then; if there were no true K corpuscular 
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its frequency slightly exceeded its critical value—was not 
more than about 50 per cent. Ionization-pressure curves 
were obtained to test if the increase were due to swiftly- 


Fig. 2. 
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moving electrons. These left no doubt that the additional 
ionization was due neither to a soft X-radiation nor to a 
corpuscular radiation of slowly-moving electrons. Energy 
considerations alone show the latter to be impossible except 
by a release of atomic energy, as the intensity would need 
to be enormous to produce the observed effects from the 


emission, that is, ‘if all the observed rise were due to the secondary 
characteristic radiation, 


k, » A 4. 
T" would = = 5, fairly accurately, 
ky p AL S 
and 
t ES 
t CS 


from Whiddington’s Absorption Law for rapidly moving 
electrons und the Planck-Einstein relation 32? An. 


secondary characteristic radiation effect 


Thus the ratio - ; 2 — eee would be 
primary radiation etlect 


rye Gael _ {Le Mitme 6d! ig 
"OM -0 &i COS O+ pa ` 

The coefficients of absorption p, and ji, of the primary and secondary 
radiations in silver are known accurately; the wave-lengths of these 
K radiations are also known; A is known for the transformation of 
radiations into characteristic radiations in various metals, and in the 
case of Sb radiation of K series in Ag is about ‘4. Hence the above 
fraction may be calculated. 
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exceedingly thin layer of metal which would be effective. 
The same argument would apply to very soft characteristic 
radiations such as would be completely absorbed in 10 cm. 
of hydrogen. 

Thus the sudden rise in the corpuscular radiation from 
silver when the exciting radiation is of slightly higher 
frequency than the Kg radiation of silver, is very much 
smaller. than might have been expected from the results 
obtained from previous experiments, but again such eftect 
as there is cannot be explained by the emission of electrons 
with energy h(n—n4). 


Tin.—The curve showing the corpuscular emission from Sn 
relative to that from Pt is similar to that from Ag, the dis- 
continuities occurring at a higher frequency corresponding 
to tie higher critical absorption frequency. 


These results, then, only partially support our previous 
conclusion drawn from the results published by other ob- 
servers. They indicate that some electrons emitted in 
association with the K fluorescent radiation possess the 
full energy hn, or at any rate a value very near to this. 
But it appears from these experiments that this radiation 
does not account for anything like the whole of the addi- 
tional energy absorbed, for the increase in absorption is 
something ot tle order 700 per cent. Thus the fraction 
of this energy absorbed—the K absorption—appearing in 
the rapidly moving corpuscles when n is slightly greater 
than », is only of the order of 7 per cent. instead of a 
possible 50 to 60 per cent. (The energy of the characteristic 
X-radiation emitted appears by extrapolation from Sadler’s 
results to be of the order of 40 per cent. of the K ab- 
sorption.) 

The difference between 7 per cent. and a possible 60 per 
cent. for the corpuscular radiation (or nearly 50 per cent. 
actually observed by the ionization method in (,H;Br) 
suggests the possibility of au emission of other electrons 
with energy considerably less than An, as those observed 
by de Broglie. These would not escape from plates in 
sufficient number to produce an appreciable ionization 
outside, but in gases they would produce an ionization 
proportional to their energy. 

It is difficult to reconcile our results with the results 
of measurements of Sadler, of W. H. Bragg, and of Beatty, 
which all led to the conclusion that approximately all the 
electronic emission was in tle form of electrons with 
energy hu. These experiments have, however, been made 


22 Corpuscular Radiation excited by X-Rays. 


upon other elements. The investigations are being con-. 
tinued, but the discrepancies suggest the influence of factors 
not hitherto taken into consideration. 

Again, the corpuscular emission as observed from Ag. 
and Sn plates (compared with the standard Pt) appears to 
fall off again to a certain extent as » increases beyond the 
critical value n4, and when n is considerably greater than n 
the corpuscular emission becomes very small. This is not 
what we expected, for it accentuates the discrepancy between 
energy absorbed and that re-emitted in the form of the 
rapidly moving electrons. There is, however, agreement 
in this respect with the results obtained by Sadler for Fe 
and Cu. It might of course be accounted for by a possible 
selective absorption of electrons moving with energy greater 
than 4ng in an element with characteristic frequency ng, but 
this effect is probably very small. 

It appears, therefóre, that the electronic emission which we 
have been studying is most intense when the frequency 
of the primary X-radiation is very near to the critical 
absorption frequency. 


SUMMARY. 


The energy of the corpuscular radiation emitted by metal 
plates when exposed to X-radiation of varying frequency 
has been investigated by a simple method (previously used 
by one of the authors in a few isolated cases). The results 
differ substantially from those obtained by other investigators 
by different methods. 

They show two independent discontinuities in corpuscular 
emission due to « and f constituents of the K radiation 
when this was used to excite corpuscular emission. 

They show that few K electrons, ?. e. those electrons 
emitted in exclusive association with the K characteristic 
radiation whatever their origin, have energy of the order An, 
where » is the frequency of the exciting radiation. 

From silver and tin, these electrons (unless their full 
energy is concealed by a selective absorption of improbable 
magnitude in the substance emitting them) are altogether 
insufficient in number to account either for the observed 
increase in ionization, 7. e. for the whole K ionization when 
the substance is in tlie gaseous form, or for the full energy 
of characteristic. radiation on the basis of one quantum 
of characteristic radiation for one high-speed electron. 

In this respect these results differ most markedly from. 
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those obtained by previous experimenters on the emission 
from metal plates. 

The inadequacy of these decion thus points to the im- 
portance of the part being played by other electrons with 
energy h(n— n4), such as found by de Broglie ; these would 
not be detected by the plate experiments. 

On the other hand, the ionization experiments of Barkla 
and the results of experiments by Sadler, by Beatty, and 
Bragg, on the emission of electrons from metal plates, 
all indicate that the bulk of the energy in the corpuscular 
radiation—the K corpuscular radiation—is in electrons of 
energy approximately An. Such experiments have been 
made, however, in substances of lower atomic weights. 
These substances are now being studied by more exact 
methods. 


— — mom © ort daed eu 
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II: dn Experimental Determination of the a of Decay of 
the Short-Life Product Radium C'. By J. J ACUBSEN, 
Physicist at the Medical Radium Institute, ae an 


l^ 1911 Geiger and Nuttall f found a simple relation 

between the transformation constant X for radioactive 
substances emitting a-rays and the range R of the a-rays, 
namely, that the points obtained by plotting log X against 
loz R are situated nearly on a straight line, or 


log X —a t blog R, 


where the constant a has somewhat different values for the 
three radioactive families. More accurate measurements 
carried out later by Geiger } show that the formula is not 
exact, as within each of the radioactive families deviations 
are found which can hardly be explained by errors of 
measurement. ‘The agreement between the formula and the 
measurement is best for the Uranium-Radium family, where, 
among the substances for which both X and R are known 
with some accuracy, only the emanation with certainty falls 
outside the curve. | 

The best agreement with the experiments is obtained with 
the following values of the constants : 


a= —41'0, b=59°3. 
* Communicated by Prof. Sir E. Rutherford, F.R.S. 


t Phil. Mag. xxii. p. 613 (1911). 
} Zs. für. Phys. viii. p. 45 (1921-22). 
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The range of the a-rays from RaC' is 6:608 cm. ; with the 
above values of a and b this gives for the transformation 
constant 


loggA-T7,  Xz5.10'sec.-!, 


or the half-period value T=0°35.1077 sec. The decay of a 
substance like this cannot of course be examined by ordinary 
experimeutal means; in fact, if one could prepare pure 
RaC', the substance would practically have disappeared 
10-*sec. after the preparation. On the other hand, the 
peculiar character of the formula and the fact that no 
successful theoretical explanation has hitherto been given, 
invite further experimental investigation. If a direct mea- 
surement of the transformation constant X for RaC' could be 
carried out, the values of X for which the validity of the 
formula could be tested would be extended from 10-7!5 to 
107, the value of X deduced from the formula supposed to be 
correct. | 


Experimental Method, 


The value of X is (supposedly) of the order of magnitude 


107 sec. !. In seeking for a suitable method to measure X 
the problem is to find a known quantity of the same order of 
macnitude, with which X can be compared. The most 
suitable quantitv for tliis purpose seems to be the velocity of 
the recoil atoms from RaC. If M and V denote mass and 
velocity of the recoil atom, V is calculated from 


where m, is the mass and v the velocity of the 8-particle. 
In the calenlation of V the difficulty at once appears that 
the 8-ravs from ItaC are complex, so that the value of v to 
be introduced cannot be fixed. Without entering into a 
detailed discussion of the origin of the -ravs, we may 
suppose that the primary -ravs from a definite radioactive 
substance all have the same velocity, so that at least part of 
the B-ravs from RaC are secondary. Further, we may 
suppose that the primary -rays have a higher velocity than 
the secondary ones, so tliat the value of v to be introduced 
into the formula is to be chosen from among the highest 
values found for the velocities of the 8-ravs. The highest 


Rate of Decay of the Short-Life Product Radium C'. 25 


value which has been measured seems to be v=0°996.c.*. 
From this value we obtain 


V=8-4.16° cm./sec. 


Too much stress should not be laid on this special value for V, 
as it is chosen somewhat at random, but for the present it 
may be used to illustrate the experimental method. 

Consider a plate covered with RaC. From the plate a 
stream of atoms of RaC'/ will be sent out moving with a 
velocity of 8:4. 105 em./sec. When such a recoil atom has 
moved a certain distance, it is transformed into an atom of 
RaD with the emission of an a«-particle, which may be 
detected on a zinc-sulpiide screen. By measuring the 
diminution of the number of RaC' atoms with increasing 
distance from the plate, the transformation constant X of 
RaC’ may be determined from the velocity V of the recoil 
atoms or vice versá. 


For the decay of RaC' we have 
n-ng.e^M, 
where X from the Geiger-Nuttall formula is calculated to be 
32.107. By introducing t= B where x is the distance 


from the active plate and V the velocity of the recoil atoms, 


we get 
n A 
log, (7") =y X 


As the number of a-particles emitted is proportional to the 
number of atoms . present, n may denote the number of 
scintillations per minute on a suitably placed zinc-sulphide 
screen ; thus, by plotting the logarithm of the number of 
scintillations against the distance from the active plate, the 


; ; ] A 
curve should be a straight line, whose slope determines V 


T he Feperiments. 


When carrying out the experiments screens must be 
placed in a suitable way, so as to obtain firstly an approxi- 
mately parallel beam of recoil atoms, and secondly so that 
the a-particles observed are emitted in a direction perpen- 
dicular to that of the recoil atoms. After some trials to find 


* Danysz, Le Radium, iii. p. 949 (1913) ; Rutherford, Phil. Mag. xvi. 
p. 717 (1913). 
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suitable dimensions of the apparatus, the following form was 
chosen :— 

The apparatus consisted of a brass tube of square cross- 
section and 10 mm. internal diameter (fig. 1), the thickness of 
the walls being about 10 mm. In one side of the tube a number 
of slits 1 mm. in width were cut 6 mm. from one another. 
The extension of the slits perpendicular to Fig. l., 
the paper was 10 mm. The slits were closed 
by a mica leaf with 3:5 cm. air equivalent, 
fastened with sealing-wax on the outer side of 
the tube. Half way between the slits a 
number of screens with square openings 
4x4 mm. were placed to prevent reflexion 
from the walls of a-particles coming from 
the active source. This was a nickel plate, 
which was placed in a conein the lower end 
of the apparatus. The other end of the brass 
tube was connected to the pump, McLeod 
manometer, and an arrangement for letting 
in small quantities of air. Mercury vapours 
were kept away from the apparatus by a 
U-tube immersed in liquid air. The zine- 
sulphide screen was attached to a microscope 
which could be moved in vertical direction. 

As radioactive material it is necessary to 
use pure RaC (not active deposit). The 
active deposit on a metal plate is not situated 
solely on the surface, but, on account of the 
recoil from aA, the RaB (and RaC) atoms 
are spread uniformly over a layer whose 
thickness is the range in the metal of the 
recoil atoms from RaA (of the order of mag- 
nitude 107? mm.). This is of no import- 
ance when working with a-rays, but in these 
experiments it is essential that the active 
material should be situated on the suríace of the metal 
on account of the smallness of the energy of the @-rays; 
in fact, when using active deposit, the HaC' atoms would 
have all velocities from zero to a maximum value. 

RaC was prepared in the following way :—Abouat 100 
millicuries of emanation were collected in a glass tube over 
mercury and left there for 3-4 hours. The emanation was 
then pumped off, and the active deposit dissolved in 1-2 c.c. 
of diluted hydrechloric acid. When placing a polished 
nickel disk in the hot solution for some minutes, RaC is 
obtained on the disk. To obtain pure RaC it is necessary to 
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wait until RaA has decayed. To avoid radioactive con- 
tamination the glass tube was heated with a Bunsen burner 
while the emanation was pumped off, and the nickel disk 
after activation was washed in distilled water and alcohol, 
and afterwards heated for a few minutes in a vacuum. The 
metal is attacked somewhat by the acid, thou«h not much, 
and a polished plate as a rule keeps completely bright ; only 
in a few cases was the plate slightly stained. In this way 
deposits with a y-activity of about 5 mgrs. could be obtained. 
When the plate had been prepared, it was placed in the cone 
and the pump set in action. After 5 minutes pumping the 
pressure as a rule was lower than 0:0001 mm., and the 
measurements could be commenced. The microscope, with 
the zinc-sulphide screen, was placed in front of one of the 
slits, where the number of scintillations had a suitable value 
(as a rule No. 3 or 4 from below). The number of scintilla- 
tions was counted, the time for each measurement being 
noted. When a suitable number of a-particles (100—400) 
had been counted, the microscope was moved downwards to 
the next slit, and the measurement repeated, etc. 

The results now have to be corrected for the decay of the 
active source and for the fact that the solid angle, over which 
the beam of recoil atoms extends, chanves "when moving 
from one slit to another. As already mentioned, the screens 
all had the same aperture, 4 x 4 mm., so that the solid angle 
over which the beam of recoil atoms extends is inversely 
proportional to the square of the distance from the source to 
the corresponding screen. The following figures, which are 
taken from an actual experiment, may serve as an illus- 
tration :— 


Slit No. d,. d.. Ny n. 
- M 25 mm. 21:8 mm. 13 632 
5 pH 19.5 158 ,, ahs se 
A xtd 13 ,, 98 , 195 187 
Eus — 4. 38 ,, 1800 20:0 


d, is the distance from the source to the slits, d the distance 
from the source to the corresponding screens, No is the 
number of scintillations in 100 seconds corrected for the 
decay of the source, under n is quoted 1078. Ng. d}. n thus 
being proportional to the number of atoms transformed per 
unit time. If log,n is plotted against dj, an approximately 
straight line is obtained, the slope of which is 0°81. The 


result of this experiment thus is à ort, 


The question now arises whether the scintillations observed 
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are really due to a-particles being expelled from recoil atoms, 
and are not for instance due to a-particles coming from 
the active source and deflected by the walls and the edges 
of the screens. It is, however, very easy to make a control 
experiment on this point by letting a small quantity of air 
into the apparatus. On account of their small energy the 
recoil atoms will be stopped at a short distance from the 
source, at a pressure at which the a-particles will not suffer 
any sensible decrease of velocity. The number of a-particles 
counted usually was 10-60 per minute. By letting air into 
the apparatus to a pressure of about 1 mm. of mercury, the 
number of scintillations went down to 1-5 per minute, and 
when the air was pumped out, the number of scintillations 
went up to the former value. 

The experiments hitherto performed have given values for 
A 
y= 1:0. 
On account of extraneous circumstances the experiments 
must be postponed for some time, the uncertainty of the 
result thus being rather great. As will appear from the 
sequel, this, however, is not essential for the discussion of the 
result. 


If in y ZLo we put V=84.10° (corresponding to a 


y lving between 0:8 and 1:2 with a mean value of 


velocity of 0:996 of the G-rays), as result of the measure- 
ments is obtained 
A=&4.10° 
or 
logy a=5 9, 


while the value predicted by the Geiger-Nuttall formula is 
To see if the agreement between these values is satisfactory, 


consider a little more closely the quantities ÀA and V. A 
X 
V of 100 per cent. 


would only give a change in log X of about 6 per cent., thus 


change in the experimental value for 


: : : 1 À 
being of no importance. If V is calculated from y =1:0 
and log; A 2 177, we get 

V=5. 10, 
a value which is 60 times greater than V =84. 10%, which 


has hitherto been used. Consequently, if the value of X 
predicted by the Geiger-Nuttall formula is correct, the 
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momentum of the primary S-rays from RaC should be 60 
times greater than corresponding to v—0:996 c. Even if it 
may be considered as questionable whether by the experi- 
ments hitherto performed there has been any possibility for 
measuring so high velocities, because the deflexion of an 
electrified particle in a magnetic field is inversely proportional 
to the momentum of the particle, so that verv strong mag- 
netic fields would be required, it would certainly appear very 
improbable that such hard S-rays should be emitted from RaC. 
From these considerations it appears, therefore, that the 
value of X predicted by the Geiger-Nuttall formula is 
definitely too high. 


Fig. 2. 


avo asa Q6Q 470 ago 290 log R 


On the other hand, the value of X calculated by the 
Geiger-Nuttall formula is not determined very exactly. The 
fact that the emanation definitely falls outside the curve 
indicates that the formula is only a first. approximation, 
an assumption which is supported by a closer inspection of 
the figures. On fig. 2 the values of logA given by Meyer 
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and v. Schweidler are plotted against log R taken from 
Geiger's paper *. The value of X for RaC' is the one which 
is obtained by the present experiments, using V—8:'4.10* 
for the velocity of the recoil atoms. The straight line 
(dotted) represents the Geiger-Nuttall formula. It is at 
once obvious that a slightly curved line gives a better 
agreement with the experimental values. By these con- 
siderations we are led to the assumption that the function 
rA=/(R) in reality is represented by some slightly curved 
line, although the experiments yet are not sufficiently exact 
to settle this point definitely. 

For the corresponding product of the Thorium sequence 
ThC’, the value of X predicted by the Geiger-Nuttall formula 
is about 107! sec™?}. If this value is of the right order of 
magnitude, it seems impossible to obtain a comparison with 
the velocity of the recoil atoms from ThC, because the pro- . 


portion . will differ widely from unity, since V certainly 


cannot be much more than 105. However, the experiment 
ought to be performed, but at present sufficiently strong 
Mesothorium preparations are not at the author's disposal. 


Control Laeperiments. 


The reliability of the results would be increased if the 
velocity of the recoil atoms could be determined without 
knowing the velocity of the 8-rays. This may be done either 
by determining the deflexion of the recoil atoms in a mag- 
netic field or by measuring the range in air. The first 
possibility involves the difficulty that it is unknown whether 
the recoil atoms from RaC in a vacuum possess an electric 
charge, and, in addition, very strong magnetic fields would 
be required. If the recoil atoms have a single electric 
charge, they will suffer the same deflexion as the corre- 
spondin z B-rays, but owing to the rapid diminution of the 
number of recoil atoms with inereasing distance from the 
source, it is necessary to use circles with a small radius. A 
determination of the range is more easily carried out, but 
requires a ealeulation of the connexion between range and 
velocity. [Experiments to determine the range in air are in 
progress. ] 

Although the experiments at this point are rather 


* Geiger, l. c 
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incomplete, a preliminary result may be given here (fig. 3). 
The microscope was set at a fixed distance (12:7 mm.) from 
the source, and the scintillations counted with air at different 
pressures in the apparatus ; intermediate countings in vacuum 
were taken for control, showing that the decay of the source 
took place according to a half-value period of 19:5 minutes. 


Fig. 3. 
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In fig. 3 the number of scintillations in 100 seconds, corrected 
for the decay of the source, are plotted against the pressure 
(in min, Hg) in the apparatus. The number of scintillations 
falls off approximately exponentially with increasing pressure. 


Summary. 


1. RaC’ has been observed in an isolated state, the emission 
of a-particles having been observed under such circumstances 
that the a-particles cannot be due to any other substance. 

2. For the transformation constant X of RaC' is found 


logy A — 5:9, 
a value which, by a comparison with the other products of 


the Uranium-Radium sequence, suggests a modification of 
tlie Geiger-Nuttall formula. 


The experiments were carried out at the Institute of 
"Theoretical Physies with material from the Medical Radium 
Institute. The author wishes to express his thanks to the 
Managing Board and to Professor Bohr for the facilities 
afforded. 
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III. A Determination of the Vapour Pressures of Cæsium 
and Rubidium, and a Calculation. of their Chemical Con- 


stants. By D. H. Scorr, D.Phil.* 


HIS paper describes the determination of the vapour 

ressures of Cæsium and Rubidium between 50? C. 

and 130? C. with the aid of a vibrating quartz fibre mano- 

meter. From the figures obtained the chemical constants of 

the two metals were calculated and found to be in agreement 
within the experimental error with the formula 


C = 1:5 log M. 4- C, 


(where C is the chemical constant, M the molecular weight, 
and C, the ** absolute chemical constant"). The work was 
undertaken not so much with the object of verifying this 
formula —which may fairly be regarded as established—as 
in the hope of supplying further information about the 
vapour pressures of monovalent elements, which may be of 
value in future work on the nature of the inter-atomic 
forces. 

The original quartz fibre manometer described by Haber 
(Zeitschrift fiir Elektrochemie, xx. p. 296 (1914)) consists 
essentially of a quartz fibre about *4 mm. thick and 9 em. 
long, supported inside a wide glass tube. The fibre is ob- 


served through a microscope and illuminated from the side. 
When the fibre is at rest a sharp line of light is seen in the- 
field of view, and if the fibre is set in vibration this line 


broadens out into a band whose width can be measured on a 
scale in the eyepiece of the microscope. The method of 
using the instrument consists in observing the time taken 
for the amplitude cf vibration to diminish to a definite 
fraction of its original value. This time T is connected 
with the pressure by the relation 


b = T(EpM' +a) .. .. . (1 


where a and b are constants determined by calibration 
against a McLeod gauge. The term XpM is formed by 
adding together the products of the partial. pressures of the 
various gases present and the square roots of their respective 
molecular weights. In Haber’s original gauge the fibre was 
set vibrating by tapping the instrument with the finger. 
This method did not prove at all satisfactory, as it was found 
extremely difficult to produce vibrations in a plane. Asa 
rule a compound vibration was set up which made the edges 


* Communicated by Prof, F. A. Lindemann, F.R.S. 
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of the observed band of light oscillate to and fro in such a 
way that accurate reading was impossible. The problem was 
finally solved by fusing about three turns of very fine iron 
wire on to the tip of the quartz fibre so that the vibration 
could be controlled with an electromagnet operated by a 
tapping key. By this means it was possible to produce 
vibrations regularly in a plane, so that the edges of the 
observed band of light were quite sharp and its width could 
be accurately measured. The extra weight of the iron tip 
increased considerably the time required for the amplitude to 
diminish by its definite amount, and in consequence a some- 
what thicker quartz fibre was used (‘7 mm. x 83 em. for 
the manometer used for the measurements on mercury ; 
‘Simm. x89 cm. for that used for the cesium and ru- 
bidium). 

The fibre was fused directly on to a quartz rod about 
6 mm. thick and 6 em. long. The method of fixing this 
quartz rod into the outer glass-work will be seen clearly in 
fiv. lL. AB isa glass tube which fits the quartz as closely as 
possible. It is constricted very slightly at B. The quartz 
with the fibre attached is introduced from the top and tapped 
well down. The glass tube is then sealed off at A. This 
has been found to make a sound mounting and has proved 
quite satisfactory. The quartz rod was ground flat on two 
sides so that any gas in the tube above could pass out freelv 
when the apparatus was being exhausted. 

Experience has shown that one precaution is necessary 
with this mounting. Whenever the apparatus is heated to 
vet gas out of the glass the gauge must be turned into a 
horizontal position. If this is not done, the quartz rod sinks 
down when the apparatus is hot and cracks the glass near 
the constriction on cooling. 

In practice the time observed was that required for the 
hand of light to diminish in width from 50 seale-divisions 
(about *63 mm. ) to 40 scale-divisions, 7. e. the time required 
for the amplitude to diminish to 4/5 of its original value. 
Three readings at each pressure were taken, and as a rule 
the difference of (he. extreme readings was not more than 
]:5 per cent. 

The manometer was calibrated against a McLeod gauge 
of the nsual pattern, with a multiplication factor of 
6°64.10-*%. A trap immersed in liquid air prevented any 
mercury vapour from getting from the McLeod gauge into 
the manometer, and the total pressure in it was then that 
viven by the MeLeod gauge. Readings of the two gauges 
were taken at various pressures, and from these the constants 


Phil, Mag. S. 6. Vol. 47. No. 277. Jan. 1924. D 


34 Dr. D. H. Scott : Determination of the 


a and b in the equation b = T($pM!? +a) were determined. 
For air SpM!? = 528p, so that the calibration equation is 
therefore 

b = T(538 pta) . 2. . we (2) 


We can caleulate the most probable values of a and 5 in the 
usual way by solving the normal equations 


nb = 538 XTi --aXT, 
DST, = 9°38 Xp T?-TraXT, 


where 2 is the number of readings. 
Table I. shows the calibration readings for the gauge which 
was actually used in the determination of the vapour pres- 


TABLE I. 


Calibration Readings. 


, T 6' , 
T (inii uf Hg). Ab MAbs, P (=? V | ME S 
Y n 507 «107» 2886 4230 «107? 51.1078 
NES gi? 248.1074 2880 4213 — 300.107! 310.107 
uc 214 512 2880 4268 6:24 6:38 
B ues 208 876 2878 4215 1:06 . 107? 1:04.107? 
Dasa 1&8 101.1073 2880 4236 p27 10-3 192 
D sans 150 1:39 2891 — 4257 1:69 1:68 
T uisus 141 1:52 2875 42413 184 1:83 
Bode 135 LTT 2875 4235 215 2:18 
T nudes 113 171 28T:4 4223 2-08 2:44 
10 doxes 86 | 28] 2877 4210 — 340 3:10 
In 682. 368 2880 4261 4-48 441 


— ee 


Readings i and 9 not used in the determination of most probable values of 
a and 4, 
b= T5388 p' +a), 
whence 4= 1:863, 
a —3X9361 . 1077. 


sures of cæsium and rubidium. While taking the measure- 
ments on cæsium and rubidium the fibre manometer had to 
be kept at a temperature of about 150° C. to prevent any of 
the metal condensing in it. In order to eliminate any error 
that might be caused by change of the constants a and b 
with temperature the gauge was calibrated at 150? C. The 
air pressure in the gauge was in consequence higher than 
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that shown by the McLeod. The values given by tlie 
McLeod were therefore multiplied by / 5 (0' temp. of 


fibre manometer, 0—temp. of rest of apparatus) to give the 
true pressure inside the fibre manometer. 

The last column in Table I. gives the results of re-caleu- 
lating by equation (2) the pressures corresponding to the 
values of T given in the first column. 

Before proceeding to the measurement of the vapour 
pressures of cæsium and rubidium it was decided to carry 
out a check determination of the vapour pressure of mer- 
cury. If readings of both the gauges are taken when the 
trap is not in liquid air, the vapour pressure of mercury at 
room temperature can at once be determined. For the only 
gases in the apparatus are air and mercury vapour ; the fibre 
manometer gives the total pressure, and the air pressure is 
given by tlie MeLeod gauge. The fibre manometer actually 
used in this determination unfortunately cracked during 
heating preparatory to being used for cæsium and rubidium 

—and it has not been thought worth while to give the cali- 
bration readings in full. The values of the constants in 
equation (1) were 222:67(1).107? and 5—1:97(0). The 
results obtained are shown in Table II. 'T is the time in 
seconds required for the amplitude of vibration of the fibre to 
diminish from 50 to 40 scale-divisions. p is the air pressure 
as shown by the McLeod gauge, 0 the temperature of the 
apparatus, and mg the vapour pressure of mercury at 6? C. 
The last column gives the value of m corrected to 20° C. 

The consistency of these results compares favourably with 
those obtained by Haber (Zeitschrijt für Elektrochemie, xx. 
p. 301 (1914)). He gives the value for gas l 26.1073, 
This is the result of a weighted mean of two series of obser- 
rations. The first series consists of seven readings giving 
results varying between *00112 and ‘Q0152, the second of 
four readings giving results between :00105 and *00140. 

At the same time the mean value :00130 is rather 
higher than both Haber's (00126) and Knudsen's (00119). 
Egerton (Phil. Mag. xxxix. Jan. 1920), after a careful 
examination of the "experimental evidence, concludes that 
the true value lies between :00119 and :00126— probably 
nearer Knudsen's value than Haber's.. But it is interesting 
to note that the most recently published aecurate determina- 
tion of the vapour pressure (Hill, * Physical Review,’ vol. xx. 

266 (1922)) gives the value of To as ‘00182, 
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TABLE II. 


Vapour Pressure of Mercury. 


i p 69 € 
139 2:66 . 107? 150 
125 1:30 15° 
121 2:41.107* 15:4 
116 5:19 15:1 


61 022. Li ai 15:3 


-——— — — ——— 


Te. 


8:02- 


8:96 
871 
8:16 
8:60 


10-75 


Mean 1:30 . 107? mm. 


Rag 


1°25. 10-5 
1:36 
1:31 
1:26 
1:32 


Determination of the Vapour Pressures of Cesium and 
Rubidium. 


The arrangement of the apparatus was that shown in 
fig. 1. The fibre manometer was supported by two clamps 


Fig. 1. 
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at C and D attached to a vertical iron support about 2 feet 
high. This support was rigidly fixed at the bottom toa 
stone table and at the top by an iron bracket to the wall. 
The manometer was surrounded by an air-bath consisting of 
an iron tube 5 em. in diameter, wrapped with asbestos, and 
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heated electrieally. The bath was kept ata temperature of 
approximately 150? C., determined by means of a mercury 
thermometer graduated in halt-degrees. As this tempera- 


: : 0' 
ture only occurs in the correction formula p =p'/§ 


a small error in its determination would not be serious. 

The metal was contained in the bottom of the branch tube 
in the middle, connected to the gauge by tubing of *8 cm. 
internal diameter. This connecting ‘tube was covered with 
a thin laver of asbestos, wound with nichrome wire and then 
lagged with more asbestos. By passing a current through 
the wire the connecting tube was also kept at a temperature 
of about 150°, so that “the tube in the thermostat was the 
coldest part of the apparatus. 

Before the cæsium was distilled into this branch tube and 
before the charcoal bulb was attached to its side tube, the 
manometer was calibrated at 150° in this air-bath, and not 
touched until the conclusion of the experiment. After cali- 
bration the charcoal bulb was attached and the cæsium 
introduced through the side tube (E) by a series of five 
successive distillations. A small tube containing about 
'5 e.c. of the metal was cooled in liquid air, the capillary 
end of it was broken and the tube passed quickly inside a 
wider tube (also cooled)—connected by a series of bulbs to 
the branch tube (E). The tube containing the cesium was 
sealed up and the apparatus evacuated. With the pumps 
running the metal was distilled out into the surrounding 
tube ind then slowly from bulb to bulb, in order to get rid 
of as much of the adsorbed gas as possible, ach distilla- 
tion occupied about three-quar ters of an hour, and each bulb 
was sealed off and removed as soon as the metal had been 
expelled from it. There was a slight residue lett after the 
first and second. distillations, but none after the subsequent 
ones. During the process the trap between this part of the 
apparatus and the MeLeod gauge and pumps was kept in 
liquid air in order to prevent any mercury vapour getting 
through to the cæsium or rubidium. When the metal had 
been distilled into the branch tube and the side tube sealed 
off, the capillary at F was sealed up. The apparatus was 
left some hours in case the metal gave up any more gas, 
after which the charcoal bulb was put in liquid air and "tlie 

‘apillary at G sealed up. In both cases the capillaries F 
and G were just closed and not detached in order that the 
gauge supports might be as nearly identical as possible 
during the experiment and during the calibration. 

In order to determino how muck residual gas was left in 
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the apparatus the braneh tube containing the metal was 
placed in a mixture of CO, snow and ether. This reduced 
the vapour pressure practically to nil, and a reading of .the 
manometer was taken. This was also done at the conclusion 
of tlie experiment and the mean value taken as the residual 
gas pressure during the experiment. 

The branch tube was now placed in a thermostat and 
readings of the gauge taken at various temperatures. It 
was found impossible to use any thermostat in which a 
stirrer was employed, as the motion of the fluid affeeted the 
vibration of the fibre. In consequence a small mercury 
thermostat was constructed. A glass tube (4 x 11 cm.) sur- 
rounded by an electric heater, contained the mercury, and 
the whole was well lagged. A small coil of enamelled 
nichrome wire actually in the mercury supplied a fine 
adjustment. The subsidiary current was switched on and 
off by means of a relay connected to a mercury thermometer 
with a large bulb. The coil was supported on a spiral of 
thiek iron wire at a distance of about 2 mm. from the bulb 
of the controlling thermometer. With a current of *4 amp. 
the period of the relay was from 20 to 30 seconds, and the 
temperature was kept constant to *19 C. In spite of the 
lageing, however, there were variations in the temperature 
of the mercury in different parts of the thermostat, the ex- 
treme readings differing by :15?. The temperature was 
therefore known to *25°. 

The procedure in the case of rubidium was exactly the 
same as for cæsium. 

Before the commencement of the experiment the calibra- 
tion of the gauge was checked and found to be correct. 


RESULTS. 
Vapour Pressure of Cesium. 
Equation (1) becomes 
1:863 2 T(11:52 pont EpM!?-43:361.1075), 
where po is the vapour pressure of casium and XpM!* is 
the residual gas term. 
Initial residual gas pressure. 
Ted. 1:803 = 384 (pM? 4300. 1079), 
oe. i EL 
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Final residual gus pressure 
T = 377°8, whence SpM!? = 1-571. 1073. 
Mean value 1:531 . 1073, 


Therefore we have for the determination of the vapour 
pressure of cæsium the equation 


L863 = T(11:52 po + 1:531. 107? 3:361 . 1073) 
= (152 po, 44:894. 1073) . 


The value of po, given in the second column, Table TII., 
corresponds to the pressure of the vapour in the gauge which 
is at a temperature of about 150°. We get the true value of 


the vapour pressure from this by multiplying by v2 


where 0 is the temperature of the thermostat and 60' the 
temperature of the fibre manometer. 
In the case of rubidium the initial and final values of 
XpM!* were [213.1075 and 1:559. 107*.. The equation for 
determining the vapour pressure becomes therefore 


1:863 = T(9:244 p +4747 . 1072). 


The results are given in Table IV. 


Caleulation of Chemical Constants. 
The graph shows the observed values of log p plotted 
: 1 
avainst 4; absolute. For comparison the values of log p at 


higher temperatures obtaind by Hackspill (‘Recherches sur les ` 
Metaux Alecalins,’ p. 65: Paris, Gauthier Villars), are also 
shown. 

The points lie very closely.on two straight lines—showing 
that the specific heats of the liquid metals are practically 
constant over the range considered. As the observations 
were made at comparatively low temperatures it was deemed 
justifiable to extrapolate linearly to find the vapour pressure 
at the melting-point and hence the chemical constants of the 
two metals. 
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7) 
Assuming that log p = k — p> the most probable values 
of k and a ean be worked out—giving for cæsium 


log p = T256— = : 


and for rubidium 


AD 
lov p = 331- os 


eX 
: 
a) 
DO 
E 
$3 
x 
u- 


The values of log p caleulated on this formula for the various 
values o£ T are given in the sixth column in the Tables III. 
aud IV., and the differences between them and the observed 


value in tlie last column. 
The method employed in the caleulation of the chemical 


constants is similar to that developed by Egerton (Phil. Mag. 
Jan. 1920, p. 1). 
We have from the Clausius-Clapeyron relation 
a (* dT 


"T 
r D) = — ES (C —e IT ] 


where C, — atomic heat of vapour, 
(p= atomic heat of solid, 
A,- molecular latent heat at absolute zero. 
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In Egerton's paper it is shown that for the purposes of 
integrating the second term on the right-hand side of this 
equation, it is sufficiently accurate to put ¢,=¢,+4T??, where 
a is a constant. 

If we take ¢,=¢,+aT?? and C,=const=4°963 and 
transform the logarithms to the base 10, we get 


" Ay 2.2 oT i 1 F AZ P { 
log p= L371 + 2:5 log i571 T —(*0583 «T9? + C, 


. . LÀ (3) 
EE LT 
where F zT | T: | eec T, and C is the chemical constant. 
v 0 i0 


Also for the molecular latent heat at the melting-point we 
have 


l oap , 
Ar= Xo t | (Cp = ed E — hns 
e 0 


where f,, = latent heat of fusion at melting-point. 
Substituting for C aud ep, as before, we find 


Ay Ap —4963 T EE, EG, . 0. . (4) 


oT 
where k= | CUT. 
UT 
[4 Al E ` 8 » r7 e 
The values of T and p on Debye's formula for various 
By 


values of p are tabulated in Nernst’s * Die Theoretischen 
und Experimentellen Grundlagen des Neuen Warmesatzes.’ 

Certain difficulty attends the determinations of the value 
vf Bv for cæsium and rubidium, and until figures are avail- 
able which give the accurate values of the specific heats of 
these metals at low temperatures it will not be possible to 
caleulate the chemical constant with accuracy from the 
vapour pressure measurements given in this paper. 

The only values available are those given by Dewar 
(P. R. S. Ixxxix. p. 158 (1913)), who found that at 50° Abs. 
C,-— 6:05 for rubidium and 6°82 for cæsium. Using the 

7n 


correction formula ¢,=e¢, ey! m Ag the corresponding values 
x 


of C, are found to be 592 and 6°65 respectively. 
The value 6°65 is of no use since it is greater than 3R 
and the value 5°92 gives a value for v for rubidium about 
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a fifth of that obtained from the Lindemann melting-point 
formula. The probable explanation that these values of the 
atomic heat are so much higher than one would expect is 
that the metal still contained an appreciable quantity of 
hydrogen or other impurity at the time of the experiment. 
Measurements have been made, however, on the Atomic 
Heat of Sodium at Low Temperatures (E. H. Griffiths & 
Ezer Gritfith, Phil. Trans. exiv. p. 348 (1914), and Günther, 
Annalen der Physik, lxiii. p. 476 (1920)). It the value of By 
for sodium is calculated from these measurements we can work 
out the constant + in the Lindemann melting-point formula 


T 
S 


and then work back to the values of By for cæsium and 
rubidium. This should give a fairly accurate value, for if 
the constant is suitably chosen the formula holds tolerably 
well for members of the same group of elements. Unfor- 
tunately there is a serious discrepancy between the two 
series of observations. The value of the constant k corre- 
sponding to Griffith's value of 8v for sodium is 2:6.10"*, 
while that corresponding to Günther's value is 2:0. 10"*. 
In view of this discrepancy and the absence of any data for 
cesium and rubidium themselves, the values of y used in 
the tollowing calculations of the chemical constants were 
obtained by using in the melting-point formula the constant 
2°8.102—which is the value giving the best results when 

all the elements are considered. 

The specific heats of both cæsium and rubidium have been 
measured at room temperature and can be used to determine 
“a” in the correction formula C,= C, + «T7, 

The values of fm, the molecular latent heats of fusion, are 
given by Rengarde (Comptes Rendus, clvi. p. 1897 (1913)). 


Chemical Constant of Cosim., 
Byz 49:5. Tyee 30125. 
From the vapour measurements in this paper 
log p = 1256 —3753/T. 
At the melting-point Ay, = RT? p os p= 17155, 


+963 F moe 496. 
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At O° €, Cp (07390, 


BY sl, 0 — 94 


que o , 
but C,=C.+al"*. 
"ou m 872. 1075, 
s i ; E g 
At the melting-point 3d = 0164, v. . 
and E = 1686. 
‘dul? = 55, 
Jm = 500. 
Substituting in equation (4) we get Ag = 17895. 
, ; A . 
At the melting-point we have sw- =12'995, 
2:5 log T, = 6'192, 
F I 
= 1325 um t Mh 
T 13 ^ TUI eile, 
log p= 1256 — 3753/T = — 5202 mm, = — 8:032 atmospheres. 
0583 «T*? 2:027. 

In working out the probable error of the result it is 
assumed that Ta is known to *1? and that the latent heat 
of fusion per gramme is known to *1 calorie. The probable 
errors of Ay, and log p, are worked out from the errors in 
column 8, Table II., and therefore take into account the 
probable error in the observation of the temperature of 
the thermostat. An error of 5 per cent. is allowed for in 


the determination of Sv from the melting-point formula. 
Substituting in equation (3) we now have 


12:995 + 077 6:198 + O01 

2-898 + 068 8082 + ‘O18 
"027 

15:020 + 145 14:280. E *012 


HE280 +019 
C= 1640 +164 


— 


—— i oe i ee 
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Chemical Constant of Rubidium. 
Bv = O81. Ty, = 31155. 
From the vapour pressure measurements 
log p = 1:331— 4209/T. 
At the melting-point Ar,, = 19259, 
4963 T, = 1545, 
E = (219, whence E = 1708. 
By 
T 
a = 2701.10 4, 
1 aT9? = 138, 
fa = 52, 


^. from equation (4) Xy = 20054. 


At 09 C, C, = 6°85, = 0249.  .. C, = 5°94 


At the melting-point 14-084, 


Xo 
Ta 
2:5 log T, = 6'234, 

F F 

Tu aie OR) E. uot eun RO 

T II 532,. 2% RT 2:520, 

'0583aT*? = 058, 

log p = 1331—4209[T 2 — 6:181 mm. = — 9:062 atmospheres. 
Working out the probable errors of each term in the same 

way as for the cæsium and substituting in equation (3) we 

have 


14-084 + -098 — 9:062 + 024 

2:520 + ‘061 6:934 + -001 
058 

16-662 + -159 15:296 + -025 


15:296 + °025 
Cz 1366 +°184 


If C=1°5 log M-FC,, where M is the molecular weight, 
the corresponding values of the absolute constant O, are 
—1°545 4 164 and —1:532 4:184. The value calculated 
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from the constants A and & is — 1:608, so that the results are 
in agreement within the error. 


The equation log p24— $ obtained from the vapour 


T 
pressure measurements may also be used to give an approsi- 
mation by a rather long extrapolation to the value of X at 
eye ° , . AR] P] . Amp 

the boiling-point, from which Trouton’s coefficient 
B 


(where Tg is the boiling-point) can be determined. The 
values obtained are 18:2 for cæsium and 19:9 for rubidium. 


Discussion of Results. 


As the results for the chemical constants of both metals 
are both higher than the theoretical value by roughly the 
same amount, it seems probable that there is some other 
source of error not yet considered. 

The true values of 8v may possibly be higher than those 
used in the above calculation, or if they are taken as correct 
the high values of the chemical constant suggest that the 
individual measurements of the vapour pressures are also all 
too high. 

This may be due to two causes : 

(1) The cæsium or rubidium might have given up an 
appreciable quantity of gas atter the apparatus was finally 
sealed off, and re-absorbed a certain amount of it each time 
it was cooled in CO, snow and ether. The pressure of 
hydrogen required to produce an increase of ^07 in the 
chemical constant is of the order 1073 mm. in excess of 
that given by the “residual gas pressure? determinations ; 
and a correspondingly smaller amount of any other gas of 
larcer molecular weight would produce the same effect. 

(2) The trap immersed in liquid air might have allowed a 
certain amount of mercary vapour to pass through during 
calibration. This would have made the observed times T 
too small and in conse neriee the calculated value of the 
constant b in equation (1) would be too large. Pressures 
re-caleulated from the (or mula would therefore also be too 
large. 

In order to test the effieieney of the trap the following 
experiment was carried out. The fibre manometer, cali- 
brated in the usual way with the trap in liquid air, was used 
to measure the amount of mereury vapour passing through 
the trap when it was cooled in ( ‘Og snow and ether instead 
of in liquid air. Two series of readings were taken, one 
with the trap empty, the other when it was filled with copper 
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turnings, in order to increase the cold surface exposed tothe 
gas. ‘The trap was found to be somewhat more efficient when 
full of copper turnings than when empty. A third series of 
readings were taken with the trap full of copper turnings 
immersed in liquid air. This series was found to be in com- 
plete accord with the calibration readings, which means that 
the trap, if immersed in liquid air, stops as much mercury 
vapour when it is empty us when it is full of copper 
turnings. This shows that the trap may he regarded as 
perfectly efficient when immersed in liquid air. 

It seems unlikely that the metal should give up so much 
vas after the care taken over its distillation into the appa- 
ratus, and therefore the probable source of the error is the 
uncertainty of the value of gv. 

The actual amounts of mercury vapour which passed 
through the trap when it was immersed in CO; snow and 
ether were surprisingly large, and it is therefore thought 
desirable to give the Tesults of the experiment in detail. 

Two traps. of the shape shown in fig. 1 were used. The 
dimensions were as follows :— 

Trap 1. Trap Il. 


Internal diameter of outside tube ....................... 2 em. ]:8 cm. 
- " "UL MEE IE 'Ü em. ‘Sem. 
Height between bottom of inside tube and surface of 


coche high. cecidi ea tgo ie! guut t cu de e ved | tonem 112 em. 

Trap I. was, unfortunately, broken after the Ist series of 
readings, before it was filled with copper turnings. The 
results” are, however, given because they agree remarkably 
well with ose obtanicd from Trap II. w m empty, although 
the dimensions of the traps are different. 

The fibre manometer employed was the same as that used 
for the determination of the vapour pressures of cæsium and 
rubidium. | [t was re-calibrated at room temperature in the 
ordinary way with the trap in liquid air. The values found 
for the constants a and b in equation (1) were 


b = 1:780, 

a = 116.1077. 
The values at 150? (. were 

b = 1'863, 

a = 3301.1073, 


showing that the constants change slightly with the 
temperature. 
The results for the various series of readings are given in 


Tables V., VI., and VII. 
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TABLE V. 


Amount of Mercury Vapour let through by Trap I., empty. 


p 
T, "NES IS pressure of 
seconds. xd ullo mercury vapour 

82:7 3:02 . 1073 pr 107+ 
118 1:59 2:39 
131 1:38 2:17 
156 1:09 17] 

176:3 S84 1:56 
222 405 1°94 


3007 "O47 1:78 


Mean 1:87.10-4 


TABLE VI. 


Amount of Mercury Vapour let through by Trap IT., empty. 


T. 
p. Es 
ue pars pressure; T LOU oe 
TST 3:32. 10-4 17 10-4 

111 1-91 1:86 
120 1-72 ] 74 
162 97 1-86 
174 RT 11 


239 | «10-7 $ Be 


Mean 1:54. 107? 


TaBLE VII. 
Amount of Mercury Vapour let through by Trap IT. 
when filled with Copper Turnings. 


——— ns — —— 


7T 


T, ; p. pressure of 
seconds. au eae a mercury Vapour, 
70:0 379.1077 1:36. 1074 
127 173 1-14 
152 1-28 121 
176 1:02 1:06 
204 "d ts 
214 '63 1:49 
Sii , “Oe 1-06 


380 « 10-5 1-10 


Mean 117.10 4 
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It will be seen that the trap, when cooled in CO, snow and 
ether, lets through an amount of mercury vapour which is 
roughly constant for air pressures from 5.107? mm. down- 
wards. Tlie mean values for Traps I. and II. empty are 
1:87 . 10-4 and 1:8 . 107* mm. respectively, and for Trap II. 
full of copper turnings L:17. 107* mm. 

The experiment was conducted at room temperature (about 
14? C.), and as the vapour pressure of mercury at this tem- 
perature is about 8.1074, the figures show that the trap 
allows mercury to pass through up to 23 per cent. of the 
vapour pressure when it is empty and up to 15 per cent. 
when it is full of copper turnings. 


SUMMARY. 


(1) A slightly modified form of Haber's vibrating quartz 
fibre manometer is described. 

(2) The vapour pressure of mercury is measured at room 
temperature. The mean of the results, corrected to 20? C., 
is 1:30. 10-7? mm. 

(3) The vapour pressures of cesium and rubidium at 
various temperatures between 50? C. and 130°C. are 
measured. The relation between log p and 1/T is found to 
be approximately linear over the range considered, and the 
results can be represented by the formulæ 


log p = 70256 —3753/T for cæsium, 
and log p = 7°331—4209/T for rubidium. 


(4) The chemical constants of the two metals are calcu- 
lated; the values obtained are 1°64(0)+°16(4) for cæsium 
and 1:36(8) + 18(4) for rubidium. If C=1l5 log M+C), 
where M is the molecular weight, the values obtained for the 
absolute chemical constant C, are — 1 54(5)+°16(4) and 
—1:53(2) +°18(4). The theoretical value of Co is —1:608, 
so that the results are in agreement within the error. 


| "EE: l 
(5) The value of Trouton’s coefficient T (where Ty is 


the boiling-point) is worked out; giving 18:2 for cæsium 
and 19:9 for rubidium. 

(6) The chemical constants for both metals are above 
the theoretical value. The possible reasons for this are 
discussed. 
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(7) Some measurements are made on the amount of 
mercury vapour passing through a trap of the ordinary 
type when cooled in CO, snow and ether. The mean value 
is found to be 1:84. 107* mm. It is shown that the trap 
is more efficient when filled with copper turnings; the mean 
value in this case being 1:17.107*. When the trap is cooled 
in liquid air the readings with and without copper turnings 
in the trap are in complete agreement. 


IV. On the Critical Frequency of Pulsation of Tones. By 
MorLriE WEINBERG, M.A., M.Sc., Research Student of the 
Honorary Advisory Council for Scientific and Industrial 
Research, Ottawa, and FRANK ALLEN, Ph.D., F.R.S.C., 
Professor of Physics, University of Manitoba *. 


mes successful application of the principle of the per- 

sistence of vision, or the critical frequency of flicker, to 
the study of problems of colour vision suggested the probable 
value of the analogous principle of the persistence of 
audition to the solution of problems of the perception of 
sound. In this communication the results of some investiga- 
tions based on this latter principle are described, which show 
that the method is capable of extension to some of the 
phenomena of physiological acoustics. 

Fig. 1. 


The experimental arrangements, fig. 1, were similar to 
those used in investigations in Colour Vision f. 

* Communicated by the Authors. Read at the meeting of the Royal 
Society of Canada, Ottawa, May 1922. 

f Phys. Rev. vol. xi. p. 257 (1900); Phil. Mag. vol. xxxviii. p. 55 
(1919). 
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The source of sound was a Stern Tonvariator, T, placed 
inside a box lined with very soft thick felt, through which at 
a suitable place a hole was cut. The tonvariator was blewn 
by a stream of air from a large constant-pressure tank, and 
the pressure was further regulated by suitable cocks, and 
measured by a small water-gauge, G. The periodic inter- 
ruption of the continuous sound into separate pulses was 
effected by the rotation of a light aluminium disk, D, with 
four symmetrically placed holes of the same size as that in 
the box. For this purpose an electric motor was used, which 
was connected with a storage battery to secure exact regula- 
tion of the speed. A speed counter, S, making electric contact 
every fiftieth revolution of the disk, and a clock beating half 
seconds, were connected with a chronograph from which the 
speed of the disk, and hence the critical frequency of 
pulsation, or flutter, of the sound was computed when it 
became just continuous to tlie ear. . 

The ideal disk should completely interrupt the sound ray | 
except when ts openings coincide with that in the box from 
which the sound is issuing. To secure this, the disk might 
be made of the most inelastic material possible. But it is 
also essential that it should be very light, to permit rapid 
adjustment for the critical frequency of pulsation, or flutter, 
of the sound. A thin aluminium disk was chosen, as stated 
above, which was covered with velvet to dampen the vibrations 
as far as possible. The velvet served another purpose also, 
since the disk could be placed so close to the box that the 
velvet pile just grazed its surface. It is remarkable how 
greatly the intensity of the sound escaping between the box 
and the disk is lowered by eliminating the last slight distance 
between them. The ear of the observer—in this arrangement 
of apparatus the left was most conveniently used—was 
always placed in the same position, E, so that variations in 
the intensity of souud could not be attributed to any condition 
other than the rotation of the disk. 

The tonvariator* is a simple Konig resonator with a 
movable bottom acting likea piston. ‘To regulate the pitch of 
the tone, the piston is moved by a pin resting on the edge of 
a brass plate cut ina spiral of such a form that the frequencies 
may be read directly on an evenly-graduated circular disk 
rigidly attached to the spiral. The tonvariator was capable 
of giving pure tones of considerable variation in intensity 
covering the octave from 150 to 300 double vibrations per 
second. Since the frequencies of the tonvariator varied with 


* Physikalische Zeitschrift, vol. v. p. 693 (1904). 
E 2 
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the blowing pressure, it became necessary to obtain calibration 
curves from standard tuning forks. These curves were 
exact straight lines. The corrected frequencies ranged from 
142 to 285 vibrations. The intensities were those obtained 
with air-pressures from 1:25 to 2:40 cm. of water. Above 
and below these pressures the tones were not sufficiently pure 
for experimental purposes. 

The greatest care was taken to eliminate all extraneous 
noises in motor, disk, and chronograph. But it was found 
impossible with such arrangements as were availablo at the 
time to prevent some sound escaping from the surface of the 
box and through the disk. The rotation of the disk produced 
marked variation of the intensity of the sound ray, but the 
ideal sudden transition from silence to full intensity, as from 
darkness to light, was by no means realized. No doubt 
great improvements are possible in the control of sound, 
which we have found the most difficult part of the problem. 

In making the measurements the tonvariator was adjusted 
to give a steady sound of the desired pitch and intensity. 
The ear was then placed at the proper place and the speed 
of the disk increased so that the interrupted pulses of sound 
became fused into a just continuous sensation. The chrono- 
graph circuits were then closed and the readings recorded. 
Each record gave several measurements, from which mean 
values of the critical frequency of pulsation were obtained. 
Each point on the curves is the mean of about ten measure- 
ments obtained from three or four independent deter- 
minations. 

For each pressure or intensity of sound such measurements 
were made for seven frequencies extending through the 
octave. Ten pressures also were used between the limits 
mentioned above. These measurements are recorded in 


Table I., from which the corresponding normal curves are . 


plotted in fig. 2. Each normal curve represents the relation 
between the vibration frequency, N, and the duration of the 
tone at the critical frequency of pulsation, D, for the octave 
mentioned, at a definite pressure or intensity of sound, P, 
when the ear was in its normal unfatigued condition. ‘The 
ten normals form a regular family of curves, all being slightly 
convex toward the axis of frequencies. 

The lowest curve of the group is that obtained with the 
least pressure or intensity of sound, and the highest with ihe 
greatest pressure or intensity. It has been shown by Love 
and Dawson* that the intensity of sound emitted by a 


* Phys. Rev. vol. iv. p. 49 (1919). 
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TABLE I. 


Normal Curves Corrected for Frequency. 


N. D. P. | N. D. P. 

A. 1420 — 00125. 125 em. | F.l430 — 00206 — L82en, 
164-0 172 s" i 167-0 0192 - 
156:0 0160 3 | 140-0 0182 
PUR) 149 » | 214:0 0070 2 
230:0 0139 ^ | 2370 VIGI 7 
252:0 ‘0130 i | 260:5 0153 N 
64-0 ‘0127 : 284-0 0146 3 

B.1425 . 00194  14d5em. | G. 14130 — 0:210  L98 em. 
165-5 0181 = 167-0 ‘195 - 
127-5 ‘0168 k 1900 -0184 i 
210:0 0157 " 214:0 0173 
2350 0146 r. 2370 0163 E 
7567 ‘0137 K | 260-5 0154 M 
278-0 ‘0130 * 284-0 0148 

C.1428 — 090197 153 em. | H. 1430  002»11] 210cm. 
1658 0184 x 167-2 ‘0200 E 
198-8 0172 4 190-2 0187 x 
211:8 0161 ^ | 214-2 0177 : 
25T "0152 s 29473 0166 " 
257-9 0143 r 260:7 01558 H 
230-5 0138 f 284-2 ‘O151 

D. 1429 0:0201 1:62 em. I. 143:2 0 0212 2:20 cm. 
166:2 0187 p 167:3 0203 N 
189-0 0177 i 191-0 ‘0190 . 
212-0 0166 x 214-6 0180 : 
033 ‘0155 238-0 ‘0171 A 
258:2 0146 " 26]-2 0160 j 
2809 ‘0140 D 984-2 0155 » 

E. 1430 00203 1-70 cm. J. 1435 — 00215 2-10 em. 
166:6 0190 E 168-2 02305 - 
1897 ‘0179 E 191-2 0192 K 
213:2 0168 K 2150 9154 » 
236-2 ‘0158 M 238:3 ‘0173 n 
259:3 0149 » 261:9 -0163 s 
283-0 ‘0143 * 285-0 0156 » 


resonator is proportional to the blowing pressure. Assuming 
this to be true for the form of resonator used in this 
investigation, the curves in fig. 2 may be regarded as 
indicating definitely the relation between the vibration 
frequency, the duration of the tone at the critical frequency 
of pulsation, and the intensity of the tone. 

It is worthy of remark that in the analogous normal 
persistency curves for spectra * of varying intensities the 
opposite condition prevails. With light the brightest colours 
give the lowest curve, that is, they have the smallest values 


* Phil. Mag. vol. xxxviii. p. 81 (1919). 
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of the duration of the light at the critical frequency of 
flicker ; whereas in sound the greatest intensities have the 
largest values of the duration of the tone at the critical 
frequency of pulsation. "The mechanisms in the two sets ot 
phenomena are widely different. Vision probably results 
from photo-electric action on the nerves; in sound the 
auditory nerves are excited by mechanical vibrations. 


Fig. 2. 


Frequen cy. D v. 
16o 200 240 280 


A somewhat similar investigation to that described above- 
was made by Mayer*. His method was as follows: 
between a vibrating tuning fork and its resonator he 
interposed a revolving disk with openings of the same 
shape as that in the resonator, so that the scund was heard 
loudly when an opening in the disk came in front of that in 
the resonator, and faintly when the latter was covered. He 
found that his measurements conformed to the law 

| K | 
D= ntl: 
where D is the duration of the tone at the critical frequency 
of pulsation, N the frequency of the fork, and K and C are 
constants. 

The measnrements given in Table I. were tested by this. 

law and found, when plotted, not to give straight lines. 


ser. 3, vol. viii. (1874) ; Helmholtz, ‘ Sensations. 
417. 
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The graphs possessed a slight regular curvature very similar 
to that of the normal curves in fig. 2, but opposite in sign. 
No doubt the time of duration of the sound at the critical 
frequency of pulsation and the frequency of the tone are 
connected in some inverse relation. The precise nature of 
that function, as will later be discussed, appears to be 


K 
E V log N s 
where the letters D, N, K, C have the same significance as - 
above. 

The difference between Mayer's relation and that here 
obtained is probably due to his method of interposing a 
resonator between the source of sound and the ear, whereas 
in our experiments the fusion of sounds was effected in the 
ear directly. Another possible explanation of Mayer's results 
is given in a later communication, * On the Effect of Aural 
Fatigue" *. 

It will be noticed in fig. 2 that the vertical distances 
between the normal curves are not equal. The interval 
between the curves for the highest intensities is small, and 
gradually increases as the intensity is decreased. ‘This 
suggested the posibility that some law connecting the 
duration time at the critical frequency of pulsation and the 
intensity of the sound might be deduced. 

In colour vision, Ferry t and Porter found that the 
relation between the duration, D, of a flash of colour upon 
the retina at the critical frequency of flicker and the 
luminosity, L, was'expressed by the equation 


1 
D= Kleen’ (Ferry) 
or n=KlogL+C. . . . (Porter) 


where n is the reciprocal of D, and K and C are constants. 
This equation is independent of the wave-length of the 
light. 

Uu we have seen, the intensities of sounds and their duration 
at the critical frequency of pulsation have a direct and not an 
inverse relationship, as is the case in colour vision. Several 
equations suggested by the above were tried without success. 


* P. 126. 
+ Amer. Jour. Sci. (3), vol. xliv. p. 193 (1892). 
t Proc. Roy. Soc. vol. Ixx. p. 313 (1902). 
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That which appears to give the best result is 

D=K Wlog P+C 
where D is the duration of the sound at the critical frequency 
of pulsation, P the blowing pressure to which the intensitv 
of the sound is proportional, N the frequency of vibration of 
the tone, and K and C are constants. 

In fig. 3, plotted from the values in Table IT., the critical 
frequencies of pulsation are plotted against the square roots 
of the logarithms of the pressure. The resulting curves are, 
in all five cases, straight lines. 


Fig. 3 


D= K VLog P C 


TABLE II. 

Pressure Emu D. D. D. D. D. 
P. log P. N=170. N—180. N=200. N—940. N=264. 

Sec. Sec. Bec. Bec. sec. 

240cm. — 0616 00203 00198 00189 00172 00164 
2:20 ,, 585 «0200 0196 :0186 0170 ‘0160 
240 ,, -560 0197 0192 0183 0166 ‘O157 
1-98 , -546 ‘0194 «0189 ‘0179 0162 0154 
182 |, :510 0191 ‘0186 0176 0160 0151 
1570 , 482 ‘0189 0184 ‘0173 0156 0147 
1-62 . 456 0186 0181 ‘0171 158 0144 
153 ,, 430 0182 0177 (167 :0150 :0141 
l45 , -401 O177 0i79 0162 0143 0134 
125 , 0311 — -0168 ‘0163 0153 (135 0126 


A further test was made. The tonvariator was maintained 
constant at three different frequencies in succession, and the 
pressures adjusted for eight successive values in each case. 
The frequencies used were 170, 200, and 240 vibrations. 
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The data obtained are incorporated in Table II. with those 
for the same frequencies taken from the normal curves. 
The straight lines in fig. 3 are therefore the result, not only 
of data taken from the normal curves, but also of data 
obtained directly from independent measurements. This 
forms a more complete verification of the law that, at the 
critical frequency of pulsation, the duration of a pulse of 
sound varies directly as the square root of the logarithm of 
the pressure or intensity. 

Further investigations were made concerning the relation 
between the critical frequency of pulsation, D, and the 
frequency of the tone, N, when the pressure remained 
constant. It will be remembered that Mayer had expressed 
that relation in the form 


D- T +C. 


On applying new data obtained in this investigation, the 
above law does not hold. The only manner in which Mayer’s 


Fig. 4. 


P2. 
a 5p:22 
Pal? 
oP=).76 
oP=153 
Pzi. 4&5 


me: -650 555 -660 -665  .570 LbIS .65$0 


equation agrees with data here obtained is in the fact that 
both indicate an inverse relationship. The precise nature of 
this inverse function was not at first apparent. After trying 
a number of equations, however, we find the one that appears 
to give the best results to be | 


K' 
D= -; 
v7 log N 


where D and N have same meaning as previously, and K’ 
and ("are arbitrary constants. In fig. 4, plotted from the 


+C 
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data in Table lIJ., the time values of the critical frequencies 
of pulsation are plotted against the reciprocals of the square 
roots of the logarithms of the frequencies, and again, the 
results are seen to be very consistent straight lines. 


TABLE III. 
1 
—. D. D. : ; . : . 
N log N D D D D D 
P= P= P= P= P= P= P= 
2:40c. 210e. 1:82c. 170c. 153e. 145e. 125cm. 


Bec. gec. sec. see. sec. sec, seo. 
150 06779 00213 00208 00202 00199 00193 00190 00180 
160 6739 0208 ‘0203 0196 ‘0194 0187 0184 70174 
170 6698 0203  À:0197 0191 70189 -0182 0177 0168 
190 662 ‘193  :0187 0181 0179  :U172 0167 0158 
200 6596 0189  -0183 0176 0173 0167 0162 0153 
220 6536 ‘OIBO 0173 0168 0165  -c0158 0153 0143 
240 6485 0172 0166 0160 0156 0150 0143 0135 
20 6435 0164 0158 0152 0150 0143 0136 0128 
270 6414 0161 0155 0150  :0147 0140 0133 Ses 
It is very interesting to note that whereas D varies 
directly as the root of the logarithm of P when N remains 
constant, it varies inversely as the root of the logarithm 
of N when P remains constant. The square root of the 
logarithm seems to be involved in both relations. 

This suggested the possibility of some simple relationship 
existing between N and P at a constant value of the fre- 
quency of pulsation, D. For this purpose, horizontal cross- 
sections were taken through the family of curves in fig. 2. 
Again, after many attempts had been made, the following 
equation seemed to give the best results: 


log N— K"log P 4- C", 
Fig. 5. 


10 4$ ‘20 25 “30 35 
In fig. 5, values taken from Table IV., the logarithms of 
the frequencies were plotted against the logarithms of the 
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pressures. The resulting lines, although not as consistently 
straight as those representing the other relations, seem to 
verify the equation. 


TABLE IV. 
P Log P N. Log N. N. Log N. N. Log N.. 
D=0°0150 sec. D=00160 sec. D-00170 sec. 
1-235 em 0:0969 205 2:312 186 2:270 167 2:223 
pá45 , 1614 226 2-354 204 2:310 181 2:265 
r53 . -1847 239 2-318 214 2:330 193 2-280. 
)62 , :2095 248 2:391 223 2:348 201 2:303 
170 .. :2305 259 2:113 231 2:364 208 "2318 
Y5s2 , :3601 203 2:420 238 2:311 214 2:330 
198 , 2967 276 9-441 244 9-387 220 2:942 
2:0 , 32223 xds is 254 2:405 298 2:358 
220 . 3424 ibs " 265 9:493 238. 2:377 
2:40 ,. 3802 E] sods 273 2°436 241 2:387 


D=0:0180 sec. D-00190sec. D-00200 sec. 


1:25 em. — 0:0969 150 2:176 ao m 

ldó . :1614 107 2:228 150 2:176 

153 . :1847 174 2:241 155 2-190 Mike Uh auno 
1:62 5, :2095 181 2:298 162 2:210 144 2-158 
170 .. "2305 187 2272 167 2:223 148 2:170 
ls2 , :2601 193 2:286 173 2:238 153 2:185 
198 . :2967 198 2:207 178 2:250 158 2:109 
2:107. 5 "3222 205 2:312 184 2:263 165 2-217 
220 i "3424 214 2:330 192 — 23283 171 2-233 
2:40 . :8802 220 2:342 197 2:204 176 2246 


The three laws, therefore, which we have tentatively 
deduced are :— 
DzK^logP4C;. . .. . (D 
K' 
D= . 
Vlog N 
log N=K" log PC". . . . . . (3) 
Were it not that the C's in equations (1) and (2) are 


apparently different, the two equations might be put together 
in the form 


HUE. 2 . . V. (2) 


This equation would define an acoustical surface, analogous 
in many respects to the well-known thermo-d ynamic surface, 
each point on this acoustical surface denoting a relation 
between the pressure or intensity, the frequency of the tone, 
and its critical frequency of pulsation. 

The above is an interesting conjecture, which might lead, 
on fuller investigation, to fruitful results. 
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The range of pressures and frequencies in this investiga- 
tion was small, and before the above “laws” can be accepted 
with confidence they should be tested through a far greater 
range of intensities and frequencies than the apparatus used 
in this investigation afforded. 

"An attempt was made to determine whether normal 
measurements of other observers correspond with those here 
obtained, i.¢., whether the sensitivity to intensity and the 
duration of tones are the same for the average ear. Normal 
curves of four other observers have so far been obtained. 
These are shown in fig. 6, with the data from which they 
were plotted in Table V. 


Fig. 6. 
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TABLE V. 
Normal Curves of Other Observers. 
A. N. D.(M.W.) P. P. D.(E.W.). P. D.(H.W .). 
Second. Second. Second. 
1428 OVINT 1:53 em. 1:53 em. 0:0207 1:53 em. 0:0208 
1658  :-0ln4 2 EE" 0193 x 0195 
18 0172 — j 0182 i 0184 
211-8 0161 = J "0172 M 0173 
2357 0152 —, 0165 ; 0165 
257:9  -:0143 s - 0157 si '0157 
9805 0138 — : 0149 : 0150 
B. (M.W.). (S.G.L.). (A.H.). 
1430 00206 1:98 em. 188 cm. 0:0200 1:90 cm. 00198 
166:0 :0192 - - "0185 ds "0191 
190:0 — :0182 » " 0178 5s OI8t 
2130  :0170 * a 0165 M 0170 
2360 — :0161 " T ‘0162 " -0162 
2590 0153 — l 0152 ) 0157 


282:0  :0146 5 " |. 0143 0147 
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The broken line and the dot-dash curves are those of the 
other observers ; the continuous curves are those of one of 
the authors (Weinberg) and are inserted for the sake of 
comparison. The data are also given in Table V. 

The curves are divided into two groups; those in group A 
were obtained at approximately the same pressure or in- 
tensity ; those in group B at different pressures or intensities. 

The general slope of all the curves in both groups is very 
nearly the same. The very slight difference in curvature of 
the two curves in group B, as seen by their intersection at a 
very minute angle, may perhaps be attributed to the in- 
experience of the other observers. 

Assuming the ears of all the observers to be average, this 
approximate sanieness of the general slope may be taken to 
indicate that the degree of decrease in the duration of a tone, 
as its vibration frequency or pitch becomes higher, is very 
nearly the same for the average ear. 

The relative vertical displacement of the curves in group A 
indicates that so-called normal ears are not equally sensitive 
to sounds of the same intensity, since the duration of tones 
of the same pitch at the critical frequency of pulsation 
differs. 

In similar investigations in colour vision it was found that 
In persons between about eighteen and fifty-five years of 
age the sensitivity of normal eyes to the intensity of 
illumination is the same*. In audition, however, the 
sensitivity of the average ear r to the intensity of tone varies. 
This difference is very probably due to the wide difference in 
the character of the two mechanisms or processes involved. 
The perception of light is most probably a photo-electric or 
chemical effect—a reaction of atoms and molecules to the 
stimulation of light-waves. Hence it is to be expected that 
for a constant intensity of stimulation there would be 
approximately constant atomic interactions, t.e., approxi- 
mately constant sensitivity. In the case of audition, however, 
the instrument of tone perception, the ear, is an extremely 
complicated mechanical structure, and iherelora subject to 
many sources of defect or of difference. And in a mechanism 
so minute and delicate as the ear, it would be little less 
than miraculous were the mass, elasticity, and other physical 


properties of its component parts found always to be the 
same f. 


* Ferry, Am. Journ. Sci. vol. xliv. (1892). 
t Seashore, * Psycholozy of Musical Talent,’ p. 81. 
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V. Tables of Bessel Functions. By Hven E. H. WRINCH, 


M. Mech. E., and Dororay Wrixcu, J).Se., Fellow of 


Girton. College, Cambridge, and Member of the Research 
Staff, University College, London * 


quee present paper contains further tables of the Bessel 


Functions. 
The Bessel Functions T J,(z) and L,(z) may be defined 


for integer values of » by 


Q2 om fao ED, Gm 
Jul) = sre pay yt 1! (142) * 21 IESUS op 


e fp OPP, iM 
l(t) = 2T (n4 1) | 1! (133)*2 ! a n) (2 +n) E 


For large real values of «x, I,¢r) has the asymptotic 
expansion, 


iar (1?— 4n?)( (S?— dnt) | , 
1) = (arn): l'sz 2! (8x)? x f 


It possesses the recurrence formula, 


9n 


In- )— Isi wv) == I(x (x ). 


Note. -- We are indebted to the Trustees of the Dixon 
Fund of the University of Lendon for a grant in aid of the 
computations contained in this paper and in the two pre- 
ceding papers (Proce. Roy. Soc. ci. pp. 493-528) (1922); 
Phil. Mag. xlv. pp. 846-849 (1923)). 


* Communicated by the Authors. 
t For an extensive bibliography of the subject, see G. N. Watson’s 


* Theory of Bessel Functions’ (1923). 


a RR c — — —— 
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Tables of Bessel Functions. 
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TABLE I. 


Ij 2). I (2). I(r). Tar). T(x). L I(r). 
893440 865053 785307 668728 534531 401459 283630 
235494 228461 208619 179376 145312 110995 800203 
621838 604316 554688 481050 394347 -805785 224460 
164461 160075 147611 128099 106877 839004 626673 
435585 424553 393127 245926 289351 230188 174262 
115514 112729 104777 927709 782714 629533 482042 
306605 299639 279451 248828 211592 171889 133458 
815139 797 224 745822 667516 571676 468661 367918 
216863 212294 199168 179103 154397 127636 101214 
577452 565783 532101 480634 416834 347243 277939 
154066 151075 142445 129160 112641 945039 762948 
410420 402745 380502 340365 303617 256408 208656 
1095354 107561 101852 930113 819211 696042 570616 
292519 287494 272697 249820 221013 188852 155889 
781674 768535 730434 671138 596213 512141 425494 
208995 205598 195732 180342 160827 138839 116041 
559092 550288 524700 484699 433823 376242 316250 
149637 147354 140707 130298 117018 101931 861273 
400686 394750 3911465 350340 815612 276070 234438 
107339 105794 101294 942181 851412 T4 1514 637832 
287 06-4 283643 71910 253432 22967 1 202396 173447 
111245 160745 130124 081825 619552 547804 471487 
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TABLE II. 
- . ter 
X: Nmr. e. Nora 
2p M 114868 1318820000 114811000 
25 URN 11-7571 358491 304914 
1 MN 12-0214 974480 810624 
DA: EEEN 12-2799 264891 215711 
2r ——— 12:5331 720049 574516 
D HN 12-7606 195730 153313 
2r peer TEE 13-0248 532048 408488 
2 ENIM 13-2638 144626 109038 
A Lae shane 13:4986 393133 291240 
AT READER NN 137294 106965 718306 
AEE 13:9563 290488 208141 
DO attests es 141796 789630 556876 
OS ETETA 14-3995 214644 149063 
Db EPRA ERA 14-6160 583462 39919: 
ERRITO 14:8294 158601 106951 
36 eee 15:0398 431123 286656 
Dr ELM Du e. 1524172 . 117191 168608 
D MR 15:4519 — 318559 206162 
BO Singh ate gat 15:6539 865934 553175 
TY T RSEN 15°8533 235385 148477 
TABLE III. | TABLE IV. 
z. J,” | L: | c. J4(x) /1,(2). 
| ane ere 816721 | emm -882273 
lA 512121 : OF Sette 606018 
r 216506 | META. 322046 
Be MTM ‘056604 | Ae -128907 
e a 002660 | em 035312 
fe a ee —:005192 ' D susheneeies -003808 
rm — 002430 f y tme — 001968 
B: auran —-000345 | B uk or —:001233 
Deep 000167 | Q oee — 000280 
WO: aiaia "009112 | LO apaa, "000033 
Lt. xe 000023 | LE ussn$.5. 000048 
jou i — 000005 PO. EET 000015 
132 sessed — 000005 1 "E MIN 000000 
T PME — 000001 | 1d. eene — 000002 
Io nnde 000000 | ra —:000001 
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The Table I. and the subsidiary Table II. are in con- 


tinuation of tables given in a previous paper *. The values 
of I,(z) have been calculated directly from the asymptotic 
expansion, and the recurrence formula was used as a check. 
The tables are correct to five significant figures. 

Tables III. and IV. give the values of the quotients 


Jo(x)/Io(x), Jale); (e). 


Fig. l. 
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These quotients are of importance in certain problems in 
acoustics t. Graphs of these functions between the limits 
r=9 and z—12 are included. They have been calculated 
from the values of I,() previously given, and the values of 
J,(r) given in Jahnke and Emde’s 'Funktionentafeln? 
(Leipzig and' Berlin, 1909). 


* Cf. Phil. Mag. xlv. pp. 846-819 (192 
t See Proc. Roy. Soc. ci. pp. 493-508 (1922), 


Phil. Mag. S. 6. Vol. 47. No. 277. Jan. 1924 F 
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VI. The Application. of Oscillating Valve Circuits. to the 
Precise Measurement of Certain Physical Quantities. By 
J. E. P. WacsrArF, M.A., Lecturer in Physics at the 
|, University of Leeds *. 


T has been shown by Whiddington t and others that 
the valve circuit can be employed very effectively 

to solve problems of pure Physics. In the present paper 
tlie scope of its usefulness has been extended by applying it 
to several quite diverse problems. Moreover, the appli- 
cability of the simple formula for the frequency of a valve 


circuit, de vLC' has been fully investigated both for 


audible and high-frequency oscillations, and its limitations 
discussed. 
Description of Apparatus. 


The apparatus used is shown in fig. 1l. V, and V, are 
oscillating valve circuits, the coils H, K, M, and N of which 
are so chosen as to produce oscillations of about a million 
frequency. Each pair of coils is mounted on a substantial 
wooden frame, and the anode and grid coils are insulated 
from one another by a layer of paraflin-wax paper. The 
variable vane condensers E and L serve to adjust the 
frequencies of the two circuits, and fine adjustments are 
effected by means of a small parallel plate condenser F 
in parallel with E. This is worked by means of a long 
ebonite arm G which projects from the box containing 
the condensers. The filaments of the two lamps are in 
parallel and are heated by means of a four-volt battery B 
(the negative pole of which is earthed) of as large a 
charging capacity as possible. It is also very important 
that the accumulators supplying the current to the filaments 
should be in excellent condition, as the success of this 
type of experiment depends largely on the constancy of 
the filament current. D is a battery of accumulators 
of E.M.F.—50 volts and supplies the high tension to both 
circuits, as shown. P is a Brown pattern loud-speaking 
telephone, mounted on a wooden platform above the 
apparatus, which emits quite a clear, constant, audible 
note when the circuits are working and in adjustment. 
No amplifier is used, as it seems best to avoid, wherever 
possible, all complications of the apparatus. All the 
wiring is of stout copper (enamel covered), and the joints 


* Communicated by Prof. R. Whiddington. 
T Whiddington, Phil. Mag. Nov. 1920. 
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are made as nearly perfect as possible. The apparatus 
1s contained in four wooden cases lined with tinfoil, and 
covered on the outside with substantial tin sheeting, the 
inner and outer coatings of each box being in electrical 
contact and earthed. The whole is mounted on a solid 
stone slab. All wires passing from one box ‘to another 
are protected in ebonite tubing. The two valves for main- 
taining the oscillations are fitted to the top of one of the 
boxes. 

Experience has taught me that it is only when conditions 
are very quiet that the apparatus works satisfactorily. A 


Fig. 1. 


footfall overhead, the slamming of a door in a distant part 
of the building, is sufficient to produce a small change 
(usually one or two beats per sec.) in the frequency of 
oscillation. Consequently it has been necessary to do 
most of the work described in this paper between the 
hours of midnight and 3 a.M., when conditions are as 
nearly perfect as possible. When proper conditions are 
obtained the beats are remarkably steady ; there is always 
a tendency for a slight variation, and this I attribute, as a 
result of a long and careful investigation, to var:ations in 


F 2 
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the battery B. The kind of steadiness obtained is given 
in the following table, where the time of 50 beats is 
tabulated against the interval between observations :— 


TABLE I. 
Interval Time 
between observations. for 50 beats. 
OF cases postu Rc US Eee es: 18:5 sec. 
] min, later .............. ... 180 , 
2 wnat deceat 17:5 
3 "eee 172. 
5 uo eesti E a dE 166 ,. 
ne area 165 , 
7 TEE D ED 16:0 , 
8 Wn o UNSERE ues 160 ,, 
9 COMME nc 16:0 ,, 


In order to provide an unvarying standard 'of pitch to 
which the note can be adjusted, another valve circuit V is 
set up with capacities and inductances so large as to 
produce an audible note in the telephone placed in the 
anode circuit. A separate filament battery and high- 
tension battery are used for this circuit. The capacity 
consists of a standard condenser box having a range of 
capacities from *001 m.f. to 1 m.f. 


Standardization of the Oscillating Circuits, 


When the circuits had been constructed as indicated 
in the last paragraph, and beats of steady frequency could 
be heard when the three circuits were oscillating, the 
various parts were accurately calibrated. 


Calibration of the Oscillating Circuit of Audible Frequency. 


For this experiment a set of standard tuning-forks was 
employed. The note emitted by the audible circuit was 
altered by accurately adjusting the capacity in the standard 
condensef, keeping everything else in the circuit constant, 
until resonance was obtained between the cireuit and a 
given fork (i. e., until no beats could be detected). With 
the higher notes (n=1024, n=1536, etc.) the experiment 
was slightly modified by adjusting the capacity in the box. 
until the audible note was an octave of the fork. In the 
neighbourhood of the correct capacity beats became quite 
audible. Jt was rather difficult to decide at times with 
the ear, owing to the difference in quality of the two notes, 
which octave of the fork was being emitted. This was 
easily settled, however, by counting the number of beats 
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produced per second between the fork and the circuit, 
corresponding to a small change in the capacity of the 
latter. In the table below is shown the capacity in the box 
for various frequencies of note emitted. The numbers have 
been checked from time to time and have shown no material 
Variation over a period of eight months. 


TABLE II. 
| Capacity in 492 
PET bor a'0x10-*.| '260-- 5. |» C 4-c) x 10-5, 
i m.f. 
512 ‘605 1586 ^ +12 15:92 
643 381 15776 | +-04 | 15:82 
768 206 1570 |  —0135 15:80 
955 172 1566-04 | 15:85 
1024 :149 1563 | —-109 15°81 
1286 094 15538 21 15:85 
1536 065 1533 , | ~ 3216 1576 
1929 041 1525  : — 526 15°92 


—— m pen - ———— a 


- —— — — — —— — — 


It is seen that »?C is not constant, but tends to decrease 
as the frequency increases. In fig. 2 columns 1 and 3 have 
been plotted. 


Fig. 2. 


Capacity of condenser in mf. 


The relationship between n*C and C is represented by the 
equation 


n?C = 10° (15-74+0-26 c-t). 


C 
zs : E 3022 
This is best seen by plotting n?@ against (26 C=- ) 10+, 
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The corresponding values of the two variables for different 
values of C are given in columns 3 and 4 of Table II. 
A straight-line relationship, which is of course purely 
empirical, is indicated between the variables. Incidentally 
the term 15:74 x 10t, which is independent of C, can be 
used to find the self-induction of the anode coil. It is 
the constant in the expression, and can be identified with 


n It has been found possible to interpret the results 
differently. The quantity C, up to now, only takes into 
account the capacity of the oscillating circuit introduced 
by the condenser, and this is calibrated for static fields. 
If a capacity ¢= ‘0018 m.f. be added to C, n?(C +c) is 
seen to be constant to an accuracy of 1 per cent. over 
the range of frequencies used. Hence for an audible 
circuit of constant self-induction, n?C is constant in accord- 


ance with the law n=- , provided a sufficiently 


1l 
2m y LC 
broad interpretation of C is taken. 


Standardization of the High-frequency Circuit. 

Having justified the assumption that the frequency in 
the case of audible circuits is represented within 1 per cent. 
by a formula of the form »?(C + c) 2 constant, I directed my 
attention to the corresponding problem in the case of the 
valve circuit of high-frequency oscillations. The condenser 
used in this circuit was of the variable vane type, and this 
was first calibrated with a ballistic galvanometer so that 
the absolute capacity was known corresponding to any 
position of the vanes. The procedure was that usually 
adopted in this type of problem, the condenser being 
charged up by connecting its terminals to the pole of a 
battery of E.M.F.—200 volts, and subsequently discharged 
through a suitable galvanometer. 

The results were standardized by discharging through 
the galvanometer condensers of known capacity. The 
relationship between the capacity and the scale-reading 
was found to be linear and of the form 

Ome, = 1075(87:04 —:3758 2), 
where æ is the scale-reading. 

At this stage, keeping everything else constant (e. q. 
battery potentials, inductances, ete.), the wave-lengths of 
the oscillations generated in the circuit were measured by 
a standard wave-meter for various values of the capacity, 
and the results afterwards confirmed with a Fleming cymo- 
meter. The results are tabulated here. | 


11 


Scale-reading. 


174 

| 140 
120 
100 
80 
60 
40 
20 
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Capacity C. 
m.f. 


2167 x 10-8 
34:44 x 10-° 
41:905 x 1075 
49:46 x 10-5 
5698 x 1075 
6149 x 10-* 
720) x 10-73 
19:524 x 10 -5 


— — 


| 


Wave-length À. 


cm. 


2-139 x 165 
2:255 x 10° 
2 414x10 
2°555 X 10% 
2-681 x 10° 
2 801 x 10° 
2-877 x 10° 


2:977 x 108 


Frequency = 


TABLE III. 


—— 


1:492 x 10° 
1:330 x 10° 
1:243x 105 
1:174 x105 
1:119x 10° 
1071x 165 
1:013x 10° 
1:008 x 10° 


»l^4 


Frequency?. 


2:226 x 10 
1769 x 1010 
1:545 x 10" 
1:378 x 10'° 
1-251 x 10!" 
1:148 x 10!^ 
1:087 x 10°? 
1:015x 10° 


Frequency? X C. 


48°25 x 10° 
60:94 x 10° 
64°79 x 105 
68:17 x 105 
71:31x 105 
73°98 x 10° 
783 x 108 
80 74 x 10° 


Frequency*(C +c). 


107-98 x 16° 


108:4 x105 
106:24 x 105 


105°15 x 10 
105-15 x 105 
104 87 x 10° 
107-49 x 10° 
107-98 x 10 


i 


| 
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It will be noticed that n?C is here not even approximately 


constant, so that either n — E can no longer be applied 
m^ LC 
or a much broader interpretation of C is necessary.  n?C can 
be shown to be related to C by an empirical equation of the 
form 
d m Q 043255 
iC = 61:411 x 10 +( 3133 x LOPC— C ) 


The similarity in the relationships between frequency and 
capacity for low-frequency and high-frequency circuits is in 
this way strikingly demonstrated. In each case a simple 
equation of the form m 


A? = A +BC + C 


suffices to represent the relationship. An attempt was again 
made to interpret the results on the lines indicated in the 
last section. Assuming, as the results up to now indicate, 
that the relationship between frequency and capacity for 
high-frequency oscillations does’ not differ fundamentally 
from that deduced for low-frequency oscillations, it is 
justifiable to write 


n?(C +t) = constant. 


Taking the first and last values of » and C in the above 
table, the equation becomes 


48°25 x 10? + 2°226 x 10'9- = 80°74 x 10? + 1:015 x 10, 
e = 26°33 x 10-5 m.f. 
This is the additional capacity to be added to C. 


If this additional capacity c remains approximately 
constant for the range of wave-lengths used, 


(C4 26°83 x 1075) = constant. 


In the last column of the above table is calculated 
n*(U 4- 26°83 x 1075) for the values of C given in column 2. 
The values are constant to within 3 per cent., and this 
variation can probably be further reduced by choosing 


a more judicious value for e. Thus it follows that for 


low- and high-frequency circuits, a?(C +c) is reasonably 
constant, where c is a suitably chosen capacity for each 
circuit used. 


— Á X —á å 
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Determination of the Dielectric Constant of Air and 
its Variation with Pressure. 


The first series of experiments undertaken with the above 
apparatus was the determination of the dielectric constant 
of air and its variation with pressure. The condenser 
(fig. 3) used in this investigation consisting of two steel plates 
iin.x3 in. x  in., separated by circular plugs of ebonite 
1 mm. thick, was placed in parallel with the variable vane 
condenser E. The plates were clamped together by means 
of screw pins and small nuts as shown. The pins were 
insulated from the condenser plates by passing them through 
ebonite plugs inlaid in the plates, concentric with those 
separating the plates and very slightly smaller than the 
latter in diameter, and the nuts were screwed down on these. 


ye e 
F 12. 3. 


The condenser rested in an ebonite cradle to insulate it from 
the wall of the pressure chamber, which was earthed. The 
pressure chamber consisted of a very strong brass casting, 
with 3 in. walls, connected to the exhaust pump through the 
side tube by pressure tubing. Thick brass wires, fitted 
in fibre plugs and passing through the side of the vessel 
as shown, served as leads to the condenser. To ensure 
that any slight contraction of the chamber produced no 
strain on the condenser plates, the leads were joined to 
the plates by two small coils of very fine, insulated, copper 
wire. | 

Precautions of the kind just described are essential in 
experiments with valve circuits, otherwise the effects to 
be measured are completely masked by spurious effects 
arising from such causes as change in the size or shape 
of the pressure chamber, or in the disposition of the 
condenser plates inside the chamber. 

The top of the casting was secured to the body by 
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thumb-screws, and a piece of indiarubber placed between 
the two was found very useful in rendering the apparatus 
air-tight. An ordinary mercury manometer served to 
register the pressure inside the chamber. 


Method of procedure. 

The valve circuits V, V,, and V, were made to oscillate, 
and the capacities were adjusted until slow beats at the 
rate of about 2 per second could be heard in the telephones. 
The vessel was now partially exhausted, and when con- 
ditions were steady again the time for 50 or 100 beats was 


Fig. 4. 


4 


N 


— b Change m Sreguencp 


10 20 30 40 


Change in pressure (cm Hg) 


measured with a stop-watch. The pressure was immediately 
released, and the time of 100 beats again measured. Various 
initial pressures varying from 10 to 40 em. were used, and 
the series was repeated for various frequencies of oscillation. 
In this way the change of frequeney of the circuit V, was 
measured tor a given change of pressure inside the chamber. 
Fig. 4 shows the * change in pressure” plotted against 
“corresponding change in frequency " for all the frequencies 
used, and it is evident that the change in frequency is a 
linear function of the change in pressure. 

In order to calculate the dielectric constant of air from 
the observations the capacity of the condenser had still to 
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be determined, This was done with a heterodyne beat 
method, by finding the change in the frequency of the 
audible circuit, when the parallel plate condenser and its 
earthed case were connected in paraliel with the standard 
condenser. The determination was repeated for several 
frequencies of the circuit, and very good agreement was 
obtained. 

That the method is capable of giving reliable results 
was confirmed by substituting for the condenser A a 
condenser of known and calculable capacity. Excellent 
agreement was obtained with the calculated value and with 
the value determined by electrostatic methods. 

We are now in a position to calculate the dielectric 
constant of air. 

The frequency of an oscillating circuit is given by the 
equation 

1 


^ 7 em VLC 


where C is the tota! capacity of the circuit, and L is the 
coefficient of self-induction of the anode circuit. 
Corresponding to a change in capacity dU, the frequency 


is 
1 
n=dn = -—- - —, 
2v V L(C+dC) 
therefore (^ ) QC Y dC 
n—dn : 
P 2dn 4C 
n € 


If c, is the capacity of the parallel plate condenser A 
(fig. 3), and the change in capacity dC is due to the with- 
drawal or admission of air into the chamber containing A, 


dC = c(K—1)4, 


where p, is the change of pressure in the chamber, and [T is 
the atmospheric pressure. 


Therefore K—1 2H C dn 


n o p 
For a particular value of n, A is given by the slope of 
“1 


the appropriate line in fig. 4. 
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The values of K—1 for the values of C employed are 
shown in the following table :— 


Taste IV. 
c a value of 27 observations) = 5°50 x 1075 m.f. 
E po MEE MM 
Scale- | Capacity of | Total capacity Prenen K-1 
reading. vane condenser. ' C. pee A 
40 + 7201x10-? m.f. , 10434X10-% m.f. | 1015x 105 | "0006517 
80 3 56-98 x 107? m.f. | 89:31 x 10-5 m.f. | 1083x105 ^ -0006612 
120 | 41:95 X 107? m.f. | 74:28x 1075 m.f. | 1:196 x 165 0005976 
174 | 21:67x10-* m.f. | 51400x10-5 m.f. mt 1-415 x 108 ‘0006639 


The values obtained for K—1 are in good agreement 
with those obtained by other investigators. These results 
therefore confirm the hypotheses made earlier in the paper. 


Fig. Ds. 


a l A 
WY 
| 
| 
xX 


Application of the Oscillatiny Valve Circuit to the Determination 
of Magnetic Susceptibilities for Steady Fields. 


The arrangements used for applying this method to the 
measurement of ge c susceptibility in steady fields are 
shown in fig. 5. The upper plate of an air condenser L 
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is clamped to a vertical upright N fixed rigidly to a steel 
base E which is earthed. An ebonite plug M serves to 
insulate the plate. The lower plate is fastened to a long 
brass rod D (being insulated from it by the ebonite plug K), 
and is suspended between two stout vertical uprights F by 
means of a thin horizontal steel wire G about 3 in. long. This 
wire, which is soldered to the brass rod D, is drawn through 
the two vertical uprights under tension and fastened securely 
to them. Thus the lower plate of the condenser and the rod 
cap move in a vertical plane, and the motion is controlled by. 
the torsion of the wire G. This apparatus is contained in an 
earthed case, with the arm D projecting. The specimen A 
to beexamined is suspended from H so as to lie symmetrically 
between the poles of an electromagnet B. For purposes of 
calibration it has been found convenient to include a scale- 
pan C in the suspended system. 

Before commencing the experiment, by means of sliding 
weights fixed to the arm D, the lower plate of the condenser 
is adjusted so as to lie horizontal when free, and the upper 
plate is clamped at a vertical distance of 1 mm. above it. 
The arrangement replaces the condensers E and F in fig. 1. 
The current to the electromagnet is obtained from a large 
battery of accumulators, and the circuit includes an ammeter., 
rheostat, and plug. A commutator is. also arranged in the 
circuit for reversing the current through the coils of the 
electromagnet. 


Theory. 


The above apparatus is essentially a delicate torsion- 
balance, which is capable of measuring small changes in 
the tension applied at H. In the experiments to be de- 
scribed, it has been found comparatively simple by this 
method to measure } dyne, but 4,1; part of this amount 
can also be estimated. It can be proved that if a specimen: 
of cross-section A and susceptibility u is suspended in a 
horizontal magnetic field of varying intensity, there is a 
pull P vertically downwards on tlie specimen, where 


A 
P = (Ho! — H,”) *, 


H, and H, being the strengths of the magnetic field at the 
two ends. For a long rod H,=0, and the expression for P 
reduces to 
uH A 
5 


dm 


P= 


* Maxwell, ‘ Electricity and Magnetism,’ 3rd ed. vol. ii. p. 74. 
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Thus by switching on the current through the electromagnet, 
the pull applied to H is altered by a definite amount. This 
produces a small change in the distance between the two 
plates of the condenser L, and if the circuit V, is oscillating 

a slight change oceurs in the frequency of oscillation. This 
-can be measured by means of the auxiliary circuits V, and V. 


Method of experiment. 


When the torsion-balance was fitted up as explained above, 
and the specimen suspended symmetrically between the pole- 
pieces of the electromagnet, the valve circuits V,, Vo, and V 
were set oscillating and the capacities adjusted until slow 
beats could be heard. The time for 50 beats was measured 
with a stop-watch, the current through the electromagnet 
switched on, and the time for 50 beats again measured, 
the current registered by the ammeter being carefully noted. 
When the field was switched off, a third measurement of the 
‘frequency of the beats was made and any slight change due 
to drift eliminated. 

The results obtained for a rod of bismuth are given 
‘below :— 


Diameter of section of rod — :643 cm. 

Current in electromagnet = 5 amp. 

Capacity in audible circuit= *157 m.f. 

Change in frequency of V, when current through the 
electromagnet is switched on = 5:486 osciil. [sec. 


The above change in, frequency is the mean value of 
29 observations, which show extreme variations of +0:1 
about the mean. In order to interpret these readings, 
definite loads were added to the scale-pan C, and the 
change in frequency of the circuit V4 determined. It was 
also noticeable that whereas the addition of weights made 
the beats faster, switching on the field made them slower. 
This corresponds to a negative coefficient of susceptibility 
in.the case of bismuth. 


TABLE V. 


Mass added Change in frequency 
‘to scnle-pan. of V,. 
JP. semuri eis edsnedos "663 
OUD: - ss. Ee 1:715 
UL. EE 4 
HS ap. Vedas RENS 7 


US. 6 —— otiosis 12 
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In fig. 6 the values recorded in the above table are plotted, 
and it is obvious that for small loads a linear relationship 
exists between the change in frequency of V, and the load 
added to the scale-pan. From the curve, the load corre- 
sponding to a change in frequency of 5°486 is found to 
be -0137 gm. 

The experiment with bismuth was repeated, with the 
plates of the condenser L so close together that quite 
an appreciable change of nete occurred when the current 
through the electromagnet was switched on. In this case 


Fig. 6. 
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HESS. Load ssa (gms) 
the change in frequency of V, was estimated by altering the 
capacity of the audible circuit V until resonance was again 
obtained, and calculating from the constants of that circuit 
the change in frequency corresponding to the given change 
in capacity. The results are given below :— 

Current through electromagnet = 5 amp. 

Mean change in frequency of V, when current through 
electromagnet is switched on = 72, with an extreme 
variation for 6 observations of +4 about the mean. 

The readings were again standardized by adding known 
weights to the scale-pan, and finding the corresponding 
‘change in frequency of the note emitted by the circuit. 

The alteration in load corresponding to a change in 
frequency of 72 was found to be ‘0128 gm. wt. 
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Determination of the Strength of the Magnetic Field between 
the Poles of the Electromagnet. 


Before the magnetic susceptibility could be calculated, it 
was necessary to tind the value of H,—the magnetic field 
between the pole-pieces. This was done by two independent 
methods, and the results were compared. 

In the first method a small test coil was wound on a flat 
plate of ebonite 4 em. long, :6835 cm. wide, and :162 cm. 
thick with enamel-covered wire of the finest gauge. This 
coil was arranged in series with a ballistic galvanometer and 
the secondary of a standardizing coil, and placed midway 
between the poles of the electromagnet so that the turns of 
the coil cut the lines of the field at right angles. The throw 
obtained when the current through the electromagnet was 
reversed was compared with that obtained when a suitable 
current through the primary of the standardizing coi] was 
similarly reversed. As a result of several observations, 
Heo was found to be 2414 gauss. 


Fig. 7. 


Ín order to confirm the above value of H,, a second 
determination was made by finding the force on a current 
circuit placed in the position H between the pole-pieces of 
the electromagnet. The arrangement used is shown in 
fig. 7. The frame A consists of two parallel vertical copper 
strips 3 in. long, J in. wide, and 4j in. thick, to the bottom of 
which is soldered a horizontal cross-piece of copper, of rect- 
angular section and of the same area approximately as the 
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bismuth rod. Small pieces of ebonite screwed to the strip 
at F and F’ serve to keep them quite parallel. This frame 
is hooked to a sliding-piece E, which can be fixed anywhere 
along the arm D, and which supports the scale-pan C. The 
current to A is conveyed through two spiral coils of extremely 
fine copper wire B. The circuit containing A includes 
a reversing commutator, a reliable milliammeter, resistance- 
box, key, and a 2-volt battery. 


Method of experiment. 

The suspended frame was first of all adjusted so that the 
current through the horizontal cross.piece flowed perpen- 
dicular to the lines of the magnetic field. The circuits 
were made to oscillate as before, the capacity in the audible 
circuit being adjusted until extremely slow beats (one in 
two seconds) could be heard between the circuits. A current 
was sent through the frame and the capacity altered until 
beats of the sume frequency were again audible. Then, 
from the known constants of the audible circuit, the change 
in frequency of V, was immediately determined : 


Current through cross-piece = :038 amp. 

Length of conductor = *734 em. 

Mean change in frequency of V, on switching on 
current through electromagnet = 24°46. 


The readings were again calibrated by adding known 
weights to the pan and observing the corresponding change 
of frequency, and it was found that a change of frequency 
of 24:46 corresponded to an additional pull of 00695 gm. wt. 
Now, if a conductor of length l cm., carrying a current 
i e.n.u., is situated in a field of intensity Hy, there is a 
mechanical force on the conductor perpendicular to the 
plane of / and H, and of magnitude P given by 


P = il Hg. 


It is obvious that the vertical sides of the frame give no 
contribution to the resultant force downwards. 


Hence, since ; — m e.m.u., 
| = 134 em., 
P = 00695 x 981 dynes, 
and Hy = 2444 gauss, 


which agrees with the previous determination to an accuracy 
of about 1 per cent. 
Phil. Mag. Ser. 6. Vol. 47. No. 277. Jan. 1924. G 
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The susceptibility of bismuth can now be calculated from 


2P 
the formula w= aH! 
The first series of experiments gives p= — 13°86 x 1075, 


The second _,, 2 S p= —12°94x 1078, 


for which the mean value is —13:4 x 1075, and this is in very 
close agreement with the best values previously obtained. 


The magnetic liquid Nickel Carbonyl was next investigated 
hy this method. Although the susceptibility of this liquid is 
of a much lower order than that of bismuth, the method has 
given consistent results for u. The liquid was contained in a 
tube and suspended from the arm D as before. The operations 
were carried out in exactly the same wav as described in the 
previous experiment. Owing to the small susceptibility of 
the liquid, changes of frequency had to be estimated by the 
beat method throughout. The results of the two series of 
observations taken are given below :— 


SERIES I. 
Mean diameter of tube = :6781 mm. 
'urrent through electromagnet = 5 amp. 

Mean change of frequency = —1:400, which corresponds 
to a change in tension of —:00037 gm. wt. The 
negative sign indicates that the liquid is diamagnetic, 

Series TI. 

Mean diameter of tube = :9467 mm. 

Current through electromagnet = 5 amp. 

Mean change of frequency = —:1979, which corresponds 
to a change in pull on the arm D of —:00063 gm. wt. 


From Series I. 


_ the susceptibility of nickel carbonyl = —:34 x 10-8, 
and from Series II. 
the susceptibility of nickel carbonyl = —:30 x 1078, 


The method is thus capable of measuring low order | 


susceptibilities. 

Iu the above, calibration experiments were carried out for 
each set of observations taken. This is not at all necessary, 
generally, but for the preliminary set of experiments it was 
thought desirable to perform them under widely varying 
conditions so as to test the kind of accuracy that was to be 
expected. 
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FErperiments to investigate the Effect of Electrostatic Charge 
on the Surface Tension of a Mercury- Air Surface. 


Recently I became interested in the question of the effect 
on its surface tension of charging up a mercury surface, and 
devised an experiment to demonstrate its existe:ce or other- 
wise. The oscillating valve circuits of the previous sections 
were again utilized in a manner shown in fig. 8. 

Fig. 8. A large drop of mercury € was 
placed on a plate o£ perfectly clean 
glass B, which rested on a steel 
, Slab A, fixed to a strong stand. 
B Electrical contact with the drop was 
maintained by means of a thin pla- 
tinum wire, fused into a glass tube 
filled with mercury, which just 
pierced the surface of the drop. A metal plate D was 
fixed above the upper surface of the drop by clamping 
it to the same stand. An cbonite plug E served to in- 
sulate D from the stand. The distance between € and D 
was adjusted to be about } mm. by a fine screw fixed 
to D, unfortunately omitted from the drawing. € and D 
being only } mm. apart, it was very difficult at times to 
keep them separate ; the slightest vibration brought the 
mercury into contact with the plate, and the various 
adjustments had then to be repeated. In one series, to 
prevent this, a very thin glass cover-slip was made to rest 
on the surface of the mercury, and this was found to over- 
come the difficulty completely. The above arrangement 
constituted a parallel plate condenser, of which D formed 
one plate and the mercury drop the other, and was sub- 
stituted for E and F (fig. 1). The potential of the battery D 
was reduced as much as possible, and the earthed wire at C 
was removed. 


Theory. 


Since the condenser formed by D and the mercury con- 
stitutes most of the capacity in the circuit V,, any change 
in the distance CD will profoundly modify the frequency of - 
oscillation of that circuit. This distance will be changed 
if, due to anv cause, the thickness of the drop is made to 
change, and any alteration in the surface tension of the 
mercury will effect this. It has been estimated that a 
change in the thickness of the drop of 10-79 can be 


detected. n 
G 2 
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Method of experiment. 


The circuits Vj, Va, and V were made to oscillate, and the 
eapacities adjusted until slow beats (2 or 3 per second) could 
be heard. The mercury drop was earthed and the frequency 
of the beats counted. The earth was now removed, and the 
bubble placed in electrical contact with the positive pole of 
a battery of E. M.T.— 200 volts, the negative pole of which 
was earthed, and the frequency of the beats again measured. 

No change whatever could be detected. 

Hence it must be coneluded that no variation in the 
surface tension of the mercury resulted when the drop was 
charged to a potential of 200 volts. 


In conclusion, I wish to express my thanks to Pro- 
fessor R. Whiddington for his interest in the work and 
for his helpful suggestions, and to the Grants Committee 
of the Royal Society who helped to defray the cost of the 
apparatus. 

University of Leeds, 

August 8th, 1923. 


VII. The Characteristic Vibration Frequency of an Element. 
By J. E. P. Waestrarr, M.A., Fellow of St. John’s 
College, Cambridge, Lecturer in Physics at the University 
0f Leeds * 


ROM considerations of the distribution of atoms in a 

substance and the forces acting on them when they 

are displaced from their positions of equilibrium, Einstein f 

has shown that the characteristic frequency y of the body 

can be determined in terms of the compressibility «, the 

atomic volume V, and the atomic weight M by means of 
the formula 

Vis 
v=B TIME D (I.) 


where 82:54 x 10*. 

Speculations on certain results I have been obtaining 
have led me to investigate the amount and nature of the 
variation that occurs in the quantity @ (theoretically a 
constant) in the above formula as one passes from element 
to element, and the results seem of sufficient interest to 


* Communicated by the Author. 
+ Einstein, Annalen der Physik, xxxiv. p. 170 (1911). 


Vibration Frequency of an Element. 85 


publish. Incidentally, an instructive method of deriving 
(I.) has been evolved and is included in the paper. 

Suppose the substance contains atomic vibrators of 
frequency v, then according to the simple theory of har- 
monic motion, 


m 
f? 
where m is the atomic mass, and / is the restoring force 
corresponding to unit displacement from the equilibrium 
position, which is in all probability a position of symmetry 
with respect to adjacent layers. If one supposes the sub- 
stance to be built up of small cubes of sides dzo, each cube 
containing one atom, dro represents the initial distance 
between the successive layers. 

Consider three such layers represented by the planes 
A, B, C (fig. 1), and suppose B is displaced an amount X,. 


Fig. 1. 


spo npe te 
s] ix d 


=2r 


p ai dc, | d$ ark 
dX. dx. d'E da? 
dx* 2 ° x* 3. 
The displacement of C is 
d$, CE day 
Xo—àRn. ds opu. g t 
and the displacement of A is 
> d'*, des 
PUES A o NU UNE 
Tace 1 AE sano 


The plane B is thus displaced from its position of sym- 
metry with respect to the two adjacent planes by an amount 
d'y dr? 
den 
d'* dx 


R . 
TE -, acting in the direction BC. 
a.c € 


d is therefore subjected to a force of magnitude 
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If the longitudinal stress at A st , we can write 


n d?>, dP da? 


pcc Ada e Wd. 
2° der °°? T de oa 
where « is the cross-section of the material. 


f dÈ 
P=a.-',-. 
(s 2Zdey de’ 
na. mym. dz 
ze dr 
But in the case of a simple elongation of the material 
(lateral forces being applied so that no change in the lateral 
dimensions occurs in spite of the longitudinal tension), the 
longitudinal component of the stress is related to the strain 
by the equation 


Poa dX 
a de’ 
where 7= ird 
IE k(14 o) 
« being the compressibility and e Poisson’s ratio. 
2mm? . 3(1—o). 


de ae +0)’ 
1 beaters 
eae I m cT : tow (H. 
á wi 2mx«(l+c) iy 
Suppose M is the atomic weight of the element, V the 
atomic volume, and p the density. 


Then m=M x 1°64 x 107%, 


m M 
dro? 


Substituting for m and d.ro in (Il), 


and 


nen : Vis 7) 
p= 3306 X10" Aq, ied , (EL) 
which reduces for e = 1, to 
1/6 
y= 2:56 x 10! Mi 2x) 2 


which is Einstein’s formula. 
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In the following table the values of v (derived from (III.)) 


for several elements are tabulated. 


TABLE I. 
' | | | | 
| ! A NE 
Eleinent | c. | Atomic | | d pne i 2 
: : | Weight. (From n III. ) (From I.) BUE (observed). 
| | | method.) 
| Copper ......... 26 | 636 |60 x10? 57 x10" 67 x10? | 66 x10" 
t Lead aneao. 446) 207 © L55 , MV Ms 8t 19 , 
| Aluminium ... 3l 2461 | 593 i 66  , T 24; &3 , 
“lo 29 rÉ ) »* ?* 9 9? LJ 99 
! Mercury DEE EU) 200 | r9 S 10:46 ,, 1:3 " 2:2 5 
EON: Soc JS 59°73 , 65 , S83 a — 
| Bismuth — ...... 3j 208 1:6 A 1-8 - l:t; is — 
, Cadmium ...... u H2. 949. X. 26 ,, 30 " — 
COMM T 422; 197 [3323 , 38 , | 34 ,, — 
Nickel | ......... :3l 587 827, 066 , 82 p — 
| Paliadium ...... 3 107 50 : 5:8 " DTE , — 
Platinum ...... 39 195 560 , 40 , 430 ,, — 
Tini uses (033 119 OD. 55 XN 54 224 , — 
Zine ............ Ui 654 539 | 373 ., | 436 , ^48 x10" 


| d | 

From the above table, it is seen that the values obtained 
for v are in moderately good agreement with those given by 
Einstein and Lindemann. 

Consider now the mean energy of an atomic vibrator of 
frequency v and amplitude y, whose motion is represented 
by an equation of the form E=y sin 2mrvt. The energy 
associated with such a vibration = 2nm?v^y?, so that the 
energy associated with the vibration of atoms in a layer of 
thickness dy and area a, containing N vibrators per unit 
volume = 2:m7y?y*Na dis. | 

The work necessary to produce elastic oscillations of the 
same amplitude 


dP 


where dP = 2a) T : 


Joc 


from the simple theory of stress and strain, 7 being the 
appropriate modulus of elasticity (fig. 2). 
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Bem associated mum Atomie E of D 


Energy associated with atomic vibrations of amplitude y 
Energy associated with elastic vibrations of same amplitude 


2n ^y? N dej? 


J 
E — (1164)? x 107" _ 
Iu 3(l—oc) : 
2,5 
on substituting for ” iu d from equation (ILI.), i. e., 


bodies for which the Einstein law holds are those whose atomie 
energy can be ascribed to the state of strain of the body. 


Tig. 2 


m dæ- — 1 =-~ dx,— — 
i 


Asa further step we might suppose the quantity py? V?^ 
is a measure of the ratio 


Energy associated with free atomic vibrations 


Energy associated with elastic vibrations — 


and that elements with values of (pav?V?*)"? large com- 
pared with 2°54 107 are those whose atomic energy is in 
excess of that accounted for as strain energy. 

In Table IT. values of (per? V?3)'? have ‘been tabulated for 
a large number of elements. The values of « given are 
according to Richards *, while the values of V are due to 
Stefan Meyer f. The atomic frequencies have in general 
been calculated from Lindemann's melting-point formula, 
though, where known, observed values have been used 
instead. 

In fig. 3, the quantity (pev? V?" has been plotted against 
the atomie number of the element, and the observations joined 


* Richards and Stull, Zeitschrift für Phys. Chemie, lxi. p. 183 (1908). 
T Elster and Geitel- Festschrift, Braunschweig, p. 152 (1915). 
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TaBLeE II. 


Klement Atomic vx10-'* k U p ER : 
d ^ Volume. | "| : 
Lithium ............ 13:0 10°0 NS xlo0 !5. (02534 20:097 x 107 
Carbon Diamond : 9-42 10:0 ' 05 i 3:02 1997 ,. 
. Graphite. a V 30 s. 0. M 12°76 
Sodium ........... (200374 3:06 154 - 0:98 $42  , 
Magnesium ...... 13:4 12 27 - )] 74 3706 ,. 
Aluminium ..... 100 TS 1-3 i 26 903  , 
Silicon ............ I4 96 016 ., ; 248 L36 ,, 
Phosphorus, Red. 14:4 | 6:3 9:0 5 2°34 T05 / , 
Sulphur ............ |. 18 13 125 n , 207 TID 4 
Chlurine. a, 250 368 950 , — 142 1275 
Potassium ......... 455 à: 2 BIS ,. |, O87 L3 
Calcium ............ 35:9 49 ou ; 1-33 113 
Chromium ......... 176 | 83 07 , 6:9 961, 
Manganese... ..... 7°43 195 067 , T 31 325  , 
Iron wes 11 | 83 U4 , 7:85 283 o, 
Nickel — ............ : 6067 82 023 &8 24. 
Copper ............ 710 07 0234 ,, 8-9 283 au 
Zinc os Bee 95 48 , l5 . T13 332 
Arsenic ... 2.2... 133 4:36 | 439. |. : 564 913 
,Selentum ......... ^ 185 ^" +406 ($118 , | 43 . 764 
Bromine ......... 25°] 2:45 O18 " 3:19 9:392  .. 
; Rubidium ......... 562  ; 1:45 40'0 ., 152 ., 433 . 
Molybdenum  ... 11:1 a 67 (0926 , ' 8902 S24. . 
Palladium ......... |. 93 5:46 038 , 114 239 , 
Silver ............... 10:3 | 430 , O84 ,, 10:5 282 pn 
Cadmium .... ... 136 ` SU. F9 .u S6 | 2895 , 
jii PER 16:2 | 294 — 17 ,, T3 2-() $ 
Antimony ......... 18:1 | 3:0 D , | 67l 3026 ,, 
Iodine ............ 257 © 20. 130 | | 495 ^ 44739 . 
Cesium .. ......... 10:6 0-05 61:0 5, 5. FN9 | IB: . 
Tantalum .. ...... 1093 | 475 | 051 . 1166 23156 , 
]ridium ..... ...... 8-62 49 OT. = 207 .. 
Platinum ......... 9:1 +36 O21 » 14213 | 1926 .. 
Gold ........... aio 10:2 3:4 0°47 11924 , 23218 . 
Mereury............ 14:8 1:8 371 ,, 1356 10134 , 
Thallinw ......... 17:2 1-84 26  , | 11°83 | 2:084 ., 
Lead ............... ]8:2 I-84 22) x Jb 2:429 
Bismuth............ 21:2 1-63 28, 5 98 | 233 , 


by a thick line ; corresponding elements in the different 
groups have been joined by dotted lines. The important 
correspondence between atomic volume and atomic number 
was brought out in 1870 by Lothar Mever, and more 
recently relationships between x and v respectively with the 
atomic number have been demonstrated. The particular 
combination of these variables plotted in fig. 3 is of interest, 
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since the expression represents an energy ratio, and con- 
siderations of energy have always proved a powerful method 
of attack in physical problems. 


Fig. 3. 
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The form of the curve is seen to be periodic, following 
closely the Mendeleef classification. It will be noticed, 
in contrast with the atomic volume curves of Meyer, that 
the halogen elements form the peaks. This seems in agree- 
ment with the pronounced chemical activity of the halogen 
family. The alkali metals lie on a well-defined line, the 
elements above which are all non-metals and the elements 
below which, with one exception, all metals. The exception 
is silicon (Group III.), which lies on the line through Ph, 
Sn, and Ge. It will be noticed, too, that carbon does not 
lie on this line, as it should according to its place in the 
Periodie Table, but has a much higher position. In this 
connexion it would be interesting to know the position 
boron occupies on tlie curve. 

It has not been found possible to insert values for the 
inert elements, but they will in all probability be very small, 
on account of the smallness of their vibration frequency, 
and also of their compressibility at very low temperatures. 


In conclusion, I wish to thank my wife for the valuable 
assistance she gave me during the preparation of the paper. 


University of Leeds, 
Aur. 10, 1923. 
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VIII. A Note on Mr. Ablett's Paper on the Angle of Contact 
between Parafin Wax and Water. By ALLAN FERGUSON, 
ALA., D.Sc. * | 


N the August number of the Philosophical Magazine, 
Mr. R. Ablett describes a series of ingenious and im- 
portant experiments which gives the contact angle between 
parafin wax and water. He finds that, for various speeds 
of rise or fall of the water-air surface, the contact angle (0) 
corresponding to a stationary meniscus is connecied with 
the angles (@,) and (@,) corresponding respectively to a 
rising and to a falling meniscus by the relation 20=6, + 0,. 
For speeds of rise or fall greater than about 0°5 mm./sec., 
0, and 6, remain constant, but the same law holds. 

This result, which has been tested for contact angles in 
the neighbourhood of 90° only, will undoubtedly have impor- 
tant bearings on the application of surface-tension theories 
to industrial problems, and it is much to be desired that 
Mr. Ablett should extend his measurements to include small 
contact angles. 

With a not unnatural enthusiasm, but without any experi- 
mental justification, he extrapolates his law down to small 
contact angles, and endeavours to explain cortain well-known 
phenomena in terms of this law. 

Thus, in discussing certain experiments which I described 
to the Faraday Society some time ago, he says :—“ Allan 
Ferguson, in *Studies in Capillarity —II. (Faraday Soc. 
Trans. 1921), dealing with a method of adjusting the air- 
pressure to force the meniscus down to the level of the free 
liquid surface, says :—‘ The presence or absence of a con- 
stant error was tested bv taking the mean of the readings 
(1) when the meniscus just disappeared within the tube, 
(2) when it just protruded from the tube. The mean of 
these pressures agreed satisfactorily with the “ crucial" 
pressure.' 

* The results given in the present paper explain this. 
Taking for granted that 0,—0 for water, 8, finite but small, 
then as before, T cos 0 should agree with }(Tcos 6, + T cos 0,)." 

In the first place it should be noted that Mr. Ablett 
misapprehends the method. The air-pressure is adjusted so 
as to force the meniscus down to the lower end of a vertical 
capillary plunged into the liquid, and to hold it there in a 


* Communicated by the Author, 
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stationary state. This process avoids the necessity for cali- 
brating the tube, and incidentally minimises errors due to 
adsorption at the walls of the capillary; simple as the 
modification may be, it is a very different matter from 
forcing the meniscus “ down to the level of the free liquid 
surface.” This, however, by the way. 

Even if we admit the legitimacy of Mr. Ablett’s extra- 
polation, I see no reason for assuming, as he does, that 
T cos must be equal to the mean of T cos, and T cos 0,, 
subject to the condition that 0, is zero and 0, small. Under 
these circumstances Mr. Ablett’s equation 20 —0, 0; reduces 
to 0,—28 ; the equation 

2 cos 0 — cos 8, + cos 0» 
reduces under similar circumstances, unless my algebra is 
very far astray, to 0,— 04/ 2—not at all in accordance with 
his premisses. 

Similar remarksapply to bis discussion of the experiments 
of Hartley and Bosanquet. These experimenters do not state 
the formula which they employ for evaluating the contact 
angle from measurements of a large sessile drop. Assuming 
that they treat the radius of the drop as very large—at best 
a risky matter—and use a formula of the type 


_ ph’ 
~ 2T 
where A is the total depth of the drop, it seems fairly obvious 
that Mr. Ablett’s assumption [that under the circumstances 
014 0, 


of their experiment cos 0 = cos (557)] leads to the result 


2 


l4 cos 0 = K/h’, say, 


that h,--A,/2h is not equal to unity. But as Mr. Ablett 
himself points out, A, +h/2h, as experimentally determined, 
es sensibly equal to unity. It would therefore seem that, as 
far as these experiments go, thev point to a conclusion 
diametrically opposite to the one which he draws. 

But this criticism is also incidental. The single and 
sufficient reason for rejecting Mr. Ablett's explanation is 
that it is not at all ad rem—and this on two counts. Mr. 
Ablett’s experiments are essentially dynamical ; the experi- 
ments which he discusses are statical in character. ‘The 
symmetry of his own curves shows clearly that as the velocity 
decreases the angles 0, and 0, change pari passu, each 
approaching, from opposite sides, the stationary value 6, 
which is always symmetrically distant from corresponding 
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values of 6, and 0,. It would seem, therefore, that the 
correct interpretation of his results should be that a stationary 
meniscus should always occupy the same position in a tube 
whether it reach that position by rising or by falling. This 
is not in accordance with the experience of other workers— 
compare the quotation from Harkins and Brown's paper 
which is given by Mr. Ablett—and since his curves are 
extrapolated between zero and a velocity of 0°13 mm. per 
second, it seems desirable to carry out experiments at 
velocities between these limits in order to examine whether 
any tendency to asymmetry exists within this region. 

Again, granting ail his premisses, his explanation of the 
phenomena recorded in my paper only applies if one reading 
be taken with a falling, one with a rising meniscus, the 
crucial pressure being read with a stationary meniscus. 
Obviously these readings, made as they were merely to test 
the sensitiveness of the setting, were not taken in this highly 
artificial order. There is no suggestion of any such order in 
my text, neither were the readings taken with a moving 
meniscus. The obvious order of experiment, and the order 
in which the readings were taken, was :—tlie tube being 
immersed vertically in the liquid under test, the liquid rose 
in the tube. The liquid in tie tube was then forced down 
untii the meniscus was just short of appearing at the lower 
end (pressure head h—6h), then until it was just flush with 
the end (A), then until the end of the meniscus just protruded 
(h+6h'). For each reading, the meniscus was held stationary. 
The statement in my text simply asserts that 64 = dh’—or, to 
quote an analogous geometrical problem, in fixing accurately 
the position of a point on a curve it is possible to draw a 
chord so close to the tangent at the point that the chord 
intercepts equal arcs on each side of the point. It is a mere- 
test of accuracy of setting and, with readings taken in this | 
order, no question ef contact angles arises. 


East London College, 
Mile End Road, E. 1. 
October, 1923, 
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IX. Steady Precession of a Body rolling on a Table: 
with Slight Nutation superposed. By Sir GkoRaE 
GREENHILL *. | 


yee method in the Philosophical Magazine, March 1923, 
is extended here from the top, spinning about a fixed 
point, to the movement of a solid of revolution, free to wander 
in rolling under gravity on a horizontal table ; shown off by 
a coin, plate, platter, canister, wine-glass, china egg, or any 
rounded solid body, not too large for an illustration of 
Terrestrial Dynamics, in an experiment within reach of all. 
The treatment adopted is chosen again so as to dispense 
with the use of any method of approximation, and to proceed 
by demonstration of exact calculation. 


Fig. 1. 


l. Begin with tlie Steady Motion at a constant angle 0 of 
the axis Oz to the vertical OY (fig. 1), where P the point 
‘of contact with the table describes a circle (radius b) round 


* Communicated by the Author. 
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a centre C, and O the c.a. of the body describes another 
horizontal circle about a centre B, in the vertical line CB. 

Produce CB up to A, where ABzX is the height of the 
conical pendulum AO, revolving in the same period as a 
circuit of O. 

The reaction S of the table will act through P parallel 
to OA, and the body being an M lb weight, the vertical 
component of S is M lb, and the moment of S about O is 
M.OD (ft.-Ib), if S crosses the horizontal OB in D, a 
distance OD feet. 

The axis Oz of the body crosses BC in a fixed point E, 
and EP is the instantaneous axis of rotation in the steady 


motion, with OE = 5, and then if P, R denote the 


components of angular velocity of the body about Our, Oz, 


b 
- pase E with P = sin 0, . . (1) 


if u denotes the precessional velocity, so that 


m ooa also Xm. &o a x 2) 
7 x 7 | 

The components of angular momentum (A.M.) are then 
AP=Aypsin@ about Or, and hi=CR+K about Oz, the 
constant term K being added to allow for the A.M. of a 
flywheel K, on a smooth axle fixed in the axis Oz or 
parallel to it, forming part of the body. 

Representing these components of A.M. vectorially to 
scale by kh and ho, so that Ok is the vector of resultant 
A.M., the velocity of & must be equated to the impressed 
couple, or with Og the vector component of A.M. about the 


vertical OY, 
p.gk =9gM.OD= wr.OD, . . . (3) 
ph, sin 0 —u'À sin 0 cos 0 = MwA.OD; . . (4) 
and denoting OY by p and YP by g, then 
pb-X.YE, pbRQgX =2X.PF=A.0D, . . (5) 


lix À A. OD Ek A ph * qx i 
Ta aa ine m ee ae ac) 
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Written as a quadratic in p, with b= sin 8 = 
o. ae 2 RP hs aq " 
H (sre 6 p= )— pf Rangta ag 0, . (7) 


A p£ hy? 
E (s SORTIS )- Um "d 


E Rpe hs\? y \ 4 | 
=( hotm -4y (yeo 8 pz Jd g ` (8) 


and the right-hand side must be positive, or vanishes in 
the critical state of Steady Motion, when the wobble begins. 
Thus spun upright, with De 0, but on a rounded end 


like an egg-shaped body, n 9^7? (he radius of curvature 
at the end, idgT7:—P ; and with K 20, 4;3=CR in a solid 
body, the wobble begins when 
CA? A | " 
a es _)= bz°\(z— > ow o od 
R (ze) 49 (3 y p) (9) 


and the critical energy is i^ 


UT — o ) 
- 


as in Routh’s * Advanced Rigid Dynamics, p. 202. 


(10) 


9. In a general state of Unsteady Motion of the body, 
rolling about anyhow on the table, the equations are 
referred to moving axes in the figure J, Ow, Oy, Oz, with 
U. V, W the components of linear velocity of O ; P,Q, R 
of angular velocity (A.V.) : 2), ho, hg of A.M. ; and 0), 2, 03 
the components of A.V. of the frame of reference Oc y z, 
not fixed in the body except that Oz is in coincidence with 
the axis of the body. 

Then with z, y, z the coordinates of P the point of contact 
with the table; X, Y, Z the components (in absolute 
measure) of the reaction at P of the table on the body; 
a, B, y the direction cosines of the downward vertical OY, 
normal to the table, the geometrical relations, expressing 
that the point of contact P is at rest for the moment on the 
table, are : 


U—- 154 Qz20, V-P:+Rr=0, W—Qr+Py=0. (1) 
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The general dynamical equations are : 


dU X 


dt — V0; + W0, = M*7 sin 0, Y | A bi * (2) 
dV Y | 
ut — W0, 4 U6, = M ^ . e " r e . (3) 
aW Z 
di —UA,+VO, = q-geosÜ, . . . . (A) 
dh, . 
vir 48s + Ab: = yZ—zY, » " : E " (5) 
MB Rh m :X—2Z, . 0.0.0.0. (0 
dh. 3 
Te 108 0, = zY —yX, $e X oL (7) 


and the elimination of X, Y, Z, the reaction components, 
will lead to the differential equations of motion. 


3. In our special case where the surface of the body is of 
revolution about Oz, and the body is kinetically symmetrical 
about Oz as a principal axis, we take Oy horizontal and the 
plane Oz through P the point of contact with the table; 
so that y=0, 8—0; and eliminating at the outset the 
components of reaction, X, Y, Z, 


it — ha haba + Mz (CX —WO,+ U8) = 0, - + « (I) 
th dV r 
"bé — Mar (F —WO.4+U8)=0, . . . (2) 
7, IU : 

j » —h,O, + 1,0, — Mz ( "ir —V6;- W 6;) 


+ Me (“jy - 8 W8) eg Gn — ar) = 0. (3) 


Denoting the Precession of the axes about the vertical 
by p, variable in Unsteady Motion where the angle @ is 
variable between Oz and the downward vertical, 

a —sinQ, 8-90, y = cos ; 
h =AP, h= AQ, h=CR+K.Í ' 

The constant K is added to allow for the influence of 
a flywheel on a smooth axle fixed in the body in the axis Oz, 
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(4) 
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or parallel to it; and K remains constant during the motion 
although the axle changes in direction. 

A large flywheel concealed in such a body is called a 
Gyrostat ; it.can be handled to feel the gyroscopic effect ; 
or made useful on a large scale for controlling the rolling 
motion of a ship, or as in the Gvrocompass for steering it. 

The axis Q: being fixed in the body, and the precession 
being reckoned clockwise on the table, 


6,-P-ysin&, 6,2 Q- — S, O=peos8; . . (5) 


but 0, and R are different, because the frame of reference, 
Oc yz, rotates about Oz: relatively to the body and inde- 
pendently. 

With y =0, the geometrical relations reduce to 


U--—Q:, VzPz-Rhz, W=Qr. . . . (6) 
Thus, with l 
ee 


P = ysin, Q=- z> but R not pcos 8 ; . (7) 


\ 0, = AM 0, = = 0, = p COS 0 ; e (8) 
h, = AP, he = AQ, hs = CR+K; $ > . (9) 


and p denoting the radius of curvature PR of the meridian 
curve at P, 


de dy 


y dz _ 
di =~ Cnet “ip 9 di^ Qpsin 6, . . (10) 


CA - Wt Ub; = MM : sin 8— i a — 2Quz cos 6 


— Qu(. — p sin 0) sin 0 + QRp cos 0, (11) 
dU ; »* 
PRA 0, =— tQ (x —p sin 0) 

— pu’ “4 sin Ó—2ccos8)cos0, . . . (12) 
- Y 2U68, 4 V6, = oat Qz — p cos 0) 


a n sin @—x cos ĝ) sinô, . . . (13) 
dona - E sin&—2AQucosÓ--Qh, . . (14) 
D a 


— h,0, + ^,0, = Ca " E . " . . . . . (16) 
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Introducing these values into (1) and (2), 


dy . | dp... dR 
A PL. 0—2AQp cos 8+ Qh, + Mz Fz sin ge a 


—2Qu z cos 0 — Qu(z —p sin 6) sin 8+ QRp cos J z 
= Mz cM sin a 2x—2Qyu z cos 0 
— Qu(« — p sin 0) sin 0+ QRp cos J = 0, 


À du. dR "NM 
(5*7) "EL 0—2z 7, —Qu [2 (ut? ) cos 6 
+ (z—p sin @)< sin J +QRp= cos 6 Qv —0, (17) 


C iR du . 
(u Rt =x: FA sin 6+ Qu [(.c — p sin 0): sin 0 
-*2«2cos0|] —QRpx cos 0 = 0, (18) 


two simultaneous differential equations (D.E.) of the first 
order for the determination of u and R, or CR + K=h;; 
thence two separate D.E.'s of the second order. 

They are of intractable nature in general, although some 
cases are mentioned in the Heport on Gyroscepic Theory, 
1914 (R.G.T. where the character is hyperelliptic or 
hypergeometrical, and so may be considered tractable to a 
certain extent. | 


4. The reduction of (3) $ 3 leads to 


e kate: ue Q’¢p +e sin 0 cos 0 + ps sin 0 
— A Rpaz— i^t sin 0 +gq — 0, (1) 
with 
2cosÜ-FrsinÜ =p, csinO—.cos0 -2-- 
so that 
p— d pt uh? “gm PP. 
PLE) LEM sin B. 


This equation (1), ars with (17), (18) $3, will lead 
2 
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to an equation—the Equation of Energy; and further 
integration is intractable. 

But differentiating (1) with respect to 6, with d0 = —Qdt, 
an equation is obtained in the general state of Unsteady 
Motion of the form 


d dR 
a+b, p, sin 0+ c, de = 9 7 (2) 
PQ /A 1d A 
“=~ Qd (ge 2e dà (Q’¢p) tap cos 20 


+ pz cos 0— oz sin 0 — pp sin?0 
R hg s 
+ " (qe — pp cos Q) ^M cos +A(p—p), . (3) 


A x 
"E M rere cd M WELL 1 1 1 


= —pe— V sin 8. ee Sw. e d URS de Dum e e. (0) 


He-writing (17), (18) § 3 in the form 


iB: du dR 


ud sin 6+ e i879 4... . (6 
az + b, a sind a = 0), (7) 
| A ; R h 
o=? 2? s (ar — 28 = 8 nid: 
as (si + ) cos Ô + (u—p sin 0): sin 6 p 7P COS 0 My 
. (8). 
b= Ji +:?, C97 — UZ (9) 


az; = —(x— p sin Q)x sin 0 — 2az cos 0 Prag cos@,. . (10) 


C 
b= — 1 =. Sate ; E . . " . " * . (11) 


the determinant (a, b, c3), result of the elimination of 
E^ sin Ó and z as in Routh’s ‘ Advanced Rigid Dy- 
CQ 


m 
requiring an integration of the previous equations. A 

Here is an exact equation of the general Unsteady Motion 
in an Antepenultimate State. 

But these considerations, a contribution more to Scientific 
Method than advance of Scientific Thought, would lead us 
far beyond our scope, limited to the investigation of the 
Precession in Steady Motion, and a small Nutation 
superposed. 


namics,” p. 192, will lead to the equation for 


of a Body rolling on a Table... 101 


5. Restricted to our scope of Steady Precessionai Motion 
at a constant inclination 6, with a small Nutation super- 


posed, to assure the Stability, so that Q and aro Zero, 
ld i 


but à na —m*, then from (1)... (5) $1, 


i. "(yt +2) "M sin? 0 + z? + ez cos 0 —bq 


M 

—PP (p sin 8—b cos 0) — (pb + yr) cot 8 -- Mp —p), (1) 
NT eee io 
b= M 995 0 tPp—uie (2) 
pu SIUE Reo. oou e eo x e d & wo C9) 


M 
ol 5 us —— 
a5 2 (p 25) cos 0 - (x— p sin 0)z sin 0 


rd ^, A ph 4* 
-—.C0 sin 0 — b) p cos 0 — yg cos 0 - dn 


| (4 E z l pb+qr 
= (jt?) 008 0+ 5 {p(o—p sin 0) +bpcos 8) — "PY E 


T Cy —42. . . . . (4) 
— (x — p sin 0)« sin 0 —2.z cos 0 + (z sin 8 —0)p cos 0 


b= 


= — z2 cos 0 — p(x— p sin 0) — bp cos 0, 
C 
b4 = Tl, 073 = M + x’. à . . (5) 


yos D for (+) (+ ot) -ata ; and then from 
^ (5) $4, 
D APE T —psin@)z sin 6 


po E cos 6 + ey fee 
u MP (ate Mp 


=— Dcosd— y. z z Lp sin 0) + bp cos] 
bp+ q 
Ct =) sin 8 
_ _t po+ gu 
zc Di Gold .BQ+( g +2 rn 


u^ (6) 


9. 
. 
. ee 
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fad = = oco 0)« sin 0— — I cos 6 + aes 


v——— 
ugk prj 2 
tyi . RQ + zz (—— sin é ow 4. CO) 
(A.0.D.) 


This is with R and /4 exterminated; but retaining 
them and exterminating b, when we wish to obtain Routh's 
result for a: disk. 


Here p(z—psin8)-FbpcosÓ0 =z. BQ, . . . (8) 
if TR produced through R the centre of curvature outs BC 
in Q in fig. 1 ; and then 

9 A . i 
a; = o (att) -ypy 8? — p! —bg + pz cos 0 
—qX cot A+A(p—c)—(pb+qnr) cot - p. BQ,. (9) 


A b+qr 
= (jy +27) 08 9-5 +z.BQ, . . . . . (10) 
dg =—axzcosO6—x.BQ, . . . . . . . . . . (Al) 
à; —a, cos Ó 4- as sin Ü 
SACIA 2.2, 23V À 
= (Mt? +2 )-u-? — bq—q*X cot 0 


— +A(p—p)t+p.BQ. (12) 
Then the determinant of § 4 


6, (b9¢3— b3¢2) + ao(bgey— byes) + 43(bicg— baci) 
= D(v—a; cos 0 + a; sin 0) 


A C, Em . 
T 0 (a t#") dg + £2 as | = 0, (13) 
and : 
(& ud da + cz a 


pb 4X 
= (y+) (seo) ) cos 6*2. Bae Fund. | 
— 15:3 cos 0— zx? . BQ 
C 


| 2 4C btgrn o. 
2+ BO-(sr e) Pe Mo 4) 


= CORE Mo): ine 
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The minor determinants of (a; b, c,) in § 4 are: 
bac = b3c4— D, 
qu 
sin 8 


bac, —b,c3= — D cos (i? 
bye, — 5,7, = D sin 0 zz -X Sin E e $ (15) 


and so the complete determinant is 
; C À i 
D(a, —a; cos 6+ a3 sin 0) + I" + a>) Ag+ rz as | ES (16) 


; ; m À 
leading to the simple equation for i or p 


m A A : 
ut (st +: aa 
Pus) PORTS ON 
z. BQ + «(s ) sin 'sinQ 
involving geometrical lengths only, as g has been ex- 
terminated by the introduction of an E.S.P. (equivalent in 


(A) 


simple pendulum) lengtha= =o L=% fundamental in our 
subject. 


Then 2. : can be measured experimentally by swinging 
the body as a pendulum about the axis PN, PM, and noting 
the length of -~ E.S.P. l, /;, making 
yt ee i + =le, Dz-z(hl—2:); also 
yore OP, by swinging the body about an axis 


through P parallel to Oy. 

The result is independent of the local g, or density of 
the body, so that the determinant is a relation between 
algebraical symbols of length only. No time measurement 
required and no unit of weight or weighing, as the density 
does not intervene. 

To make a simple pendulum to measure / the length 
of the E.S.P. with accuracy, take a sphere W with a 
diametral hole, and pass a fine smooth thread through it, 
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supported at the ends L and M in fig. 2 at the same level ; 
then J will be exactly the depth of the centre W below 
LM, the thread being smooth enough not to turn the 
sphere, oscillating bodily without rotation. And l is 
adjusted to the desired length by drawing the ends L and M 


Fig. 9. 


apart, while the sphere can be enlarged to any size desirable, 
in visible oscillation; not the invisible particle postulated in 
the ordinary text-book. 

The method is suitable for a problem of Terrestrial 
Dynamics, not beyond the scope of the human race im- 
prisoned on the surface of the Earth, capable only of 
theoretical ideas of Celestial Dynamics, in the description 
of Socrates according to Plato, in Phedo. a 

But all matter is transparent to gravity, and suggestions 
arise here for a repetition of the Cavendish experiment with 
this simple pendulum. 
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di sob D and Ha 
; Expressed in (A) by powers of sin 8 and b} replaced 
MN 


z sin 8 — — z, 
m 


m? (A 
WENT Medus eet 2? 
P. (s toU. ) D 


‘A á C 
= D (utr 2 )-- DA(p—g)— [D Cos tp ON ‘ BQ 


C 2 (; R =) gn C 2) qu N? 
—(spt P “pw sind not (yt? (5 : 
(B) 


6. lhe body can roll round in a circle with the axis 
horizontal when it has bias, so that z is not zero, and then 
R z—b 
j E BQ-z—p, 
as DQ is horizontal; and then in (A), 


m? A | k _ A " 7 
“(jy t2+2)D 5 D(is +b:)—Da(e—p) 


ó— jm, p=a, 9=:, 


C l 
m z(z —p):X + ( S + a?) (bx-FzX):X. (1) 


With no bias, :=0, p=0, and the path over the table 
is straight, with a slight sinuosity, where in (A), ( B), 


ha 


,(À o, hş 
2 2 T 2 
m (Mt d )= (Re +m) g(le—p).. . . (2) 
As a solid body, with K 20, /3;=CR, 


O 
m” 


A C/C . ( 


and there are m sinuosities in R revolutions. 

As a Kelvin gyrostat, a flywheel concealed in a cover with 
a sharp edge, placed on the table the body can hold itself 
upright with the axle horizontal and , 20, R —0 ; stationary 
apparently except for a slight imperceptible oscillation, 
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_ mi, 
swaying — times per second, where 
K? 
MATIC —P) 
m?zo———————,.  , . .. ($) 
wt: 
if the flywheel is spun with A.M. K; and m? must be 
positive for this upright position to be stable. 
So too for a solid body like a biscuit or curtain-ring, 
spun about a vertical diameter with A.V. p, 


2 
; (Gt) = gre). to AY) 


p M 
2 1M(xr— 
and the energv zu must then exceed 1 y for the 
“9 l+- À 


stability of the motion. 
Spinning upright on one end, with 6=0, «=O, but 
MN by 


PM — | — — ? a = 7 _C A 42 
ing tees yere. pe Dau (s 2) 
b 


E sing zsinQ Ri. R 
BQ-p(1-e — Jte z p) = MP = ase 


with 6=0; and dividing out m 


me 


2 A 2 A $ ; 2 : 
art?) = [Mte] g g - " (6) 


With the Steady Motion condition of § 1, and A; CR, 


[ERE NR = inoue (5 y j=- -z 
kg e pu M` sing ~ (MEP p M ^? 
A C R 
2f- e opo Pe c cur 
mi M'^ Me-p yes) (9), (8) 
H +z? À. , 
M ^ M 
A C C A 
9 M unen. 22 — ee — a : s.s — 
» ha) M P Mt? M is 2 (9) 
Ro wand NL A E: 
ut? eo aptae P 


und the axis oscillates, swaying slightly to and fro, m times 
in R revolutions of the body. 
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In the special case where the centre O is at rest, 
b=0, as in Routh, ex. 2, p. 197, for the disk, and 


OP is the axis of instantaneous rotation, R = - sin 6, 
z. BQ=)(2—p sin 8), m 


m? 7A 
rte D (M+) - Dapp) D gr cot 0 
—— — l gj —1 7. = 2 
EG P sin 6) e Cora) GD) (10) 


and in the Steady Motion condition, . 


gu hs A 
ing Mp — y 6089. $e UE woe OLI) 
Then for the disk of Routh, z— 0, p-—z sin 0, qz —z cos 0, 
_ oA x , AÅ. 
R=0, hs 0, M^ sin @’ w= TH sin 0, 


m? | À A 29 
(ate) = mtz sin*8 bien 
te? 


— Xx sin + A? x? cot Ó 


= ta sin? Ø + cos : 9 — ^ din? 04. Å oos? 8 


M M 
_ 34 9 2-31 ? 0 RUE 
= 34, cos 0+ sin? Â, . . , , - (12) 
-— A (5 +22) sino 5 
= Me AE 
3 0087 8 + x? sin? 0 


in agreement with Routh. 


7. Tested for the previous case in Phil. Mag. March 1923 
of the spinning top on a sharp point, p=0, in which K can 
be lumped up with CH in hs, 


2=0, b=q=z sin 0, p=: cos 0, BQ=0, Dou (st ; 
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Layi C 
and dividing out M 


2 
m Ke 2) = (5+ 2) —2 (Gre ' zr cos Ó c X7. (1) 


Then, as in Phil. Mag. July 1922, p. 387, with O at the 
point of the top in a small smooth cup, and OP=l, l:- 
S +27, OA =), drawn vertically upward in the figure there; 

m? A À A? AP? ^ 
= T B=Opr 5c O02 


and the nutations of the axle are to the circuits round the 
vertieal in the ratio of AP to OP. 

To cut off on OA the length OL=L, describe the circle 
AOE through O and À touching OP at O, and crossing PA 
in E ; then EL parallel to OP will cut off OL. For 


OP? AP.PE PE OL 


Ap" AP TAPTOE 59500 
as required. 
In the Steady Motion of the top round the vertical, 


UM = m -- 6+9.0G 

= uP cos 0412, OG. op =~ (u2cosA+n7), (4) 
CR p ; 
A» Aes Rs 0 


and taking »?— y cos 6, 


e P OH OA Ld : 
d rm OA NA =cota+tansz = sin 2a, (6) 
2Ap OH 
* M D) — S de m REN 202 —-——-— H A 
with sin 2a = CR? OA" tana 


Then if QQ' is drawn vertical in fig. 2 to cross the circle 
on OH in Q, Q', at a distance from AH in the ratio to OH 
of 2Ap to CR, and HQ is produced to meet the horizontal 
through O in R, the circle through R and H touching OR 
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at R will cut off a length OA, and make the angles ORA 
and OHR equal. 

The same method can be extended to the rolling body 
of § 1; and there in fig. 1, with 


A c 


yr = 9E. OS, g=n?,OS =p*?.OH, . . (7) 
the Steady Motion condition can be written 
pP fe 7 
2t "E LILILL (8) 


with the same geometrical construction for A= AB. 
But there does not appear to be any similar geometrical 


interpretation of L-, for the nutation. 


8. For a sharp edge, as of a coin, canister, wine-glass, 
put p=0; but this does not introduce much simplification 
in the general case. 

If, however, z=0 as well, we have the case of a disk 
rolling on a plane, discussed by Routh in his ex. 3, p. 197; 
and then 

p= sin, q——zcos0, D= irt?) . (1) 


1 


and dividing out E didi in (A) $5, 


M 
m? A /A ; 
RMM? ) 
= M (it a? sin? Q— bx cos 6+ Ac PSY sin 6) 
be sin 8—X« cos Dat cos (2) 
| sinô ^ smO^" "^ " ^7 
with 


A N C 2b 
Arcot 0 = 5, cos —( 5, +: 7 


À CR b R ; 
bx —Xx cot 0 ——M cos 8+ Mu’ E = E. el] (3) 


110 = Steady Precession of a Body rolling on a Table. 
and then | 


2 
m? s (grt) m gy +2 cos? 8) +2? sin 9— "cos 6 (3 gp) 


te *) Fa sin 6, . (4) 


in agreement with Routh, when C=2A, in the thin disk. 
But in Routh’s result there is a redundance of quantities ; 
so replacing 


2 
itil Lig o E 


gz sin 0 
m 


2 
- A Tc ) = 3i cos? Q + z? sin? 0 


— | 4, (4 cos 8— sec 8) +.2%(2 cos 6 — sec 6) | » 
2 


tart) Le Gee aoe 


Then, in Routh’s example 2, p. 197, where 520, R=0, 
mA | 4\_ A n bun 
MET )= 3M cos? 0+? sin? ô, . . . . (T) 


A 2 2 cin? 
Mz S 'M 995 0 + sin? 0 


m" = c——-—— ae 


a (s +a?) sin 6 B 


A Gite) sin @ 
Bead e. » + . (8) 
3 M cos? O + x? sin? 0 


. m 
In agreement, for - beats per second. 
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X. Zhe Molecular Association of Liquids and Highly- Com- 
pressed Gases.—Parts I. and Il. By E. E. WALKER, 
D.Sc., D.I.C., A.C.G.I.* 


Part [.—MOLECULAR ASSOCIATION AT THE CRITICAL POINT. 


HE determination of the degree of molecular association 
of liquids presents considerable difficulties because the 
laws governing the properties of liquids are very imperfectly 
understood. It is on this account that most methods of 
determining the association factor of liquids depend directly 
or indirectly on the law of MNA UE ae states, which 1s 
itself only a rough approximation. Unfortunately, errors 
much larger than tlose due to the inaccuracy of this law 
are generally introduced by neglecting the tact that the 
eritical pressure and temperature to which an associated 
liquid at the temperature T should be referred are not the 
observed critical constants, but those which would have been 
observed if the substance had been raised from the tempera- 
ture T to the critical point without any change in the degree 
of association taking place. BatschinskiT recognized this fact, 
but his method of determining this hypothetical critical 
temperature does not appear ns been very satisfactory, 
and the modification of the Eótvos equation to which his 
theories led him gave unsatisfactory results. 

In this series of papers tlie author proposes to study the 
effect of molecular size on the critical] constants, and to use 
the knowledge thus obtained to calculate the association 
factor of liquids from a modified law of corresponding 
states. 

According to van der Waals's equation the critical tem- 


perature is proportional to R If we assume that the 


molecular attractive power “a” and the molecular volume 
“b” are doubled when one molecule combines with anotber 
of the same sort to form a double molecule, then the critical 
temperature should remain unaffected. This is contrary to 
all accepted belief, and there can be no doubt at all that the 
boiling-point and critical point are, in fact, raised by mole- 
cular association. Since the space occupied by the double 
molecule must be practically double that occupied by the 
single molecule, we are driven to the conclusion either that 
* Communicated by the Author. 


T A. Batschinski, Zeit. Phys. Chem. lxxv. p. 665 (1911), and lxxxii. 
pp. £6 and 90 (1913) ; for another method see xl. p. 629 (1902). 
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the molecular attractive power is increased by combination 
or that van der Waals’s equation misrepresents the facts. 
The first alternative seems improbable, and, since van der 
Waals's equation is known to be inaccurate at the critical 
point, the second alternative has been accepted. On this 
account, and in order to explain a variety of phenomena, the 
following modified equation of state bas been adopted : 


(P^ yin) C 70 = RT. Dee AD 


This equation was first suggested by P. de Heen in 1887, 
and has been examined by Dieterici and others*. It has 
the advantage of being very much more accurate than 
van der Waals's equation in the neighbourhood of the critical 
point, but it fails for gases under moderate pressures. 
According to this equation the value of the critical co- 


efficient E should be 3:75, and this was the mean value 


found by Young for a number of organic compounds, while 
van der Waals's equation requires that it should have a 
value of 2%. 

The author was led to adopt Dieterici’s equation in the 
first place because the values of “a” calculated from the 
critical constants by its means were found to be nearly 
additive t, e. g., the homologous increment was nearly con- 
stant in a given series. At the present stage the selection 
of this equation may be justified by the fact that, since the 


critical temperature is proportional to pa the doubling of 


a and b by association leads to a higher critical temperature, 
a conclusion which is more in accordance with the facts than 
that deduced from van der Waals’s equation. 

In equation (1) V represents the volume of a gram mole- 
cule. If the substance is associated the size of the molecule 
is not known, but we may substitute nV for V and define V 
as the volume of a gram formula weight, n, being the asso- 
ciation factor at the critical point. Solving for ne we get 


ERT 
Hem es hoe scu s 


€ See Ostwald's Handbuch der Allegemeine Chemie, vol. iii. p. 944, 

+ Hl. van Laar finds that b and V æa determined from the critical 
constants by van der Waals’s equation are approximately additive. 
These relationships are not sufficiently accurace for the purpose of the 
present investigation. Journ. Chem, Phys. xiv. p. 3; xvi. p. 4110; 
xviii. p. 2038. 


2.) 
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Mu : RT.*. : l 
But the critical coefficient p V is not quite constant even 
€ e 


for substances such as the paraffins, which are usually cou- 
sidered to be unassociated so that »,- 1. Guye and Walden 
both regard this critical coefficient as a function of the 
critical temperature, but the present author finds that it can 
be represented much more accurately as a function of the 
length of the molecule. Thus, for instance, the critical 
coefficient of di-iso-butyl is (3:810), a value closer to that 
for hexane (3°83), which has the same length of molecule, 
than to that for octane (3°865), with which it is isomeric. 
The critical coefficients of isopentane (3:735) and di-iso- 
propyl (3°741), which have the same length of molecule, are 
almost equal and smaller than the value for pentane (3°766). 
Very short molecules, such as methane (3:46) and hydrogen 
(3°27), have correspondingly small critical coefficients. These 
relationships are almost entirely obscured if we regard this 
critical coefficient as a function of the critical temperature. 

If in equation (1) we introduce a function of the length 
* [" of the molecule thus: 


a 1 
(P + (ne vys) (nc V c b) = RT x fu) , » ° (3) 


we get for “ne 
ER 4 RT, 1 E (4) 
n. -— 15 P.V. x FY 9 e . . e. 


where /(l) = 0:838 --0-174 log l. 

This function of “1” has been so chosen that * n," is as 
nearlv as possible unity for the saturated paraffins. 

The length of the molecule is estimated by means of a few 
simple conventions from the following atomic diameters :—- 


Hydrogen: sudeevub Seir tree 0715 
OXSpOll aocscattivspeluimeipns 1:30 
INIEEOBOIE o eos nit elaag? 1:30 
Cüt bonser Sondeo po4 
Fluorine ....esssssssserreseee oroare. 1:35 
Chlorine uu censet eis EO d seee 2-10 
Bromine «cueva orco hee aes 2:38 
TOGO PM 2°80 
JEDE DT 2:80 


With the exception of hydrogen these are the usually ac- 
cepted atomic diameters. Further research and a more 


* S. Young correlated abnormal values of this quantity and molecular 
association, and the relationship has been generally accepted. 


Phil. Mag. S. 6. Vol. 47. No. 211. Jan. 1924. I 
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accurate evaluation of f(/) may render it possible to use the 
normal atomic diameter of this element. The length of a 
molecule is taken as the sum of the atomic diameters in the 
longest chain, shorter side chains being neglected entirely. 
The molecules are therefore regarded as being stretehed out 
: their greatest length, no account being taken of zi g-zag 

r spiral. formations. In this way we get the following 
Sains of “l”? s— 


Methane |............... ] carbon atom +2 hydrogen atoms /—3:04 
Butane .................. 4 carbon atoms+2 hydrogen atoms | /—7:66 
Pentane eoe 5 carbon atoms +2 hydrogen atoms /—9:20 
1so-pentane ............ 4 carbon atoms 4-2 hydrogen atoms / — 7:66 
Ethylaleohol ......... 2 carbon atoms+2 hydrogen atoms /=5°88 


+1 oxygen atom 


This convention breaks down when estimating the length 
of molecules containing a ring structure. It is ; found, how- 
ever, that in order to make “n? equal to unity for the 
saturated ring compound hexamethylene one must assume 
a length of 7:3. This is in aecordance with spatial con- 
siderations, if we assume that tho ring is stretched out to its 
greatest lemgth, as in the case of straight chain molecules. 
The ring might be pictured thus :— 


-—- ap Gee oe = 


This conception indicates that meta- and ortho-di-derivatives 
will be shorter than the corresponding para-di-derivative. 

It seems reasonable to suppose that when two molecules 
associate to form one, the double molecule thus formed will 
have twice the length of the single molecule. Ordinary 
chemical considerations, supported by the work of Langmuir 
and others on surface films, suggest that in the case of 
primary substitution products the point of attachment would 
be the terminal group. If this is so, the average length of 
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the molecule of an associated substance will be greater than 
that found by the conventional method just described. One 
might get over this difficulty by substituting » x! for lin 
equation (4), but this leads to an expression which is difficult 
to solve. The correction is in any case small, and one may 
use the following approximation :— 


L4 RESO 
15 P.V: © J)? 


leg 


where z is equal to I FO 
| q log 2 : 


when » 21 and when n=2. For intermediate values of n 
it is a satisfactory approximation. It could not be used if 
n. were appreciably greater than 2, but no association factor 
greater than 1:5 has been found at the critical point up to 
the present. 
Values of n, calculated from (4 a) are recorded in Table I. 
RT. ; 


4 e e 
Values of 15 p.v. are given for comparison in order to show 
M [^ c 


ltr 


(ta) 


ne 


This gives accurate results 


just what influence the introduction of /(/) into the expres- 
sion exerts on the values of ‘“‘n,”’. Deviations from unity 
in the case of normal saturated paraffins may be regarded as 
due to inaccuracies in the evaluation of f(l). It is not main- 
tained that the saturated paraftins are absolutely free from 
double molecules, but it is believed that they are at most 
only very slightly associated. The method adopted here is 
to determine the association factor of an organic compound 
in terms of that of a saturated paraffin having the same 
length of molecule. The basis of the method rests, therefore, 
on the carbon skeleton, and it must be applied with caution 
to purely inorganic substances. On the other hand, the 
association factors calculated for the inorganic substances 
hydrogen, oxygen, nitrogen, water, ammonia, hvdrogen 
chloride, and stannic chloride appear to be reasonable and 
in accordance with what one might expect from the general 
properties of these substances. The results recorded in the 
table will be discussed in another communication, when 
the association factors have been determined at temperatures 
other than the critical. It may be pointed out, however, 
that tlie results are in general agreement with those given by 
Guye's molecular refraction method, but are free from certain 
anomalies which indicate that Guye’s method is not reliable. 


12 
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TABLE I. 
Substance. l. 
Hydrogen 1: eed l5 
(0,4. Ne 2:6 
Nitrogen ee PS 2:6 
Carbon dioxide ..................... 4:14 
Methane ............cccccececeeeuce ees 3:04 
Etbane 1coxciccssiveo reet emi eR FISS 4:58 
Pentane d 9:20 
Hesxnje cm 10:74 
Heptatie-«o 25: rer erer tape 12:28 
Octane Mr 13:82 
Iso-pentane  ............ eere 106 
Di-iso-propyl ........................ 196 
Di-iso-butyl .......................- 10°74 
Methyl formate ..................... 6:43 
Ethyl ee ee T TOT 
Propy! "erm 9°51 
Methyl acetate ..................... 142 
Ethyl "I 8:96 
Propy 0 beinsins 10°50 
Methyl propionate .................. 8:96 
Ethyl B. suites 10:50 
Methyl butyrate .................. 10:50 
iso-butyrate ............... 8:96 
Ethyl eter. i iie ione eet rez 8:96 
Benzene Loo etr pe s pro cea 1:30 
Fluorbenzene... ...................-. 7:90 
Chlorbenzene ................... eese || 0865 
Brombenzene ........................ 8:93 
Iodobenzene... ....................- 9:35. 
Methyl chloride..................... 4139 
Carbon tetrachloride ............... he: 
Tin tetrachloride ... .............. 1:00 
Methyl alcohol iot cos 134 
Ethyl Me usb du tecta: 5:88 
Propel ag- anano T42 
Acetic acid ...sessessonssorcseeseese 58S 
Acetonitrile ........................ 513 
Propionitrile fons PER 6:07 
Water ise MeL Ee d 9:80 
AUOD TA ausssusa ti SHE I e TOS 2:80 
Hydrogen chloride  ............... 285 


4 RT, 


15 P Ve 


c e 


0:872 
0:912 
0:912 
0:957 


0:923 
0:017 
1:004 
1:022 
1:028 
1:031 
0:996 
0:998 
1:016 


1:046 
1:059 
1:032 
1:051 
1:053 
1:049 
1:042 
1:046 
1:041 
1031 


1:017 


1:001 
012 
1:007 
1:016 
1:008 


1:016 
0:981 
0 997 


1:216 
1:074 
1:066 
1:332 
1:452 
1:306 
1:189 


1:020 
0:913 


1:001 
0:094 
0:908 
1:005 
1-000 
0 995 
1:005 
1:007 
0:999 


1:062 
1:041 
1:022 
1:057 
1:046 
1:031 
1:035 
1:028 
1:023 
1:025 


1:012 


1012 
1:017 
1:006 
1:012 
1:001 


1:005 
1:010: 
1:011 


1:289: 
1:097 
1:072 
r341 
1:470 
1:305 
1:270 
1:091 
1:057 
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It is interesting to note that the expression 


+ RT 
°~ 15 B.V, 


uncorrected for the influence of the length of the molecule, 
indicates that the permanent gases are dissociated, whilst 
Guye’s molecular refraction method indicates that they are 
associated. The method described in this paper indicates 


Hes they are normal substances, and this is probably tlie 
truth. 


Summary. 
T . RT. -< 
It has been shown that the critical coefficient py B^ 


function of the length of the molecule in the case of the 
saturated paraffins and certain other normal substances. 
Making use of this relationship the association factors of 
forty-one substances at the critical point have been calcu- 
lated. The values thus obtained are rational and in 
accordance with what might be expected from the general 
properties of these substances. 


Part I].—Tue INFLUENCE oF MOLECULAR ASSOCIATION 
ON THE CRITICAL CONSTANTS. 


It has been shown in Part I. that the equation 


1 
JU) 
is very nearly accurate at the critical point. It would be 
possible, therefore, by means of this equation to calculate 
the influence of the association factor n, on the critical 
constants, if its influence on the constants “a,” “db,” and 
“l”? were known. The influence of molecular association 
on “i” has been discussed in Part I. If the molecular 
attractive power “a” and the molecular volume “b” were : 
strictly additive quantities their values for double molecules 
would be 2a and 2b. In actual fact they are nearly additive 
in non-associated homologous series, but “b” in particular 
shows marked irregularities in the case of very small mole- 
cules such as hydrogen and methane. Le Das has discussed 
these irregularities *, which are equally noticeable in the 

* G. le Bas, *The Molecular Association of Liquid Chemical Com- 


pounds, pp. 24 & 124, 1916 (Longmans, Green, & Co.) The author's 
views on this matter are rather complex. 


(P + ayy) Y —b) = RTX (3) 
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molecular volumes at the boiling-point, and he appears to 
regard these divergences from the additive law as functions 
of the molecular volume. The present author finds that they 
can be represented as a function of the molecular length, 
and though the evidence at present available is insufficient 
to enable one to decide on the relative merits of these two 

views, the latter has been adopted for the sake of con- 
venience. This correction is very small except in the case 
of small molecules, such as methane and hydrogen. This is 
illustrated by the values in Table I., where the correction 
factors calculated from the functions of “l” are tabulated. 
The correction for hydrogen is very nearly 250 per cent., 

that for methane is 22 per cent., and for the remainder it is 
small. The molecular attraction constant “a” is so nearly 
additive that very little alteration is needed, but such di- 
vergeuces as there are can be corrected for quite satisfactorily 
by an empirical function of **/." Thus for “a” and & p? 
in equation (2), one may substitute the fellowing expres- 


Sions :— 
a = ax [fll) 
b= B xD x/f'(l), 

where f(/) = 0°838+0°174 log/ (as in equation (3)) 
9 

and = f'(/) =1~x E 


These expressions are constants for a given substance and 
do not therefore affect the validity of the equation, and since 
“a” and ** 9?' are now very nearly additive it is possible to 
write 2« and 28 for double molecules. If the theory of 
mixtures were followed exactly very complicated expressions 
would ensue, but the errors introduced by writing nxa, 
n X B, aud nx for an associated substance would be small ; 
thus equation (1) becomes 


Dti 23 
(PEROT) (av matte x Bx NSN) 
| RT 
ae $9) 
where V — volume of a gram formula weight, 
n = association factor, 


JCH f (2D 
log lo 
PELO ya EO 
— log2" J log 2” 


in which the approximation for (nl), suggested in Part I., 
p. 115, is made use of. 
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Solving this equation for the critical point, we get 


4 RT 1 . 
Idque: oe : ) 
n. — 15 IV. x JU) 9 . LJ . e e . e e (6) 


4 V9 (RT. 1 
SoN gerne cUm. | 
( ) X pe x ni tee yp] ( ) 
1 RT. 1 : 
8-715 P, wewwpapxpay cc € 
Values of a and 8 for various saturated paraffins are recorded 
in Table II. In calculating these values it has been assumed 


that “ne” is equal to unity. Values of Ea, and 2:8, calcu- 
lated by summation of tne following atomic values, 


] Za. Ba. 
Hydrogen ............... 0:30 "00235 
Carbon? noue 2°99 "00940 


are recorded for comparison, and indicate that æ and £ are 
approximately additive so far as the saturated paraffins 
are concerned. Here it may be noted that Le Bas has been 
followed in that a volume has been assigned to carbon which 
is equal to four times that of hydrogen. Less satisfactory 
results are obtained if a ratio ot one to two is employed, the 
value for elementary hydrogen being particularly unsatis- 
factory and different from the value wlüch it has in the 
hydrocarbons. The manner in which the functions of “l” 
(the values of which are also tabulated) contribute to the 
additive nature of a and 8 can be appreciated only after a 
careful study of Table II. For example, the values of a for 


TABLE II. 

AK LAD @ Exa. P(OXK[POP B. ZjJa. 
Hydrogen ......... 1:5 421 "DD “60 3:406 0041  :0047 
Methane ......... 3:04 2j 4:09 419 1:219 0187 0188 
Ethane ............ 4°58 “804 793 TTS 1-024 0333. 0329 
Propane ......... 06:12 943 1130 1137 1-001 0469 -0470 
Butane ....... .... 7'06  :97;9 1496 1406 1:011 0612 GLL 
Pentane ......... 9:20 1013 1845 1855 1:028 0798 0752 
Hexane ............ 1074 1041 2228 2214 1:046 "0898 ‘0893 
Heptane ......... 1228 1065 2573 25°73 1-068 1029  :1024 
Octane ............ 1382 1087 2917 2032 1:080 :]1070 71175 
Iso-pentane ...... T9560  :970 1876 1855 1-011 0758 — 0752 


Di-ieo-propyl ... 7:06 ‘979 2255 22:14 1:011 “Ossi 0893 
Di-iso-butyl ...... 10:7 1041 2881 2952 1:046 "1172 1175 
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the isomers hexane and di-iso-propy! should be identical. 
They are 22:3 and 22:6 respectively, and thus differ bv only 
one per cent. The values of the function of “l” differ by 
6 per cent. Again, the values of 8 for the isomers octane 
and di-iso-butyl are practically identical, while the values of 
the corresponding functions of “l” differ by 3°5 per cent. 
In both these cases there would have been a divergence of 
several per cent. from the additive law but for the corrective 
influence of the functions of “l”, which not only account 
satisfactorily for the influence of growing chains in normal 
saturated hydrocarbons, but also for certain isomeric re- 
arrangements involving a change in the length o£ the 
molecule. The fact that p is additive for the early members 
of the paratlin series as well as for the later members has an 
important bearing on the question of molecular volumes, 
which will be dealt with at another time. It is not neces- 
sary for the present purpose that the values of æ and B 
should be unchangeable for a given element and independent 
of environment. “The fact that Aa for oxygen has a much 
smalier value in the esters than in the alcohols, and that 
a, for hy drogen and carbon in the esters is slightly smaller 
than in tle “paraffins, is not a matter of great importance. 
All that is required is that atoms and groups shall retain 
their attractive power and volume unchanged so long as no 
serious change in chemical constitution is involved. —— 

Values of « and B have been calculated for the various 
esters examined by oup. and these are recorded in 
Table III. Values of Xa, “and XB, are recorded for com- 
parison, and have been calculated from the following 
values :— 


Xi. Ba. 
PIVQNOGON: Sic cetscke viens :20 :00231 
Carbon ...... RN 3:14 "00928 
P. 
—U— 0 ee ee 6:22 :0231 


The values of a, found for carbon and hydrogen are. smaller 
than the corresponding values for the paraflin hvdrocarbons, 
but the values of S, are practically the same. The suneral 
concordance between æ and B and the corresponding quan- 
tities calculated by summation of the atomie and group 
values demonstrates their essentially additive nature. A 
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TABLE III. mE 


l. Ne. a. Yaa. (3. Ya. 
Methyl formate ............... 643 10602 1336 1332 (0420 “0417 
Ethyl M^ adnot 1907  Lr041 1655 1646  :0561 ‘0556 
Propyl "cene 9:51 1022 1998 1960 0695 0695 
Methyl acetate... 0...00. T2 L057 1640 1646 0558 0556 
Ethyl a. geeks 896 1046 1944 1960 0699 0695 
Propri ger Gee 1050 1031 2281 2274 0S4 0834 
Methyl propionate ............ 896 1085 1959 1960 “0689-0605 
Ethyl Se, detalue meten 10:50 1028 2265 2274  -0836 —ON34 
Methyl butyrate ........... ... 1050 1028 2273 2274 0826  -0834 
Methyl iso-butyrate ...... .. 96 1025 2266 22°74 ‘0829  -0834 


more searching proof of the validity of equation (5) for 
associated substances would be to show that æ and £ retain 
their additive character for series of highly associated sub- 
stances, such as the alcohols and nitriles. Unfortunately, 
full data are available only for a few substances out of these 
two series. Table IV. shows that if the effect of association 


TABLE IV. 


ai A for CH,. p. A for CH, 


Methyl alcohol ..................... 14:0 U346 

1-4 "0102 
Ethyl Je 0 woeokserianeru e ende 15:4 "0448 

30 0133 
PeOpyl: 20. sisse eiiis 184 '0581 
Acetonitrlé. i.i eren 20:7 0618 

li '0124 
Propionitrile ................... sss 22-] '0742 

l1 "0096 
Bütyronitrile-: ues ey eee etas 23:2 '0838 

4x2 '00/8x2 

Capronitrile esce herein ne 30:0 ‘0995 


is neglected, the value of “n.” being taken as unity, the 
values of a’ and 8' thus obtained are far from being additive 
quantities, the differences for the homologous increment 
being abnormal and variable. When the association factors 
calculated in Part I. are emploved these anomalies disappear. 
The true values of « and 8 cannot be calculated in the case 
of butyro- and capronitrile, since the critical volumes of 
these substances have not been measured, but the true 
values of the remaining five substances, together with those 
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TABLE V. 
l. Ne. a. AforCH, B. A for CH,. 

Methyl alcohol... ..... 434 1:259 10°48 "0276 

3:35 0129 
Ethyl "MERO 5:88 1097 13:83 *0405 

2:07 :0132 
Propyl auo ghe 1:42 1072 1690 0537 
Acetonitrile ............ 513 1470 1314 ‘0413 

3:62 0118 
Propionitrile ......... 667 1:900 1676 0531 
Acetic acid............... 588 1341 14°69 0415 


for acetic acid, are recorded in Table V. The anomalies 
remarked in Table IV. have disappeared. The differences 
for the homologous increment are more nearly normal, and 
in the case of the alcohols the values of these increments do 
not differ much from one another. The value ot 8 for acetic 
acid is very nearly the same as that for the isomeric methyl 
formate. The value of a is higher than that for methyl for- 
mate, but this is not surprising, since it is found that 
hydroxyl oxygen has a greater attractive power than oxygen 
in anv other form. A comparison of the values of « and 8 
for ethyl ether with those for the alcohols yields similar 
results. «, for etheric oxygen is much less than for hy- 
.droxyl oxygen, while 8, is practically the same in both 
cases. All these facts taken together give support to the 
view that equation (5) represents the relationship between 
the critical constants and the association factor with some 
approach to accuracy. It should be possible, therefore, by 
means of this equation to determine the influence of mole- 
cular association on the three critical constants. 

Solving equation (5) for temperature, pressure, and volume 
at the critical point, we get 


Lag pT x) 0) 28x27, . (9) 


1 wm PM 
aX gia x (DJ (1) 53X ne itr ye (10) 


Vedi gs DM oe acci os OD) 


P 


From these three expressions the influence of the association 
factor on the critical constants can be determined. Unfortu- 
nately, the validity of these derived equations cannot be 
proved by direct observation, since up to the present no one 
has succeeded in determining the critical constants of a sub- 
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stance in any state of association other than that which is 
natural at the critical point, though Baker’s experiments on 
very carefully dried substances indicate the possibility that 
this may be achieved eventually. It is possible, however, to 
compare the critical constants of pairs of substances such as 
benzene and diphenyl, and to see if these are in agreement 
with equations (9), (10), and (11). Diphenylis slightly less 
than twice a benzene molecule, accordingly neither « nor 8 
nor / is exactly doubled. Thus, for example, when two 
molecules of benzene are joined together with the elimina- 
tion of two atoms of hydrogen to form a molecule of 
diphenyl, Ez is increased 1:970 times, E is increased 1:933 
times, and “l” is increased from 7:3 to 1371 (ie, 
2 x [7:3 —0:75]). From these data one can calculate the 
effect of thus nearly doubling the size of the molecule on 
the critical constants of benzene on the assumption that ne 
(which, in the case of hydrocarbons, differs but little from 
unitv) remains constant, by means of equations (9), (10), and 
(11). The results of these calculations for the critical tem- 
perature and the critical pressure are given in Table VI., 


TABLE VI. 


À Ratio of Ratio of 
Ss IN ^ i . M 
BENE Critical Temperatures. — Critical Pressures. 
Te double molecule P- double molecule 
Te single molecule" — Pe single molecule’ 
HCC RETENTION 1-55 1-06 
(1:60) (1:07) 
BO OM esee L-41 0:766 
(1:39) (0:769) 
HCC Hs eot 1:37 06986 
(1°37) (0 686) 
HO 6 Mines. 1:33 0:656 
(L834) (0'657) 
ub S N 1:38 0-666 
- S (1-37) (0:062) 
H,C:H,C,—C,H,:CH, ....... f 1:07 0:692 
(1:37) — 
H.C:H,C,—C,H,:CH. ......... L34 0-640 
(1°30) — 


Observed values are printed in parentheses. 


together with similar calculations for six other hydrocarbons, 
and the observed values for these substances calculated from 
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the actual critical data. From these values it is seen that 
the critical temperature is always increased by doubling the 
size of the molecule, and that the critical pressure, though 
usually reduced under these circumstances, is in the case of 
methane (a short molecule) actually increased. Reliable 
experimental data for checking the calculated critical volume 
ratios are not to be found in the literature; these are there- 
fore omitted from the table. It may be stated, however, 
that they are in general agreement with the ratios calculated 
from the molecular volumes at the boiling-point. The calcu- 
lated critical temperature and critical pressure ratios are in 
very good agreement with those found by experiment. Itis 
therefore reasonable to conclude that equations (9), (10), and 
(11) are in accordance with the facts, and that it is possible 
by means of them to determine the influence of molecular 
association on the critical constants. 

The question now arises as to the exact. physical meaning 
of the constants a and 8. Equation (5) has been derived 
from van der Waals's equation by means of empirical modifi- 
cations introduced in order 


(u) to make the equation reasonably accurate at the 
critical point ; 

(b) to make the constants additive in order that one 
might write na and ng for an associated substance. 


One cannot, therefore, be sure that a and 8 represent ac- 
curately the molecular attractive power and the molecular 
volume respectively. There is much evidence, including 
that afforded by molecular refraction, to show that the space 
occupied by the molecules is additive with respect to the 
atoms and atomic groups of which the molecule is built up. 
It is, moreover, intrinsically probable that both the volume 
of the molecule and the molecular attractive power should 
be additive iu the limited sense suggested in this paper. It 
therefore seems probable that æ and 8 may be more closely 
proportional to the true values of the physical properties 
they claim to represent than “a” and “b” determined from 
the critical constants by the theoretically derived equation 
of van der Waals. 

An absolutely independent method * of measuring the 
molecular attractive power of substances in solution was 
devised by H. E. Armstrong and the present author. and it 
was found that this quantity was approximately additive. 
This molecular attractive power was estimated from the 


* Proc, Roy. Soc. A, Ixxxix. p. 375 (1914). 
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effect ot the substance on the rotatory power of fructose in 
aqueous solution by means of the expression 


"Te y (0037 AV —A[a]), 


where A = molecular attractive power of solute, 
M = molecular proportions of solute added, 


AV = increase in volume produced by the addition 
of the solute, 


A[xz] = change in rotatory power of the fructose in 
solution. 


From this expression values of the molecular attractive 
power were calculated, and from these values atomic values 
were deduced. These are given below, together with the 
relative values of ag :— 


Atom or Group. Aa. 0:085 xu. 
ic CIT negligible 026 
zo MM 0-23 267 
SSO. -necoxtécictondteivo 0:70 "616 
SHON, aina 0°74 * "(88 


The parallelism between the two sets of values gives some 
support to the view that both A and « are measures of the 
moiecular attractive power. It should be pointed out, how- 
ever, that, for the purpose of the argument put forward in 
this paper, it is not absolutely necessary that a, 8, and l 
should represent accurately the molecular attractive power, 
the molecular volume, and the molecular length. Equa- 
tion (5) may be regarded as an empirical relationship. 
between the critical constants containing the three quantities : 
a, 8, and l, which are found to be additive in the sense that 
they become approximately na, ng, and nl when the sub-. 
stance is associated n-fuld. 


Summary. 


It has been shown that the constants a and £ in a modified 
equation of state are additive quantities, both in the case of 
associated and unassociated substances. By means of this 
equation the effect on the critical constants of doubling the 


* This is not tbe value given in the paper referred to, but it is that 
which is obtained if the same equation is used as that emploved for the 
other two values, A less accurate expression was used in the paper, 
which neglected the inffuence of the homologous increment. 
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size of the molecule can be calculated, and the results of 
these calculations are in good agreement with existing 
experimental data. From this it is concluded that the 
modified equation of state is suitable for calculating the 
effect of molecular association on the critical constants. 


In the next paper it will be shown how a knowledge of the 
manner in which the critical constants are affected by the 
degree of association can be used to calculate the association 
factor of liquids at various temperatures. 


The author desires to thank Professor Lowry for his 
helpful criticism of these papers. 


XI. On the Fffect of Aural Fatigue upon the Critical 
Frequency of Pulsation of Tones. By Morrie WEIN- 
BERG, M.A., M.Sc., Ltesearch Student of the Honorary 
Advisory Council for Sctentisic and Industrial Research, 
Ottawa, and FRANK ALLEN, Ph D., F.R.S.C., Professor 
of Physics, University of Manitoba * 


pes investigation is concerned with the effects of fatigue 

upon the persistence of audition, or the duration of the 
tone at the critical frequency of pulsation or flutter. The 
results herein described seem to throw new light upon some 
of the phenomena of acousties, and also upon the probable 
structure of the aural mechanism by means of which tones 
are perceived and differentiated from each other. 

The apparatus used is the same as that described in a 
previous communication f. 

The source of sound was a tonvariator blown by a stream 
of air from a constant-pressure tank, The tonvariator was 
enclosed in a sound-proof box having one opening through 
which the sound eould escape. The periodic interruption “ot 
the continuous sound was effected by the rotation of an 
aluminium disk in which were four holes of the same size as 
that of the opening in the box. For measuring the time of 
rotation of the disk, a speed counter and a clock beating 
half-seconds were electrically connected to a chronograph. 
When making measurements, the speed of the disk was 
adjusted so that the pulsation or flutter of the sound became 
just imperceptible, and then recorded. For fatiguing the 


* Communicated by the Authors. Read at the meeting of the Royal 
. Societv of Canada, Ottawa, May 1922. 
f “On the Critical Frequency of Pulsation of Tones," supra, p. 50. 
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ear, another tonvariator similar in all respects to the one in 
the sound-proof box, was used. Both instruments were 
calibrated from Standard Tuning Forks. 

An attempt was made to determine the progessive effect 
of fatigue for increasing intervals of time, but the results 
were too uncertain to be of much use. The maximum fatigue 
seemed, however, to be attained in about two minutes for 
low intensities of sound. In the following experiments this 
interval of time was therefore allowed for fatiguing the ear 
before each measurement was made. 

Two methods were used in this part of the work, one the 
converse of the other, in the hope that the results obtained 
from one would confirm those obtained from the other. 
Such happily appeared to be the case. 

The first method consisted in fatiguing the ear with a 
tone of constant frequency, and taking measurements on 
tones varying over a range of about fifteen vibrations above 
and the same number below the fatiguing tone. The second 
method consisted in taking measurements on a tone of con- 
stant frequency, and varying the fatiguing stimulus over a 
similar range of about thirty vibrations. 

In making measurements the following procedure was 
adopted. At a definite blowing-pressure, the tonvariator in 
tlie box, upon which the measurements were made, was ad- 
justed to give a tone of any desired pitch, and the second 
tonvariator was accurately tuned with it by means of 
eliminating beats. The left ear was then fatigued with this 
tone for two minutes by holding it close to the orifice of the 
tonvariator, and immediately afterwards the measurement of 
the critical frequency of pulsation or flutter of tone was 
made, The fatiguing process was again and again repeated, 
and similar measurements were made on a selected series of 
tones. 

Sets of such measurements are given in Table I. The 
persistency curves defined by these points were taken to 
represent the effect produced by fatiguing the ear with tones 
of constant frequency. The curves are shown in fig. 1. The 
curve through the small circles is the normal obtained 
with the unfatigued ear, and is plotted from the data in 
Table VI., F, which is taken from a former communication *. 
The broken line curves through the x ’s are the fatigue curves. 
These are characterized by prominent elevations covering in 
each case a range of about sixteen vibrations, with the 
maximum occurring at the frequency of the fatiguing tone, 
as is to be expected. 


* “On the Critical Frequency of Pulsation of Tones,” supra, p. 50. 
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TaBLe I. 


Fatigue Curves for different Frequencies at same Pressure. 


Pressure. Frequency. Duration. 
T 


Normal Curve. 


Pressure. Frequency. Duration. 


Fatigue Curves (cow/.). 


D.V. Sec. D.V. Sec. 
FS? em. 1430 0:0206 ]:32 em. 1490 0:0201 
1670 ‘0192 156:4 0199 
zi 190:0 0187 " 159:2 0205 
" 214:0 0170 T" 162:2 0212 
Z 237:0 *'0161 3 1650 0198 
" 260:5 ‘0153 ps 168:0 0192 
" . 284-0 "0146 " 176:5 0187 
Fatigue Curves. 
1°82 cm. 133-0 0:0206 1:82 em. 185:8 0:0185 
i" 1460 -0205 : 1945 0182 
i 1495 0202 1972 0191 
5 1525 0213 * 200:0 0195 
5 155:5 0206 " 202:8 0183 
a 158-2 0196 M 2056 *0176 
" 167-0 70193 m 213:8 '0171 
1-82 em. 2278 00164 1:82 em. 2558 00155 
" 237:0 0163 " 264:0 0156 
" 940-0 0175 i? 2670 0158 
5 2428 *0130 " 269:6 O171 
f 245:5 0161 » 2124 "0159 
T 243:2 "0158 » 27572 0148 
5 2558 "U135 " 281-0 0148 
Fig. 1. 


Freg wency. D.v. 


140 180 220 260 


By the converse method, similar fatigue curves were 
obtained, the measurements being made, in each case, on a 
constant tone, and the fatiguing tone being varied over a 
range of about forty vibrations,as shown in Table II. These 
fatigue curves are plotted in fig. 2. The clevations in these 
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TABLE II. 
Fatigue Curves—by Second Method (Constant Pressure). 
P. N. : D. P. N’. D. 
Sec. | Sec. 
Normal Point. | Normal Point. 
178 em. 190:5 0:0171 | 178 cm. 218-0 0:0154 
Fatigue Curve. | Fatigue Curve. 
] 78 em. 167:0 0:0173 1:78 cm. 200°0 0:0154 
si 1766 0172 | ^ 207:1 0155 
as 179:3 0171 a 210:0 0154 
3 182:0 "0172 | a 2127 015d 
n 1850 0172 . 2157 0158 
" 187:5 175 " 218:4 '0175 
A 190:5 0188 » 221:3 0157 
" 193:2 0178 » 2940 0154 
as 196:0 :0171 s 226-6 0154 
á 198:5 0170 " 229:'8 70154 
i 201:7 0170 2 28711 0154 
" 204-3 0170 | 
K 213-6 ‘0169 | 
Normal Point. Normal Point. 
178 cm. 199:8 0:0166 | 1778 cm. 2448 0:0150 
Fatigue Curve. | Fatigue Ourve. 
178 em. 181-0 0:0166 1°78 cm. 218:4 0:0149 
- ]91:2 0167 - 226:0 0148 
" 194:0 "0167 E 2287 “0148 
: 196:9 0172 7 231:6 . ‘0150 
- 199:8 "0186 Pe 234°5 0151 
7 202:6 01738 PA 2370 0150 
" 205:3 0166 - 240:0 '0157 
" 2081 ‘0165 " 242°8 '0171 
js 21&4 0167 j 245:5 “0155 
T 248:2 70152 
we 2510 0149 
» 25410 *0151 
T 256:8 0149 
5 265:0 70150 


Freqyuen cy. Dv. 


200 230 


Phil. Mag. S. 6. Vol. 47. No. 277. Jan. 1921, K 
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curves are symmetrical with the axis of frequencies, since 
the normal has only one value, which is the duration of the 
tone on which measurements were made at the critical 
frequency of pulsation. This is indicated in each case by a 
small circle at the proper frequency, through which the full 
horizontal line is drawn. The elevations again are found to 
cover the same range of about sixteen vibrations. 

In the tables, P is the blowing pressure, in centimetres of 
water, to which the intensity of “the sound of the tonvariator 
is proportional * ; N is the frequency of vibration of the 
tonvariator ; and D is the duration of the tone at the critical 
frequency of pulsation, or flutter. 

The curves indicate that as a result of fatigue the per- 

sistency of sound impressions is greatly increased. This 
increase is a maximum when the frequency of the fatiguing 
tone is the same as that upon which measurements are taken, 
and diminishes very rapidly as the interval from the fre- 
quency of the fatiguing tone is increased. The entire range 
affected is about sixteen vibrations, or about eight on each 
side of the maximum. The steepness of the slope indicates 
that only a few vibrations very near the maximum on both 
sides are affected to any great extent. 

The general nature of the fatigue curve is seen to be the 
same for each frequency. It will be noticed, especially in 
fiy. 1, that as the frequency is increased the height of the 
elevation also increases. So perfectly do they vary together, 
that in this figure the maxima of the elevations lie on a 
straight line, shown in the figure as the broken line AB. 
No doubt if the ear were exposed to sounds of considerable 
intensity for a couple of minutes while instrumental adjust- 
ments were being made, the apparently “normal” curve 
thereby obtained would in re: ality be the straight line forming 
the locus of the maxima of the fatigue elevations, Possibly 
this may have been the case in Mayer’ s experiments, and 
may ex plain why his normal curves were straight lines, as 
indicated in a former communication T. 

The elevations also show a slight gradual widening of their 
bases as the frequency is increased. This would. Indicate 
that the range of resonance arches in the ear affected by any 
tone is slightly greater as the frequency is raised. The 
range of frequencies uscd in this investigation, consisting of 


* Misses Love and Dawson, Phys. Rev. vol. xiv. p. 19 (1919). 
T “On the Critical Frequency of Pulsation of Tones," supra, p. 50. 
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but one octave, is, however, too small for any reliable 
conclusion to be drawn. 

As indicated above, the elevations Increase in height as the 
frequency of the fatiguing tone is increased. ‘Chis may be 
caused by an increase in the sensitiveness of the resonating 
mechanism of the ear on account of pressure. In support of 
this idea an experiment due to Gelle may be cited. If a 
tuning-fork is pressed against the upper part of the forehead 
until its vibrations are faintly heard, and then a finger be 
pressed against the ear so as to increase the pressure on the 
membranes, the physiological intensity of the tone is greatly 
increased. 

When the pitch of a tone is raised, the waves impinge upon 
the membranes of the ear with increasing frequency. The 
resonating arches may not therefore have sufficient time in 
which to recover from one impulse before the next wave 
arrives. The rising frequency of the tone may produce a 
certain steady increase of pressure, which, in turn, increases 
the sensitiveness of the auditory receptors. The resonating 
arches consequently are disproportionately fatigued and in 
such a condition respond more sluggishly to the stimulus, 
and tlie duration of the tone is increased when the frequency 
of pulsation reaches its critical value. 

In fig. 3 are shown three (vertical) series of fatigue 
curves, each series representing the effect of fatigue of 
approximately the same frequency for seven different pres- 
sures or intensities. In series I. the fatiguing frequency was 
about 162, in series II. about 198, and in series III. about 
240. The complete data are given in Table III. In ex- 
amining this figure, it will be noticed that the lowest curve, 
A, is that for the lowest blowing-pressure, which gives the 
weakest tone, and the others represent tones gradually in- 
creasing in loudness. The curves are drawn to the same 
scale. The data for the normal curves are in Table VI. 
The columns N, in Table III., contain the tones upon which 
measurements were made. 

The three series again show that the effect of fatigue is to 
increase the time of the critical frequency of pulsation. Also 
this inerease becomes less as the intensity of the tone be- 
comes greater. The diminutive size of the elevations in the 
curve G for the loudest tones employed indicates that for 
very intense sounds the fatigue elevations would disappear 
altogether. This might not he due, however, to the absence 
of fatigue, but to the probability that at higher intensities 
the ear is fatigued in much shorter time—that is, during the 
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time in which the measurements of the critical frequency of 
pulsation were being made. In that case, what would appear 
to be a smooth normal curve would in reality be the line 
through the maxima of a series of fatigue elevations as 
pointed out above. In fig. 3 the summits of the fatigue 


Fig. 3. 


T: 200 240 280 


elevations in the curves .\, B, C, and D lie quite accurately 
on straight lines, and the remainder nearly so. 

These curves are fully confirmed by others obtained by 
the second method—that is, by measuring the critical fre- 
quency of pulsation of a tone of constant frequency, the 
fatiguing tone being varied in pitch. The measurements 
are shown in Table IV. and the curves corresponding in 
fiv. 4. 
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Tase III. 
Fatigue Curves. First Method. | 


N. D. N. D. N. D. 
I G. IIG. III G. 
Press., 2:40 cm. Press.. 2:40 cm. Press., 2°40 cin. 
Fatiguing Tone, 163:0.— Fatiguing Tone, 201:0. — Batigning Tone, 2440. 
1490 00211 sec. 1867 00194 sec. 229:0 00178 sec. 
1575-2. -0208 195:2 0193 2084 ^ Ol75 
100-0 "0207 198-0 0193 241:2 '0174 
163:0 "0208 201:0 70193 2440 ` 0180 
1659 "0207 203:8 *0188 247:0 0175 
168-0 ‘0204 - 2067 0186 249:8 *0170 
1712 0198 215-9 "0180 257:0 0164 
IF. HR III F. 
Press., 2-20 cm. -  Press., 2°20 cm. Press., 2:20 em. 
Fatiguing Tone, 163-0. Fatiguing Tone, 201-0. Fatiguing Tone, 2440. 
1490 — 0:0210 sec. 1867 0:0191 sec. 229:0  0:0174 sec. 
157-2 0207 1953 0186 238'4 '0171 
160:0 0203 198:0 0189 249-2 70173 
163-0 0206 201-0 0190 214-0 (0178 
1659 "0203 203:8 0187 2470 0170 
168-8 "0198 2067 0183 249:8 0165 
177-2 *0195 2150 0179 . 207-0 ‘O164 
IE. | ILE. III E. 
Press., 1:98 cm. Press., 1:98 em. Press., 1-98 em. 
Fatiguing Tone. 1622. — Fatiguing Tone, 200-0. Fatiguing Tone, 2428. 
1490 0:0205 sec. 1858 0:0178 sec. 2278 0°0167 sec. 
156:4 0200 1945 ‘0176 231:0 0163 
159-2 0198 197:2 ‘0178 240°0 0169 
162-2 0206 200 0 0186 24278 '0178 
165:0 0198 202:8 0172 2455 "0165 
168-0 *'0195 205:6 0167 248:2 ‘U160 
1765 "0190 213:8 0163 25953 :0156 
I D. II D. III D. 
Press., 1:82 cm. Press., 1:82 cin. Press., 1:82 cm. 
Fatiguing Tone, 1622. Fatiguing Tone, 20070. Fatiguing Tone, 2428. 
1490 00201 sec. 185:8 00183 eec. 227R 00164 sec. 
156-4 “0199 194-5 0182 2370 0163 
159:2 0205 1972 0191 240-0 '0175 
162°2 *0207 200:0 '0195 242:8 ‘180 
165:0 0198 202°8 0183 245 'U161 
168-0 0192 205:6 0176 24872 0158 
176:5 *0187 2138 '0l71 255:8 'Ul595 
I C. II C. III C. 
Prese., 1:58 cm. Press., 1:503 em. Press., 1:53 cm. 
Fatiguiug Tone, 161-0. Fatiguing Tone, 198:0. Fatiguing Tone, 24033. 
147:5 — 0°01 94 sec. )84:0 — 0'0170 sec. 295:8 — 00157 sec. 
155-0 0185 192:3 "0172 93; O 0157 
158:0 *0191 1950 0175 2376 0165 
161-0 0200 198:0 0189 24073 0169 
163-9 0189 200'8 *0178 243-0 0161 
166:6 0185 203:5 "0169 246 0 0152 


175:0 0181 2118 '0162 2530 '0146 
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TABLE III. (contd.). 
Fatigue Curves. First Method. 


N. D. N. D. N. D. 
LB. II B. III B. 
Press., 1:45 em. Press., 1:45 cm. Press., 1:45 cm. 
Fatiguing Tone, 160°8, Fatiguing Tone, 197:0. Fatiguing Tone, 238-0. 
147:3  0:)0192 sec. 1830 0:0168 sec. . 92228 090132 sec. 
1552 '0189 191:2 0169 25324 0158 
158:0 0190 194:0 0178 2352 70162 
160°8 0201 )97:0 *0186 238:0 '0172 
163°6 0187 199:8 "0175 240:8 1160 
166:0 0178 202:5 0165 243:0 0146 
1743 0176 210°0 0158 251:0 "0142 
I A. II A. IIIA. 
Press., 1°25 em. Press., 1:25 cm. Press., 1:25 cm. 
Fatiguing Tone, 159-4. Fatiguing Tone. 1950. — Fatiguing Tone, 235°2. 
1470 O-I181 sec. 181:8 — 0:0164 sec. . 221-2 00143 sec. 
1540 -0176 189-6 — :0163 9300 — 0146 
156:9 0179 192:0 :0168 232:7 0158 
1594 0189 1950 0179 239 *0168 
162-0 0176 197:6 "0165 238:0 0154 
165:0 0113 200:0 0159 240:6 70141 
175:0 0164 208-0 0152 247°8 0131 
Fig. 4 
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In Table IV. the tones in the columns, 
fatiguing tones. 


N'. D. 
À. 
Press., 2-40 cin. 
Constant 
Tone, 201-0. 
1820 Qu se 
192-5 0187 
195:2 DBF 
TOR) O10] 
201:0 0196 
Aes 0103 
20T “O189 
MHD “Oleg 
2190 “U188 
B. 
Press., 2:10 ein. 
Constant 
Tone. 201-0. 
1820 00183 
192-5 1x3 
1952 0183 
19%) DIST 
203-0 "0193 
203 0 0137 
2007 '0134 
POND ‘UlS4 
2190 01584 
C. 
Press., 1:98 em. 
Constant 
Tone, 200-0. 
15$10 00175 
191-8 0176 
14-5 L76 
197-2 ‘OIS1 
E LIRU “190 
202-8 *0150 
206 175 
2084 01760 
210 "0175 


TABLE IV. 


Fatigue Curves. 


N. D. 
A’. 


Press., 2-40 cm. 


Constant 
Tone, 244°0. 
924-5 0016S 
235R *0168 


23584 0170 
241:2 ‘O175 
2440 "01541 
247-0 '0176 
2498 O71 
25:78 *0169 
261-0 ‘0168 
B. 
Press.. 2°10 cin. 
Constant 
‘Tone, 244:0. 
2250 0:0163 
236:0 "0164 
238-4 0168 
941*9 ‘0171 
244-0 ‘0178 
247-0 0169 
2108 0164 
252-5 "0163 
261-5 0162 
C’. 
Press., 1:98 cm. 
Constant 
Tone, 242-8. 
2230 00155 
234-0 Oldt 
2370 “0161 
240:0 0167 
212:8 0172 
24535 "0165 
248-2 *0161 
251:0 :0156 
2600 '0155 


Second Method. 


N'. D. 
D. 
Press., 1°78 cm. 

Constant 
Tone, 199:8. 
181:0 0:0166 
191:2 'U168 
194-0 0167 
1969 O172 
199:8 0186 
209-6 *0173 
205:3 :0166 
208 1 0165 
2184 0167 
E. 
Press., 1:50 cm. 
Constant 
Tone, 197:0. 
178:0 00160 
188:2 ‘0160 
191:2 70161 
194-0 0166 
197:0 0179 
199:8 "0167 
202:5 70159 
205-2 0160 
2150 0161 

F 


Press., 1:16 cm. 


Constant 
Tone, 195:0. 


1770 00152 


187:0 ‘0150 
189:6 0153 
192-0 0162 
195-0 0173 
197:6 0160 
200-0 '0154 
203:0 0149 
212:3 0152 
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N’, were the 


N’. D. 
p. 
Press., 1°78 cm. 
Constant 
Tone, 242°8. 
218:4 — 0:0149 
2200 ‘0148 
2287 0148 
231:6 0150 
9345 0151 
2370 0151 
240°0 *0157 
242:8 017] 
945:5 0155 
248-2 0152 
251-0 0149 
254-0 0151 
25(r8 0149 
205:0 0150 
E'. 
Press., 1:50 em. 
Constant 
Tone, 240°3. 
2210 00143 
232-0 0143 
935:0 0146 
237°6 0155 
240°3 0165 
243:0 "0155 
2400 0145 
248:5 *0141 
258 0 0143 
F'. 
Press., 1:16 cm. 
Constant. 
Tone, 23572. 
2170 00138 
DO 0139 
230°0 0142 
232-7 0145 
2xY2 0159 
238-0 0141 
24076 0138 
24:30 *0136 
252-0 '0137 


As in the preceding figures, the height of the elevations shows 
that the persistence after fatigue becomes greater as the 
musical scale is ascended. Tbe narrowness of the range of 
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frequencies affected is seen more clearly in this figure 
because the reference curve or normal upon which the 
fatigue elevation is superimposed is the continuous horizontal 
line drawn through the normal value of the critical frequency 
of pulsation which is marked with a small circle. 

In fig. 4, also, are shown two series of fatigue curves, 
each for a nearly constant frequency, but varying blowing- 
pressures or intensities. The lowest curves in the figure are 
for tones of weakest intensity. Again, the decrease in the 
apparent effect of fatigue as the tone increases in intensity 
is clearly indicated, as is also the increase in the effect of 
fatigue with increase of frequency—i. e., the height of A’ is 
greater than that of A, of B' than D, etc. The two methods 
therefore give results that are perfectly consistent with each 
other. 

These results of aurai fatigue are susceptible of explanation 
by assuming the existence of a resonance mechanism in the 
ear. We may suppose that the organ of Corti is that 
mechanism, the forty-five hundred arches acting as a series 
of resonators. For the sake of brevity, let us term those 
arches possessing natural vibration frequencies corresponding 
exactly to that of an entering wave the resonal arches of 
that frequency, and two or three adjacent arches on each 
side of the resonals the auxiliary arches, The evidence from 
the curves may be interpreted as follows. When a train of 
simple waves enters the cochlea, the resonal arches are set 
into vibrations of corresponding amplitude. The auxiliary 
arches are also quite strongly affected. Further, the arches 
corresponding to about five or six additional vibrations on 
each side of the resonals are also rhythmically disturbed, but 
the amount to which they are affected very rapidly diminishes 
as their distance from the resonals increases. If the ordi- 
nates of the fatigue elevation may be considered to represent 
the relative amplitudes of the vibrating arches, the intensities 
of the tones from the resonals and the auxiliary arches will 
be very great compared with those from the more distant 
arches, which will thereby become negligible. The mainly 
effective vibrations mav therefore be considered to be those 
of the resonal and auxiliary arches, 

But since the natural periods of vibrations of the auxiliary 
arches differ from each other as well as from the resonals, it 
would apparently follow that a single train of waves would 
produce perceptible tones of about five different frequencies, 
In the octave under study, these tones would differ from 
each other in the extreme by about the interval of a comma, 
$1/80, which is near the usual limit of perceptible differenee 
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in pitch. But the various arches vibrating in their natural 
periods would produce a series of beats which would be 
easily, as well as annoyingly, perceived. 

This general objection, though urged by Watt" against 
the Helmholtz resonance theory, is removed by Helmholtz 
himself f. “ An elastic body set into sy mpathetic vibrations 
hy any tone vibrates svmpathetically in the pitch number of 
the exciting tono ; but às soon as the exciting tone ceases, it 
goes on sounding in the pitch number of its own proper 
tone. This fact, which is derived from theory, may be per- 
fectly verified on tuning-forks bv means of the vibration 
microscope." 

This conclusion, applied to the present experimental re- 
sults, indicates that the reason why the auxiliary arches are 
not heard in their natural frequencies is because they are 
constrained to vibrate with the same frequency us the 
resonals. As soon as the exciting tone ceases, the entire 
range affected also ceases to vibrate ; the tones due to the 
natural frequencies of the auxiliaries are therefore not heard. 
The high degree of damping experienced by the vibrating 
arches immersed in the lymph of the cochlea quite naturally 
prevents any continuance of vibration after the exciting 
wave-train ceases to act. 

The main objection of Watt to a resonance theory is 
that the arches on each side of the resonals do not give 
experiences in conformity with the law of specific energies 
of sense. Watt may have been justified in his criticism 
since, according to Helmholtz f himself, the effect of an 
exciting tone was distinguishable on the resonating arches 
responding to a range of two whole: equally tempered tones ; 
that is, in the octave we are considering, about sixty -four 
vibrations. Helmholtz’s curve is reprodueed in fig. 5 in 
comparison with the fatigue curve of the tone of frequency 
242:8, the measurements of the critical frequency of pul- 
sation being made on a series of tones ranging from 2184 to 
205 vibrations, and the blowing-pressure heing Lis cm. 
The data for the fatigue curve are given in Table V. Tie 
resonating arches disturbed, according to Helmholtz's curve, 
extend over a range more ‘than four times as great as that 
indicated by the fatigue experiment. In estimating the data 
for his curve, Helmholtz states that exactness is out of the 
question, The method of the critical frequency of pulsation 


* Watt, ‘Psychology of Sound.’ p. 142, 1917. 
t He! mholtz, ‘Sensations of Tone, p. 144. 
t Loc. cit. 
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combined with fatigue, however, enables measurements to 
be made with quite conclusive accuracy. The sharp-peaked 
character of the elevation of the fatigue curves, together 
with the very restricted range of frequencies disturbed, seem 
sufficient to remove from the resonance theory the objection 
urged by Watt. 


Fig. 5. 
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210 á y 270 
TABLE V. 


Comparison of Helmholtz’s Intensity Curve with 
Fatigue Curve. 


P. N. N. D. 
See. 
B. 178 cm. 218-4 0428 0:0148 
" 226-0 " 0148 
o 228-7 5 '0148 
» 231 6 es 0150 
234-5 i 0151 
237:0 ` 150 
ee 240-0 2 0156 
T 2478 Á 0171 
. 245:5 M 0155 
» 248-2 j 0152 
5 2910 ji 0149 
b 2540 M -0151 
" 2678 3 0149 
2650 i 0150 


A. Helmholtz’ Curve plotted from data in 
‘Sensations of Tone, p. 144. 


As pointed out above, the experiments herein described 
are limited to the octave from 142 to 284 vibrations. If the 
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character of the fatigue curves is the same in the octaves 
below as well as above, we can explain a well-known pheno- 
menon in music. 

It is universally recognized that shakes and runs in the 
bass are not clear, but that the tones merge into each other. 
This is independent of the instrument upon which they are 
played. | Helmholtz * explains this as follows:—'5...... 
Since the difficulty of shaking in the bass is the same for all 
instruments : and for individual instruments is demonstrably 


TABLE VI. 
Normal Curves. 

Frequency. Duration. Pressure. Frequency. Duration. Pressure. 
N. D. P. N. D. P. 
Sec. Sec. 

A. 1420 0'0185 125 cm. F. 143:0 0-0206 1:82 em. 
164:0 '0173 m 167-0 O19” A 
186-0 0160 » 190:0 *'0182 2: 
208-0 “0149 ^ 214'0 0170 " 
2300 ‘O139 W 2370 0161 n 
2520 0130 E 260-5 0153 i 
2641-0 '0127 7 984-0 *0146 és 
B. 1425» 0:0194 1:45 em. G. 143-0 0:0210 ]:98 em. 
165:5 0181 2 167-0 0195 
187:5 "0168 » 190:0 *0184 v 
2100 OAT 2 214:0 01738 " 
2350 "0146 " 237:0 O16: js 
20T 0137 » 260:5 0154 - 
2180 *0130 » 284:0 "01-48 " 

C. 1425 0:0197 1:53 em. H. 143:0 0:0211 9:10 cm. 

|^ 1658 0184 » 167:2 0200 m 
188:8 0172 a 190:2 (1&7 ^ 
218 *0161 M 214:2 0174 : 
2357 "0142 » 237°2 0166 2: 
2579 70143 : 260:7 "0158 * 
280-5 0138 " 284:2 0151 - 

D. 142:9 0:0201 1:62 em. I. 143-2 0:0212 9-20 cin. 
166:2 0187 "" 1673 0203 s 
19-0 O177 ie 191-0 70190 N 
212-0 0166 " 2]4:6 0180 » 
95273 0155 x 238:0 0171 j 
2572 "0146 2 261:2 160 5 
280:9 "0140 P 28432 0155 h 

E. 143-0 0-0203 1°70 cw. J. 143:5 0:0215 2:40 cm. 
166:6 "0190 T 168:2 0205 - 
189-7 ‘0179 ^ 191:2 01092 A 
2132 0168 " 215-0 0184 " 
22672 ‘015% - 238:3 0173 T 
250-3 old » o81-0 0163 A 
285:0 :0143 7 285-0 0156 " 


* ‘Sensations of Tone,’ p. 143. 


140 Aural Fatigue and Frequency of Pulsation of Tones. 


independent of the manner in which the tones are produced, 
we are forced to conclude that the difficulty lies in the ear 
itself. We have, then, a plain indication that the vibrating 
parts of the ear are not damped with sufficient force and 
rapidity to allow of successfully effecting such a rapid alter- 
nation of tones." 

According to the experimental evidence of the fatigue 
curves, the blurring or merging together of tones in the bass 
is not due to the peculiar construction of the ear, nor to 
insufficient damping of the resonance mechanism, but is the 
natural consequence of the fact that the tones of the scale 
are not separated by absolute numbers of vibrations, but by 
numbers determined by fixed ratios. 

The difference in vibration frequency between two succes- 
-sive tones in the treble is very large when compared with 
the difference between two such tones in the bass; for 
example, the difference between c", 512, and d", 576, is 64 
vibrations, whereas the difference between C,, 32, and D,. 36, 
is only 4 vibrations. In a run in the treble, therefore, each 
tone is so far moved from the one preceding that the arches 
stimulated by the first tone are altogether outside the region 
of influence of the second. It can very clearly be seen 
therefore that, when c", d", e". f", ete. are sounded in rapid 
succession, the effect will be distinct and brilliant. And the 
higher the pitch of notes with which the runs and trills are 
made, the more distinct will each tone be from the other, and 
the more brilliant the total impression. 

In the bass. on the other hand, the opposite will be the 
ease. The difference between two successive tones is com- 
paratively very small. As previously noted, the difference 
between C, and D, is only 4 vibrations, while an octave 
higher it is only 8 vibrations. Since the difference in 
frequency between consecutive tones is so small, many of the 
arches responding to one tone will alxo respond to the other ; 
in fact, nearly the same range will be influenced by each 
tone. The arches most strongly affected will be the resonals 
of cach tone, and these are themselves not far distant from 
each other. In fig. 1, in which fatigue curves for five 
frequencies at tlie same pressure are shown, it will be noticed 
that the elevations for 152 and 163 overlap to some extent. 
The difference in frequeney in this instance is eleven vibra- 
tions. If the difference in frequency were smaller. the over- 
lapping would be greater ; therefore the farther down in the 
bass one attempts to produce a rapid succession or alternation 
of tones, the more nearly will the same range of resonators be 
influenced by adjacent tones, and the more indistinct and 
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blurred will be the general inrpression. If semitones are 
emploved instead of tones, the indistinctness will be propor- 
tionately increased. 

The results of this investigation seem to find their natural 
explanation in terms of the resonance theory of audition, and 
therefore no present attempt has been made to interpret them 
in accordance with the Wrightson displacement theory. 


This research was conducted under the auspices of the 
Honorary Advisory Council for Scientific and Industrial 
Research, Ottawa, to which body we wish to express our 
thanks. 


Department of Physics, 
University of Manitoba, 
Winnipeg. 


XII. On the Efect of Fatiguing the Ear with Combinations of 
Two or more Tones. By Morik WEINBERG, M.A., M.Sc., 
University of Manitoba, Winnipeg, Research Student in 
Physics of the Honorary Advisory Council for Scientific and 
Industrial Research, Ottawa *. 


I^ this communication, the method of studying the effects 

of aural fatigue by the critical frequency of pulsation or 
flutter of tones is applied to fatigue with two and three tones 
simultaneously. 

The experimental arrangements were the same as described 
in previous communications f, except in one particular. In 
the former work, the source of continuous sound—a Stern 
Tonvariator—was enclosed in a large wooden box lined with 
thick felt. The box, however, transmitted some of the sound, 
so that the rotating disk did not completely produce the ideal 
alternations of sound and silence. In these experiments the 
upper part of the tonvariator was enclosed in a box made 
of pressed fibre, which is an extremely poor transmitter of 
sound. Watson ł found that a plate of this material, one- 
quarter of an inch in thickness, was capable of transmitting 
only one-tenth of one per cent. of the sound. Accordingly, 
a box of suitable size and shape was constructed of the fibre, 


* Communicated by Prof. F. Allen, M.A., Ph.D. Read at the meeting 
of the Royal Society of Canada, Ottawa, May 1923. 

+ “On the Critical Frequency of Pulsation of Tones,” supra, p. 50. 

| Physical Review, vol. vii. p. 125 (1916). 
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in one side of which a circtlar hole was cut, through which 
the continuous stream of sound issued. Periodical inter- 
ruption of the sound-ray was effected by a rotating disk in 
which were four symmetrically placed holes similar to that 
in the box. This arrangement gave sharp and clear flutter- 
ings of the tone, and, in consequence, the speed of the disk 
could be accurately and rapidly adjusted to the critical 
frequency of flutter, so that the pulsations of sound appeared 
just continuous. Unfortunately, the dimensions of the box 
interfered to some extent with the range of frequencies that 
could be studied, and consequently only part of one octave of 
tones could he employed. For the investigations described 
in this communication, however, it served the purpose ex- 
tremely well. 


I. Application of the Critical Frequency of Pulsation of 
Tones to Tone Analysis. 


In a former paper * it was found that, when the ear was 
fatigued by exposure to any tone, the duration of the tone at 
the critical frequency of flutter or pulsation was increased 
over a range of about eight vibrations on each side of the 
frequency of the fatiguing tone. When similar measure- 
ments were made with the ear in its normal unfatigued con- 
dition, and the two plotted together, the fatigue curve 
appeared as a sharp elevation upon the normal, the peak of 
the elevation occurring at the frequency of the fatiguing 
tone. 

In the experiments herein described, two or three additional 
tonvariators were used to give simultaneous fatigue with 
two or three tones of determined frequencies. Suitable cali- 
brations of these instruments were made so that the exact 
frequencies were determined. 

The arrangement of apparatus is shown in fig. 1, in which 
A indicates the air current, G the pressure gauge, T the 
tonvariator, D the disk, E the ear, and S the speed count-r. 

The method of procedure was as follows :— 

At a definite blowing-pressure the tonvariator upon which 
measurements were to be made was adjusted to give a tone 
of definite piteh. The tonveriators used for tlie | purpose of 
fatigue were then accurately tuned. with it by eliminating 
beats, after which they were adjusted to give tones of desired 
frequencies. The lett ear was then fatigued with these tones 
for two minutes by holding it close to the orifices of the 


æ “On the Effects of Aural Fatigue upon the Critical F requency of 
bun of Tones," supra, p. 126. 
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tonvariators. Immediately afterwards the measurement of 
the critical frequency of pulsation, or flutter, of a tone 
within the fatigued range of frequencies was made. The 
fatiguing process was again and again repeated, and similar 
measurements made at close intervals, over a range of fre- 
quencies including, and wider than, the range defined by 


the outermost fatiguing tones. : 


Fig. 1. 


The first measurements were made with two fatiguing 
tones. These are tabulated in Table I. and the curves 
defined bv them are shown in fig. 2. 

The curve through the points not included in the elevation 
was taken to define the normal upon which the elevation is 
superimposed. This is indicated by the broken line. The 
elevation itself is similar to those obtained by fatiguing the 
ear with a single tone. The range affected by fatiguing, as 
shown by the width of the base of the elevation, is also 
approximately the same. In curve A the fatiguing tones 
were fifteen vibrations apart. Similar curves were obtained 
with fatiguing tones the frequencies of which, as shown in 
the table of values, slowly approached each other. Series I. 
in fig. 2 is such a set of curves. In this series the highest 
curve, B, was obtained with fatiguing tones that differed b 
two vibrations only, and curve A with tones that differed by 
fifteen. vibrations; the intermediate curves were obtained 
with fatiguing tones which varied between these limits. 

As can be seen from curve A, fip. 2, when the fatiguing 
tones are fifteen vibrations apart, there was very little over- 
lapping in the elevations. Had they been about twenty 
vibrations apart, it is quite certain that each elevation would 
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be complete and distinct from the other, one elevation be- 
ginning at the point in the normal where the other ended. 
Interpreted according to the resonance theory of audition, 
this would seem to indicate that each of the fatiguing tones 
would affect a different set of arches—or whatever part of 
the resonating mechanism responds,—which, however, were 
adjacent to each other. From this it may be assumed that 
were the differences in frequency of the fatiguing tones 
greater than those used for these curves, the nature of the 
elevations would be the same, but with an increased extent 


Fig. 2. 


0.020 


of normal curve between them— i. e., the sets of arches 
influenced by the simultaneously fatiguing tones would be 
no longer adjacent, but would have a stretch of uninfluenced 
arches between them. 

It can be seen from fig. 2, Series I., that, as the fatiguing 
tones approach each other, overlapping of the elevations 
takes place— i. e., the curve between the maxima of the 
elevations no longer drops to the normal, but becomes 
more and more shallow until, when the difference in fre- 
queney is two vibrations, it has become a short, straight, 


pe 
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TABLE I. 


Fatiguing with Two Tones simultaneously. 


N. D. P | N D. P | N D P 


I. Fatizuing Tones, | I. Fatiguing Tones, II. Fatiguing Tones, 
159 and 175. 159 and 164. ... 187 and 199 (cont.). 
D.V. Sec Cin. | D.V. Sec. Cm. | D.V. Sec Qm. 
145 0195 1-50 145 00195 165  ; 189 -0190 155 
133 UID, 153  :0192 | 191 -^0188  , 
1^5 ol 157 470192  , | 294 OIS 
199 0205 — —n, ! 159 0201 197 0189  , 
161. 0195  , 161 01%  , 199 0195 
16} 0190. 164 0199 ,, 201  :0189 
los  -Ul-9 166  -01923 204  -0l84 


169  Á:0190  , |. 212 -0181  , 


170 Ol, 
M9 0187 ,, | 


73 0195 
To OA) i 
| ee Ut se 
1*3 188 j 
1: WiSe ja 


Fatiguing Tones, 


Fatiguing Tones, 187 and 196. 
159 and 161. D.V. Sec. Cm. 
D.V. See. Cm. | : 7 A e 1:55 
3 '01: *65 » 
145 00195 165 | iss ols; 
187 0191 5 
189 0187 


153 0192 ,, 
: ee 
Fatiguing Tones, l7 70196 , | 


159 and 171. a oa 2 191 -0186 ” 

1 " - UM ‘Ols7  , 

145. €'0195 1-60 175 0187 is | 196 '0190 ys 
| 


198  :0185  , 


loo 192  , 
200 0180  ,, 


156  "Ulóy II. Fatiguing Tones, 


159 vm 187 and 203. (70 7075 , 
161 MU D.V. Sec. Cm. | Fatiguing Tones, 


164 0192 " 
1060 0192 = 
] na '0] H PRI 
171 O20 T 
174 -O197 » 
176 0190 ii 
187 ols? 


170 00192 155 | 187 and 191. 
179-0186, D.V. Sec. Cm. 
183 -0183  , 175 00186 1:55 
183 0l8l ,, 
185-0186  , 
189 0189 , 187 0188  , 


185  -0192  . | 
| 

191 ‘O18  , | 189  -0187 
| 


187  Á:0194  ,, 


195  -0180  ,, 190 0188  , 


| 
| 
| 
D.V. Sec. Cm. | 164  -0192 
| 
| 
| 
| 
| 199 o7 , 191 -Uls9 i, 


Fatiguing Tones, Í 201  :01902  , © 194  :0184 

159 and 168. | 20 0095 n 97 qaa ” 
DV. Se. Cm. ! 205 0l] , 208 0177 
Ho 00M 160 | 207 0179 , | 
1533  c0]02 " 216  :0177 ^ Fatiguing Tones, 
]» 096 | 187 and 189, 
Los O99 nh Fatiguing Tones, | D.V. Sec. Cm. 
161 O19] - 187 and 199. |»... M5 00184 155 
1064 — 0194 T D.V. Sec. Cm. | 1893  -018L M 
les — -0194 o, 170 0:0192 1:55 185 0187  , 
lës wD], 179 d 0187  , 187  :0190 
19:0 (200 183 Á:0185  , 189 0190 
172  Á OND, 185 0189  , 19] -0185  , 
le  -c0137 |, 187 OI%  , 199  -0150 — , 
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horizontal line. In other words, as the fatiguing tones 
approach each other, more and more of the arches respond- 
ing to the one tone will simultaneously be under the in- 
fluence of tlie other fatiguing tone until, when the fatiguing 
tones are very close together, approximately the same range 
is influenced by each. 

Fig. 2, Series II., is a set of curves obtained in a similar 
manner to Series I., which shows the same effects over a 
range of frequencies higher up in the octave. It serves, 
therefore, as a confirming experiment. The data are also 
given in Table I., in which N is the frequency, D the 
duration of the tone at the critical frequency of flutter, and 
P is the pressure to which the intensity is proportional. 

The above sets of curves seem explainable by no other than 
a resonance theory. The evidence afforded by them may 
therefore be taken as strongly supporting the theory, that 


Fig. 3. 


“40 ^ yo 200 230 


some resonating mechanism by means of which complex 
tones may be analysed into their components exists in 
the ear. 

A series of experiments similar to those above described 
was then carried out, in which three simultaneously fatiguing 
tones were used. This series of curves is shown in fig. 3, 
and was plotted from data in Table II. The three-elevation 
eurves exhibit the same peculiar charaeteristies as do the 
previously described two-elevation curves. Here, again, 
when the fatiguing tones are about sixteen vibrations apart, 


the Ear with Combinations of Two or more Tones. 147 


TABLE II. 

Fatiguing with Three Tones simultaneously. 
N. D. P. N. D. P. 
Fatiguing Tones, 166, 184, and 200. | Fatiguing Tones, 175, 184, and 191. 
D.V. Sec. Cm. D.V. Sec. Cm. 
153 00192 1:60 161 00193 1:50 
161 '0190 j 170 "0190 j 
164 0197 s 178 0194 " 
166 -0205 5 175 -0201 s 
169 "0197 " 178 '0196 » 
172 0188 "T 180 0104 2 
176 0188 vs 182 0197 "i 

179 "0191 »5 184 0199 X ' 
1&1 ‘0197 js 185 ‘0195 " 
154 0202 a5 187 0193 A 
186 70196 is 189 :0195 
189 0192 T 191 ‘0198 - 
192 "0195 n 194 0192 j 
196 *0192 » 197 '0189 a 
198 0197 3 | 208 '0181 7 
200 02023 » ' 
2053 0197 " | Fatiguing Tones, 179, 184, and 189. 
25  -0192 5 | D.V. Sec Cm. 
212 -0187 M | 166 00195 151 
230 0185 à | 172 0192 i 
| 176 0197 5 
| 179 0199 T 
Fatiguing Tones, 171, 184, and 196... 181 *0197 » 
D.V. — See. Cm. | 182 0197 " 
157 Q0Ul96 — 157 i 184 0199 e 
166 0192 os 185 0197 T 
168 0184 A 187 0195 si 
1:10 —. :0201 : 139 . :0201 i 
174 0198 $ 191 — :0196 i 
176 0192 — , 19$ 0189 — , 
19  -0194 $ 203 -0185 h 
e ix 
i bona d: | Fatiguing Tones, 181, 184, and 186. 
191 0192 : 175 — :0i92 x 
194 . 019% $ M9 094 - 
196 — -0201 E 181 O18 i 
199 9197 " 184 0198 35 
912 0182 J 159 0193 vt 
191 *0190 n 
203 0187 » 


each elevation slopes down almost, if not quite, to the 
normal. As the differences between the frequencies of the 
fatiguing tones are decreased, the curves between the peaks 
of the elevations again recede from the normal until, when 
thev have approached each other very closely, there js a 
short, straight, horizontal line between them. At that point 
approximately the same range of arches is influenced by each 
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fatiguing tone, and the resonals of each—+. e., those arches 
possessing natural vibration frequencies corresponding ex- 
actly with those of the entering tones—are adjacent to 
each other. In all cases, whether fatiguing with two or 
with three tones, the maxima of the elevations define the 
regonais. 

The curves indicating the effects of fatigue caused by 
three tones are thus seen to be exactly similar in character 
to those for two tones. It may therefore be justifiably 
assumed that were the ear to be fatigued with more than 
three tones simultaneously, by a method of procedure similar 
to the one above described, a set of curves would be obtained 
possessing peculiarities similar to those possessed by the 
curves in figures 2 and 3; in all cases the highest peaks of 
the elevations would define the resonals—i. e., the resonating 
arches corresponding to the frequencies of the fatiguing 
tones. 

The above therefore indicates an altogether new and very 
interesting method of tone analysis. To analyse a compound 
tone would only necessitate repeated fatiguing with the given 
mixture of tones, each fatiguing process being accompanied 
bv a corresponding persistency measurement ; the entire 
procedure being extended over a range of frequencies within 
which, it is judged, the component tones lie. 


II. An Evperimental Study of Differential Tones. 


Combinational tones are heard when two musical tones 
of different pitches are sounded together loudly and con- 
tinuously. They are of two kinds—differential and sum- 
mational tones. The pitch number of the differential is equal 
to the difference of the frequencies of the generating tones : 
and that of the summational tone is equal to the sum of the 
frequencies of the generating tones. 

There are different orders of combinational tones. The 
differential, or combinational tone of the first order, is one 
of piteh equal to the difference of the vibration frequencies 
of the generating tones themselves. Combinational tones of 
the second Eder. are formed by the combination of the gene- 
rating tones with differentials of the first order. These again 
produce new combinational tones with other differentials. 
There are thus differential tones of many orders, the first- 
order differential being the loudest, the inter isity decreasing 

rapidly as the order of “the diftcvential becomes higher. 

This investigation deals with differential tones ‘of the first 


order only. ` 
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The successful results obtained in investigating the effects 
of aural fatigue suggested the application of that method to 
determine the probable nature of the combinational tone. 

The apparatus used was the same as that employed in the 
investigation in the first section of this paper. 

The method of procedure was as follows :— 

Two tonvariators were adjusted to give tones of such 
frequencies that their differential of the first order tell some- 
where within the range of frequencies upon which measure- 
ments of the critical frequency of pulsation could be made. 
The true frequency of the differential tone was obtained from 
the calibration curves of the tonvariaters made by compa- 
rison with tuning-forks. Fatiguing with the two generating 
tones simultaneously, and proceeding in a manner similar to 
that described in the previous section, measurements of 
the critical frequency of pulsation were made at very short 
intervals over a sufficiently wide range of frequencies which 
included the differential tone of the first order. 

The resulting curves, plotted from the data in Table III., 


TABLE III. 
Differential Tones of the First Order. 

N. D. P. N. D. P; 
A. Generating Tones, 170 and 370. B. Generating Tones, 220 and 400. 
Differential Tone, 200. Differential Tone, 180. 
D.V. Sec, Cm. D.V. Sec. Cin. 
180 00195 1:55 159 00104 1:50 
190 -0191 : J69 — -0192 " 
194 0195 . 174 0196 s, 
197 0195 7 177 -0197 a 
200 0199 js 1S0 0199 5 
2X3 V19] 7 | 183 — :0194 2 
206 0189 E: 186 0193 a 
210 ‘0190 194 WINS 
214-0186 : | 199 -0156 X 

220 70185 

Generating Tones, 150 and 350. | C. Generating Tones, 220 and 380. 
Differential Tone, 200. | Differential Tone, 160. 
D.V. Sec. Cm. D.V. Sec. Cm. 
180 00195 1:55 142 0:0199 1-45 
190 0193 - | 151 0196 " 
194 *0191 | 154 :0103 S 
197 0192 = i 157 :0195 " 
?00 — -0199 i 160 — -0195 E 
203 0192 " 163 0192 
206 *0189 is 166 0191 - 
210 0188 is 172 0102 - 


220 'U185 » 182 0191 y 
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are given in fig. 4. Each graph is seen to be a portion of 
a normal curve, broken by a short elevation similar to that 
obtained by direct fatigue. The peak of the elevation is 
at a frequency which very closely approximates that of the 
differential. Curve A is the average curve drawn through 
two sets of measurements, both for the differential tone of 
frequency 200, the generating tones of each set differing by 
that number. The frequencies of the generating tones are 
given in the table. This indicates that no matter what the 
generating tones may be, the combinational tone will in- 
fluence the same portion of the resonating system if the 
: difference of their vibration frequencies is the same. 


Fig. 4. 
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Curves B and ( were obtained in a similar manner to A, 
but for differing pitches of the differential. The characteristics 
of all the curves appear to be the same. Curve C is a little 
shallower than A and B. 

The position of the maximum height of the elevations 
represents approximately the pitch of the differentials. The 
vertical heights of these elevations, however, are not as great 
as those representing fatigue caused by ordinary tones. This 
difference is probably due to the comparatively low intensity 
of the differential tones. 

The graphs discussed may, with the aid of the resonance 
theory of audition, be interpreted in such a manner as to 
explain the probable nature of the differential tone. "The 
elevations indicate that the differentials have as direct an 
effect upon portions of tlie series of resonating arches as have 
tones generated in the ordinary manner—. e., differential 
tones are objective in character. 

It was formerly believed that combinational tones were 
subjective effvcts—i. e., purely psychological phenomena. 
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Helmholtz * himself stated that there were both objective 
and subjective combinational tones. Preyer f carried out a 
series of experiments which seemed to prove the subjectivity 
of differential tones. The experimental evidence as given 
above, however, supports the theory that differential tones 
of the first order are objective, since they possess the same 
peculiarities of stimulation as do tones produced in the- 
ordinary manner. In other words, they are physiplogical 
and not psychological in their origin. 

It was hoped to carry through a series of experiments 
similar to those above described for summational tones. 
Since this would necessitate the taking of measurements over 
a range of frequencies far higher than that which could be 
measured with the experimental arrangements at the time, 
their studv had to be postponed until the apparatus could be 
improved to allow measurements to be taken over a more 
extended range of frequencies. 

Many attempts were therefore made to adapt the apparatus 
to higher octaves. But with frequencies above 300 d.v. the 
rotating disk was incapable of giving sufficiently marked 
alternations of intensity of the sound to be of any value. A 
new method of interruption of the sound-ray was found, but 
it has not yet been sufficiently developed to give reliable 
measurements. 


In conclusion, it may be stated that the results of this 
investigation support ihe theory formulated by Helmholtz, 
that tones are perceived and differentiated from each other by 
means of a resonance mechanisin which exists in the internal 
ear. From this general statement it is also clear that 
differential tones and probably summational tones are not 
excluded. 

I wish to acknowledge my indebtedness to the kindness 
and valuable advice of Dr. Frank Allen, Director of the 
Department of Physics of the University of Manitoba, at 
whose suggestion and under whose direction the investi- 
gations here described were carried out. 

I also desire to express my thanks to the Honorary 
Advisory Council for Scientific and Industrial Research, 
Ottawa, under whose auspices this investigation was con- 
ducted. 
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University of Manitoba, 
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* Helmholtz, ‘Sensations of Tore, p. 531. 
T Loe. cit. p. 531. 
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XIII. On a Supposed Limitation of the Second Law of 
Thermodynamics. By ENos E. Witmer, Ph.D., Jlarrison 
Research Fellow at the University of Pennsyl rania *. 


N an article in the Phil. Mag. (6) vol. xliii. p. 1047 (1922 

Fairbourne gives a proof thatifa vesselof suitable shape, 
typically a truncated cone open at both ends, be immersed in 
a gas so rarefied that the mean free path of the molecules is 
large compared with the dimensions of the vessel,the molecules 
entering in haphazard directions will be diverted to leave in 
one preponderating direction. This state of affairs would be 
contrary to the second law of thermodynamics, assuming its 
applicability in this case, sincea paddle-wheel properly placed 
with respect to the vessel would yield mechanical work at 
the expense of the thermal energy of the gas. To many 
physicists the conclusion suggested that the argument was 
fallacious. The fallacy exists, and is pointed out below, 
I believe, for the first time. 

Fairbourne's proef, for the details of which reference must 
be made to the original article, is based upon the following 
assumptions, expressed or implied :— 

l. That the mean free path of the molecules of the gas 
surrounding the vessel is so great that intermolecular col- 
lisions in the vessel are occurring with only a negligibly 
small fraction of the total number of molecules which pass 
through in a representative period of time. 

2. ‘That regular reflexion of the molecules takes place at 
the sides of the vessel. 

3. That there are no forces of attraction or repulsion 
between the sides o? the vessel and the gas molecules. 

4. In the course of the argument, which is carried out in 
two dimensions, he explicity makes the apparently justifiable 
assumption that at any point O in the face of the vessel 
T" molecules will enter equally in all directions throughout 
1807." 

The first three assumptions are admissible ; the last one 
properly interpreted is also, but as it is applied in 
Fairbourne's proof, and as one would naturally interpret it, 
it is not admissible. The term * point" in this assumption 
is misleading. As is frequently the case in physics, tiie word 
“ point ” is used in Fairbourne's proof to signify not a point, 
strictly speaking, but an element of length. Put into rigorous 
terms, the last assumption, naturally interpreted, is that 


* Communicated by Professor Dazzoni. 
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through the elementary length dz at the point O, molecules 

will enter equally in all directions throughout 1809. This 

Fig. 1. statement is manifestly untrue. 

"t Let dx be an element of length, OP the 

normal directed toward one side, and 8 

0 the angle between any direction and OP. 
Then if dn is the number of molecules 
crossing dv in directions included between 
0 and 0 -- d0 in a time dt, 


O du=N cos@dud0dt, . . (1) 


ZX where N is a constant. 
The false assumption discussed in the last paragraph is 
equivalent to the omission of the factor cos 0 in (1). 
The number of molecules dn, which cross d. in directions 
included between 0=0 and 0—a is 


Ts 


dny=Ndu dt (“cos 0 40 


e 0 


=N sin adgæ dte . . . . . . (2) 


We shall now carry through the reasoning with the modi- 
fication indicated for the first vessel considered by Fairbourne, 
and show that the same number of molecules pass through the 
vessel upwards as downwards. 


Fig. 2 
A N E D 
B M O0 C 


The two-dimensional vessel is ABCD (fig. 2). AB and CD 
are the sides, while AD and BC are open. 
ZABC-ZDBCD 455, 
AD is parallel to BC, 
AN=ND=MN«=a, 
and BM=MC=AD=2aua. 


Let MOz NE--.. 
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We shall first derive an expression for the number of 
molecules which enter through BC and pass out through AD. 
There are two cases to consider. i 


(a) For points under AD. 
For such points —a <x «a. 


It can easily be shown that in this case only molecules 
whose directions are included in ZAOD pass out through AD 
from the element d at O, the rest being reflected through BC. 


But ZAOD=ZAOE+ZDOE 
=a, + a. 


And from (2) the number of molecules passing through 
the element dz (determined by. and 2+ dz) and out through 
AD is 

nada = N (sin aj -F sin «5)dz dt. 
For x» 0, 
d.r dt (a — x)da dt 
tesy Vroed 
S Vat (a 4 c)? i V/at 4 (a — x)? 

Integrating, the number of molecules passing out through 

AD from points under AD is 


Ü nde — Ik ndx 


—2Ndt | VEF (ate) Pu? + suce] 
=2Na( V 5 = dt. . . ...-. . (3) 
(b) For points under the sides 


AB and CD, i. e. | x | >a. 


Fig. 3. 


In fig. 3 let O' be the reflexion of O in CD, and Q the 
intersection of CD and O'A. Then ZAQD= Z CQO. 
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It is easily seen that only molecules whose directions are 


included in ZQOA pass out through AD from O. 


Since ZBCD = 459, 
LZ0'C0Oz 909, 
and DF =a. 

Let OE be normal to BC. 

Then ZQOA — ZAOE —ZQOE. 
But ZQOEZzZO'AF ; 

hence ZQOAZZAOE—ZO'AF. 
zz — a. 


Hence in this case 
nod = N(sin a, —sin as)da dt ; 
and for 7» a. 
| (e a)da dt _N (a—a)da dt 
V. a? + (z - a)? ~V 9a? + (z — a)? 
Integrating, the number o£ molecules passing out through 
AD from points for which | z | >a, :. e. 


nada zz N 


* 


2 
z| 


nada 2Ndt | VF (a a — V 9a! (e—a) | 
—-2Nadt(3—wv5) . .. ... .. (4 


Hence, adding (3) and (4), the number of molecules passing 
upward through AD is 4Na dt. 

From (2) the number of molecules passing from one side 
to the other 1s 


2a 


2N dz dt sin > —2N de dt. 
Hence the number of molecules passing downward through 
AD is also 4Na dt. : 

This shows that the same number of molecules pass upward 
through a vessel of the specified shape as downward. 

We shall now give a proof that applies to any two-dimen- 
sional vessel ABCD where ABand OD are sides of the vessel, 
AD and BC heing open. This will include both the vessels 
studied in detail by Fairbourne. Here it is necessary to 
consider the directional distribution of the molecules at a 
point. We shall say that the directional distribution of the 
impinging molecules is normal at a point P and within the 
LAPB if eq. (1) applies to an element of length dz placed at 
P for all molecules which impinge in directions included in 
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LAPB, and if further the N that applies is the N for a point 
within the mass of the gas—/. e., a point at least three or four 
mean free paths from the boundary of the gas. The normal 
directional distribution of the molecules reflected from a 
point on a surface is defined in a similar manner. We shall 
further assume that for a point on or near the boundary the 
directional distribution of the impinging molecules is normal 
at that point and within a given angle, unless there is a 
boundary of the gas in that angle within a radius of three or 
four mean free paths. 


Fig. 4. 


Of the molecules entering ABCD, some collide with the 
sides, some pass through without collision, but only a negli- 
gibly small number collide with other molecules. 

Let us consider first those that impinge on the sides AB 
and CD in fig. 4. We wish to determine the number of 
molecules that enter through AD and collide with the sides 
as compared with the number that pass out through AD after 
reflexion from the sides; likewise for BC. In doing this we 
must be careful to count every molecule, and not to count 
any molecule more than once. It is evident that every 
molecule that impinges ona side will impinge fora first time 
after entering the vessel, and fora last time before leaving 
the vessel. Therefore, if at any given point of the sides we 
couut only the molecules which enter directly or leave directly, 
we shall count all, and not count any more than once. 

In fig. 4 consider an element d. at the point O on the 
side CD. Of the molecules leaving d.e, all ultimately get out 
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through AD and BC, some directly, some only after a 
number of reflexions. Fox the sake of simplicity, suppose that 
all escape after no more than one reflexion, and that all the 
reflected molecules get out through BC. Since every path is 
reversible, this argument shows that molecules will strike dx 
in all possible directions. We shall now show that the 
directional distribution of the molecules impinging on de is 
normal. Since ZAOB and ZCOB face the free gas, it is 
easily seen that in these angles the directional distribution 
of the impinging molecules is normal. To determine the 
directional distribution at O in ZAOB, consider dw’ the 
reflexion of de in AB. Since any path in ZAO'B which 
would lead to div’ at a given inclination to its normal if AB. 
were not present leads to de at the same inclination to its 
normal. it is easily seen that the directional distribution in 


ZAOB at O is the same as it would bein ZAO’B atdz'if AB 


Fig. 5. 


B | C 


were removed. But the latter directional distribution would 
be normal since the angle faces free “ space.” Hence the 
directional distribution of the molecules impinging at O is 
normal in the entire Z DOC. But regular reflexion on a 
plane leaves a normal distribution normal. Hence the same 
number of molecules return from dz through AD as entered 
through AD and impinged on dx. Since this is true for 
every elementary length on AB and CD, it follows that of 
the molecules impinging on the sides the same number go out 
through AD as entered through AD; likewise for BC. 

Of the molecules that pass through but do not collide with 
the sides, all pass through AD. Consider an eiementary 
length d» at P on AD in fig. 5. Only molecules whose 
directions of motion lie in Z BPC or 7 B'PC' pass through 
without collision with the sides. Since these angles facing free 
“apace " are equal and similarly situated with respect to «dr, 
it follows that the same number of molecules leave through 
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AD without collision with the sides as enter through AD and 
do not collide with the sides. 

It follows, then, that the same number of molecules leave 
through AD as entered through AD, and likewise for BC. 

It is easily seen that, by taking into consideration the 
velocities of the molecules, the argument above will show that 
the pressure at every point on AB and CD is the same as the 
pressure at any point within the mass of the gas—i.e., at a 
point more than three or four mean free paths from the 
boundary. In other words, the pressure is normil at all points 
on the sides of the vessel. 

It is evident that the same process of reasoning can be 
applied in the case where some molecules escape from the 
vessel only after a number of reflexions. Consider first the 
molecules that collide with the sides. Thus, if fig. 6 re- 
presents the general case, we can say that of the molecules 
leaving the element dx at O some ultimately go out through 


Fig. 6. 


AD, the remainder through BC. Furthermore, we can 
divide up the straight angle DOC into angles AOD, FOA, 
COB, etc., such that all the molecules leaving the clement dz 
at O in directions included in any one of these angles will 
suffer the same number of reflexions, and ultimately go 
out through the same open face. To be definite, let us say 
that all the molecules leaving O in directions ineluded in 
Z. DOE escape through AD, those in Z AOD directly, those 
in ZFOA after one reflexion, those in Z FUG after two 
reflexions, ete., while below in like manner all the molecules 
leaving O in directions included in Z COE go out through BC, 
those in Z DOC directly, those in Z HOBafterone reflexion, ete. 
Since every path is reversible, all molecules impinging on the 
element dz at O within any one of these angles will have 
undergone the sume number of reflexions, and have entered 
through the same open face. Now, just as in the case of one 
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reflexion we showed that the directional distribution of the 
molecules impinging at O was normal, so it can easily be 
shown that for any number of reflexions the directional dis- 
tribution of the impinging molecules will be normal at O. 
Having shown this, the rest of the argument follows as 
before. 

It is easily seen that the same sort of argument applied to 
any point within the vessel ABCD will show that the gas- 
pressure and directional distribution of the molecules is also 
normal at that point. 

So far, the argument has been confined to two dimensions. 
It is easily seen, however, that the process of reasoning, using 
the method of reflexion applied in the last two cases, could 
be applied to a three-dimensional vessel of the shape of a 
truncated pyramid, the upper and lower bases being open. 
It could, therefore, be applied toa vessel of the shape of a 
truncated cone, since the latter could be regarded as the 
limiting case of a truncated pyramid of many sides. 

We have demonstrated, therefore, that for the type of 
vessels considered in this paper there is no movement of the 
gases in one preponderating direction. Furthermore, the 
type of reasoning applied above to the vessel in fig. 6 could 
be applied to vessels of various shapes ; and it is highly pro- 
bable, therefore, that there is no shape of vessel that will 
produce a movement of the gas in one preponderating 
direction. 


The author acknowledges his indehtedness to Professor 
C. B. Bazzoni, who suggested this investigation. 
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XIV. Ultimate Rational Units. 
By NORMAN CAMPBELL, Sc./).* 


Scmmary.--The paper contains a criticism of Prof. Lewis's theory of 
* ultimate rational units.” It is argued that the theory is demonstrably 
false, and arises merely from a failure to observe that the equations by 
which Planck proposes to determine his “ natural units" from universal 
constants are usually indet-rminate. 

After the proof is completed a few general observations are offered on 
the assumptions and arguments on which the theory is based 


1. FH E theory of ultimate rational units was propounded 

by Prof. G. N. Lewis f in the Phys. Rev. iii. p. 92 

(1914); extended in J. Amer. Chem. Soc. 44, p. 1008 (1922); 
* Communicated by the Author. 

T Since in the last paper Prof. Lewis takes entire responsibility for 


the theory, I have omitted all reference to those with whom he was 
associated iu the earlier publications. 
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and re-stated in Phil. Mag. xlv. p. 266 (1923). These papers 
will be denoted as (I), (I1), (III). I propose to criticize this 
theory; and at the outset would offer some apology for 
occupying valuable space with purely destructive arguments 
which are, moreover, belated. ° 

My apology is that the need for criticism has only arisen 
recently. Jt has always appeared to me that the arguments 
on which the theory is based are utterly unsound ; "but for 
many years, since nobody seemed to take the theory seriously ; 
[ imagined that others shared my opinion. But it now 
appears that the very simple fallacy on which the theory is 
based is not generally understood. Mr. Dushman * has 
recently taken the theory quite seriously in interpreting 
some valuable experiments ; Prof. Lewis has challenged 
eritieism by re-stating his theory in a very positive manner 
in (III); and — most significant of all—'*O. J. L." in 
appending to this last paper some general objections to 
Prof. Lewis's arguments (in which I concur entirely), bas 
omitted to draw attention to the simple reasoning whereby 
it can be demonstrated to be false. 

One further word of explanation. The theory of U.R.U. 
(if I may use the abbreviation) is concerned with units and 
dimensions. In my ‘ Physics’ I ventured on some criticism 
of the current exposition of this subject. It is important, 
therefore, to insist that the arguments I am about to advance 
have nothing whatever to do with any new or unorthodox 
views. They are all implied by the well-known reasoning 
on which Planck based his ‘natural units" ; in fact. I 
should gather from Planck's exposition of that subject that 
- he judged the errors which have led Prof. Lewis astray too 
obvious to be worth noticing explicitly. It is only when, by 
the most strictly orthodox. reasoning, I have disposed of 
U.R.U., that I shall offer a. few general remarks which 
may be (though they should not be) “slighty less familiar. 


The theory of. U.R.U. is stated thus by its author :— 
aii, p. 270) “ There is possible a set of units in terms of 
which all universal constants (and not merely those which are 
employed in defining the units) will be reduced to simple 
numbers.” Ladmit atonce that the theory, expressed in this 
form, is not demonstrably false; indeed, at some ‘time in the 
future it may appear obviously true (see p. 172 below). But 
that is only because there is ambiguity in the terms “all uni- 
versal constants” and “simple numbers." The first ambiguity 


* S. Dushman, Phys. Rev. xxi. p. 623 (1923). 
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we shall find not directly important for our purpose ; but we 
must have some clear idea of what numbers are simple. 
We can gather enough indication from Prot. Lewis’s use of 
his theory, . He deduces from it the proposition that, if a set 
of units are chosen so that some universal constants are 
represented by certain simple numbers, then there is a 
presumption that any other universal constant is to be 
represented in terms of these units by a simple number, and 
that therefore evidence can be produced tor a universal 
constant having one value rather than another. This last 
conclusion does not follow unless it is asserted of simple 
numbers (1) that not all numbers are simple, (2) that the 
simplicity of a number is something that can be determined 
before it is kngwn whether it is actually the value of a 
universal constant. If these propositions are admitted, we 
know enou;h about simple numbers to proceed with our 
proof. 


3. Let us proceed to discuss generally how a set of units 
mav be chosen to give universal constants assigned values. 
We shall assume nothing more than the elementary principles 
of the most orthodox theory of dimensions, according to 
which there are certain fundamental magnitudes, f in 
number, the units of which may be fixed independently of 
each other, while all other magnitudes (including the n 
universal constants) have dimensions in terms of these 
magnitudes. What precisely is meant by the latter part of 
this assertion is best described by the equations (1) which we 
are about to state. 

Let Uj,...., Uy be the fundamental magnitudes, Aj, ...., An 
the universal constants. Let a;,....,«, be the numerical 
values of these constants in terms of the fundamental units 
by means of which they have actually been measured ; this 
set of. units will be termed “ practical units.” (77. g. if A, is 
the velocity of light, and c.g.s. units are practical units, 
a,—3x10".) Let ai’, ....,0,' be the numerical values which 
it is proposed to assign to the uuiversal constants in the 
hope of finding some set of units which will give these 
values. If such a set can be found, let u;,...., up be the 
numerical values of these fundamental units in terms of the 
practical units. Further, let d,, be the dimensions of A, in 
terms of U,. Then, in virtue of the principles assumed, there 
must be a relation between the numerical values and the 


Phil. Mag. Ser. 6. Vol. 47. No. 277. Jun, 1924. M 
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dimensions, which are stated most conveniently in logarithmic 
form thus :— ) 


di log uy + dig log uos... di log ug log [- ) | 
(1) 


€. . . e. e . . . . e . . . 
dy, log u + di, log ug +... d,rlog us= log (2) | 


If the equations (1) are all independent, and if »—f, they 
suffice to determine uniquely the values of the w’s. This is 
the case investigated by Planck. If on the other hand n « f, 
the equations do not determine the w’s uniquely ; an infinite 
number of solutions is possible. If x>/, then there is in 
general no solution. We can use f of then constants to 
determine the units by assigning values to these J, but we 
have no control over the values which will then have to be 
assigned to the remaining n—/f constants. If they turned 
out to be values previously assigned to them, we should have 
to regard the agreement either as “mere chance" or as 
indicating some further relation which the elementary theory 
of dimensions does not take into account. These facts are 
apparently implied by the parenthesis in Prof. Lewis's state- 
ment of U.R.U. 

But he has failed to observe—this is the crucial point of 
the discussion— that these facts are facts only if the equa- 
tions (1) are all independent, and that it is quite illegitimate 
to assume that they are always independent. For suppose 
that it is possible to form trom the z constants a no-dimen- 
sional magnitude Aj? A52 .... A,*. Then we shall have to add 
to (1) the f equations 


plucqda-c .... +8d,,=0 


0. (2) 
pdirt qd + T + sd, — 0. 


If we now multiply the equations (1) in order by pig, .... s and 
add them, we obtain 


plog (^) +q log(“2) Fseeslog( n 


n 


)=0. . (3) 


If this equation, which is independent of the ws, is not true, 
the equations (1) are inconsistent and there is no solution of 
them. If (3) is true, it can be used to eliminate one of the 
equations (1), and their number is reduced to »— 1. 

We must inquire therefore in what conditions a no- 
dimensional magnitude can be formed out of the n constants. 
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The condition is that there shall be some solution of equa- 
tious (2), i. e. some set pj, qi, ...., $ Which satisfy them. The 
result important for our purpose is that if n —f 4 »', where a 
is positive, there are at least »' solutions, no one of which can 
be deduced from the others. It »' is negative-or zero, there 
may or may not bea solution. This result would fail only if 
equations (2) were not independent, and if there were some 
necessary relations between pj,q1,....,5; that is to sav, only 
if there were some dimensions which a universal constant 
could not have. So far as I am aware, neither Prof. Lewis 
nor anyone else has suggested a possible limitation on the 
dimensions of universal constants; the matter need there- 
fore not be discussed. But it may be well to remark that, if 
there is a limitation, itis still possible to prove that U.R.U. is 
false in all the applications which have been so far made of it. 

If n’ no-dimensional magnitudes (and not only 1) can be 
formed of the n constants, these being independent in the 
sense that none of the no-dimensional magnitudes can be 
formed by simple combination of the others, then there will 
be no solution of (1) unless n’ equations of the form (3) 
are all true; and if they are true, then the number of 
equations (1) is effectively reduced to n —»' *. 


4. With these considerations as a guide, we can state 
exhaustively what conditions can occur when we trv to 
determine a set of f units by assigning values to » constants, 
and whether, in each of them, the determination is possible. 


I. It is impossible to form a no-dimensional magnitude 
from the » constants. 


a. n2 f. The case cannot occur. 

b. n=f. A single set of units can be determined, 
whatever values are assigned to the con- 
stants. 

c. nc f. Infinitely many sets of units will give the 
assigned values, whatever thev may be. 

II. It is possible to form n' no-dimensional magnitudes, 
but the values assigned to the constants are such that 
one or more of the resulting equations (3) are not 
true. 


No set of units will give the assigned values. 


* The purely algebraic argument may be found difficult by some 
readers. But they will speedily find out the sizuificance of what has 
been said if they will try to determine a set of units of mass, length, 


time which will give assigned values (say unity) to the 3 constants, e, A, c, 


» . . . . 2 — 1 - ] 
which form the no-dimensional combination eh c. 


M 2 
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IIT. It is possible to form »' no-dimensional magnitudes, and 
the values assigned are such that all the resulting 
equations (3) are true. 


a. n>f+n'. The case cannot occur. 

b. n=f+n', A single set of units can be determined, 
whatever values are assigned to n—n' 
of the constants, those assigned to the 
remaining 1' being such as to make the 
n' equations (3) true. 

e. n<f+n'. Infinitely many sets of units can be de- 
termined, whatever values are assigned 
to n — »' of the constants. 


For completeness a word should be added about experi- 
mental error. The numerical values a, ...., «, are, of course, 
never known exactly; equations (1) and (3) should be 
replaced strietly by inequalities assigning limits. The effect 
of such a substitution on the conclusions just stated would be 
to replace in I. b and III. b “a single set of units” by “a 
single set of ranges within which the units must he.” But 
conciseness and no inaccuracy follow from the neglect of this 
complication. — 

An examination of our conclusions shows that, in deciding 
what set of units, if any, will give assigned values to universal 
constants, 1t cannot possibly be relevant whether those values 
are simple. For if the conditions are such that a set can be 
determined uniquely at ali, there are either no limits on the 
choice of assigned values (I. ^) or the limits are imposed by 
equations, inv volving experimental values, which cannot be 
judged to be true or untrue before those values are known. 
There is no room anywhere for the conception of simple 
numbers, which are a special class recognizable before the 
experimental determination 1s complete. While therefore 
we have to adimit (owing to the vagueness of the terms 
involved) that it is impossible to prove that U.R.U. is not 
true, we can assert that, if it is true, it is equally true when 
for * simple" we write sc simple or iot simple.” Accordingly 
it cannot possibly afford any justification for any kind of 


presumption that any numerical value is likely to ‘be simple 
rather than not simple. 


5. With tbat proof my main task is accomplished. But 
before proceeding to more general matters, it may be well to 
classify according to the tible just given the cases con- 
sidered by Prof. Lewis. But before this can be done, some 
preliminary observations are necessary. 
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It is remarkable that the author of U.R.U. does not 
profess to have determined the set of units which make all 
universal constants simple numbers. The omission may scem 
significant ; for it might be thought that, if the theory was 
true, it would be merely a question of a little arithmetical 
labour to give this, the most convincing, proof of it. But 
this criticism of Prof. Lewis’s work would overlook the 
difficulty of deciding what numbers are simple according to 
his ideas. I have not heen able to discover exactly what his 
views on this subject are; and, since they seem to lead to 
some surprising conclusions, it is fortunate that it is possible 
to prove U.R.U. to be false without coming to any very exact 
decision on the matter. But this difficulty (or possibly some 
other), which has prevented him from taking the obvious 
course, has led to a curious procedure. He has taken 
throughout the centimetre as the unit of length and assigned 
values to universal constants so as to determine the other 
fundamental units. Here again is a difficulty in the argu- 
ment which again, fortunately, we are able to avoid ; for it 
is by no means clear how many fundamental units (or 
magnitudes) Prof. Lewis thinks there are. His practice 
would seem to indicate that he takes the conventional view 
that there are 4, namely length (l), time (t), temperature (0), 
and either mass (m) or energy. But his deliberate state- 
ments would seem sometimes to suggest that he thinks that 
we have some choice in the matter, and that we might, if we 
pleased, take only one fundamental magnitude. This doubt 
does not affect the proof that has been given ; for that proof 
holds whatever value is assigned to f. But in order to 
classify his instances it is convenient, and will save much 
discussion, to come to some decision on the matter. I 
shall assume that there actually are four fundamental units ; 
that choice will offer the greatest chance of making his 
arguments intelligible to the many others who take that 
view * 

If, then, there are 4 fundamental units and Prof. Lewis 
chooses arbitrarily the centimetre as one of them, he has 
three to determine. In his first application of U.R.U., in 
order to determine these three, he assigns values to 4 
universal constants, namely c ao of light), k (Boltz- 
mann constant), e (electronic charge), a (Stefan s constant). 


* As it happens, I agree with Prof. Lewis in holding that the assertion 
that there are 4 fundamental units is an inadequate ` way of expressing 
the facts, although, if reasonable care is taken, it does not lead often to 
actualerror. But "while he wants to reduce the number of fundamental 
magnitudes, I want to increase it. 
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This last constant he defines, in a rather unusual manner, by 
the relation E=a. V6‘, where E is the energy in volume V 
in the interior of a black body at temperature 0. One and 
only one combination of these constants is no-dimensional, 
namely ae'&£7*. Accordingly /—3, n=4, n'—1. His case 
ean be made to fall under 1II. b, and he can define his three 
fundamental units unambiguously whatever values he assigns 
to his constants, so long as these values are consistent with 
the single condition ae*£7*—a'e'577*. Within experimental 
error ae557*- (47)-9; so the values he chooses, namely 


d=k' = =1, e'= _ , wil suffice. But infinitely many 


4T 
other sets of values would serve equally well. 

In his second application (II.) his constants are c, k, e, C}. 
C, is a constant defined by an.equation due to Sackur, 
relating to the entropy of a monatomic gas. It has the 
dimensions m—*7/-3@-%?, and C,=3°3 x 10-% (about). Here 
again there is one and only one no-dimensional combination 
of the constants, namely (5&€77?C,7?, The case again can be 
made to fall under III.^. The values assigned to c', A’, e' 
are the same as before ; the simple value he assigns to Cj" 
is N^??, where N is the number of molecules in a gram- 
molecule *. Since within experimental error 


ce 120,72 — (6*2 x 10°) x (47), 


the values wil! serve to determine the 3 units, but so also 
will infinitely many other sets of values. 

If the two instances are combined, we have 525, f=3. 
But no further independent no-dimensional combinations are 
introduced. (c9479?a*0,7? and c7? 7?e€?C5 are no-dimensional, 
but they result from combination of the two original no- 
dimensional magnitudes.) Accordingly m'— 2, and the 
retention of the same values assigned to the constants brings 
the instance again into III. b. 


* Here I cannot refrain from inserting one numerical criticism, 
although. as I have explained, it has nothing to do with my main thesis. 
It is surely remarkable that the number of molecules in a gram-molecule 
should be a simple number in whatever units we choose to measure mass, 

tan Prof. Lewis and his associates in this part of his work have over- 
looked the fact that in assigning to C, the value N 79, they are assigning 
a value which they must retain whatever unit of mass results from that 
assignment? It is only ifthe gram results as the unit of mass that 
the value of C' will be a simple power of the number of molecules in a 
quantity of the gas baving M times unit mass, where M is the molecular 
weight. The arguments offered for the simplicity of this value are quite 
beyond my comprehension. But, once more, even if they are perfectly 
sound, that does not affect the falsity of U.R.U. 
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6. The fact that all instances fall in this class suggests how 
Prof. Lewis may have been led astray. In hazardiug this 
guess, I am obviously taking a risk; and if Prof. Lewis 
denies that such was his train of thought, I have no defence 
to offer. But to indicate how the fallacy might have been 
reached may perhaps save others from tho mistake. I 
suggest then that he started with a belief in U.R.U. He 
found that 1£ the constants he chose for discussion (I cannot 
suggest why he originally chose so curious a constant as 
his a) were to determine any set of units at all, the values 
he assigned to them must satisfy equation (3). He found 
that he could assign simple values which would satisfy 
equation (3). He concluded, with perfect logic, that U.R.U. 
could not be true unless the constants had these simple 
values; in the technical sense, U. R.U. “implies” that the 
constants have these values. But he overlooked the well- 
known fact that a false proposition implies all propositions, 
true and false. He could not at the same time prove both 
that U.R.U. was true and that the constants lad these 
values. Indeed, if he had not been obsessed by his belief in 
U.R.U., he would have observed that there were infinitely 
many sets of values assigned to hiş constants which would 
enable him to determine from them a set of units. This 
fact, if le had observed it, strongly suggests that U.R.U. is 
false; for U.R.U. suggests that the set ought to be unique. 
The areument therefore is not analogous to one with which 
he mav have been inclined to compare it. If I invent a 
theory (say Planck’s theory) which predicts that a numerical 
c 
15827 
and if I find that the experimental measurements are consistent 
with this relation, then [ am apt to conclude both that the 
theory is true and that the magnitudes are connected exactly 
by the relation. The argument—though I would not throw 
the slightest doubt on its validity—is logically inadmissible 
on account of the universal implication of false propositions. 
But there is a very essential difference between this argu- 
ment and that which I am venturing to impute to Prof. 
Lewis—namely, that in the sound argument there is nothing, 
and, trom the nature of the argument, ean be nothing, in the 
conclusion which throws doubt on the premisses. 


relation holds between universal constants (say hè = 


T. On this view Prof. Lewis’s error arose from his pre- 
sumption that U.R.U. was true. How came he to entertain 
at all a theory so easily demonstrated to be false? He seems 
to have told us ; he apparently believes that hy some juggling 
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with dimensions he can rid science of all “arbitrary ” 
numbers. This belief is, of course, directly contrary to the 
views that most of us hold ; but if it can be seriously enter- 
tained, it may not be a waste of time to inquire once more 
into the nature and source of the arbitrary element in all 
measurement. 

Consider first fundamental * measurement, the process by 
which we assign numerals to represent properties (magni- 
tudes) without making use of a similar process previously 
established for other properties. The possibility ot measuring 
a magnitude fundamentally depends on the truth of certain 
laws. The form of these laws is such that, while it is 
necessary to measurement that we assign the numeral 1 to 
one of the systems having the magnitude, it is immaterial to 
which of the systems we assign that numeral; whichever 
system we select as a unit, we can still measure all of the 
remaining systems. That perfect liberty of choice is a 
consequence of the form of the laws ; if the laws were other 
than they are, it is possible that we might have to adopt 
some other kind of measurement in which we should not 
have that liberty. But we have to take laws as they are. 
Prof. Lewis says that “ there i is nothing nature abhors more 
than an arbitrary number ” ; but (to retort in his own 
phraseology) it is nature herself who, by franiing laws as she 
has framed them, forces this arbitrary choice upon us. 

In one respect it may seem that the statements just made 
need modification. There are certain magnitudes (or it may 
be so admitted here) which, when we have measured them, 
turn out to be all integral multiples of a single unit. Now, 
if we only developed our system of measurement so far as to 
permit of the measurement of integral multiples of the unit, 
and if we made use only of the laws which permit this 
development, then there would truly be a limitation in the 
choice of unit. Unless we chose our unit in a certain way, 
we should not be able to measure all the systems having the 
magnitude ; we should have no choice if we were to measure 
completely. But there is no reason why we should stop the 
development of measurement at this point ; even when these 
magnitudes are concerned, the laws which permit fractional 
measurement are still true ; and if we make use of these 
laws, as we do with other magnitudes, we have still complete 
freedom in the choice of mui Even here, where, as Prof. 
Lewis would say, nature might reasonably have limited our 
choice, she still prefers to leave it unlimited. 


* I am using the term fundamental here in the sense explained in 
* Physics, Ch. x. 
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It follows that the statement that any fundamental magni- 
tude has any particular numerical value is arbitrarv, in the 
sense (I shall always use the word in this sense hereafter) 
that the statement does not imply any law or fact*. It 
implies nothing about the laws or facts of measurement, 
except that these are of a certain form which is common to 
all such laws and facts ; it cannot imply any other law, for 
the statement can be made when no laws except those of 
measurement are known. All the laws involving the nume- 
rical values of magnitudes are laws relating two or more 
numerical values. 

We must now turn our attention to these laws, for on 
them depends derived measurement. "Theimportant question 
here is whether anything is altered in these laws by the 
change in the numerical values of fundamental magnitudes 
which is consequent on a change in the unit; for,ifanything 
in the law is altered, or if by a change of units any law can 
become true which was previously false or vice versá, then, 
and only then, does the choice of unit cease to be arbitrary. 
. The question can be answered only if we are quite clear what 
these laws state. Suppose we are comparing the weight and 
the volume, both measured fundamentally, of different lots 
of water at 4? C. Then, if we adopt as our fundamental 
units the gram and the c.c., we shall find the law that the 
weight is always equal to the volume. If we adopt any 
other units, this law will not be true ; but we shall have in 
its place the law that the weight is proportional to the 
volume, the constant of proportionality varying with the 
units. Now, is a law involving equality different from a law 
involving proportionality, or a law involving one constant of 
proportionality different from one involving another? If it 
is, then the law to be stated varies according to the funda- 
mental units we adopt, and the choice of those units is not 
arbitrary ; the choice determines the law. Perhaps Prof. 
Lewis or some other will say that laws of equality and of 
proportionality are different; let us examine the conse- 
quences of such a decision. The numerical law in question 
defines the derived magnitude density ; if that law is not 
true, there is no such thing as the density of water at 4? C. 
If, then, the law is true when we choose one pair of units (À) 
and not when we choose another (B), water has a density in 
one case but not in the other. But now let us examine water 
at 0? C. According to the decision we have taken, water 
has no density if we choose the units A ; for the relation 


* The distinction between a fact and a law is discussed in * Physics,’ 
PP. 81-87. l 
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between weight and volume is no longer equality; if we 
retain the same units, there can be no meaning in the state- 
ment that the density of a substance varies with its tempera- 
ture. Such a statement has meaning only if we adopt one of 
two courses. Either we must admit that the law relating 
weight and volume, and therefore the meaning of density, is 
unaltered when the relation of proportionality is substituted 
for that of equality or the factor of proportionality otherwise 
changed; or we must measure every density in terms of 
different units, the numerical value of density being always 
the same. The second alternative is clearly fatal to Prof. 
Lewis's contention that there is one system of units preferable 
to all others on the ground that it removes arbitrary values ; 
onlv the first (which, of course, is that universally adopted) 
need be considered. But if we adopt this first alternative, 
the law defining density will remain true whatever units we 
choose for measuring weight and volume; and we must 
conclude that in the statement of numerical laws and in 
derived measurement, so intimately connected with that 
statement, the choice of units is arbitrary in the sense that 
the truth or falsity of laws is unaffected by such choice. 
For exactly the same argument might be repeated for a 
numerical law inv olving numerical relations other than 
simple proportionality. — 

This, then, is our conclusion—it is trite enough. Whether 
we are speaking of fundamental or derived magnitudes, the 
statement that the magnitude characteristic of any system 
has one particular numerical rather than another is arbitrary ; 
it does not imply a law or anything that is scientifically true. 
A law is implied in the statement that the magnitude is 
measurable ; a law, or at least a fact, is implied in the state- 
ment that there isa numerical relation between one magnitude 
and another or, in particular, that a magnitude has a particular 
value in terms of stated units. But if anything beyond these 
statements 1s contained in the assertion of a particular 
numerical value, that something is not a scientifically signi- 
cant proposition. And since change of units affects nothing 
but numerical values and leaves statements of the kind 
mentioned unaffected, any scientifically significant pro- 
position which can be stated in terms of one set of units can be 
stated equally well in terms of any other. The choice of the 
units in which we state our laws will always remain arbitrary, 
unless the nature of those laws is profoundly changed. 


8. So much for Prof. Lewis's presumption. I do not 
propose to examine his arguments ; for that would lead us 
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into a discussion of the whole theory of dimensions, of which 
I have said enough elsewhere *. But to him, and to others 


who attempt to prove scientifically significant propositions. 


by changing the dimensions conventionally attributed to 
derived magnitudes, I would suggest a dilemma. Either the 
statement that such a derived magnitude (e.g. velocity) has 
the conventional dimensions (e.g. (£7!) is the expression of 
some scientific law or fact; or itis not. If it is such an 
expression then, unless the statement is actually untrue (a 
view not usually urged by those I am addressing), nothing 
true ean be deduced by denying it. If it is not such an 
expression, but is a mere convention, then it is impossible to 
deduce from it anything scientifically significant, whether 
true or not. 


9. Having contested so many of Prof. Lewis’s assumptions 
and arguments, I cannot leave the matter without inquiring 
finally whether there is any grain among the chaff, and 
whether tlie facts to which he has drawn attention can be 
made the basis of any important conclusions. The new facts 
which he has brought to light are, so far as I can see, only 
two: namely that, within experimental error, /*e^947!— 
(dr; and Cekes = (4r)? N’. Prof. Lewis says that it 
would be a * bizarre coincidence " if these numerical agree- 
ments were insignificant. Can weagree with him? J think 
this question ean beanswered if we return and ask once more: 
What are “simple” numbers, and why do we attach impor- 
tance to them ? f. 

Prof. Lewis opens his paper (III) by speaking of “ simple 
numbers like2 and." Itis clear,therefore, that in his view 
(in which I concur) physically simple is not the same thing 
as mathematically simple; for mathematically these numbers 
are alinost as diverse as thev can be: they resemble each 
other in nothing but being real. His view is more positively 
indicated in (I), where ne argues that m is a simple number 
because it is important in geometry. If we ask why a 
number should be simple as a value for the electronic charge, 
because it is important in geometry, surely the only answer 
can be that it is simple because geometrical concepts are 
involved in all our laws and theories, whether they concern 
electrical or any other magnitudes. If this is so, the answer 
we must give to our questions is that values of magnitudes 
are simple when we hope or expect to be able to produce 
some law or theory to explain why the magnitudes have 
those values; and that the importance of simple numbers 

* ‘Physics,’ Chs. xiv., xv. 


t y. ‘Physics,’ pp. 431-434. 
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lies in the laws or theories which may explain them. That 
is the only answer I can find; and I am inclined to think 
that Prof. Lewis would accept it. 

If we accept it, Prof. Lewis’s contention that it cannot he a 
mere coincidence that k*e~a~! coincides so nearly in value 
with the simple number (4v)$, and that therefore it must 
have exactly this value, should be interpreted to mean that 
he is confident that a theory can be produced (for a pro- 
position connecting universal constants cannot be a law) to 
explain why £*e -94-! has this value, and that he is equally 
confident that none could be produced to explain why it has 
any other value lying equally within the range of experi- 
mental error of the measured value. But if this is his con- 
tention, it would be strengthened enormously if he could give 
some indication of what his theory is, and of whv he is so 
sure that any theory leading to another value within the 

ange is impossible. His position is entirely different from 
that of those who have produced actual theories which lead 
to numerical coincidences ; it is infinitely weaker. And it 
is especially weak as regards its negative clement: for the 
most surprising conclusions concerning simple numbers have 
turned ont to be true. Thus, Planck’s theory leads to the 
b 

conclusion that T is a simple number in this sense, being 
involved in a theoretically explicable relation between 
universal] constants * ; while, on the other hand, since the 
d (dre) m h 
) ^ Dar 


relation which was at one time suggeste turns 


out not to be true, (4v)* may not be a simple number. 
Probably we should ‘all agree with Prof. Lewis if he asserted 
that some theory would be found some day which would 
connect tovether all of the universal constants between which 
no relation is known at present, and that this theory would 
introduce powers of 7r as a simple constant. But when he 
asserts that. this constant must be (47)9 and no other (which 
does not differ greatly), he must pardon us if we do not 
share his confidence. 

Lastly, if the day comes when such a theory is propounded, 
the theory of U.R. U. will at last be triumphantly established. 
For any set of units will vive to all universal constants some 
values, and, whatever (ligue values may be, thev will ve 
simple! The theory will be true,—but it w il be useless. 

Sept. 8, 1923. 

* Prof. Lewis does not, or did not, accept Planck’s theory (Phys. Rev. 
4.331, 1914). But he proposed an alternative theory to take its place; 


and this theory would presumably give the same value for the constant 
in the relation between a, h, k, c. 
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XV. The Resistance of Air to Falling Spheres. B 
RosEnT G. Luxnon, M.A., M.Se.* 


I. 


T is well known that considerable disagreement exists as 
to the proper value of the constant ¢, in the equation 
of fluid resistance for considerable speeds, 
R= ppd’ v? 
where p is the fluid density, d the diameter (or some other 
length measurement) of the body, and v the uniform velocity. 
Results for spheres have been collected by Pannell f and by 
Schmidt 1, and the values of $, range from *08 to°28. A 
later value by L. F. Richardson $ is 17, and another recent 
result, by Cooke |, gives *24. These figures refer only to 
those relatively high speeds for which 4, is supposed to be 
constant. For lower values, $; is usually compared with a 
second quantity of zero dimensions, the Reynolds number: 
$4 — (dv^!, where v is the kinematic viscosity, the quotient 
of the ordinary viscosity by the density. The proper form. 
of the $;$. curve is also a matter of uncertainty (see 
Pannell's report T and the Enc. of App. Physics, vol. i. 
p. 369). Further, the conditions with non-uniform velocities 
have been examined only by Schmidt **, for low velocities, 
except for certain data recorded by Allen Tf and by Shake- 
- spear ff. The measurements to be recorded in this paper 


were made with the object of obtaining more light on these 
three problems. 


^ 


ec 


II. 


Measurements have been made of the times of fall of 
spheres of various sizes and densities for distances up to. 
600 metres in the shafts of four coal-mines in this district, 
and also, for shorter distances, in the tower and laboratories 
of this College. In the mine-shafts the balls were released 
by an assistant in the cage, which was set at different heights. 
for successive experiments, and were received in a suitable 
truck or enclosed space at the shaft bottom. In some cases. 


* Communicated by the Author. 

+ Pannell, Adv. Ctee. for Aeronautics, Report Xo, 190 (1914). 
t Schmidt, Ann. der Physik, lxi. p. 633 (1920). 

$ L. F. Richardson, Puil. Trans. A, 223, p 351 (1923). 

i Cooke, Phil. Mag. xxxix. p. 350 (1920). 

€ Loc. cit. 

ès Loc. cif. 

t+ Allen, Phil. Mag. 1. pp. 323, 519 (15:00). 

11 Shakespear, Phil. Mag. xxviii. p. 728 (1914). 
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the times of release and of striking were recorded by electro- 
magnetic arrangements similar to those described by Shake- 
spear *, with the addition of a tape-machine or a chronograph. 
More often, in the pits, the release alone was electromagnetic, 
and the time of striking, as heard, was measured by a special 
stop-watch. In a few cases the ball was dropped by hand 
and the time of release signalled by sound to the recorder 
below, a correction being then made for the speed of sound. 
Usually five balls of the same size were dropped consecu- 
tively, and from the concordance of their times, and also of 
the times in ditferent pits, after allowance for air-currents, 
it appeared that the errors did not exceed one-fiftieth of a 
second for times up to 6 seconds, and one-tenth for times up 
to 15 seconds. Some of the conditions in the pits were 
particularly difficult, and this degree of exactness was con- 
sidered satisfactory. 

Polished steel balls were chiefly used for the experiments. 
These were of fifteen different sizes, varying from 0-24 em. to 
1°83 cm. in diameter, and were of density 7°72 grams per 
em.?: the actual measurements are recorded in Table III. 
The corrected results for the relation between time of fall and 
distance are given in fig. 1 and in Table II. These refer to 
a few of the sizes only, for the sake of simplicity, and tl.e 
results for the remaining sizes may be eas:lv calculated from 
the formula given hereafter. The actual distances through 
which the falls were timed were (in metres) 568, 456, 346, 
115, 88, 49 in pit W, 320 in pit H; 309, 247, 181, 117, 62 in 
pit U, 126, 110, 92, 73:5, 55/2, 35-1, 17 in pit B, and several 
distances less than 25 metres in the College buildings. Some 
500 measurements in all have been used in obtaining the 
figures of Table II. and the graphs of fig. 1l. It is to be 
noticed that fig. 1 does not show the relation between 
distance (s) and time (t) directly, for the (s, t) curves are 
not clearly separable on any convenient scale. It is con- 
venient to plot s— 20t, where s is in metres, against f. and 
the values of s for any given values of ¢ may easily be 
calculated after a reading ot the graph. 

In the results thus shown, the actual observations are not 
given, but their values corrected for standard conditions. 
the chief correction is that needed on account of the air- 
currents in the pit-shafts. These troublesome currents 
cannot be avoided, tor forced ventilation is continuous in 
most mines, and even when the driving-fan ean be stopped, 
there is a certain amount of natural draught. It was 


æ Doc. cit. 
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generally possible to work in sections in which the draught 
was uniform, and after taking anemometer measurements in 
each case, corrections could be made according to the theory 
which is developed later. These corrections were small, 
except for the smallest balls; and this is fortunate, because 
their calculation involves certain empirical constants which 


Fig. 1. 
Petre In d* l-B3cms, 
. 140 [^ 
S -20t. 
d: l:35cms, 
120 
t00 
d* 87c d° ‘63cms, 
80 
60 
d* -47ems, 
40 
20 
O t 
IO l2 
d*-3lems Seconds. 
-20 


can only be determined approximately from the actual 
results. The measurements over the longest distances, in 
pit W, were useless because of the great speed and non- 
uniformity of the air-draught, and it is hoped to repeat. 
these elsewhere. 


III. 
The equation of motion for a falling sphere is 
mv mg —H, 


and if R=¢,pd*v? =at, say, then 


mb=mg—ar.. . . .. . (1l) 
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Integrating, and putting v=0 when t=0, leads to 


9 
v=C E — Ecl Ie tanh pt, 


2a mg yaa, I 5 
cca / "9, pn. u-—— ee (2) 


This is easily integrated, and leads to 


where 


2c pt m pt l 
= ge cosh or 4108 cosh 2*7 (3) 


This formula is a cumbrous one for computation, but it 
has the advantage that it can be compared directly with the 
s,¢ data. Many workers have preferred to deduce the 
velocitv from their results, and even the acceleration, but 
there is a risk of serious error in these deductions, and we 
have preferred the longer method. It was found after trial 
of a succession of values of ¢ and p, that it was possible to 
obtain a good fit of the experimental curves with formula (3). 
But whereas the values of c—the terminal velocities—were 


proportional to e for different balls, as (2) indicates, the 


values of p were not inversely proportional to this, as in (2). 
Schmidt has proposed to amend equation (1) by assuming 
that when v is not uniform the resistance depends upon the 


acceleration in this manner : 
R=ar? + bv—ke*, 
For a special value of the constant 4, this leads to an in- 
tegrable form of the equation of motion, with the result 
v—c(1—e7*f), 
and hence to 
s—cet—ceq^ (1—e7f). 
This result does not fit our experimental data better than (3), 
and although it offers simpler formule for v and s, it only 


does so after a special assumption. | 
We have therefore considered a rather simpler hypothesis, 


viz. that 
R=ar?+ bv, $e Uwe RO ee (4) 


where the constant b, like a, is proportional to the area of 
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the ball. This leads to the same form as the simple square 
law, 


2e) 1 + e?! 
s= p og S) —cl, 
but in this the value of p is changed : 
mg 9 / ama = 
ay ; p= LS. « X gk 4. dX) 
a m+b 
and s may now be written 
m 4- b y . 
s= log cosh n e. e "e. . e [7 e (6) 
a 2 


The connexion between c and p is here of the form 
pot=Act+ Be". 


This relation was found to hold for the values of p and c 
which best fitted the experimental results, and the hypothesis 
(4) is therefore justified. By taking the best values for « 
and b, the values of p and ¢ have been deduced for each size 
of ball, and formula (6) provides the means for an exact 
comparison of theory and experiment. 

It is first necessary, however, to examine the important 
air-current corrections. When a ball falls against an up- 
ward current of air of n cm. per second, equations (1) and 
(4) must be replaced by 


mv -— mg —a(v +n)? —bv, 
and the solution of this is 


2c 1 + rer 
wr. 


du iro CAI e e o Wo) 
wlieve 
cn 
r = 2e ein e 
c—n 


When the current is downward, it helps the ball until 
r= n, and for this period, 


mv =mg+a(n—r)?— be, 


from which there follows 


tan PE 
n € tan 2 
v= n -cCc = i 
t pé 
e—n an » 


Ld 


Phil. Mag. S. 6. Vol. 47. No. 277. Jan. 1924. N 
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pe 
2 


i 2n 
pared with c, we may write from this, ¿== =T, say. In 
nU 


Hence v=n when ctan/, =n: and since n is small com- 


our experiments, T was always less than one second, and the 
distance travelled in this Es is found, oy a further approxi- 


mate integration, to be T Q78 say. 
The further motion élue the law 
mv -mg-—a(v—n) — bv. 


This mav easily be solved, and finally we obtain for the total 
distance fallen, 


- “9 — c—n)t' +5, . . (8) 


where t — t— T, and c, p have the same meanings as before. 

The expressions (6), (7), and (8) cover all the cases of our 
experiments. The effect of the wind, as calenlated from 
these equations, may be seen from the followi ing figures, 
referring to a steel ball of 1:11 cm. diameter for which 
c=5090 cms. per sec., p—:343. They give the distances 
fallen in stated times— first, in still air ; second, against a. 
current of 1:8 metres per second ; and third, with a current 
of 4:8 metres per second ; these were tlie actual currents in 
two of the pits. 


TABLE I. 
Times of fall ...... 2 4 6 8 10° 12 seconds. 
In still air ......... 17 65 134 220 312 410  ,, 
Against 1:8 m.p.s. 165 64 132 214 303 3998 yn 
With 48 m.p.s.... 18 66 140 238 NM 443  , 


It was found that the corrections based on these figures 
made a satisfactory concordance between the results of the 
four pits for those distances which they had in common. 

The conditions of fall vary also in respect.of air-density 
and of the strength of gravity. The variation cf g with 
depth, as measured approximately by Airy's experiments in 
the neighbouring Harton pit, is much too small to affect the 
present “results. As regards density, there was an increase 
in temperature of 9° C. ‘and in pressure of 82 millibars at the 
bottom of the deepest shaft, and also the humidity had in- 
creased to saturation. Measurements were made in each 
case, and the maximum variations led to a 4 per cent. in- 
crease in density (at 600 metres), and hence to a reduction 
of 2 per cent. ine. It is not possible to state exactly the 
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effect upon the second constant p, because this depends upon 
5, of which the nature is unknown *. But the ettect of b is 
small except for the smallest balls, and, apart from this, we 
find an increase in p of 2 per cent. for a ball of ‘87 cm. 
in diameter. These changes in c and p together, only pro- 
duce an appreciable change over long distances: their ettect 
would be to reduce the distance travelled in 10 seconds from 
298 to 295 metres. "The actual corrections which have been 
made in the following figures in no case exceed two metres. 

‘The complete data for falling spheres in dry air at normal 
temperature and pressure are set out in the following table. 
Besides the figures derived froni the experiments, there are 
the distances in smaller type which have been calculated 
from the theory. 


TABLE II. 
Table of Distances fallen in stated times. 
Diameter... 317 cm. ‘476 °6385 °873 1:110 1:349 L650 1-826 
A isi sn 12gm. 432 103 269 554 993 182 246 
"s wT) 331 383 450 509 3558 61:8 651 bn per 
sec (1. 
EMEN 51 —— 461. 422. 3:8. 0313. 7319 293 80 > 
Distances travelled, in metres. In vacuo. 
] second ... " 4:3 44 -45 4:6 46 4°7 4:8 4:90 
S3 35 31 40 41 42 42 13 
2 seconds... 16 162 165 17 17 175 187 19:6 
13 14:5 155 16 17 17 
4. 50 59 62 64 65 6 2 08 78 
47 54 58 3 65 67 68°5 69 
6 P ee 94 110 117 128 132 135 139 145 176 
92 107 115 123 134 1:39 114 117 
8o. e H3 468 186 204. .. 2276 A3 .. 312 
143 167 186 208 220 231 243 242 
Jo 194 928 202 295 312 32 SAT us 190 
197 242 200 200) 312 350 341 boo 
12 297 343 - es -— pus a 107 
208 337 378 410 438 460 116 


It will be seen that the fit of experiment and formula is a 
good one within the range of sizes and times dealt with. 


The 


chief divergences occur at the shorter periods, for which the 
present theory is not expected to be applicab'e. For very 
low speeds the resistance must follow Stokes’s law; and after 
this stage is passed, the s,¢ curve must show at least one 


* The dimensions of b suggest its dependence upon the volume. rather 
than upon the area, of the ball; but it is Wmportazt to notice that the 
experimental results lend no support to this view. 

P LJ 
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double bend, as Schmidt’s results very well show, when the 
first vortex ring forms and slips off behind the ball. No 
evidence of these initial stages can be expected from the 
present experiments, for they are probably completed during 
the first few centimetres of fall. No single formula can 
represent the passage of the sphere from the stage of steady, 
slow motion, through that which produces steadily increasing 
turbulence in the air, up to the final stage of “steady ” 
turbulence. The formula we have considered is also in- 
applicable at the commencement of fall, because it assumes 


TP . m . à 
an initial acceleration of —— n instead of g; for our 
n 


equation of motion may be written thus: 
(m + b)v ma —av. 


The constant b appears to represent a “dragged” mass, 
adding to the inertia but not to the gravitational pull; but 
its magnitude, *554?, is much greater than can be explained 
on a physical basis of this kind. 

The values of the constants which are found to give this 
best fit of experiment and formula are 


"m 2400 /m., sese 2ge 
B NE. c? + 3,170,000" 
and hence, from (5), 
a=1'70x 10-48, b=°55d?, 


The constant a is often written ġ,p, as above; and introducing 
p='00129, we find for the resistance 


R 2:132pd?v* 4 -55d?r. 


These figures refer throughout to c.a.s. units, and numeri- 
cal values for e, p, and b are given in Table III. 

The new value of $, viz. :132, holds for velocities from 25 
to 65 metres per second, and for values of œ, between 5000 
and 85,000 ; it is estimated to be correct within 4 per cent. 
[t may be compared with the values 130 to *150 found by 
Allen for similar balls falling in water, with *170 found by 
Schmidt for lighter spheres in air and water, and with the 
range *165 to *188 found by Shakespear for larger and 
lighter balls in the air. These last results are in rough 
accord with our own, for Shakespear found a decrease in d, 
for diminishing diameters, and an extrapolation of his formula 
leads to values of $, between *15 and *14 for diameters of 
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a centimetre. The present experiments, however, showed 
no sign of variation with diameter between d=0°4 and 
d 1:8 em. 


TABLE III. 


c 


(terminal 
Diameter Mass velocity) p b 
(emi). (grams), (cm. per sec). (sec. !). (grams). 
"238 054 2390 ot 031 
“$17 129 2710 a1 055 
476 432 3310 461 124 
"909 "692 3990 439 :169 
'635 1:03 3830 423 p 
114 1-47 4070 406 28 
UNS 2:00 4500 "378 42 
2 ‘952 3°48 4700 "366 “50 
1:03 441 4900 ‘354 08 
1:11 557 5090 343 68 
1:35 9°89 5580 "319 1:00 
1:55 15:16 5970 ‘801 1:32 
1:65 18:25 6180 293 1:50 
1:83 24:67 6510 "280 1:83 


There is little basis for a comparison of the new accelera- 
tion term with the results oť other workers. Shakespear 
deduced from his experiments that i£ different balls Fall a 
certain distance in the same time, then their weights are 
proportional to their areas. This is in agreement with our 
theory ; for from (5), in which « and b are proportional to 
the areas, it may be shown that c and p ure constants if this 
relation holds. 

The only result published by Allen for non-uniform 
velocities refers to a ball falling in water. With the con- 
stants in question, d —:318 cm., i 2:132. sram, our theory 
gives the terminal velocity, c, as 91:9 em. per sec., whereas 
Allen found 90 9 by experiment. To find p, we substitute 
the effective weight, in water, for the actual weight, in the 
numerator of (5), and since the dimensions of p are [time] ~t, 
no further change is needed. Calculation gives p=13'1; 
aud the theoretical curve obtained from these values o£ c, p is 
an excellent fit for Allen's measurements, as recorded. 

It may be noted in conclusion that the present theory 
answers a question raised by Shakespear. If two spheres of 
different diameters are weighted so as to fall a certain 
distance in equal times, will they take equal times for all 
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other distances? We have seen that for two such balls the 
ratio of mass to area is the same, and hence the constant j’ 
can be expressed in terms of c: 


p-ac(B +e). 
The equation of motion may therefore be written in the 
form 
JR. 


s= (8 +c?) Ls Q + (P+) —log 2] — et, 


and the question asked is whether the same pair of values of 
s and ¢ could occur for different values of c. It seems that 
the members of the family of s, t curves obtained by varying 
c do not intersect within the region of positive values of s 
and ¢; aud we conclude that the value of c is uniquely 
determined by one pair of s,€ values. Hence, if two balls 
are together at one point of their fall, after starting together, 
they remain together throughout. 


The author's thanks are due to the managers of the 
Blucher, Wearmouth, Usworth and Hebburn Pits for their 
kindness in offering facilities and considerable help for these 
experiments, and to Mr. L. F. Richardson for some useful 
comments upon the work. 


Summary. 


1. The fall of small steel balls in coal-mine shafts has been 
investigated, and results are given, corrected, for dry, 
still air. 

2. A value $,— 132 is obtained for the resistance co- 
efficient. for steady motion, for values ef œ the 
Reynolds number, from 5000 to 85,000. 

3. For accelerated motion, the formula 


It— dipd*c? + bv 
Is introduced, and found to give satisfactory results 
after the first 2 seconds, the value of ^ being ‘55da? 
In C.a.s. units, d being the diameter in centimetres. 
Armstrong College, 


Newcastle-on-Tyne. 
vept. 3rd, 1923, 
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XVI. On Waves due to a Single Impulse in Deep and Shallow 
Water. By GEORGE GREEN, D.Sc., Lecturer in Natural 
Philosophy in the University of Glasgow *. 


HE problem of determining the wave-motion due to an 
initial surface elevation confined to the immediate 
neighbourhood of any point is fully discussed in Lamb’s 
: Hy drodynamies ' for the case of infinitely deep water. The 
corresponding problem for the case of finite depth is treated 
by the late Lord Rayleigh in “On the Instantaneous Propa- 
gation of Disturbance in a Dispersive Medium, exemplified 
by Waves on Water Deep and Shallow ” (Phil. Mag. xviii. 
1909). The aim in view in this paper is to trace the effect 
of increase of depth on tke wave-motion arising from a 
specified initial disturbance. Lord Rayleigh points out 
that certain gaps exist in our solutions, and that some 
transformation of the fundamental integral is called for. 
The fundamental integral has since been evaluated in the 
form of a convergent series by Pidduck T. ln the present 
paper the intention is to indicate a transformation of the 
fundamental integral which overcomes the difficulty pointed 
out bv Lord Rayleigh, and to discuss more fully the forma- 
tion of the front for the case of waves advancing in shallow 
water. Professor Lamb, referring to the problem for deep- 
water waves, points out its value in extending our knowledge 
of the whole process of wave propagation in dispersive media. 
The corresponding problem for shallow-water waves has an 
added interest in this connexion, as it illustrates the case, not 
yet investigated, where the wave-velocity and group-velocity 
are finite for all wave-lengths, this being the case most 
frequently met with in opticsf. This paper is also intended 
especially to illustrate the extended application of the 
principle of stationary phase outlined in a recent paper §. 
According to Fourier’s theorem the displacement, E, at any 
point of the free surface at time t, arising from an initial 
elevation confined to the immediate neighbourhood of the 
origin, is expressed by 


£= 2 ( dk cos ke cosat, where c=kV —(gktanh kh). 
Too ae de. G 


In the above, h represents the uniform depth of the fluid, 


* Communicated by the Author. 

t Proc. Roy. Soc. vol. Ixxxiii. p. 347 (1910). 

t Phil. Mag. vol. xxxix. pp. 653-659 (June 1920). 
§ Phil. Mag. vol. xlv. pp. 1156-1167 (June 1923). 


184 Dr. G. Green on Waves due to a 

and V represents the wave-velocity corresponding to wave- 
2 . 

length T~ As stated by Lord Rayleigh, the difficulty in 

the evaluation of the integral lies in the fact that, as 

written above, it is divergent. Similarly, in the equivalent 

expression, 


D 1(" 
— Mom Lr] ^ M. "ee j r , . 9 
c= sl dk cos (kv — ot) + Al dk cos (kx + ot) (2) 


both integrals are divergent ; but these integrals can each 
be transformed into two integrals, one of which is divergent 
and the other convergent, by the method indicated in the 
equation 


- L4 do \ | - 
f dk cos (lr — ct) = - ( dk («- di () cos (ka — of) 


e 0 


C( ^ , do | 
241 dk- cos(ke—ot). . . . . (3) 


If in the first term on the right we put &'z- kx— cet, the 
integral becomes ( dk’ cos k’x, which, according to Fourier's 
e 9 


integral theorem, represents a quantity which is zero at all 
points except at c=0. We can accordingly evaluate £ from 
the expression 


t if do | a do 
=. lk- -cos (ke — — 7 = COS (Aa 
3 2ra LO. M a Ege) Je e Coes an | 
X Eu do. : 
= $31 i dk n ka sim ct, ° s s E : : £ A x (4) 


provided we exclude the origin. The integrals obtained 
in (4) are in peneral convergent. 

The application of (4) to the case of infinitely deep water 
(c? gk) gives 


t 


op 24 = | 
RR: [f dk k71? cos (kx — ot) 
«0 


gme 


=] UKE cos (he tet) |, . . (5) 
0 


Single Impulse in Deep and Shallow Water. 185 


and it is easy to verify that this leads to the well-known 
result given by Prof. Lamb. If we make the substitu- 


- D : \ gt » . . ~ - 
tions pal? (i 5 ) in the first integral in (5), and 
c 


1 2, | . 
rg? ü 24 ^.) in the second, the expression then 
ol ; 
becomes 


tw t? h 2 gt? * 
£= al "dy cosy = t) where @ = Az? e (6) 


which is equivalent to the result contained in equation (23) 
of Prof. Lamb’s address * 

A similar application of (4) to the case of water or finite 
depth h gives the result 


¿= j eel dk tanh! ?kh k^! (cos (kt — ot) — cos (kx + at) } 


+h í dktanh 7! ? khsech? kh k"?{cos(ke— ot) —cos (ke + at) | 
* 0 


" — 5 


] 24 "m | i . 
E= 3 | | dk tanh! ? kh £71? sin Ex sin et 
me Ld, 


+ | dk tanh ^! ? kh sech? kh k!” sin Fx sin at | 2.5. (8) 


e 0 


in which e? — gk tanh kh. 

When A becomes exceedingly great the first integral in 
(7) or (8) tends to the value of & given in equation (5), 
while the second integral tends to zero. The difference 
between the displacements at any instant, corresponding to 
infinite and finite depth dw ae is accordingly indicated 
clearly by equations (5), (7), (8). 

The evaluation of £ for any assigned depth, however 
-inall, can now be carried out by means of equation (3). 
By expanding sinct and integrating term by term we 
obtain a convergent series which has been already given 


* Presidential Address, London Math. Soc. 1904. 
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by Pidduck. Its first term is given by 


T,= 2 Uu dk tanh LA sin ker £A. ( dk tanh kh sin ke] 
79 


en 


E qt? d 

= uu [oen c) 9j, cosech o z) 

_ yr VQ (T 

S coh (57) nh? (2). ee ee (9) 


The second term is given by 
- 21 ot? dT, 
27 4! dh 


qm g Tt 
- Aah sinh” "e c me (3-4 coh ^) /si sinh mE 


. (16) 
These values for the first two terms of the series are given 
by Pidduck. All the higher order terms in succession can 
be obtained from these by means of the equation 
= 9j, 2)! 
T. (2n —4)'! » Tos 1 (2n —2)'! 


g? TOR gt? dT, mend 
2n! da? (n — 1) " 2n! = dh 


(11) 
In this way it is easy to derive the terms, but as the series 
converges very slowly at first and is only suitable for 
calculation when (ds small, it is unnecessary to give the 
terms in full. 
The values of the first six terms of the series, corre- 
sponding to the conditions ¢= 1 second and h = 2 feet, 
are shown in the accompanying table for values of x from 


T. T. T. T. Tq T;. T z. 

e ee 272 "413  —'764 71 4-102 —'050 15 

D. Aa 124 318  — 311 — (24 +073 — 019 162 
Ü soa. 'U56 204 —7104 —'058 +°039 — 008 "135 
d eec. S020 ‘120 — -:016 — 045 +015 +0001 "100 
B. usus '012 0607 40119  —'027 3-:0046 — --:0011 069 
LH Gp 0054 036 +0164 — 014 +:0003 = -+ 0009 "045 
10 ....... 0024. O19 +0136  —:0062 —:0009 +: 00057  -:0?8 


4to 10. Inthe calculation of these terms the approximate 
expressions for the successive terms, indicated by 
TI 
gm ~ 2h 
d WEN e s . . . . . 12 
4j (12) 
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for the first term, have been employed. The approximation 
is verv close from æ = 5 onwards, and at x = 4 the error 
in the value obtained for & arising from the use of the 
approximate expressions is about four per cent. To obtain 
the value of & at time ¢ = 1 second corresponding to any 
value of . less than 4 we should require to use the exact 
values of the terms. The series indicated above, with the 
numerical values of the terms given in the table, would be 
useful for all values of ¢ less than unity, but the labour 
involved in calculating the value of & by means of the above 
series when ¢ exceeds unity would be much too great. We 
shall now show that the calculation can be carried out much 
more simply for all values of t greater than unity by an 
entirely different method, depending on the principle of 
stationary phase treated in my former paper *. 

In the expression (2), the displacement E appears as the 
resultant effect due to two systems of wave-trains moving 
in opposite directions. In considering the displacement at 
any point for which w is positive we may take 


X 
f= A dk cos (ke—ot), o=(ak tanh kh), . (13) 
T), | 
in which only positive values of k are considered. The 
omitted integral we shall deal with later on. This integral 
in (13) is similar to that discussed in the paper above 
referred to. At any point wv at time ¢ the phase-curve is 
a curve with two stationary points, one at a positive and 
one at a negative value of k, and the point of inflexion is at 
k-—0. At any time t the points of stationary phase for all 
points near the front of the wave-system correspond to very 
small values of k, and an exceedingly close approximation to 
the true value of £ is then given by 


* 


D 3 
E= z| dk cos LR vat) ^ valet | - (14) 


(0 


1 jm yeo T | 
pm T | dz cos 5 (z^— mz), = . (15, 


or bv 


where 
2 amr XU, = 
m= V ght—v). 
7 NV yl? ) (vy ) 


The value of the above integral, for positive or negative 


* Phil. Mag. (June 1923). 
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values of m, has been obtained in terms of the y Func- 


32 42 
tions, J,; v G) } and J_13 uon . Numerical 


3 
values have also been given by Airy for the range 
m= — 5'6 to +5°6. The above evaluation is valid for all 


negative values of m and for positive values subject to the 
condition that 
Z( /qht—a) 

v gh’ t 
kı being the value of k positive for which the phase is 
stationary at point zat time t. This condition excludes all 
values of œ small compared with w/ gh t, and it also excludes 
large values of m unless ¢ also is very large compared 
with (V ght—:z). In the immediate neighbourhood of the 
point. x= ^/ght the above is valid over a very large rang 
of t. At t= 1 second, x = 8, the above integral gives 
for £ the value :070 as against ‘069 obtained by the 
previous calculation by means sof the series. The limitation 
expressed by (16) above renders the expression (14) invalid 
for values of k greater than about ‘1 in the case of a wave- 
disturbance in shallow water. But (14) is of considerable 
importance in relation to dispersion in general. It repre- 
sents a wave-disturbance advancing in any medium which 
is only slightly disper sive, being applicable to all substances 
to which Cauchy's law of dispersion applies *. 

The principle of stationary phase may be applied to 
evaluate (13) without the limitation referred to above. The 
true phase curve for (13) may be written in the form 


» 12 
p(k) = Ae Ces where s=ch . (17) 
i d | 


and æ represents ./( /ght). We then have 


i anh!l?; ] 22 1 
m Vut [ac S 03 m tnl? : | 


k= = a very small quantity, . (16) 


dk 2 a2 C 2 tanh? 2^ 

= vyh.tjia—V(z)t, . . (18) 
? B : j 
F = V gh? t 2 E). and a = — ie (FU (z). (19) 


The phase curve is only required for positive values of z, 


* A diagram of the integral contained in (15) for small values of m 
Is given in a paper on Ship-Waves by Hogner, Arkiv for Matematik, 
-Astronomt och Fysik, Band xvii. No. 12 (1923). 
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It has a point of inflexion at the origin and a zero at. the 
point defined by a?—tanh z/z, provided æ is less than unity. 
Between the origin and this point, at ko say, there is a point 
of stationary phase at which a—F(:). The method to be 
used in the evaluation of & consists in replacing the true 
phase curve by an auxiliary phase curve, which is in close 
agreement with the true phase curve at the point ko, and for 
a range on either side of kọ In the notation employed in 
mv former paper, the auxiliary phase curve, at point . at 
time ¢, is that represented by 


b 


dica Sot vor, EET CES (20) 


where = (hy), b=" (ky), em" (ko), and o= (k— ko). 

For values of z exceeding :=4, tanlh z—1, and the phase 
curve practically coincides with the phase curve for the case 
of infinitely deep water. This range of values of z or koh 
corresponds with small values in a or w«/( [v ght) and for these- 
values of æ and t the displacement curve is nearly the same 
for infinitely deep water and for shallow water of any 
assigned depth. As the displacement in infinitely deep. 
water corresponding to our initial displacement is fully: 


Fig. 1. 
1 
F(z) 
-F'(z) 
B | 2 3 4 5 
-4 


determined by the investigations of Professor Lamb, we 
require to investigate the displacement corresponding to the 
range of values of z from zero to four. 

In figure 1 the diagrams represent F(:), —F'(zj, and 
—F'(z) respectively so that the values of b and e required 
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in (20) can be read direct from these curves with the correct 
sign indicated by the diagram. The method of using these 
curves is as follows :— For any assigned a find :; to fulfil the 
condition æ= F(z;), then with this value of z in (17) calculate 
(ko) or a, and with the same value of z find b and ¢ from 
the curves in figure 1. From the values of a, b, c, so found, 
the auxiliary phase curve at x at time ¢ is determined. 
The auxiliary phase curve determined in this way varies in 
type for different values of z. Thus for any value of : from 
zero to ‘76, b and c are both positive and the general shape 
XE the curve is similar to that of the true phase curve over 
the full range of k from O tox. In this range of z, therefore, 
the auxiliary curve can be employed for integration over 
the full range of & from 0 to o». For example, with 


a] ( V gh t) 2:815, h=2, t=], wek, a= 0354/9 
b=:401 N gh? pis 50 V ghê t, and 
i ( pt e | f 
=i hl a T 2 1 
E salto lst aye IL n (21) 


If we transfer -the origin to the point of inflexion on the 
13 [ 
auxiliary phase curve, by the substitution v-(s. ) (o+ . ) 


the above expression becomes 


1 WA I( 1 ^) QT, 3 3 99 
FA " dw cos (^ + 3 ct Tt ;Q —nmw) ; , (22) 


13,4, oa $2 p3 , 
where p= (5 BE ^) and (5) E The inte- 


gr: als 
Yo T . 2 T 

| du TE (w*— me) } and ( dw sin 1 Spes maw} | 
0 = RIT = - 


have been evaluated in the paper already referred to, and 
the integrals 


p T ) p T 
( dw cos} 3 (i — mie) > and | die sin 5 Qm m) } 
J 0 d 
0 e 


are easily evaluated by quadratures for small values of p. 
In this way, at t 2 1 second, a=7, the value obtained for £ is 
"101 as against *100, the value given by the convergent 
series in tire -tublexn pige 1806, TM prone that the dibove 
evaluation is valid up to z= mE from z 
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In the neighbourhood of z=°76 the type of the auxiliary 
curve changes owing to the vanishing of e. Thus, with 


e/( V ght) 2715, Zo =hyh='83, a= —12954/%, 


1227438 Yuh? t, ¿=a very small negative quantity. 

"ince c is negative, the auxiliary phase curve (20) differs 
in type from the true phase curve beyond the point of 
inflexion on the auxiliary eurve, which, therefore, cannot be 
used to replace the true phase curve over the full range of k. 
As c is small, however, a very close approximation to the 
value of the displacement is given by 


p ek bo? 
gl dacos la 7] 


v —-À 


1 WS 1 (li | 
= iini in 1) + cup {cosa db ad 


(8) 34, 
—sina » dy sin gi V. . (23) 


The integrals in this case are well known, and the result 
is valid over a large area of t. At t—1 second, (23) gives 
£134, as against 135 as given in the table on page 186. 


Fig. 2. 


s0. 
Vie 


p A a 


iiam 
3 $-/p tz [s- ez) 
If we now take ^/ Vght='5, we have z,— Ah — 1:522, 
assaig, h='?266 Vah’ t, c= —'3 NV ghè t. The aux- 


iliary phase curve given by (20) is a cubic, which agrees 
closely with the true phase curve near the point of stationary 
phase P, but differs from it in type beyond the point of 
inflexion A. 

It is clear from the diagram of figure 2, in which OPQ 
represents the true phase curve, that no single curve can 
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replace the true phase curve over its full range. Over the 
finite range from z=0 to z= 1:522, it is best to employ the 
true phase curve itself, though a fairly accurate result is 
obtained by replacing it by a sine curve, a sin 2 . Thus, for 
this portion of the curve the integration along the true phase 
27 
curve leads to the result £,— A or '044. For the range 
from :,—1:522, the stationary phase point, to z=% we 


2 
might employ the auxiliary phase curve $-(^ + 5) This 
gives us | 

P do cos (a+ aa) © 4) 
and at t=1 the value obtained for E: is +°062, and with 
E=$, + Es E is*106. According to our former calculation 
E is 15, so that in this case the auxiliary curve employed does 
not give a sufficiently close approximation at t=1. The 
above auxiliary curve, represented in the diagram by the 
dotted line RPS, is moderately close to the true phase curve 
in the range from 2—0 to z=3, or even 4, but, as the diagram 
shows, it is not in sufficiently good agreement with the true 
phase curve beyond :—4. ‘Another approximate value is 
obtained if we employ this dotted curve in the range z— 0 
to z — 4, thus giving | 


oe h 
f= gl l dz cos(a+ 1,21). 2. (25). 


in which the origin of + is at the point of stationary phase P. 
In the range from z—4 to z=0 we mav take 


] ("7 UNES ; 
ZU ds eos [A 4  t(za—25)], . (26) 


which is identical with the corresponding integral for tlie 

case of infinitely deep water, being obtained from (13) by 

putting tanh kh=tanhz=1. By means of the substituticn 
d 2 

2 * 4.12 ° > - 

= ta: — =) » we can transform the expression 

' h 2a 


(26) into 


__ i 1 "m at 
OZ - sinfe) 
m 
h 
2 
id 


n 1 E m [ | , V / t 1 Ms 
MEA ta) MEREN E 
h 
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where eA ht ta (41^ — 3! Corresponding to 
a = pi eio h=?, t=l, 


we obtain £,—':128, £,—':007, and £€=°135 instead of 
"15 as given by our former calculation. The discrepancy 
remaining in the results given by the two ditferent 
methods is due to the fact that even in the range :=0 to 
2-4 the auxiliary phase curve indicated by the dotted line 
is not sufficiently close to the true phase curve : and the 
above calculations are given to indicate the limitations to 
the use of the method of stationary phase in certain cases. 
The auxiliary phase curve, 


um h 
gaat, + aye 3=a+ A Goa CLEA 


ix, as is to be exui better than the dotted curve, being 

almost in exact agreement with the true phase curve over 
b 

the range from z=0 to z—:5— — -, the point of inflexion on 


the auxiliary curve ; that is, TN MM =0 to <=2°412 in the 
present case (a—:5). For this range we have 
b 


amm 1 ag c ^ gr + b ” -— ~ 2 c ^ ~ 3 
b on ) o p] * 
-zQ0 77 c = 9 412, . e . e. e. (28) 


as a very close approximation to the correct value of the 
integral. For the range from z—2:412, the best result 
obtainable by ineans of an auxiliary curve is given by 


1 (^ 7 
b= 2mh, A-, peque [v ee »]. 


The auxiliary curve employed in this agrees closely with 
the true curve in the range 2> 4, but gradually falls below it 
in the range froin z 24 to /2—2-412.. The numerical results at 
t — 1 are here E,= 047, £,—:093, and €="140. By employing 
the true phase curve in the range from z—2:412 to gad, 
the value obtained is €=°143, which is in fair agreement 
with the result given by the series in the table on page 186 
namely, €="15. As stated earlier, the value given by the 
series may, in this case, be inaccurate to four or five per cent., 


Phil. Mag. Ser. 6. Vol. 47. No. 277. Jan. 1924. O 
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and, in addition, the second integral in (2) has still to be 
added to the value obtained above, as its value increases as 
a diminishes, and at «2:5 it is no longer negligible. 


When we proceed to values of c/ /gh.t less than *5, the 
point of stationary phase P moves further aud further from the 
origin. For the portion of the true phase curve from zo to % , 
the value of & given by (29) approximates closer to the true 
value of the integral as z, increases. The portion of the 
true phase curve OP is represented very closely by the cubic 
(20) as far as «24, which corresponds with the value z; =2. 
But for z,72 the cubic tends to fall below the true phase 
curve, and it ceases to give a sufficiently close approximation 
to the value of the integral for the portion OP of the true 
phase curve. When ae 4, 29>2, the true phase curve OP 


lies between the curves $ —a sin E and d= -4/7 (za — 217), 


for both of which the integrals can be evaluated. It agrees 
closely with the latter curve when <9 is considerably larger 
than 4, and the whole phase curve then is nearly identical 
with the corresponding curve for infinitely deep water. A 
cubie auxiliary phase curve which is in fairly good agree- 
ment with the true phase curve over range OP can alw ays 
he obtained hy taking « and b to fit the true phase curve 

at P as former ly, and by then choosing c so that the auxiliary 


curve passes through the origin. This method requires the 
ralues of the integrals 


A T x . 7 
dw cos 9 (w3— mw) and | dic sin; (1? — mw) 
0 0 ^ 
for all values of m and A, and these can be obtained readily 
by means of results given in a former paper provided 


(aces ana (° 

dwcos5w* and i dw sin. 2 “ws 
v0 E e 0 

are first determined. But the work of prepsring the 

numerical values required for the convenient application of 

the stationary phase method to the evaluation of any integral 

must meantime be reserved for a later paper. 

In the present paper we have proved by means of the 
evaluations given above, corresponding to t=1, that the 
method of stationary phase can be applied to integrals of 
the type (13) without the restriction to large values of t con- 
tained in former applications. All the evaluations of E given 
above, corresponding to various values of a, are valid for all 
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values of t ; and it is possible, therefore, by this method to 
trace the development of the wave-system as time advances. 
The effect of an increase in ¢ can be most readily determined 
by writing the phase $ in the form 


$=[k{2—Ve}] =f -4V }. 


In this we are treating z #8 a constant, corresponding to 


the 2 employed above, x being the point at which the phase 
is stationary for wave-length 2/4). When we express $, 
the true phase, in a series of terms depending on ø or (& — ko), 
it now takes the form | 


zt | Bo AN Yo j 

hb=t< at 917 — 5 po t ete. 

instead of 

7 o*+etc., 

as given in my former paper *. 
l'rom this it appears that if we take the true phase curve | 
and the corresponding auxiliary phase curve at /—1, we have 
to increase the ordinates of each of these curves in the same 
ratio (t/1) to obtain the true phase curve and auxiliary phase 
curve at any later time t. The fit of the curves giving the 
correct result and the approximate result respectively 1s not 
altered as t increases. This does not necessarily prove that 
the approximation to the true value of the integral obtained 
bv means of the auxiliary curve is equally good for all values 
of & A test would need to be made in each individual ease 
to prove this. Thus, in the case where the true phase curve 
is viven by $—t186? - ya?) and the auxiliary phase curve 
is given by $—t(86o'], it is easy to show that the integral 


b 
d=at y^ c? + 


( dø cos {t(Ba? + ya"); is represented with fair accuracy by 


. 
"x 


| da cosít9a?) when t is large, and the accuracy of the 
* Q 

approximate value improves as t becomes larger. We have, 
in fact, the approximate evaluation, for 8 and y positive, 


is: 1 T 0.3.1] y 
I=} docostt( Bo? 4-yo?)] = we à {1- 93 9 1 Qu q? 
U 2 2 gt 33.21 Pts 


t 
the approximate evaluation being given by the first term 


* Phil. Mag. xlv. pp. 1156-1107, June 1923, 
O 2 
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ulone. The above example indicates the reason why t must 
be taken large in Lord Kelvin's original applications of the 
principle of stationary phase. | 
In the evaluations of the integral (13) we have confined 
our attention to the range of z and t for which the phase 
curve has a stationary point. At time t=1 a stationary 
point exists on the phase curve for all values of z from O 
to8. From «=8 to zoo the phase curve has no stationary 
point. It is then of the same type as the phase curve 
$ —kz-ot, which appears in the second SANA ER equation 
(2) and which we have treated as negligible throughout. 
The corresponding integrals represent a disturbance which 
diminishes rapidly towards zero as x increases, of the type 
- indicated by the advanced portion of the curve shown in 
Fig. 3. 
£ 


0 x 

2 4 6 8 iQ 
figure 3, which represents the displacement curve at t=1 in 
the range from z—4 to z— 10to which our calculations refer. 
These integrals can be evaluated by the method employed 
above, in which the true phase curve is replaced by an 
auxiliary curve, but for this evaluation the integrals referred 
to on page 194 above are again required. 


ray » o . . " . 
The Following table gives the numerical values from which 
the curves in figure 1 are obtained :— 


> F(z). —F'(:). —F'"'(z) 
0:0 1:000 "000 1:000 
‘25 970 234 ‘S14 
5 *800 "388 104 
di “784 4539 02 
1:0 676 411 —:212 
1:5 '506 3 —00] 
2*() :808 :d61 — 175 
30 206 003 — 049 


40 ‘250 O34 — 016 
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XVII. Bending Stresses in Thin- Walled Tubes. 
By Joun Case, M.A., F.R. Ae.S.* 


1. Summary and Conclusions. 


Tus object of the present paper is the investigation of the 

stresses in a thin tubular beam, such as steel factory 
chimnevs, monocoque fuseluges of aeroplanes, the hulls of 
submarine vessels, and the like. Beams such as tliese are 
liable to fail at a smaller load than is that calculated by the 
simple theory of bending, and, so far as the author is aware, 
no method of calculating the strength in these cases has been 
given before. The method developed here is perfectly general 
in principle, and can be applied to thin tubular beams of any 
cross-section, such as submarine hulls or steel spars for 
aeroplanes. | 

Considering, first, beams of circular cross-section, it is 
shown below that any section of the beam behaves as a ring 
under an external radial pressure which varies from point to 
point of the cireumference. On account of this pressure a 
ring such as ABC (fig. 1), of unit axial length, is subjecte:! 
to a maximum bending moment | 


_ M’r't 

«X 4ETI!' 

where M is the bending moment applied to the beam, r is 
the mean radius of the cross-section, ¢ is the thickness of the 
walls of the tube, I the moment of inertia of the cross-section, 
and E is Young's Modulus. This bending moment acts in 
the plane of the cross-section, and gives rise to a stress 


3M? 3 Me 
2 El ~2 m Ere 


at the points of the section which are in the principal plane 
of bending and points separated from these by 90°. 

It will be seen that this stress, which is of opposite sign 
on the outer and inner surfaces of the tube, increases as the 
square of the applied couple, and inversely as the cube of 
the diameter and the square of the thickness of the cross- 
section. 

It is shown below that this circumferential stress will 
exceed the longitudinal stress f if 


r E 
t 6f 


* Communicated by the Author. 
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If we take f as the yield point of the material, and the maxi- 
mum stress as the criterion of breakdown, this means that in 
the case of a steel having a yield point of 50,000 lb./in.?, the 
circumferential stress will cause failure if the diameter of 
the tube is 800 times the thickness. If the maximum stress 
difference is the criterion, the circumferential stress will be- 
come important for a smaller diameter of tube, since at some 
points in the section it will give rise to a compressive stress 
at right angles to a longitudinal tensile stress and vice versá. 
Thus, if the diameter is 400 times the thickness, the bending 
moment which the tube can stand is reduced by 15 per cent. 

These figures will show that the circumferential stresses 
only become important when the ratio thickness/diameter is 
very small; I am of opinion that in these cases it is the 
circumferential stresses which bring about the so-called 
buckling of the tube. 

A similar expression to the above is given for an elliptic 
tube in equation (22) below, and the equations for any 
symmetrical section are given in-(24) and (25). In the 
case of the hull of a submarine vessel, every cross-section is 
subjected to hydrostatic pressure as well as the pressure 
arising from flexure. If the hydrostatic pressure be written 
in the form a— by, where a and b are constants and y is the 
height of a point above the axis of the ship, which is here 
supposed to be of circular section, the cireumferential stress 
is given by 

3 M*;? 6br? [2 0 c sin 0 

o Ep: 5?6* 7x EG E ix Js 
where @ is measured from a horizontal diameter and the 
other letters have the same meaning as above. 

Asymmetrical sections can be dealt with on the same 
principles as symmetrical sections, if due consideration is 
given to the distortion. 


2. Beams of Circular Section (figs. 1 & 2). 
Fig. 1. Fig. 2. 
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The beam is supposed under the action of couples M only. 
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The longitudinal fibres on the convex side DE are in tension 
and those on the concave side FG are in compression. 
Consider the ring ABC, and let PQ be an element of the 
top part of this ring, parallel to the plane of bending. This 
element will be acted on by forces of intensity T per unit 
area, exerted by the neighbouring rings, T being the stress 
intensity due to bending. Similar considerations will apply 
all round the ring. Thus, if we imagine the tube made up 
of a number of rings, each ring will be under the action of 
a radial pressure on account of the adjoining rings. This 


pressure will give rise to circumferential stresses in the 
ring. 


Fig. 3 
d: - 
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We shall assume that each ring behaves as if it were 
entirely independent and acted upon by a radial pressure 
equivalent to the normal components of the stresses T. 
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In fig. 3, AOC is a diameter of: one boundary of the ring, 
and liesin the plane of bending ; BOB’ is a diameter 
perpendicular to this. 

KL is the intersection of the planes containing the 
boundaries of the ring, so that OL is the radius of 
the circle into which the centre line of the tube 
bends. 

PP'Q'Q is an element of the ring, PQ and P'Q' being 
lines which before strain were parallel to the axis of 
the tube. 

N is the intersection of the normals to the surface at P 


and Q (QON is a continuation of the radius QO). 


Let OL = R, 
OQ =n, 
QH = n, 
PQ = «o, 
PP'= ds, 
QK = p, 

QKP = ¢, 
QOH = 6, 


T = tensile stress across PP’ and QQ’, 
t = the thickness of the walls of the tube. 


Then the total force on PP’ and QQ’ is Tt . ds. 


The radial pressure on the element due to these is 
?Tt da^? = Teds dọ. 


The area of PP'Q'Q is ds.do.. 


Hence the equivalent radial pressure on PP'Q'Q is 


| Tt.ds.d$ d$ _ Te 
pou nadie pP O = 
Also . 
p=R+y=Rtrsin@Q . . . . . (2) 


Assume that T is still given with sufficient accuracy by 
the usual formulæ, so that 
My Mrsin@ 

I^" Torr st o @) 


where I is the moment of inertia of the section of the tube 


about BB’. 


T= 
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Hence, from (1), (2), and (3), 
Mrt sin 0 


= Aini ina 4 
P ~ I(R+rsin 0)’ (= 
but 
1.M 
R ED 
where E is Young's Modulus. 
Hence 
s M?rt sin@ 
TURBO e es 
1+ g ?in 0 
Let us neglect r/R in comparison with unity, then 
: | 
p= psn. 2 2... OS) 


Consider, then, a ring of unit width subject to this radial 
pressure. 


Fig. 4. 


The action of the lower half on the upper can be repre- 
-sented by a bending moment My, a tension V.and a shearing 
force F, as shown in fig. 4. at B and B'. Take B as origin, 
and measure z to the right. 

By symmetry F=0. 

Let m= bending moment at Q. 
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Then | 
BP’ 
m = | pds. QK —V. HB' - M, 
Je 


= | : pr? (cos 0 —cos y)dy — Vr(1 + cos 0) -- M, 
us | 


M??? (^7 . , 
= RIP J sin Jvc . (cos 0 — cos y)dy — Vr(1 + cos) + o- 
Also, : vow we (6) 
V= P. v dr 
MI 


which gives 


_ Mrt (7) 


Substituting for /7) in (6) and evaluating the integral 
leads to | 


M?rt 
m = M— TEL (1— cos 20) 
Mrt., 
= M — ops sin’ €. — 6 
By symmetry the total change in the slope of the tangent 


to the ring between 0=0 and 6— 5, due to deformation, 


must be zero. Therefore we must have 


a nr d 
= -= Q, 
, El 
; o. us T? 3 
t. e | (3.- Sasin? 6 Jae = 0, 
.0 g 


since r, E, and I are constant, which gives 


Mt 
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Hence, from (8), 


Mèt g | 
m = | ND C 
m = ys 05 26, (9) 
m is a maximum when 0-0, 2 T, etc., and is zero when 
T WT 
0— 4^ d ete 


ZR l Mr CQ. : 
The masimum value of m is TEI? which gives rise to a 
circumferential stress in the ring equal to 6m/t?, i. e. 
3 M?73 
aa . (10 
2bDPtC | 


There is also the direct stress in the ring to be considered : 
the thrust at Q in the direction of the tangent is - 


(“pr cos 0 dx — V cos 6, 
‘6 


which equals 


M?r?t 


?EI* (1 + cos 20). 
The corresponding stress is 
2..2 
rd (1+ cos 26). 
l 2,.2 
When 0—0 or 7, this =e : 


s C= E the direct stress = zero. 


Hence the maximum stress in the ring, due to bending by 
the action of the radial force, is 
3M Mi 
2 EI% ED 
3 M?r3 2t 
-3gpi(!*5;). 
which shows that we can neglect the direct stress. 
Next we must consider the shearing force across the edge 


PQ (tig. 5). Denoting this by S, we see from fig. 4, that 
Sz ( sin dy — V sin 8. 
0 
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Substituting for p from (5) and performing the integration, 
this leads to 
] Mrt. 


S = 9 EI? sin 26. 


The cross-section of the ring is a rectangle of width unity 
and depth ¢, so that the shear stress is 
2 


q— pm sin 20 22... AD 


at a point on the middle sarface of the ring, being zero at 
the outer and inner surfaces. 

The bending stress in the ring, due to the radial pressure, 
is a maximum on the outer and inner surfaces and zero on 
the middle surface. Also r/t will be large, so that, com- 
paring (10) and (11), we see that we need not consider the 
shear stress. | 

Returning now to the element PP'Q'Q of the tube, we see 
that there is a tensile stress 


Mr sin 0 
i I 
across the faces PP’ and QQ’, and a tensile stress 
j BM 9 
T = T 2 EI cos 20 


along the outer and inner edges of the faces PQ and P'Q'. 
When @=0 or ~, T is zero, and T' is a tensile stress on 


the outer surface and a compressive stress on the inner 
surface. 


Y T 3a * 
When 8 = 5 or 29 
Mr M 
= - = - REPE 12 
7 I Tr?! x) 


3M"? 3 M? ee 
= Sa pe s wo (13 
2 BI? /— 25ES0' euo) 
the latter being compressive on the outer surface and tensile 
on the inner. 


Let f be the yield stress of the material, then the bending 
moment which will cause the longitudinal stress to reach 
this value 1s given by 


: M 
J= Tr 


i. e. M = mn). 
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The circumferential or hoop stress will then be (by J3) 


Sn rer? 
mEt ^ 
; 3r f? 3yr 
which equals *- 'z,. This will be greater than f if te >1, 
t. e. if 
r. E 


d iE d ay. mou do Se SOT) 


In this case the tube will fail by hoop stress before it fails 
by longitudinal stress. 
In the case of steel, i£ we take 


E=30 x 108, and f= 50,000 Ib./in.?, 


this means that the diameter of the tube must be about 
800 times the thickness. 


In the case of wood with 
Ez15x105 and f=5000 lb./in.? 


. the diameter must be about 400 times the thickness. 


3. Submarine Hulls. 


An extension of the above theory, which is applicable to 
submarine vessels of circular section, is when the tube is 
subjected to an external pressure which varies in a linear 
manner from top to bottom of the tube. In this case we 
can write: 


M?rt 


1332 
gis n 0 


p =a—by+ 


= a—lrsin 04- [de sin? ð, . . . (15) 
where « and 5 are constants. 
Proceeding in exactly the same way as before, we find 
E uu uua 25»42 1259 
i EI? 


Mrt q*—8,, 5j 
= IEE T dor br’, . em] b b b 9 o 5. o (17) 


V =ar- 


M 


M?,*¢ 2 0 r sin 
m = App 26+ br? ls + (z — 1) cosg 0-— peat ] " (18) 


2 
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4, Non-Circular Sections. 


The same treatment is obviously applicable to tubes of any 
cross-section, but the analysis may become very troublesome. 
In the case of an elliptic tube of small eccentricity the work 
is not so terrible, and the chief steps in it are given here. 


Let a = the semi-major axis, which is perpendicular to 
the plane of bending ; and 
b = the semi-minor axis, which is in the plane of 
bending; . 
e = the eccentricity, which is assumed small enough 
for et to be neglected. | 


Let z—acosó, and y=bsing be the coordinates of any 
point on the middle line of the section. 


Then we find 
b —a(1—6)-a (1— E) approximately, 
y=a (1-5) sin $, 
p =R+y=R approximately, 


Tt Mat . e 
p = 2 = “EID sin e(1- 3 ), 


etre ee 2 
ds = Vdd = a(1—5, cos! $) d$, 
X — thrust at À — zero, 


PB 
Y= „ „B= | p ds. 
JA 
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Substituting for pds in terms of $ and integrating from 


4=0 to d= 55 leads to 
2M"e^t 
pred "EP (1- Fe tg e). e . e e (19) 


Next, let (fix. 9) P be the point («p =a cos ġo, Yo — b sin dy) 
and Q the point («=a cos $, y — b sin $) ; also let M, and 
Mg be the bending moments at A and B. Then the bending 
moment at P is given bv | 

p=r 


m = Ma—(a4+2) y+ f pds. PZ. 
$= $c 


Y has been given above, and PZ is given by 
PZ = (c —«c) =a (cos dy — cos $) 


whence we obtain, on substituting and T 
M?a%t 
m =Ma + EP po 5 +50- cos" $.— 2, cos ‘bo. 
As in the case of the circular section, we use the condition 


B 
mds=0 to find M,. The result is 
A 
_ M'at 29 5 : 5 
Ma = tee i7 qs pocasi 
Hence, finally, 
M?a’t 1 1l Le ^ e? 
M= gp |- (i- "L e). ;(1- a Jes é— 12 costo | (21) 


from which the stress ean be calculated in the same way as 
before. 


9. In the case of irregular sections the integrations must be 
done graphically by plotting the various curves and finding 


Fiz. 6. 
,B 
Nt oN 
MA : Ma 
Al OE: SL L MT TD A scs 
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their areas. Thus, consider the seetion shown in fig. 6, where 
there is supposed to be symmetry about both axes. 
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PQ is an element of arc ds, and then we have 


Mtt 
V= pi d, PG. d, oss sss s. CD 


m = bending moment at R 
- M,—HA'. Ye gel. PG.HG.ds, . . (23) 


M, is given by 

*B 
| mds = 0, 
v 


A 


t. €. " M? (78 
sM, = ( V. HA de- ay), N PG.HG.ds, 
JA 


where s=the length of the arc AB. 


Hence: 
M?t "B ; 
M, = gp, |, |, (PG HA'- PG. HG) ds 
2 E 
=o, | GA'.PG.ds . .... . (2) 


The integrals are evaluated by marking off equal intervals 
of arc along the circumference of the section, measuring 
GA' and PG, and then plotting the integrands against s. 


It is hoped that the method has been sufficiently explained 
above to enable the reader to deal with any particular case, 
for the process is not necessarily limited to the symmetrical 
cases which we have taken. The process should be applic- 
able to such sections as those used for the very thin metal 
spars of aeroplanes. 

When the tube is subjected to shearing forees and direct 
tensions or thrusts, as well as bending moments, the cireum- 
ferential stresses due to bending can be found as above, and 
then the maximum principal stress should be found. 


[ 209 ] 


XVIII. Statistical Equilibrium in relation to the Photo-electric 
Effect, and its Application to the Determination of 
Absorption Coefficients. By E. A. Mitne, Fellow of 
Trinity College and Assistant Director of the Solar 
Physics Observatory, Cambridge *. 


$1. Absorption Coefficients and Probabilities. 


NE of the desiderata in the physics of the atom is 
a knowledge ot the probability of transitions between 
different stationary states. Suppose we have an atom in 
a stationary state which we denote by 1, and that it can 
also assume another stationary state which we denote by 2. 
Let the probability that at any instant ¢ the atom will 
in the succeeding interval dt undergo a transition from 
state 1 to state 2 be Padt. Here Py», is a function of 
the circumstances of both the states 1 and 2, and also 
of the environment—that is to say, it may depend in addition 
on the chances of interference of the atom by another atom 
during the interval dt and also on the field of radiation 
to which the atom is subject. We will, however, exclude 
from consideration the furmer of these environmental 
conditions. If the state 1 is of less energy than the 
state 2, the transition will take place with absorption of 
radiant energy of a certain frequency v. 

If now the numerical value of Piz is known, we can 
find the absorption coefficient, for frequency v, of the 
substance composed of these atoms. For the absorption 
coefficient is the product of two factors, one proportional 
to the number of atoms per unit mass capable of absorbing 
radiation of frequency v, i.e. in the state 1, the other 
proportional to the probability that any given atom in 
the state 1 will in fact absorb. The first factor can be 
found, at least in many cases, from statistical mechanics, 
and thus the macroscopic absorption coefficient can be 
calculated if the probability of atomic transition is known. 

Conversely, from the measured value of an absorption 
coefficient the probability of transition can be calculated. 
Now,in the X-ray region, where the process of absorption 
gives rise to continuous bands, the absolute values of 
absorption coefficients are known with accuracy. But in 
the optieal region absorption is for the most part mono- 
chromatic, and here the measures are very difficult —bardly 

e Communicated by the Director of the Solar Physics Observatory, 
Cambridge. 

Phil. Mag. Ñ. 6. Vol. 47. No. 277. Jan. 1924. ^ P 
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any, in fact, exist. Such a measure, for example, in the 
case of the D lines of sodium, would involve the exact 
determination of the ratio of the intensity inside the fine 
absorption line formed by interposing a known thickness 
of sodium vapour under known conditions in the path of 
a beam, to the intensity of the corresponding portion of the 
continuous spectrum of the beam itself. 

Wood's measurements * of the absorption of mercury 
resonance radiation A 2537 (18—2p,) in mercury vapour 
give values of the mass-absorption coefficient ranging trom 
0:8 x 10? to 2 x 10? ; for example, a layer of mercury vapour 
0:5 mm. thick at 0:001 mm. pressure reduced the intensity 
of a beam of resonance radiation to 4 of its initial value, 
a layer 2:5 mm. thick to 4!5s. In view of the values for 
ordinary X-rays (of the order of 10° to 107), and otf 
Eddington's value for the material of the interior of a 
star (of the order of 20-40), such a value appears perhaps 
astonishingly large, though it is known that vapours are 
highly absorbent to radiations they themselves emit. Un- 
fortunately, the writer has not been able to find any other 
experimental data on the subject. But it has been shown 
from rough considerations arising out of the assumed equi- 
librium of ionized calcium vapour under selective radiation 
pressure in the sun's chromosphere t that the mass-absorption 
coefficient for the H and K lines of calcium should be at 
least of the order of 108, and probably somewhat greater. 

In a similar way, if P54,dt is the probability of transition 
from state 2 to state 1 which occurs with emission of 
v-radiation, then P,5; is connected with the coefficient 
of emission. It is also connected with the average time of 
occupancy of an outer orbit by a displaced electron, which 
is usually denoted by v. An electron ejected to an outer 
orbit appears to have a natural tendency to return to the 
normal orbit, and the average time of existence of the atom 
in the excited condition has been made the subject of 
experiment. It appears that r is of the same order of 
magnitude, 10-8 sec., for the different lines of the different 
elements that have been investigated f. Hence P> is of 
the order of magnitude of 108 sec.7!. But it must be noted 
that the probability P554 must be supposed in general to be 
the sum of two terms, one depending on the intensity of the 
surrounding radiation, the other depending on the inherent 
tendency of the electron to return to the state 1. 

* Quoted by Foote and Mohler, * The Origin of Spectra,’ p. 89 (1022), 

+ Fowler and Milne, ‘ Monthly Notices,’ Ixxxiii. p. 418 (1923). 

J Foote and Mohler, doc. cit. p. 00. 
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Bolir’s correspondence principle connects the probabilities 
of transitions between stationary states with the magnitudes 


in the trigonometrical series which represents the motion. 
Asis well known, it has predicted results of prime importance 

concerning the relative intensities, for example, in the com- 
ponents of the Stark effect and in the theory of fine structure, 
but it has not yet provided information as to the absolute 
values of the probabilities of transitions. 

It is, however, the absolute values of the absorption co- 
efficients, and thus of probabilities, that are required in 
many cases, in particular in the astrophysical investigations 
out of which the present paper originated. When an 
absorption line reaches its maximum intensity i in the stellar 
sequence of spectra, it appears to originate in the stellar 
atmosphere at a depth where the pressure is of the order of 
10°* atmos., and the question arises how this may be 
accounted for on a priori grounds. When a detailed theory 
is constructed, on whatever specific assumptions, the mean 
pressure for a maximum of intensity in an absorption line is 
found to depend on the absolute value of the absorption 
coefficient, In fact, without a detailed calculation, it is 
clear that the greater the absorbing power of the atoms 
in question the more opaque is the stellar atmosphere in 
the freqnency concerned, and so the greater the height 
and the smaller the pressure at which. the line originates. 
From the observed pressure, it is possible on certain 
assumptions to obtain a relation between the absorption 
coefficient and certain physical characteristics of the star 
itself, such as the value of gravity at the surface. 
Assuming values for the latter, it is possible to obtain 
estimates of the absolute values of the absorption coefficients 
of certain spectral lines based entirely on astronomical 
evidence. Such estimates are in no serious disagreement 
as regards order of magnitude with the observational value 
for the Hg line and the value for the H and K lines of Ca 
deduced bv a different line of astrophysical argument. But 
the estimates are subject to large uncertainties, and it is 
highly desirable to have them confirmed in any ways that 
are available. 


$2. Einstein's Method, 


The introduction of probability coefficients such as P5, 
and Ps»; was first made by Einstein * in a classical paper. 


* Verh. d. D. Phys. Gesell, 1916, p. 318. A more detailed treatment 
is given in Phys. Zeit. xviii. p. 121 (1911). 
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of the amplitudes of the corresponding harmonic components : 
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Einstein considered an enclosure containing a gas whose 
atoms could assume a number of stationary states, and 
investigated the equilibrium subsisting between the atoms 
and the surrounding radiation. :He assumed that the 
transitions between the stationary states were governed 
by certain definite laws of probability of the kind out- 
lined in $1 above. Each transition is accompanied by an 
emission or absorption of radiation, and the totality of 
transitions must give rise to black body radiation in the 
enclosure. From this, utilizing the statistical distribution 
of the atoms amongst the different stationary states, he 
deduced three results: (1) the quantum formula Ay 2 AW, 
for the connexion between frequency and energy change; 
(2) Planck’s formula; (3) a relation equivalent in our 
notation to one between Pis and Ppi. Since the order 
of magnitude of Pg», is known from the experimental 
determination of 7, and since P,5, determines the coefficient 
of absorption, the possibility suggests itself of utilizing 
Einstein's relation to deduce the latter from the former. 

The details are given in $5. It will be found that 
unfortunately the relation does not yield at present a 
defini:e numerical value for P155, owing to a fresh unknown 


q antity which discloses itself, namely, the numerical width 
of a “ monochromatic line.” 


$ 3. Scope of the present Paper. 


In an attempt to avoid this difficulty, the author has 
in $8 applied Einstein's method to the photo-electric 
liberation of electrons in a gas at a high temperature, with 
the production of ionization. An investigation is given 
of the thermodynamic equilibrium subsisting between atoms, 
ions, electrons, and radiation in an enclosure at a given 
temperature *. Just as Einstein's work evaluates the mono- 
chromatic absorption coefficients of the various lines of an 


* Since this investigation was completed, n paper has appeared by 
Kramers (Phil. Mag. xliv. p. 836, Nov. 1923) in which Einstein's 
method is applied to the same problem. Kramers obtains a formula 
identical with (20) below, though the details of the deduction are 
different. Kramers’ applications are to the absorption and emission 
of X-rays, f. e. to the inner levels of the atom, whilst the applications 
of the present paper are to the outer (optical) levels. Space does 
not permit a detailed comparison. Just as the present paper was 
being sent to the press, vet another paper on the same subject came 
to hand, by Becker (Zeit. für Phys. xvin. p. 325, 1923). This contains 
an investigation substantially equivalent to $$ 8-11 of the present 
paper. 
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optical series, so the extension to the photo-electric effect 
evaluates the coefhcients of absorption for the continuous 
spectrum which lies on the short wave-length side of the 
serles limit. Instead of the unknown theoretical breadth. 
of a spectral line, it involves the unknown probability of 
capture of an electron by an ionized atom. By making 
definite assumptions about the probability of capture, the 
coefficient of absorption is evaluated. The result applies 
in the first instance to the optical region of frequencies. 
But for a heavily ionized gas at a high temperature this 
is precisely Eddington’ s problem of electron- -capture in the 
interior of a star. The formula we obtain can, in fact, be 
integrated with regard to frequency, so as to vive the mean 
coefficient of absorption of stellar material. ‘The resulting 
formula agrees with Eddington's, save for a correcting 
factor which depends on the ionization potentials principally 
concerned. 


$4. General Remarks on Einstein's Method. 


When a case of dissociative equilibrium or any kind 
of statistical equilibrium is discussed with the aid of a 
specific kinetic theory, there appears an ‘equilibrium 
constant,” a function (for any given system) of the tempe- 
rature only, in the form of a ratio of reaction-velocities. 
When the equilibrium of the same system is discussed 
with the aid of thermodynamics, or from probability con- 
siderations, the same equilibrium constant appears, but its 
expression includes no reference to reaction-velocities, for 
the concept of reaction-velocities is foreign to pure thermo- 
dynamics. By confronting the two results, we obtain in 
general an explicit relation between the reaction-velocities. 
From thermodynamics alone the reaction-velocities can 
never be separately determined, but the form of the equi- 
librium constant imposes a restriction to which all detailed 
theories of the mechanism of the reactions must conform. 

This is the point of Einstein?s method. The thermo- 
dynamic theory of radiation (Kirchhoff) shows that it 
€, is the coefficient of emission for frequency v, k, the 
coefficient of absorption, then under equilibrium conditions 
e[k, —1,, where I,. the intensity of radiation, is a function 
of temperature only.  Einstein's assumptions respecting 
stationary states and the probabilities of emission and 
absorption amounted to a detailed theory giving e, and 4,, and 
his results then followed from the condition eJ. function 
of temperature, combined with the thermodynamic properties 
of radiation. The probabilities of emission and absorption 
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may be regarded as the reaction-velocities of the mono- 
molecular reaction consisting of the transition from one 
stationary state to another. 

It is well known that early attempts at discovering the 
radiation formula were founded on this method applied 
in the reverse manner: I, was to be found by calculating 
e, and k, from some particular atemie model. But familiarity 
das this instance perhaps obscures the fact that the method 

sapable of other applications. 

The thermodynamic formula first freely used by Saha * 
for calculating the ionization of a gas at high temper atures 
Is independent of the mechanism of lonization, but it 
imposes a restriction on any assumed mechaiism of ioii- 
zation and recombination. The mechanism of ionization 
assumed in § 8 is the photo-electrie liberation of electrons ; 
and a relation is found between the probability of ionization 
of a given atom by radiation and the probability of capture 
of am electron in a given type of encounter with an ion. 
But the existence of the thermodynamic state of equi- 
librium is in no way incompatible with other mechanisms 
of ionization. Thus ionization may oceur by collisions 
between atoms. This process gives a rate of ionization 
proportional to the square of the pressure. If the only 
compensating process were that of the encounter of an 
ion with an eleetron, the rate of recombination would 
be also proportional to the square of the pressure, and 
therefore the equilibrium constant would be independent 
of the pressure, in disagreement with the thermc- 
dvnimle formula and with observation, This shows that 
there must be some process of recombination other than 
that of the simple encounter of an ion and an electron, 
A principle of reversibility T. shows that the true cem- 
pepsating process in the case of ionization by collision 
consists of three-body encounters between an ion, an electron, 
and another atom. The numl er of such encounters is pio- 
portional to the cube of the pressure; hence the ratio of 
the rates of recombination and ionization is proportional 
to the pressure simply, just as for ionization n radiation, 
in agreement with tlie thermodynamic formula $. 

Considerations of this kind would appear to have an 
important bearing on some of the vexed questions connected 
with the theory of monomolecular reactions. 

* Phil Mag. xl. p. 472 (1920). 

t (f. Klein and Hosseland, Zeit, fiir Phys. iv. p. 46 (19021). 

t The idens in this paragraph occurred independentiy and simulta- 


neously to Mr. R. H. Fowler and the writer. See Mr. Fowler's paper 
on three- body encounters communicated to this Magazine. 
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$5. Application of Einstein’s Formula to the Calculation 
of Monochromatic Absorption Coefficients. 


Einstein's argument is as follows. Let land 2 denote 
two definite stationary states of an atom, and let x, and x; 
(Xi? Xs) denote their negative energies. Then the atom 
will proceed from the state 1 to the state 2 with absorption 
of radiation of amount xy1— y, and from state 2 to state 1 
with emission of the same amount. Weassume this radiation 
to be monochromatic, of frequency v. Let Aspıdt be the 
probability that during the short time dt an atom in the 
state 2 will of its own accord change to the state 1, with 
emission of radiation. Einstein calls this “ in-radiation.” 
Again, let Boy J, dt be the additional probability that the 
same atom will change to the state 1 in time dt under 
the influence of external isotropic radiation of intensity I,. 
Einstein. calls this *out-radiation." Finally, let Bisol, dt 
be the probability that an atom in the state 1 wil! change 
to the state 2 with absorption of radiation. The coefficients 
Asi, Doi, Bis, depend only on the atomic states 1 aud 2; 
in particular, they are independent of the temperature. 

The relative numbers of atoms in the state 1 and 2, from 
statistical mechanics, are q) and q4e Ov —X2/^T, where T is 
the temperature, & is Boltzmann’s constant, and Qi Jo are 
the weights of the states 1 and 2. As regards order of 
magnitude, qı and g} may be taken to be unity. 

In equilibrium, the number of atoms which change from 
state l to state 2 during a time dt must be equal to the 


number which change fiom state 2 to state 1. The former - 


number is proportional to 
gi Bisel, dt, 
the latter number to 
qae íX =X, AT (Ag>1 + Bay, I,) dt. 
Equating these and solving for I,, we find 


: os ôm 
( 1/42) Bi, AX —X)/ ^1 Boot 


This must be the intensity of black radiation of frequency v at 
temperature T. When T—- we must have I,—» , and hence 


"M QD)», = gj, 
This gives 
I VE Azı 1 
"5 n Bigg CTR AT Ly 


Cd 
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Applying Wien’s law, I, must be of the form »*/(v/T). 
Hence y; —xs must be proportional to v, which is Bohr’s 
relation. Further, 

qo Ao> 


= 0 o e e a ver E 
qı Bi (1) 


We thus arrive at Planck’s formula. It is to be noted that 
had Einstein not assumed the occurrence of out-radiation, 
he would have arrived merely at the Wien approximation. 
Now A» is equal to 1/7, where 7 is as before the mean 
time of excitation of an atom in the state 2 when left 
to itself, and B,5, determines the absorption coefficient. 
Our object is to endeavour to utilize (1) to calculate £,. 
Einstein, however, in this deduction took no account of 
the fact that the v»-constituent of black radiation is not 
homogeneous radiation of intensity v, but is an element 
I,dv of a continuous spectrum. Thus, if we wish to 
obtain the numerical form of (1), we must write in our 
probability definitions Bj54I, dvdt, B;jI,dvdt, and we 
obtain then 
Qs A> 1 


I,dv ==, “T e Ao" Q9 
: qj Bj e"T—] 


Comparing this with the known value 


Ldv2-,-. eh AT Ly? 

we find 
Bie 9 ec (à 
A= gdr @ 


The magnitude of dv is, however, undetermined. It is 
connected with the amount of the lack of sharpness of 
fixation of stationary states, which according to Bohr * 
should be comparable with the radiation. during a complete 
orbital revolution calculated on classical principles. The 
same method f has, however, been used to calculate the 
entirely different magnitude 7, by assuming that 7 is 
comparable with the time taken on the classical theory 
to emit the energy hy. The proper application of the 
correspondence principle would appear to be in doubt, 
though possibly both applications may be right. 


* Zeit, für Phys. xii. p. 151 (1923). 
t See Foote and Mohler, loc. cit. p. 96. 
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§ 6. Numerical Values. 


The connexion between B,5. and the mass absorption 
coefficient is obtained as follows. Suppose there are 
N atoms of the kind considered per unit volume, and 
that on the average the fraction f} of these are in the 
l-quantum state. Then of the radiation I,dv cos 0 dw dS dt 
incident in time dt, at an angle 0, within a pencil dw on 
a small element of surface area dS and thickness dx, the 
fraction k,p dz sec 0 will be absorbed, p being the density 
of the atoms considered. In terms of B>» the amount 
absorbed is 
dw 
P hy. 
T 


Nf, dz dS x Byyjl, dv dt x ^ 


Equating the two amounts, we find 


" = Byy.hvfiN 
y= dap . 


But p/N — »', the mass of an atom. Hence 


DBiyshvf, 
cm Mmm C (aa) 


Taking the estimate k,=10° for the Hg line X 2587 
(18— 254), for which /,—1, m’= 200x 1'64 x 107?!, we 


find 
Bi,— 0:53. à T . . * . " (3) 


Again, taking the chromospheric estimate 4,=108 (a lower 
limit) for the Ca line X 3933 (la—17,), for which 7,=1, 
m' 240 x 1°64 x 10-*, we find 


Bi; = 0017 (lower limit)... . (4) 


For the sake of seeing the order of magnitude given 
by (2), let us take r=2x 10-8, whence A544 0:5 x 105, and 
take dv to correspond to a range 0:01 A.U. For definiteness 
take v to correspond to X 3000. Take also 424,1. We 
have then dv 33 x 109; whence from (2) 


Biz = 1:0. . . . . » . " . (5) 


This is in agreement with (3) as regards order of 
magnitude, and therefore, in spite of the arbitrariness 
of our choice of dv, it must be regarded as confirming 
the large absolute values of the optical absorption co- 
efficients. Arguments from the correspondence principle 
indicate smaller values of dv than we have assumed, and 
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thus even larger absorption coefficients. But formula (2) 
will not be helpful in fixing the exact numerical values 
until precise definitions and determinations of dv are 
available. 


$ 7. Continuous Absorption. 


Beyond the limit of any optical series which appears 
as absorption lines there is in general a region of continuous 
absorption, which begins fairly abruptly at or uear the 
series limit aud f.des away towards the violet side *. It 
has been pointed out by many writers t that towards 
tlie head of tlie series the intensity of the discrete absorption 
lines passes continuously into the intensity in the region of 
continuous absorption ; actual inspection of spectrograms is 
very convincing on the point. If therefore we can calculate 
the absorption coetlicient for the latter, we may assume it to 
give the absorption coefficient for the lines towards the head 
of the series, and therefore presumably also the order of 
magnitude of the coefficient for the earlier lines. 

In what follows we calculate the absorption coefficient on 
the assumption that absorption on the high-frequency side 
of the series limit can only oecur through the ejection of 
photo-electrons ; and, similarly, that emission in this region 
can only occur through the c: ipture of free electrons. Bohr 
has suggested, however, that transitions may occur, during 
the encounter of an electron with an atom, from one hy per- 
bolic orbit to another with the emission of radiation ; any 
such transition being a possible one, since hyperbolic orbits 
are non- quantizable. From the reversibility required by 
thermodynamic equilibrium it then follows that transitions 
between hyperbolic orbits must also be possible with the 
absorption of radiation. Jt would be possible to analyse 
these transitions in the light of statistical equilibrium. 
But the formule we shall obtain are not vitiated by 
neglect of processes of this kind} our formule in any case 
give us the absorption coefficient arising from the ejection 
of photo-electrons. The total absorption coefficient may 
however, be considerably bigger if absorption by free-free 
transitions is possible. 


* On this subject reference should be made to an interesting letter 
by Wright, ‘Nature, June 24th, 1920, p. 810. 

t E.g, Sor nmerteld, * Atomic Structure and Spectral Lines,’ p. 448 
(1923). 
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$ 8. Statistical Analysis of the Photo-electric Liberation 
of Electrons. 


Let us consider a quantity of partially ionized gas in 
dissociative equilibrium in an enclosure at a given tempe- 
rature. Let the ionization potential be y. For simplicity 
we will assume in the first instance that the gas consists of 
atoms of a single kind, that each neutral atom is capable 
of only one stationary state (so that each atom either is 
ionized or has its outermost electron in the state corre- 
sponding to negative energy X), and that the amount of 
second or higher-stage ionization is inappreciable. These 
restrictions will be removed later. The atoms will be slow- 
moving compared with the free electrons. To a sufficient 
degree of ap proximation we can ignore the velocity of an 
atom in comparison with that of an ‘electron encountering it. 

Let N be the number of atoms per unit volume, c “the 
degree of ionization, P the pressure, T the temperature, 
k the gas-constant per molecule (Boltzmann’s constant), 
h Planck's constant, m the mass of an electron. Let q be 
the * weight " of the stationary state. Then the degree of 
ionization is given by the thermodynamic or statistical 
formula * 

QU P = T2?.2-x jm (= 2mm)’ K a (6) 
l=.’ gl? UR 

Here ø is the symmetry number of the neutral atom ; it 
is equal to the number of equivalent electrons capable 
of being rs: in first-stage ionization. 

Let Yr I,dvdt be the probability that a neutral atom 
will in fae dt, under the influence of isotropic v-radiation 
of intensity I, dv, hecome ionized by absorption o£ a quantum 
of energy hv. The velocity v of the ejected electron is given 
by Einstein's law of the photo-electric effect, 


» 


F lv = mê ty. . . . . . . (40) 
Since N(1-—f) is the number of neutral atoms, the total 
number of v-quanta absorbed in time d' is 


N(1— x) p(y) Ldvdt. . . . . . . (8) 


Consider now the encounter with an ionized atom. We 
wish to ezleulate the number of encounters, with ionized 


* For its most general derivation, see R. H. Fowler, Phil. Mag. xlv. 
p.21 (1923) In virtue of our assumption of only one stationary state, 
the partitio function 4(T) reduces to. q. For the introduction of tlie 
symmetry lumber c, see Fowler and Milne, * Monthly Notices R. A. S.; 
Ixxxiii. p. «07 (1923). 


| 


/ 
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atoms, of electrons having velocities between v and v + dr, 


where the velocity-range dv is connected with the frequency 
range dv by the relation 


hdy = medv . . . . . . . (9) 


obtained by differentiation of (7). 

The number of free electrons per unit volume is Nz. By 
a known formula from gas-theory, according to Maxwell's 
law, the number of electrons with velocities between r and 


v 4- dv and with velocity-directions lying inside an elementary 
solid angle dw is 


32 
m A 2T o 
Nv ——— | € bar, i? dv do. 
9m kT 


We fix attention on r-electrons whose paths before 
encounter are so situated as to pass a given atom at a 
distance lying between p and p--dp. The number of 
such electrons encountering the given atom in time dt 
whose velocity-directions lie within a given cone do is 


m \%? ST. 
Nr Lond e 27 T 2 ly de x 9 p dp x v dt, 
ow t 


and hence the total number in all directions is 


32 
m ; lmr YEE 3 3 
82? Nf p) e am" [^* y dy dp qt. 

ark pe 
The number of ionized atoms per unit volume is Nr, and 


hence the total number of (v, v +de; p, p+dp) encounters 
is 
Np [ 
Sr Nx PT 


3.2 e" 
) e Be KT 3 dr p dp dt. 


Now let f(v, p) be the probability that a (v, p) encounter 
results in capture. Then the number of captures in time dt 
1S 

m 


an2 2 5 gm; kT F; 3 ded 10 
BTN a? m" e i ()ededt, . (10) 
where Zo 
I(r) =Í fi p) pa, 
0 
po being the effective radius of the atom for capture- 


encounters ; i. e., py is defined by the relation 


f(65»p29, (p»p). 


bo 
m 
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[n general, p, will be a function of v. If we write 


f, fes p) 2m p dp 
F(v) = is, 


then s is in Eddington’s terminology * the “effective 
target radius”; for if the atom offered an actual target 
of radius s, we should have 


fp) = 1, (O<p<s); 
Isp) = 0, (p>s)- 
In equilibrium the number of ionizations with emission 


of v-electrons must be equal to the number of recombinations 
with r-electrons f. Equating (8) and (10), we have 


N(I —2)vye(v) I, dv dt 


Ts, 


32 
= BEN a (3a e-m kT F(y) 8dvdt. . (11) 


Now the total pressure P is given by 


Inserting this in (11) and using the relation (9) between 
dr and dy, we find that (11) gives an equation for æ which 
will be identical with th& dissociation formula (6), provided 


82? moar? Fv) em VAT 


I= v 
gl? piv) 
sid O hy /kT ZEN (12) 
glè (v) 
But I, must be the intensity of black radiation, 
21? 1 : 
tL = Te E "VET Lu" . . . . . (13) 


Identifying these, we have 


yo) = fme FO eV rent), . qu) 


where it should be vum that v is connected with v by 
relation (7). 


* s Monthly Notices, Ixxxiii, p. 35 (1922) ; Ixxxiii. p. 431 (1923). 
* The argument here is entirely Wea of the extent to which 
ionization occurs by collision. See $15 below. 
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$ 9. Necessity for assuming that Capture can be 
stimulated by Radiation. 


Our object being to determine W(v), equation (14) should 
contain the answer to the problem. But it makes y(v) 
depend on the temperature, whereas W(y) was defined as an 
atomic property, strictly independent of statistical variables 
such as the temperature. Our hypotheses have therefore 
led to a contradiction. It was to avoid a contradiction 
of this kind that Einstein made his assumption of “ out- 
radiation," and we can obtain a form for sv) strictly 
independent of temperature by introducing an analogous 
assumption. We are compelled to suppose that external 
radiation can stimulate the capture of an electron, «nd 
we therefore assume that there ts an additional probability 
ae, pi that a (v, p) encounter will result in capture with 
emission of y-radiation, v and v being connected by 
relation (7) Write then 


Po , 
f gle, p) pdp = Gv). 
Carrying through the analysis as before, we find that 
equation (12) becomes replaced by 
dave) 0 is 


L= 
q? yh 


(12) 


Solving for I,, we find 
82? mor? F(v) 


I = 7 4 oe Ee . [I e 5 
» q^ Nr (v) eh KL Sap? mor? G(r) (15) 


This will be identical with (13), provided 


F (v) _ 2’ , 
TA PP Om Be So 2 (16) 


and 


yG) = 


2 
imn m? av Fer) (5). (17) 


qe 


Formula (17) gives y (v) independent of T, thus removing 
the contradiction. 

The ratio of the number of stimulated captures to the 
number of unstimulated captures Is 


G(r) I 1 


F(x 3 ars l 


—— € — ——mM — 
EE RE, DUCTU REED: pe. po eee p ia: HORROR NE RR USER — uak- um 


in relation to the Photo-electric | Effect. 233 


For the region of the spectrum in the neighbourhood 
of Amar, Av/AT is about 5; so that in this region, and 
a fortiori for all higher frequencies, the proportion of 
stimulated captures is negligible. For low frequencies 
the ratio approximates to KT /hy, and so the stimulated 
captures are the important ones. But, of course, frequencies 
lower than y/h do not come into consideration. 

It will be seen that if either the radiation formula (13) 
or the dissociation formula (6) is known, the present 
method affords a means of deducing one of these from 
the other. 


$ 10. Extension to Atoms capable of a Number of 
Stationary States. 


Let the numerals 1, 2, ... denote the possible stationary 
stutes of a given neutral atom, arranged in order of 
decreasing negative energy. Let X, X? denote the 
(negative) energies of the levels ; X! is now the ionization 
potential. Let gi, 92, ... be the * weights" of the corre- 
sponding states. Then the fraction f of neutral atoms 
which are in the state r is given by 


— (x(D — yl AT 
q,é 
J= hy P. pe dnd (18) 
where b(T) is the partition function defined by 


= D (2) LT eid 10). (3) kT 
LT) = qi tqse Gey + qae eke) 3E ass 


Also the degree of ionization is given by 
20 qua yD AT (2mm) k"? 0 
l-e? poe BOL) 


(19) 


When an ionized atom captures an electron, the electron 
may be bound in any one of the stationary states. To every 
such state there corresponds a series limit, which we will 
denote by v”, given by vn. The binding of an 
electron in the r-state will result in the emission of 
radiation of frequency y » ^7, Similarly for absorption, 
. the gas will be capable of giving a series of continuous 
absorption bands, one for each v^. 

We use p(y), F(r), G(r) in our probability de- 
finitions. Equating the number of photo-clectric ejections 
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from the r-state to the number of bindings into the r- 
state *, we find 


feN(1—2) piv) L, dv dt 
= BefNt (7 = 22 bmet/eT (FO (v) +I, GO (v) ] v? dv dt. 
On using (18) and (19), the function 4(T) cancels out, 


and we find 
Aa? mov? TOv) ( e 


PV) = : j): ZEE (20) 


hy 
where v and v are now connected by the relation 


hy = dmv? +. 


The only effect of the generalization to a number, of 
stationary states is seen by comparison of (17) and (20) 
to be the introduction of the appropriate weight g». 


$ 11. Extension to Multiple Ionization and to Alurtures. 


Let x, xs ... be the successive ionization potentials, 
i. e. the potentials corresponding to the removal, in the 
order mentioned, of the Ist, 2nd, ... electrons. (x, is 
identical with the X? of § 10.) Let P, be the partial 
pressure of eao. Let 2, t the fraction of atoms 
whose ionization potential is y,, i. e. which have already 
lost (r— 1) electrons. The dissociation formula is 


Sos QD 


a, being k symmetry number and g, the weight di the 
(r— 1)- fold ionized atom. For equilibrium we must have 


as Np,(v) Idv dt ~ 
? 2a TTA 
= em tri N N (z en) Eum eS [ F( r) +1,G-(v)] i? dv dt, 


where N,, the number of free electrons per unit volume, 


is given by PONAT 


i ‘ 3:2 Sg 
d P, = D, — Xr, 79 (2mm) k 
qr h” 


* The number of ejections from the r-state to another stationary 


state are balanced by the number of gains by the r-state from other 


stationary states, Einstein's investigation holding for these. If the two 
kinds of gains and losses did not balance separately, the pressure would 
be involved differently for the two kinds, and we should get a dis- 
crepancy on combining with the radiation and dissociation formule. 
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On eliminating .r,41:/27, we arrive at the relation * 


Ammo, FY (rv) ( ¢ ) | | 
Ts 7 (i 2... (22) 


where 
hy = im +x, 


In this formula qr.(v) refers to the probability of absorption 
by the (r—1)-fold ionized atom with loss of an electron, 
F,(r), to the probability of capture by the »-fold ionized 
atom. 

It will be noticed that in deducing (22) we have not 
assumed that the free electrons were derived only from 
ionization. of the atoms in question; there has heen no 
need to know the value of P.. It follows that (22) holds 
also for a mixture of different kinds of atoms, ionized to any 
extent. Indeed this must be so. since (22) expresses a 
property of the atom itself, Jc and F being atomic functions. 


$12. The Probability of Electron Capture. 


At the series limit the velocity of ejection of the photo- 
electron is zero. Hence we have 


» \3 
TUBE (i) Him EN). . . (23) 


dre h Vy $56. 


Inspection of spectrograms shows that at and near the limit 
the absorption lias a perfectly definite value, not zero and of 
course not infinite. Hence, from (23), i?F(v) must have a 
finite non-zero limit as v->0. This means that for small 
speeds the probability of capture must obey approximately 


a law of the type 
const, 


F(v) = Ea e e o LC (24) 


It has been suggested by Eddington t that an electron 
is captured when it actually **hits the nucleus" ; and 
using the inverse square law of force and taking account 
of relativity mechanics, he has given the formula 


Zud + BLD 
v? 


Sie c dw d so ow 429) 


* We have for simplicity omitted the generalization arising from the 
possibility of the (r—1)-fold ionized atom possessing a number of 
stationary .states. It would be easy to take account of the corre- 
sponding weights if required. 

t Loc, ett. 

Phil. Mag. S. 6. Vol. 47. No. 277. Jun. 1924. Q 


F(v) = 4s? 


NX 
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say, where Z is the atomic number, d is the radius of the 
nucleus, and b is a constant given by 


b = e/m? = 2°81 x 107? em. 


It will be seen that this is of the form (24). 

The validity of the assumption that capture depends on 
colliding with the nucleus has been criticized, but Eddington 
has shown that formula (25) leads to a value for the mean 
coefficient of absorption for steilar material in the interior of 
a star which is in agreement with the value he has deduced 
from the observed masses and luminosities of the stars. We 
shill return to the stellar absorption coefficient in § 15, but 
in the meantime we shall tentatively adopt Eddington’s 
formula (25) as a working specification for F(v). In doing 
so we are not necessarily adopting a nuclear-collision 
hvpothesis: we are simply assuming that the probability 
of capture is inversely proportional to the square of the 
velocity not merely for small speeds (which we have shown 
independently to be the case), but for all the speeds we 
desire to consider ; and that further the constant of propor- 
tionality has the numerical value deduced by Eddington. 


$ 13. Numerical Applications. Test of the Inverse 
Square Law. 


We will first apply formula (20) with F(v) given by (25) 
to the continuous spectrum lying beyond the Balmer limit 
in the hydrogen spectrum. The atoms absorbing the Balmer 
lines or the associated continuous spectrum are in the second 

uantum state, and for hydrogen we have g-=r(7 +1). so 
that qa=6. For simplieity take A=3000 A.U. (the limit 
of the Balmer series is X 3647). In (25) we take Z=1, 
and there is no need to evaluate v, since with the inverse 
square law the function e?F(v) occurring in the formula for 
vw(v) is independent of ve. We have ez 1, À 26:55 x 1077, 
e=3x 10, m-—9:007?5, For the * radius of the nucleus ” 
we may conveniently adopt the ** radius of the electron ” 


d = 3¢7/me?= UST7 x 1078 cm. 


We find then . 0:83 x 10-4 
FQ) =- rr) , 
whence y?(v) = 14x10... . . . (26) 


The corresponding value of the mass absorption coefficient k, 
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for a hypothetical mass of hydrogen all in the 2-quantum 
state is given - | 
= YT. 45x10 


åmm 


(using m’=1°64 x 10-74). This is of the order of magnitude 
of the observed monochromatic coefficient for mereury and 
the chromospheric coetficient for ionized caleium *. — 


For Z=s0, (Hg), taking now g=1 for the weight, we 
find similarly for 43000 


(v) = 234, 
and for Z=20, (Ca), we find 
wv) = 1:555. 


These are considerably larger than the corresponding mono- 
chromatic’ probabilities calculated in § 6, results (3) and (4). 
Eddington’s formula (25) makes p practically proportional 
to Z, and so gives an enormously increased chance of 
capture for elements of high atomic number. But it must 
be remembered that we are considering for the moment 
the capture of an electron into the optical levels of a 
neutral (or almost neutral) atom, and the sereening due 
to the other electrons may in this case reduce the effective 
atomic number for capture purposes. The stellar absorption 
coefficient is perhaps better given by the formula deduced 
by Eddington for non- -relativistic orbits, which makes p 
proportional to Z simply. If we increase the value of y(v) 
for hydrogen simply in the ratio of the atomic numbers and 


* It may be mentioned here that i in some unpublished investigations 
tne author has deduced from the observed temperature of the stars in 
which the Balmer lines reach their maximum (10,000°) that in these 
stars 

Bosn Av w 


— > 2 

Amm! °y HUE 

where g is the effective value of gravity at the surface of the star 
and w is the proportion by mass of hydrogen in the layer in which the 
Balmer lines originate. For such stars we mav take g=2x10", We 
are entirely uncertain as to the proportion of hydrogen, but if for 
detiniteness we take w-10-? (one per cent. by mass—a_ reasonable 
value) we find for the Balmer lines 


BH nA 
Ta^) 2 07x 10% 


í dam’ 


This “astronomical value” of the iamdiu absorption coefficient 
is of the order of magnitude calculated in the text for the continuous 


spectrum. 
Q 2 
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multiply by 6 for the change of q, we find for Hg 
yy) = 0°68, 
y(v) = 0°17. 


These numbers are in general agreement with the estimates 
of the monochromatic probabilities. 

Whatever the precise mode of dependence on atomic 
number—the data are quite insufficient to decide this 
point,—it is clear that the photo-electric absorption co- 
efficients are very high, and that the calculation confirms 
the general order of magnitude of the monochromatic 
absorption coefficients. We have seen that F(v) must be 
proportional to v^? for small values of v; we are now 
entitled to say that an inverse square capture-formula of 
Eddington's type simultaneously allows us to deduce optical 
coefficients, of the order of 10%, and the stellar absorption 
coefficient, of the order of 40. The apparent range of 
validity of this formula for F(v) is the more striking when 
we reflect that in the interior of a star the electronic 
velocities are of the order of 1:6 x 109? cm.sec.~', (720 volts), 
corresponding to a temperature of 5:6 x 108 degrees, whilst 
for the hydrogen atom, with y®=3°39 volts, the velocity 
of the photo-electron for X 3000 is 5°1x 10’ cem.sec.^! ; 
for the Balmer limit itself the velocity is, of course, zero. 
It is to be expected that for high speeds, F(v) will vary 
more rapidly with e than the inverse square; buta departure 
from the inverse square in this direction in the velocity 
range here considered would lead to still higher values for 
the deduced optical coefficients, or conversely, assuming the 
optical coefficients, to a much smaller value for the stellar 
coefficient than is observed, 

Whether this discussion affords genuine evidence for the 
validity of the inverse square law for the probability of 
capture over a considerable range of velocities can hardly 
be said definitely, but the writer is inclined to believe that it 
does. The results at least justify our continuing tentatively 
to adopt the inverse square law. 


and for Ca 


$ 14. 7nferences from the Inverse Square Law. 
If the inverse square law holds, we have immediately 
Wort, kav, 


for the law of absorption in the region bevond the series 
limit. This could presumably be tested by actual experiment. 
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Such experiments would afford valuable evidence as to the 
validity of the inverse square law if they could be carried to 
sufficiently high frequencies. 

It may be recalled that the law of absorption of X-rays hy 
matter on the high-frequency side of a limit is 5, ox A? v7, 
which differs from our law for the optical case. The two 
are however in no way analogous; it is apparent, in fact, 
that considerations of statistical equilibrium on the foregoing 
lines can of themselves give no information concerning 
A-ray absorption until the temperature is so high that the 
ordinary temperature radiation contains X-ray “frequencies 
in appreciable amounts, in which case however (as in the 
interior of a star) there would be intense ionization, the 
outer electrons would be largely stripped off, and the X- -ray 
levels would play the part of optical levels *. (See § 13.) 

The thermodynamics of the interaction of X. rays and 
matter has been considered by L. de Broglief, and employed 
in an attempt to deduce the law kaa? for the absorption of 
X-rays. In one part of his paper he envisages strict thermo- 
dynamic equilibrium, and obtains a formula for the probability 
of capture in terms of the absorption coefficient ; he uses how- 
ever not the dissociation formula, but Richardson’s thermionic 
formula for the density of free electrons in an enclosure. 
But in the later parts of his paper he balances a fraction of 
the energy absorbed in the continuous absorption band 
against the energy emitted in the line spectrum, thereby 
violating the details of strict thermodynamic equilibrium. 
Further, to obtain the absorption law £o AX? he finds it 
necessary to introduce certain additional arbitrary assump- 
tions. It is true that the absorption of an X-ray frequency 
by a normal atom with ejection of an eleetron from an inner 
level is followed, and probably followed very rapidlv, by a 
series of monochromatic emissions as the electrons in the 
outer levels fall in; but in thermodynamic equilibrium each 
event must be reversible. If tle successive events are linked - 
in an unalterable sequence, as is likely in this case, then we 
are bound to regard them as forming a sinyle event capable 
of occurring in the reverse direction—a succession of discrete 
absorptions followed by an emission ; and it is the numbers 
of forward and backward events that must be balanced. This 
assumes, as seems probable, that the principle of the separate 
balancing of reversible events in thermodynamie equilibrium, 
which we have already seen to be necessary in certain cases, 

* The X law would require a capture-probability function varving as 


the inverse fourth power of the veloc n for high velocities. 
t Journ. de Physique, ii. p. 33 (1922 


230 Mr, E. A. Milne on Statistical Equilibrium 


can be given a wider generalization, and invoked in cases 
where direct arguments from pressures and temperatures as 
to the independent balancing are not available. 
For the monochromatic absorption-probability we found 
in § 5, equation (2), 
e 


(qu 
AT. An>1 e. 


Bus me 
i> 3A dv * q; 


The value of B,5, near the head of the series should pass 


continuously into the value of (v) given by (20). It will 
be noted that »? occurs in the denominator of both ex- 
pressions. Hence for large quantum numbers we should 
expect 
QruAn> t t 
——— = constan 
dv : 


since here we may certainly take vc? F(v) as constant. 

Concerning dy, since Ay zz y? — XC? ihe breadth of the line 
will depend on the limits of fixation of both the stationary 
states 1 and n. But for large n the energy values of the 
successive stationary states are close together, and the classical 
radiation from them would be small ; hence we may suppose 
that dv arises almost entirely from the limits of the state 1. 
In that case dy will be independent of n when n is large, and 
hence for large » we should have 


Qu Ànyi — constant. 


Since for hydrogen qa = »(n4-1), this would give for 
large n 


lo 4 n^, 


5 Au» 

The rate of radiation from an orbit on the classical theory 
is proportional to 278, so that the assumption that it is 
the latter principle which determines 7 is inconsistent with 
the result we have obtained from consideration of the 
continuity of transition from the binding of external 
electrons to the falling-in of electrons from orbits of large 
quantum number. The case for this continuity seems un- 
assallable. and therefore either r is not determined from the 
classical radiation, or eise the assumption we have introduced 
about dv is untenable. We shall not pursue this matter 
further. 
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§ 15. The Rate of Ionization, mE 


By definition of (v), the total number of photo-electric 
ionizations per atom per second, in equilibrium, is 


(vo L, d», 


where v, is the series limit for the initial state concerned. 
Inserting for W(v) and assuming the inverse square law, 
this becomes " 
Sar? mop ( dv 

qh? 2s evi * T 
and provided x/ZT is not too small, this may be ,written 
approximatelv | 
à . | 
MUT. LT e- x/PT, 
| qli 
For hydrogen at 10,000°, the number of photo-electric 
ionizations per second of an atom in the Z-quantum state is 


found to be 
0:84 x 10°, 


where we have taken y —3:39 volts, and q—6. Of course, 
at this temperature comparatively few of the neutral atoms 
are in other than the normal state ; the fraction in the 
2-quantum state is in fact 2:2 x 1075. The foregoing result 
is therefore best stated in the form that once an atom has 
been excited into the 2-quantum state, its average life in 
that state, as limited by photo-electric ionization, is about. 
107* sec. Other agencies of destruction, besides its own 
intrinsic tendency to return to the normal state, will 
naturally shorten this. | 


$ 16. 
The Mean Absorption Coefficient for Highly-ionized Material at 
hah Temperatures, averaged through the Spectrum. 


For the coming-away of the rth electron we have 
obtained the formula 


Am? m?o, F,(v) J 

opr) = = ae P . 

The fraction ef atoms (r—1)-fold ionized and therefore 

in a position to lose the rth electron is z,. Hence the 

contribution to the total mass-absorption coefficient due te 
these atoms is | 


hv j | 
ui ( —— = r . '. e . . LJ 27 
ky) = pte (v) (27) 
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This holds for v»», where hy,=y,. For v<v, the 
4,-atoms are transparent, save for line-absorption due to 
the different stationary states of the (r—1)-fold ionized 
atom. We shall omit any such line-absorption from con- 
sideration. This is equivalent to regarding each atom as 
possessing only one stationary state for each degree of 
ionization, though presumably each ionized *' kernel " 
possesses a series of “optical” levels. However, we are 
determining only the continuous absorption, and are re- 
garding the absorption coefticient of the material as a 
whole as due to the superposition of regions of continuous 
absorption arising from the loss of photo-electrons. 

Suppose, now, that the probability of capture is the same 
for all stages of ionization *, i. e. suppose F,(r) the same 
for all r. Then the absorption coefficient of the whole 
material for frequency v is given by 


i) = BE) = TO) (ESEE . Qu 


m r=1 Yr 


the summation being extended to all r’s for which y,< hw. 
Thus for large v, atoms in almost all stages of ionization 
will- contribute, but for small y, only atoms in the earlier 
ones can do so. Atoms in the earlier stages of ionization 
are effective throughout the greater part of the spectrum, 
atoms in the later stages only through the region of high 
frequencies. For high frequencies, therefore, the ab- 
sorption coefficient of the whole mass varies as v`’, but 
as the frequency decreases, the absorption coefficient changes 
less rapidly, owing to the-droppiug-out of the more highly- 
ionized atoms. Jt would be an easy matter to obtain the 
march of A(v) in any particular case, given the ionization 
potentials and the pressure and temperature. 

To find the meau absorption coefficient, we must integrate 
through the spectrum. The mean absorption coetticient 
for black radiation is | 


E =| id dy / | dy 
a0 FREU 


but in our case the contribution from atoms in any given 
stage of ionization must be integrated only through the 


* With Eddington's nuclear-collision theory of capture, this assumption 
holds; for F(r) then depends only on the atomic number. 
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range of spectrum in which they are effective. We have 
then " 

| e F(v) (hM? T, dv 
| MMC, Z, Jv, 
uj PP ed 
ae | I,dv 
.0 
Assuming the inverse square law, we put c? F(v) =p and 


take it outside the sign of integration. Introducing Planck's 
tormula for I,, we have 


qon TU pora, (~ ydy [ Ó yp dy 


— — ; DENT 5 ? 
á n k Pq, y, &—l[f]y #—1l 
where 


"m hv _ hv, Xr 
£p Ye = ep > ee 


The integral in the denominator has the value m*/15. 
For that in the numerator put 


? wii = 
( py eek ye). 
PY Yr 


It is readily found that for y small 


Ely) ~ aT? ey (1m — 1), 
and that for y large 


£(y) — 1-4 y. 


The error of the latter approximation is only 5 per cent. 
for y so small as 2. 

We have now 
Lome enr, Hy, 


um mm kT? de : EW). 


pou 


We can eliminate g,Z,e “"/y, from this by means of the 
dissociation formula (21). We find then 


Z P,  15eul /( my? . 
i-e E(B) aatan 0 


2T 
a formula which shows how the part of the absorption co- 
ethcient due to the (r—1)-fold ionized atoms depends on the 


number of r-fold ionized atoms available for the compen- 
Sating process of capture. 
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Summing for the whole material, we have 


P 15cyh3 f m ) z 
-— un y... (30 

^ (FT)? ^ Qart me’ = = tri E(x,/kT) i 
This is the complete expression for the mean absorption 
coeflicient in terms of the pressure and temperature aud 
the successive ionization potentials. 


$ 17. Comparison with Eddington’s Formula for k. 

A theoretical calculation of + was -first given by 

Kddington*. His method, involving the consideration 
of “electron lives," is the same in principle as that used 
in this paper, though it does not have regard to the finer 
details of the statistical equilibrium. He throughout worked 
with mean values—the mean velocity of an electron at 
temperature T, the mean value of a quantum at tem- 
perature T— and thus took no account of the dependence 
on frequency. Again, he treated all the atoms as on the 
same footing as regards their encounters with electrons. 
The present method takes account of the various amounts 
of ionization and of the various regions of the spectrum 
to which the atoms of various degrees of ionization con- 
tribute. and it is through this that our factor involving 
ionization potentials arises. It will be interesting to 
compare the formule in detail. 

If A is the atomic weight of the element considered, M 
the mean molecular weight of the ionized system, my the 
mass of a hydrogen atom (so that m '— Amy), the ratio 
of the number of free electrons to the number of atoms 
is (A/M) — 1, and hence, if p is the density, 

Hence 


_(A pkT 
F. -($71) Amg 
loghi 


ni 
k= Dart Ang? (; y Gi- MN G T)? ; X ar41 Ee] HL). (31) 


Eddington’ s value in our notation is 


E _ 2myukl p 
X Edd. AmnqtaucM ? T? 
Here a is such that aT* is the energy density of black 
radiation, and so 


x Zu 


87> |^ 

15 ) 13,3 i 

* * Monthly Notices, Ixxxiii. p. 32 (1922 
M , P 


a= 
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and « is the harmonic mean velocity of an electron at 
1° absolute, and so 

u = (mh/2m)'?. 
We have then | 


Q1 lpk’ a eee l P 

kkaa. = Inima A (a ED 4X2 10. à 
Eddington uses the value p= Zlc?(d+4Zb), derived on the 
nuclear-collision hypothesis, but for the purpose of com- 
parison we have preferred to leave p unformulated, assuming 
only the inverse square law for the probability of capture. 

It is seen on comparison of (31) and (32) that our more 
detailed method confirms Eddington's formula completely *, 
save for his factor 2:70 replacing our summation factor. 
This arises in Eddington's treatment from the use of the 
mean quantum at temperature T, which is equal to 2:70 4T, 
the numerical factor being found from the relation 


hv DP a dy ye = E 
t= J, guy fh: Y = 210. 


The numerical value of our summation fuctor is considered 
in § 15. 

It has been argued by Lindemannt that Eddington’s 
method is vitiated by the fact that he took no account of 
the electrons liberated by collision, tracing all the free 
electrons present to the action of radiation ; that vastly 
greater numbers would be liberated per second by collisions; 
and that hence the mean free path of ao electron would 
be smaller and thus the calculated “effective target area’ 
(the quantity as? of $8) much larger to give the same 
observed absorption coeticient. Eddington, whilst denying 
that the amount of energy available for setting electrons 
iree permits a number of captures appreciably different from 
the number he has calculated, yet remarks f that he would 
be * glad of data which would enable an estimate to be 
made of the number of additional electrons set free hy 
collisions, so as to take account of the necessary correction 
if appreciable.” 

The method and results of the present paper show that 
the validity of Eddington's procedure (when refined so as 


(32) 


* The ionization being large, Eddington specifically neglects 1/A in 
comparison with 1/M. 

+ ‘Observatory,’ xlv. p. 384 (1922) ; * Monthly Notices, Ixxxiii. p. 382 
(1923). 

t ‘Monthly Notices,  Ixxxiii. p. 436 (1923). 
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to take account of the absorption coefficient as a function of 
frequency) is entirely independent of the extent to which 
ionization by collision occurs. The number of electrons free 
at any one instant is determined purely by considerations of 
probability and thermodynamics ; dissociation must proceed 
to such an extent that the entropy is a maximum, whatever 
the mechanism of dissociation. Electrons may be (and 
almost certainly are) liberated in enormous numbers by 
collisions *; but such collisions have no effect whatever on 
the number free at any one instant, when the gas is in 
thermodynamic equilibrium. In so far as free electrons 
are produced by photo-electric action with absorption of 
radiation, they will be recaptured, to exactly the same 
extent, with the emission of radiation ; in so far as free 
electrons are produced by collision between two bodies 
(say between an atom and an electron), to exactly the same 
extent they will be recombined by radiationless three-body 
encounters (of the ion, the electron to be bound, and another 
electron). A form of equilibrium might be imagined to exist 
in which the two sets of processes did not separately balance ; 
hut it would not lead to the thermodynamic dissociation 
formula. The equilibrium would, in fact, involve the pressure 
through a factor of the form 


aP? + bP? 
aP +b P? 


in which the ratio of a/a; to b/b would depend on the 
relative efficiency of the two processes. This is incompatible 
with: the deduction of thermodynamics; we must have 
therefore do/a,=6,/b,, and the processes balance separately. 
We have seen, indeed, that for strict thermodynamic equi- 
librium it is necessary to suppose that captures are to some 
extent stimulated by external radiation, more particularly 
that a capture with emission of radiation of frequency v is 
rendered more probable by the presence of external radiation 
of frequency v ; but this does not affect the independence of 
the mechanisms or the form of the final expression for the 
absorption coefficient. 


$18. The Ionization-Potential Correcting Factor. 
It is easy to see in a general way the order of magnitude 


of the factor 
S = Saree (kD) 


* See Mr. R. H. Fowler's paper in the next number of this Magazine, 


$5. 
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and of tlie significant ionization-potentials. Were the 
temperature so high that all the atoms were practically 
ionized down to their nuclei, x./kT would be small for 
all values of r, and the value of & would be 7?/6 in each 
case. We should then have, since X z,— 1, 

1 


X = hm Ear, = 4r? (1r) 
r = lg? 

[0] 3 
for wy, the fraction remaining neutral, must be negligible.. 
The value of 7/6 is 1:645, which is therefore the factor 
replacing Eddington's factor 2:70 in this case. For 
example, we could find in this way the opacitv of hydrogen 
at a temperature so high that it was practically a mass of 
protons. It might be expected that under :uch circum- 
stances the gas would be practically transparent, but the 
value comes out of the same order of magnitude as the 
stellar absorption coefficient for the same density and 
temperature. Comparatively few of the nuclei at any one 
instant possess an electron with which to absorb, but each 
one that does so possesses in effect the large-valued optical 
absorption coefficient. 

When the temperature is not so high as this, a fair 
approximation for X, is 


— Xr 
2 -Xs(nex) 


This does injustice to the early zs; for them, x/kT is 
small and so the approximation gives the coefticient unity 
instead of s?/6. However, these ws are themselves very 
small, and the resulting error will not be serious. Again 
neglecting «w, we have then 


- WeaXe _ 44% 
a ee ONT 
sav, where 4 is the mean effective ionization potential. 
Since this will in general increase roughly proportionally 
to T (apart from complications arising from the factor P/T*? 
in the dissociation formula), the value of 2 will be fairly 
steady. One after another, the successive stages of ionization 
will be dominant and control the value of x. 
The ratio of the fraction of r-Fold ionized atoms to that of 
(r— 1)-fold ionized atoms is given by equation (21), and it 
is clear that wr, >2Z,_, s0 long as 


0-332, 19? 6X" 
B qP. 


AT 
T > 1 . 
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(We have substituted for (2am)**k*/2h-3 its numerical 
value.) As r increases, y, increases, and the left-hand side 
of the inequality decreases. The stage of ionization most 
abundantly represented is thus the 7'-fold stage, where 7’ is 
the greatest value of r for which 

X, Jog 09920; T? 

KT S q. P. 
Contributions to 2 2,4:x, will arise principally from values 
of rin the neighbourhood of this value. 


As an example, take the typical stellar conditions used by 
Eddington ; 


T25:64x106 degrees, p—0:0678 grm.em."?, M=2°83, 


whicli give 


ea ee ee os UON) 


P = 1:123 x 10? dynes.cm.~? 


We may take this as giving also P.. We then find that the 
relative abundance of the successive stages of ionization will 
increase so long as 
Ji a 
: 0:332 x (5:64)52 x 105 7-10 
KT 123x103  — 7*4 

For this temperature AT is 485 volts, and so the critical 
ionization potential is 485 x 77022730 volts. If the atom 
in question possesses an ionization potential of this order 
we may adopt it for X, and we have then 


> = 1+7°70 = 8°70. 


If, however, the atom does not possess an ionization 
potential of this order, we must take the next lowest one, and 
X/KT will be somewhat lower. For example, let us suppose 
that the r-fold stage is the most abundant, and that y, 
differs considerably from the two neighbouring potentials 
Xr,1and y,_;. It is then easily seen that 2, and p42 may 
be neglected in comparison with æ, and 2,41, and a fortiori 
the fractions of less and more ionized atoms respectively. 
Hence X reduces etfectively to 


< 2:3026 logy 


rXr-1 E Brains 
But now the fractions æ, and .,,, comprise practically the 
whole number of atoms, and so 2,+2,,,;=1. Hence 
x = Xr-1 T 2r41(Xr—Xr-1). 


But 2,,;>2,, and hence 1» zp,ı> $. Hence X must lie 
between y, and 4(y-+Xr-1). 
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For iron * the L absorption limit is about 720 volts, 
the K-iimit about 7100 volts. The ionization potentials 
for the removal of the corresponding L- or K- electrons 
arter all the more loosely bound electrons have been 
detached will be considerably higher than these, but they 
will probably lie well on either side of the critical potential 
found above. Thus the iron atoms will be practically com- 
pletely ionized as to their L-ring, but will mostly retain 
their K-ring T. The value of the correcting factor will be 
about 14- 900/485 — 2:8. On the other hand, for an element 
with an atomic number in the neighbourhood of 40 (Zr), 
the L-limit is about 2300 volts, the K-limit about 18,000 volts, 
and the value of the correcting factor would be about 
J -+ 2500/485 26:1. In general it appears probable that a 
factor somewhat larger than Eddington’s 2:70 will be 
required, though it will vary irregularly from place to 
place in the star. 

Roughly speaking, the more nearly an element possesses 
an jonization potential approximating to the critical potential 
given by (33), the greater the absorption coefficient. For 
the greater is x» in relation to the critical potential, the 
more abundant are the (7'—1)-fold ionized atoms which are 
chiefly effective in the absorption, and the increase in their 
number more than counterbalances the diminution in their 
mean absorbing power due to the restriction imposed by 
the higher x», on the region of the spectrum for which 
thev are available. 

This is not the occasion to examine in detail the successive 
ionization potentials of the various elements, and their 
relation to the absorption of radiation at high temperatures, 
but it 1s clear that 3t is only a question of ascertaining these 
in order to be able to determine with precision the mean 
absorption coefficient, on the hypotheses introduced. 


$19. Summary. 


Tlie paper is concerned with the evaluation of the absolute 
values of optical absorption coefficients. The word * optical " 
is to he understood as referring to the outer levels of an 
atom, though for highly-ionized atoms the corresponding 
frequencies may lie in the X-ray region. 

The absolute values of monochromatic optical absorption 


* Bohr and Coster, Zeit. für Phys. xii. p. 350 (1923). 
t Compare Eggert, Phys. Zeit. xx. p. 570 (1919) ; Seares, Astrophys. 
Journ. lv. p. 227 (1922). 
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coefficients for neutral or once-ionized atoms appear to be 
of the order of magnitude of 10%, ($ 1), but little is known 
concerning them either experimentally or theoretically. A 
method of calculating them is furnished bv Einstein's dis- 
cussion of the thermodynamic equilibrium subsisting between 
a gas and black radiation in an enclosure. This provides a 
relation between the absorption coefficient and the mean 
time of occupancy of an outer orbit, the order of magnitude 
of which is known experimentally. It is shown, however, 
that the relation involves the unknown theoretical width 
of the “ monochromatic " line ($ 5), and is therefore not 
available for precise estimates. But it provides confirmation 
of the order of magnitude of the absorption coefficients (§ 6). 

Einstein's method can be applied to any condition oi 
equilibrium to determine a relation between the “ reaction- 
velocities" of the opposing processes ($4). In $$ 8-11 
it is so applied to obtain the relation between photo-electric 
ionization and the probability of electron-capture by an ion, 
considering the equilibrium subsisting between atoms, ions, ` 
electrons, and radiation in an enclosure. For strict thermo- 
dynamic equilibrium it is found necessary to assume that 
oL RE can be stimulated bv external radiation 
($9). The relation found evaluates tlie absorption coefficient 
for the region of continuous absorption lying on the high- 
frequency. side of the limit of an optical series, in terms of 
the capture-probability function. 

It is shown that for small speeds the probability of capture 
must vary inversely as the square of the velocity (§ 12). 
In so far as this hol!s exaetly, the absorption coctticient 
beyond the series limit will vary as the inverse square of 
the frequency (§ 14). 

The capture law Du by Eddington for the interior of a 
star, where the mean absorption coefficient is of the order 
of 40 and the frequencies are in the X-ray region, is an 
inverse square law. Applied to hydrogen, calcium, and 
mercury by means of the formule obtained in the paper, it 
furnishes absorption cocttcients in the optical region for the 
continuous spectrum beyond a series limit which are in 
agreement with the estimates of the monochromatie absorp- 
tion coefficients already mentioned (§ 13). This gives some 
confirmation of the inverse square law over a considerable 
range of. velocities ; it may be considered as linking up the 
physies of the interior of a star, the physies of stellar atmo- 
spheres, and the physics of the atom. 

The mean life of a hydrogen atom in the 2-quantum state, 
under the conditions of a typical stellar atmosphere, is shown 
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to be about 10-8 second, as limited by the process of photo- 
electric ionization (§ 15). 

The mean absorption coefficient for a highly-ionized gas 
at high temperatures is determined (§ 16) ; it differs from 
Eddington's formula by a factor depending on the relevant 
ionization potentials ($8 17, 18). The order of magnitude 
of these is determined as a function of pressure and tempe- 
rature, and it is shown, for example, that under typical con- 
ditions in the interior of a star, atoms of iron will have lost 
their L-electrons but will mostly retain their two K-electrons. 

The validity of the method and of the resulting formule 
is shown to be entirely independent of the extent to which 
ionization occurs by collision ($$ 4, 17). 


I am grateful for the many opportunities I have had of 
discussing the foregoing paper with Mr. R. H. Fowler. 


12th November, 1923. 


XIX. Note on an important Property of the 
Aute-Transformer. By W. H. INGRAM, BaSe." 


HERE are two methods of attacking the problem of 

the electrical transformer: the differential equation 
method, which goes back to Maxwell, and the “ symbolic” 
method, due to Dr. Hopkinson f. The symbolic method pre- 
supposes simple sinusoidal potentials, fluxes, and currents 
(thus ignoring transients), but is applicable in cases where 
one or more of these quantities is not strictly sinusoidal by 
the simple fiction of “ effective” circuit constants to give 
results to check with readings of wattmeters, etc., without 
regard to what the actual vaiues of these constants are 
for the various Fourier componenis of the non-sinusoidal 
quantities in question. The symbolic method consists of a 
complex algebra of the relations among a system of radially- 
arranged vectors in a plane with reference to an associated 
coordinate system, the whole being conceived as steadily 
rotating, so that the projections of the said vectors on a 
reference-line in the plane give the sinusoidal variations in 
the quantities which the vectors represent. By neither 


* Communicated by the Author. | | 
+ Given ina paper read before the Royal Society, March 10, 1857. 


Phil. Mag. S. 6. Vol. 47. No. 277. Jan. 1921. lt 
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method, heretofore, has the transformer problem been solved 
in the sense of showing how all the electrical constants 
(effective or actual) of a transformer can be measured or 
calculated, or, as a matter of fact, any of them precisely, and 
it is the purpose of this note to show how all the elecirical 
constants of a transformer may be precisely calculated on 
data from certain measurements and, moreover, for any 
condition of operation. 

The data on a transformer essential toa precise calculation 
of its behaviour in operation are: its effective turns-ratio, 
effective winding resistances and leakage reactances, iid 
excitation. All of these quantities are approximately de- 
terminable by well-known methods which give results 
sufficiently accurate for ordinary power circuits *, but it 
has been found that in circuits such as oecur in telephone 
practice, where a transformer is often required at different 
times to operate under different impressed voltages and 
frequencies, the ordinary measurements of the quantities in 
question are insufficiently exact when used for predicting 
the behaviour of the transformer under abnormal conditions 
of excitation. 

The crux of the problem lies in the handling of the core- 
losses, which may be thought of as occurring in a circuit 
linked to the working flux and of such impe ‘dance that the 
resistance part results in a power-loss corresponding to the 
hysteresis and eddy-current losses in the core, and such that 
the reactance part thereof consumes the wattless e.m.f. of 
excitation. If the coupling-ratio be taken as unity, such a 
system is the equivalent to the usual nett in which the core- 
losses are considered as taking place in a conductance and 
the magnetizing current as carried by a susceptance in a 
branch parallel to the conductance. The coupled-circuit 
equivalent, however, has an advantage of generality, being 
applicable in such cases as that of the auto- transformer, 
which admits of no equivalent conducting net. 

A formula for the secondary- terminal potential of an 
auto-transformer is easily obtained on the assumption of the 
coupled excitation-circuit, and in the case of the step-down 
auto-transformer, or compensator, presents a novel property. 
Consider such a compensator having » + ng primary and ng 
secondary effective turns and imagine the exciting circuit 


æ See Agnew and Silsbee, Bull. of Bureau of Stds., vol. x. (1914). 
t Cf. Russell, * Alternating Currents,’ vol. ii. chap. xii.; and Stein- 
metz, ‘Alternating Current Phenomena,’ chap. xvii, 
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to bave an impedance Zand to be linked by ny effective 
turns to the working flux. Let the impedances of the two 
windings be Z, and 7, said impedances being made up of 
the effective resistances and leakage reactances associated 
with their respective windings. The usual magnetomotive- 
force, current, and electromotive-force requirements give : 


ni! + Note = nolo, 
11 =la tla, e . . . , (1) 
eim = es/ lig, 


and, as a definition of Z,: 


0] w 
lg = 7. ny 4- n; (ei +e»), " a e " (1 a) 


where e, and e, are the internal e.m.£.s (that part of the 
applied voltage E, which cancels the counter e.m.f. produced 
by the working flux). From (1) and (la) and the equations 


De ( 


2) 
E, = TM T C9 


dui 


it is easy to derive the formula for the secondary voltage E, : 


74 nj(njZi—nZ,). 9°L, n/A. 
SS quee c on (9) 
nj + Ng (n, -F ng) (ny + n3) 


an inspection of which shows that when »jZ,—n;Z,, the 
secondary terminal potential of the compensator will be 
independent of the exciting. current, The E's and vs are 
vectors and the Z’s operators *. 

Now, it is possible to connect up a transformer as a 
compensator, and with suitable loads and applied voltages to 
have exactly the same currents circulating in the coils in one 
case as in theother.  'l'hisis so because there is no restriction 
on the direction of 7) (with reference to the coordinate system 
mentioned in the first paragraph, or to the flux vector) as 
there is for the current in the secondary of a transformer. 


* The secondary terminal potential of a step-up auto-transformer is 
given bv: 
20 ncn», n itn ZA Ny Nags 
I5 = oe Dis ( E 4 z lam * — Z i. 
^t n, Un Mm, n 
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If we put nj, for simplification and let p=n,/19, the 
impedance Zr of a transformer with a secondary load Z, is 
eusily found to be 


g= "Pte + I) 
A = Zo + PAVA + Zo) + Zi, 9 xe. fe T (1) 


and, of course, is a measurable quantity. Impedances z' 
and <" in series the coils nı and nọ may be introduced when 


the coils are connected as an auto-transformer and the 
relation 


ni(Z +2”) —nj(Z,- 2’) " . A . (5) 


experimentally established by adjusting z'and :" until the 
secondary terminal voltage of the auto-transformer remains 
invariant under changes in the exciting current, which 
changes may be produced by superimposing small voltaic 
current on the alternating, or closing and opening the circuit 
of a loop or more of conductor linking the core. The 
impedance of the auto-transformer Z, with the impedances 
£' and z" connected in and with load Za is given by : 


Zu + p)*La+ p'(Za e 2") + (“i +2')] 


+ oL. +24 Lat 2.) pA + 2’): Z + =) 1 
igs ae r "TL INED IE T 778 (6) 
Zo + p (Z3 +: + Z,) 


and may be measured. 

The effective turns-ratio p may be obtained by a special 
test using (5) by letting z' and z” he simple resistances, »' 
and 2’ large enough so that, if either of a pair of values give 
the same ratio, either pair may be used to give p from the 
approximation p=(R'+7’)/(R" +r"), where R' and R" are 
the resistances of the coils nı and n, respectively as given hy 
direct-current measurements. The equations (4), (5), and (6) 
are formally sufficient to give the remaining unknowns Z,, 
Z,» and Zp, but the latter must be really the same in all 
measurements, a condition which will obtain if the currents 
flowing in the coils are exactly the same. The load Z, must 
be of such a magnitude that the current îs will be equal to 
(1 + ns/nj)is +i (vectorially), where 7, is the current in the 
transformer secondary during the measurement of Z, and ig 
is the exciting current for the transformer primary for the 
operating voltage thereof, which also must be hept constant, 
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Solving for Z and Z, (or Z) trom (4) and (5) and substi- 
tuting in (6) gives a cubic equation in Z, (or Zj). If Zp is 
known to be comparatively large, as is tlie case in efficient 
transformers, (4) reduces to Z;=p?(Z,+Z,.)+2Z, approxi- 
mately, and Z, and Z4 may very easily be calculated using 
(5) and thereafter Zo calculated from (4). 

A question which suggests itself is in regard to the effect 
of :' and =" on the current wave-form and hence on the 
quantities to be measured. A qualitative answer to this 
problem may be obtainable when sufficient experimentation 
with the formulas of this note has been done, but at present 
it can only be said that when there is a comparatively large 
resistance in the generator circuit the current wave-form will 
be practically that of the voltage wave-form, and will be 
unintluenced by small impedance variations in the transformer 
circuit. 

Synopsis. 


., Voltage formulas are given for the auto-transformer and a 
method for measuring the leakage-fluxes, effective resistances, 
exciting impedance, and effective turns-ratio of a transformer. 


Massachusetts Institute of Technology, 


XX. The Emission of Secondary Electrons jrom Metals 
under Electronice Bombardment. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN, 


D^ the Philosophical Magazine for May 1923, Mr. E. W. B. 
Gill criticized our interpretation of the results of a 
serles of experiments which we made in the course of an 
investigation of the effects of electron collisions with 
platinum and with hydrogen. Mr. Gill had recently per- 
forined some experiments with a view to investigating the 
emission of secondary electrons from nickel, but found 
that the apparatus he employed (a Marconi M. T. 5 thermionic 
valve) was unsuitable for obtaining information with regard 
to the critical voltage at which the secondary emission begins, 
or the maximum velocity with which the secondary electrons 
are emitted from the metal. His criticisms of the way in 
which we interpreted our results were based on the assumption 
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that the apparatus we had used suffered from defects similar 
to those of his own apparatus. We replied to this criticism 
in your issue of July 1923, pointing out that the difficulties 
experienced by Mr. Gill were not encountered by us because 
our apparatus and method of experiment were designed 
to render the disturbing effects sufficiently small to be 
negligible in comparison with the effect under investigation. 

In his criticism Mr. Gill attributed the falling-off of the 
number of seco dary electrons leaving our bombarded 
platinum plate while this was still about 5 volts negative 
to the grid, to inadequate shielding of the plate by the grid. 
We showed in our reply that this could not have been the 
ease, and in the current number of your Magazine Mr. 
Gill withdraws his contention, but returns to the attack 
along other lines. The tone of his criticism suggests that 
Mr. Gill thinks we ought to have performed the investigation 
using grid potentials up to 600 volts, as he did. It is 
- difficult to see what useful purpose would be served by 
emploving hundreds of volts on the grid when investigating 
a critical potential known to be less than 15 volts, especially 
as itis to be anticipated that the relative importance of the 
disturbing effects in comparison with the effect under 
investigation is likely to increase with the employment of 
large voltages. In the course of his letter Mr. Gill states :— 
* Prof. Horton and Dr. Davies used only one value of Vg, 
and deduced from a bend in their curve that secondary 
emission commenced for a velocity of impact corresponding 
to a potential drop of about 10 volts." 

The description of our experiments (Proc. Roy. Soc. A, 
vol. xcvii. p. 23, 1920) gives no justification for the statement 
that we used only one value of Vg. It is clearly indicated 
that observations were taken with different arrangements 
of the various electric fields, and it is expressly stated that 
our difference of potential V, (which controls Vg the 
difference of potential between the grid and the filament) was 
vared. Moreover, what we actually deduced from our 
curves was that an abrupt change in. the rate of increase of 
the secondary current with increasing velocity of the 
primary stream commenced at an applied potential difference 
of between 10 and 11 volts, a result which we interpreted as 
supporting the view of other workers that the excitation 
of secondary emission (as distinct from reflexion of the 
primary electrons) required an applied potential difference 
between these limits. We explained that a correction 
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mnst be added to this applied potential difference to give the 
voltage equivalent of the velocity of impact of the primary 
electrons on the plate. The critical velocity of impact was 
that corresponding to a potential difference of about 13 volts. 

Mr. Gill quotes one of our statements almost correctly. 
The statement is as follows :— 

“The proof that the shielding action of the grid was 
almost perfect disposes of Mr. Gill's contention that, because 
the authors made no allowance for an increase, with 
increasing plate potential, of the primary current to tle 
plate at the expense of the primary current to the grid, their 
estimate of about 9 volts as the equivalent velocity of emission 
of the fastest secondary electrons is unreliable, and its 
agreement with the results of Lenard and others accidental.” 

He goes on to remark, however :— 

“ The above statement of Prof. Horton and Dr. Davies 
apnears to imply that as the plate potential is increased, none 
of the primary current to the grid is diverted to the plate, 
since they say that my contention that this occurs is dis- 
posed of.” 

It will be seen that what we claim to have disposed of 
is Mr. Gill’s contention that our estimate of the velocity 
of emission of the fastest secondary electrons is unreliable. 
Our statement does not imply that as the plate potential 
is increased, none of the primary current to the grid is 
diverted ‘to the plate; but we interpret the smallness of 
the downward slope of the part K of the curve reproduced 
in our paper as showing that, when the plate was 9 volts 
positive to the grid, this effect was negligbly small compared 
with the decrease which had occurred in the secondary 
emission from the plate. 

The estimate of 9 volts as the maximum velocity of 
emission of the secondary electrons could only be considered 
unreliable if it could be shown that the current-potential 
difference curves from which it was obtained were a distortion 
of the true relations between the plate current and the 
electric field near the plate, such as would be obtained if the 
screening of the plate by the grid were very inadequate. 
As, however, it has been established that in our experiments 
the screening of the plate by the grid was almost perfect, 
it follows that the last-mentioned relations are correctly 
represented in the curve. Thus, there can be no doubt that 
the electric field in the neighbourhood of the plate at 
the stage when the steeply sloping portion, H, joins the part 
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K, which is almost parallel to the potential difference axis, is 
that due to the 9 volts which is then applied between the 
grid and the plate. If this junction of the two parts of the 
curve does not give a measure of the maximum velocity 
of the secondary electrons, then, either (a) the bend of a 
certain length of the curve immediately preceding 9 volts is 
to be attributed entirely to the variation of the primary 
electron current to the plate, or (b) in the part K of 
the curve above 9 volts, the current due to the secondary 
electrons is not of negligible magnitude, so that this part 
of the curve, which is nearly parallel to the potential- 
difference axis, is not an indication of the total primary 
current to the plate. 

Now with regard to (a), an inspection of the curve shows 
that no appreciable length of the bend of the curve 
immediately below the 9-volts’ point could possibly be 
due entirely to the variation of the primary plate current 
with the electric intensity near the plate, unless the 
curve were a considerable distortion of the relation between 
these quantities; and this we have shown is not the case. 
Thus the maximum velocity of emission of the secondary 
electrons is not less than that equivalent to about 9 volts. 

With regard to (b), it follows from Mr. Gill’s argument 
that, since the measured current remained almost constant as 
the potential difference between the grid and plate was 
increased beyond 9 volts, the primary plate current 
must either have attained an almost constant value at 9 
volts, or must increase more rapidly with increasing plate 
potential than the measured current does in this part of the 
curve. In the event of the latter alternative occurring, 
the measured current could only remain practically constant 
if the secondary current increased at the same rate as 
the primary plate current. Such an occurrence is extremely 
improbable, since it would mean that when the potential 
difference between the grid and the plate is increased 
beyond 9 volts, the current carried by the secondary 
electrons leaving the plate suddenly begins to increase, 
instead of continuing to decrease, with increase of the 
field tending to prevent electrons leaving the plate. 

If the primary plate current has attained its saturation 
value when the potential difference between the grid and the 
plate has reached 9 volts, then, since the actual measured 
current is practically independent of the subsequent 
increases of plate potential, it follows that the current 
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due to the secondary electrons leaving the plate must 
have attained a value which is constant within the limits 
detectable in our investigation—that is to say, it must have 
become independent of the velocity of impact of the 
bombarding electrons or of the resulting potential difference 
opposing the motion of the electrons from the plate to 
the grid. This result is readily explained if this constant 
value of the secondary current is zero, whereas whatever the 
origin of the secondary current it is difficult to see how, if 
this current is at all comparable with the primary plate 
current, it can be sensibly independent of the two factors 
mentioned above. It therefore appears that there is no 
appreciable number of secondary electrons leaving the plate 
with velocities yreater than that corresponding to u potential 
difference of about 9 volts. 

Thus the most reasonable interpretation of the junction of 
the parts H and K of the curve which occurs at about 
9 volts is that secondary emission practically ceases at 
this stage because the velocity of emission of the fastest 
secondary electrons from platinum corresponds to a potential 
difference of this value. 

We therefore maintain that our proof that the shielding 
action of the grid in our experiments was almost perfect has 
disposed of Mr. Gill’s contention that our estimate of 
the velocity of emission of the fastest secondary electrons is 
unreliable. This estimate—like the other conclusions we drew 
from this series of experiments—is in general agreement 
with all the more recent work on the subject *. | 


* R. A. Millikan and I. G. Barber, Proc. Nat. Acad. Sci. vol. vii. p. 13 
(1921); I. G. Barber, Phys. Rev. vol. xvii. p. 322 (1921); H. E. 
Farnsworth, Proc. Nat. Acad. Sci. vol. viii. p. 251 (1922), and Phys. 
Rev. vol xx. p. 358 (1922); L. E. McAllister, Phys. Rev. vol. xxi. 
p. 122 (1923). 

Roya! Holloway College, Yours faithfully, 

Eugletield Green. F. HORTON 
): . 7 9 
Nov. 10th, 1923 AAC. Dai 
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XXI. Notices respecting New Books. 


Life Movements in Plants. By Sir Jagapvis CHUNDER Bose, 
Longmans, Green & Co., 1913. (Transactions Bose Institute. 
vols. iij. & iv., 1920, 1921.) 20s. net. a 
"HIS volume continues the lines of inquiry pursued in the two 

volumes on Life Movements in Plants by the same author 
published in 1915 and 1919. ‘Lhe present work contains accounts 
of investigations on geotropism, on dia-heliotropic attitude of 
leaves as regulated by transmitted nervous impulse, on assimi- 
latory and dissimilatorv changes under light, on new methods of 
recording the effects of protoplasmic changes under stimulus, and 
also of various methods and appliances for detection of the two 
fundamental reactions to which all plant movements are due. 

The important work done by Sir J. C. Bose is well known. This 

new series of researches is of grent value, and will command the 

attention of all those who are concerned with the application of 

physical methods to biological phenomena. . 


Dynamics. By Horace LAMB, Sc. D., LL.D., F.R.S. 2nd Edition. 
(Pp. xi 4-351, with 93 figures.) (Cambridge: at the University 
Press, 1923. Prive 12s. 6d. net.) 


THE first edition of this well-known text-book was published 
in 1914. It is a tribute to its excellence that in the new 
edition no alterations have been found necessary bevond the 
correction of a few errors, chieflv in the examples, aud the re- 
writing of a few pages. Detailed notice of this edition is there- 
fore unnecessary. It is worthy of mention that the price for the 
new edition has been reduced from 17s. 6d. net to 12s. 6d. net. 
It is very desirable that the price of books which are suitable for 
extensive use as text-books should be kept as low as possible, and 
it is to be hoped that the substantial reduetion in the price of the 
present edition will make it accessible to a much greater number 
of students. 


The Properties of Matter. By Basin C. McEwen, M.C., B.Sc. 
Professor of Science and Vice-Principal of His Exalted 
Highness The Nizain’s College, Hyderabad, India. (Pp. vii 4- 
316, with 137 figures.) (London: Longmans, Green & Co., 
1923. Price 10s. 6d. net.) 


THE majority of text-books dealing with the Properties of 
Matter commence with a study of matter in the solid state and 
then proceed to the consideration of liquids and gases. In this 
way matter in its most complex form is studied first. In the 
present work the reverse order is followed, and this procedure has 
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much to recommend it. The standard is that of the B.A. and B.Sc. 
pass degrees. A noteworthy feature of the book is that, in 
addition to the theory of the subject, a number of experiments 
are described which the student can perform himself, and which 
will help to give him a better appreciation of the subject. It is 
advisable in this as in other branches of physics, that the practical 
and theoretical study should proceed together. 

One peculiarity which strikes us in the treatment is that, 
although a chapter is devoted to the first law of thermodynamics 
no mention is made of the second law, which 1s, nevertheless, applied 
without explanation to such matters as the change of boiling and 
freezing points with pressure. We would suggest that in a second 
edition a short account of the second law should be incorporated. 

The treatment of the various subjects touched upon follows 
conventional lines. Only an elementary knowledge of mathematics 
is assumed, and results whose derivation would require a more 
extensive knowledge, such as the rate of fall of a small sphere in 
viscous fluid, are given without proof. The text-book can be 
recommended for an elementary and comprehensive treatment of 
the properties of matter as far as the standard required for a 
University pass degree. 


L'Evolution des Etoiles. By Jean BosnEm, Director of the 
Marseilles Observatory. (Pp. 103, with 19 figures.) (Paris: 
Les Presses Universitaires de France, 1923. 10 f. net.) 


Tuis volume contains a concise and readable account of our 
present state of knowledge on the subject ot the evolution of stars. 
Much of the original work which is summarised in it has only been 
published within the last few vears, aud it is valuable to have it 
collected together aud arranged in logical sequence in such a 
volume as the present. 

The classification of stars by their spectra is dealt with first. 
It was the progressive sequence into which stellar spectra could be 
classified which provided the basis for the initial theories of stellar 
evolution. For a time there were two rival theories: the one 
requiring an order of evolution commencing with the blue stars 
and proceeding through those of solar type to the red stars ; the 
other required a two-branched order, commencing with red stars 
of low density and proceeding with rising temperature to blue 
stars, whenee the sequence continued with decreasing temperature 
to red stars of high density. In this connexion the various 
methods by which the temperatures of stars have been determined 
are described. 

An account is then given of the recent work of Saha, which 
has had such remarkable success in explaining the main features 
of stellar spectra, as due to ionization as a function of temperature 
and pressure. From a consideration of the appearance and 
disappearance of various lines, the approximate temperatures of 
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each type can be determined: these temperatures agree reasonably 
_ well with those obtained by observation. 

The giant and dwart theory of stars is led up to by a considera- 
tion of the spectroscopic method of determining stellar parallaxes, 
and of the results so obtained for the absolute luminosities of 
stars. It is shown that red stars may be divided into two groups 
of high and low luminosity, and that there are no blue stars of low 
intrinsic luminosity. An account of Russell's theory of evolution 
in then given. The relationship of this theory to the masses of 
the stars is considered, and it is shown that equipartition of 
energy obtains approximately for stars of different mass. : 

The general course of evolution baving thus been indicated by 
the results of observation, the theoretical discussion of the sume 
problein follows naturally. A fairly detailed account of the theory 
of radiative equilibrium is given. ‘his theory, applied to giant 
stars, has had remarkable success in explaining the results of 
observation, and Las also been successful in providing a general 
explanation of the phenomena shown by dwarf stars. It accounts 
also for the fact that the masses of stars are compressed within 
somewhat narrew limits; the temperature of stars of very small 
mass will never increase sufficiently for them to become visible, 
whilst very large masses would be blown asunder by the pressure 
of radiation. | | 
- Finally, the problem of the origin of the heat of the stars is 
considered. 

Although the treatment in general is accurate and remarkably 
clear, there nre one or two statements which ure somewhat 
misleading. On p. 29, the agreement between the observed and 
calculated diameters of Betelgeuse is quoted as evidence that the 
stars radiate like black bodies. This agreement, of course, affords 
no evidence in the case of dwarf stars, which certainly do not 
radiate like black bodies. On p. 50, the remarks in reference to 
the relative numbers of stellar parallaxes determined by the 
trigonometrical and the spectroscopic methods do not state the 
case fairly. The spectroscopic results are based entirely upon 
the trigonometrical ; moreover, the former for certain statistical 
purposes are of comparatively little value owing to the systematic 
dependence on the masses of the stars which has recently been 
pointed out. No mention of this dependence is made. 


The New Physics: Lectures for Laymen and Others. By ARTHUR 
Haas, Ph.D., Professor of Physics in the University of Leipzig. 
Translated by R. W. Lawson, D.Sc. (Pp. xi+ 165, with 7 
figures.) (London: Methuen & Co., 1923. Price Os. net.) 

lecent Developments in Atomic Theory. By Leto GRaerz, 
Professor of Physics in the University of Munich. Translated 
by Guy Barr, B.A., DSc. (Pp. x1+174, with 39 figures.) 
(London: Methuen & Co., 1923. Price 9s. net.) 

TutcsE two volumes both deal in a readable, non-technical manner 
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with some of the more important of the many recent striking 
developments of physics. The first one covers the wider ground, — 
Commencing withan account of Maxwell’s electromagnetic theory 
of light, a chapter on molecular statistics follows. These two lead 
naturally to the extension of Maxwell’s theory by Lorentz, in his 
electron theory. ‘The consideration of the structure of matter 
and of the quantum theory follow. The application of the latter 
has enabled the electron theory to be extended to cases in which 
the laws of classical mechanies failed to provide a satisfactory 
explanation. In particular, as developed bv Bohr and others, it 
has enabled the spectruin of hydrogen to be accounted for, the 
fine structure of spectral lines and the arrangeinent of the elements 
into a periodic system. These matters are all dealt with in a lucid 
manner. The closing chapter deals with the theory of relativity, 
which in the hands of Einstein has completed the work ot 
Maxwell and Lorentz, and provided an explanation of the 
phenomena of gravitation. The volume thus contains in brief 
compass an account of the most important developments of physics 
of recent years, written in a simple style suitable for the average 
intelligent layman. 

The second volume deals more particularly with the recent work 
which has led to our present knowledge of the structure of the 
atom. Its publication has followed closely upon Professor 
Rutherford’s presidential address at the last meeting of the 
British Association. The broadcasting of that address has 
stimulated many laymen with a desire to obtain further informa- 
tion with regard to this subject, in the development of which 
Rutherford has taken such an important part. This volume can 
confidently be recommended for this purpose. It starts with 
an account of the atomic theory in chemistry and in physics, and 
the use of statistical methods for the kinetic theory of gases. An 
account of ions in electrolysis leads to the conception of the atom 
of electricity, and so to the electron, and the phenomena of 
electrical discharges through gases. An account of radioactive 
phenomena follows, including Wilson's work which suggested 
Rutherford's theory of theatom. This is considered in conjunction 
with Aston's work on isotopes. Further support is given to the 
theory by X-ray spectra and the work of Moseley aud others. 
An account then follows of line spectra and Bohr’s model of 
the atom and of the extensive developments which have followed 
upon the application of the quantum theory. It thus provides a 
very complete but at the same time easily intelligible account of 
the present state of knowledge in this important branch of physics. 

In conclusion, it may be added that the translators have in each 
ease perforined their task admirably. 
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XXII. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 
Continued from vol. xlvi. p. 1026.7 


November 7th, 1923.— Prof. A. C. Seward, Sc.D., F.R.S., 
President, in the Chair. 


"THE following communication was read :— 


‘The Igneous Rocks of the Tortworth Inlier, By Prof. 
Sidney Hugh Reynolds, M.A., Se.D., F.G.S. 

The igneous rocks of the Tortworth Inlier were described by 
Prof. C. Lloyd Morgan and the author in a paper published in the 
Quarterly Journal of this Society in 1901 (vol. lvii. p. 267). The 
present paper contains information which has become available 
since the publication of that just cited. "The igneous rocks occur 
in two bands. the upper of which is associated with calcareous 
tuffs containing Silurian fossils and is doubtless lava. The lower 
band was also regarded as a lava in 1901, but it now seems 
probable that it is intrusive. The rocks of the two bands, though 
showing well-marked differences, have several features in common. 
In each ease the felspars, although doubtless originally labradorite, 
are now wholly or partly in the condition of albite or oligoclase. 
In each case pyroxene is present only in the form of very small 
crystals, is relatively scanty, and predominantly rhombic. The 
rocks of the lower band are characterized by the presence of 
pseudomorphs after olivine, and may be grouped as olivine- 
eustatite- basalts. 

Those of the upper band are devoid of olivine. and. consist of 
pyroxene-andesite. They are characterized by the presence of 
highly corroded xenocrysts of quartz and felspar, and by the 
occurrence of variolitie and glassy patches in the ground-mass. 


November 21st.—Prof. A. C. Seward, Sc.D., F.R.S., 


President, in the Chair. 


The following communication was read :— 


‘The Development of the Severn Valley in. the. Neighbourhood 
of Iron- Bridge and Bridgnorth. By Leonard. Johnston Wills, 
M.A., Ph.D., F.G.S.; with a Section on the Upper Worfe Valley, 
in collaboration with Ernest Edward Leslie Dixon, B.Se., F.G.8. 


The investigation of the Iron- Bridge Gorge and the surrounding 
country was undertaken with the view of finding detailed evidence 
for or against the hypothesis of the origin of the gorge as a Glacial 
overlow-vallev. This hypothesis was put forward independently 
by Charles Lapworth! and F. W. Harmer.? Its correctness has 
been borne out by the detailed evidence now presented. 


l Proc, Geol. Assoc, vol. xv (1898) p. 425. 
2 Q. J.G. S. vol. 1xiii (1907) pp. 477 81. 
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The ‘area investigated is roughly delimited by the following 
localities :— Much Wenlock, Buildwas, Oakengates, Shifnal, Wor- 
field, Hampton Loade, Morville. It can be subdivided physio: 
graphieally into a 


(a) The Buildwas area, a part of the Shropshire plain. 

(b) The Barrow-Broseley and Madeley-Shifnal plateau, bounded on the 
north-west by Wenlock and Benthall Edges, and the Wrekin; it 
stretches as a main watershed, except at Iron- Bridge, north-eastwarda 
towards Shifnal and Newport (Salop) This plateau was the pre- 
Glacial watershed between the Dee-Mersey drainage and the Worfe, 


which was then an important feeder of the Worcestershire Stour. 
(r) The Worfe Vale, a mature valley. 


(d) The Iron-Bridge Gorge, and its less gorge-like continuation as the 
Severn Valley by Bridgnorth. 


Detailed mapping of the drifts has shown, first, that the 

Buildwas area was as deeply eroded as now in pre-Glacial times ; 
and, secondly, that a belief in the existence of the Iron-Bridge 
Gorge at that time is incompatible with the distribution of the 
drifts on the plateau above Iron- Bridge, with the vouthful features 
of the gorge, and with the absence of Glacial deposits in it. 
Evervthing points to the gorge being of late-Glacial origin, and to 
the Worfe Vale havi ing been formerly the main drainage- line on 
the south-east side of the plateau, which then formed an ‘unbroken 
watershed. 
(o Practically the whole district was under ice at the maximum of 
the north-western or Irish-Sea glaciation. When retreat began, 
the ice-sheet separated into two lobes that remained confluent in 
the north. The lobe north-west of the pre-Glacial watershed was 
pressed. counter-drainage against it. Glacial lakes were thus 
formed. The other lobe, on the south-east side, persisted longer 
in the low ground of the Worfe Vale. Marginal drainage was of 
special importance here, being reinforced by overflows from the 
lakes across the divide. 

Various stages in the retreat are sketched out, and their relation 
to the drift-outcrops and to the former lines of drainage is shown ; 
it 1s also shown how the waters of the Glacial lakes, west and 
north of the watershed, escaped at different times over different 
cols. 

One of these overflows is of especial importance in connexion 
with the origin of the Iron- Bridge Gorge: namely, the Lightmoor 
overtlow, about a mile north of Iron- Bridge. This appears to have 
drained a lake in Coalbrookdale, and to have operated before the 
Jron-Bridge overflow began. It is necessary to postulate a slight 
re-advance of the ice to close this overflow, and thus raise the 
Jevel of the lake until it flowed out over a higher col at Iron- Bridge. 
Evidence for this re-advanee is given. Reasons are adduced for 
the immediate rapid erosion of the upper part of the Lron-Bridge 
Gorge to a level too low to allow the Lightmoor overflow to 
operate a second time on the renewed retreat of the ice. 

Up to about this stage, the Worfe and its tributaries (one of 
which now became the Iron-Bridge Gorge) had been engaged in 
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clearing the drift out of their valleys, and in reducing the thalweg 
of the trunk river to a base-level. Hereafter deposition of the 
‘Main’ Terrace of the Severn and of the terrace-like gravels of 
the Worfe commenced. An important overflow at Oakengates 
brought water from another lake on the northern side of the water- 
shed at this stage. Some of the gravels of the Mad Brook, the 
Worfe, and the Wesley Brooks can be correlated with this over- 
flow. 

As the ice retreated farther, the Coalbrookdale Lake was so 
enlarged that it covered the Buildwas area. Sands and gravels 
were deposited in the lake (the Buildwas Sands). The level 
of the lake fell to about 300 feet O.D. as the outlet was lowered ; 
but there is evidence that it remained at about this level for 
a long time, probably on account of the graded state of the 
Severn Valley below Iron-Bridge, of which we have evidence in the 
Main Terrace. This terrace can be traced right down the Severn, 
although evidence for this is not brought forward here. Its con- 
nexion with the north-western or Irish-Sea glaciation will, however, 
be important in studying the relation of the terraces (not only of 
the Severn, but of other rivers) to the Glacial Episodes. 

Long after the initiation of the Iron-Bridge Gorge, ice still 
covered the upper Worfe Valley. Retreat-stages here have been 
made out largely through the collaboration of Mr. E. E. L. Dixon. 
When the ice retired to the north of the watershed hereabouts, 
Glacial Lake Newport came into being, and subsequently united 
with the Buildwas Lake on the retreat of the ice-front from the 
foot of the Wrekin. The outflow at Iron- Bridge thus increased, 
although the united lakes maintained the 300-foot level, mentioned 
above, for some time. The subsequent rejuvenation of the Severn 
below Iron-Bridge was probably brought about chiefly by an 
elevation of the whole land relative to the sea. Stages in this 
rejuvenation are marked by terraces. 

In the Bridgnorth area the terraces are as follows :— 

Approrimate height in feet of the 


terrace-surface above the present 
flood-plain of the Serern, 


Hoards Park-Eardington Terrace ... .. 150 to 125 
Main Terrace................. usus. ..... 120 to 100 
Upper Danesford Terrace ....... .... | *70to 60 
Lower Danesford Terrace ........... 35to 30 


So far, only the Lower Danesford Terrace has been recognized 
both above and below the Iron- Bridge Gorge. 
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XXIII. Statistical Equilibrium with Special Reference to the 
Mechanism of Ionization by Electronic Impacts. By R. H. 
Fow gr, Fellow and Lecturer in Trinity College, Cam- 
bridge e 


$1. Introduction. 


D a number of recent papers, the earliest by Klein and 
Rosseland f, it has been shown that the study of specific 
atomic processes of energy exchange, in quite general terms, 
Is likely to prove exceedingly fruitful. The underlying idea 
may be expounded as follows. The laws of thermodynamics 
and of statistical mechanics (modified to include the modern 
quantu m theory) specify certain characteristics of the 
equilibrium conditions of matter. The former are believed 
to be of universal applicability, the latter hardly extend as 
y ii Much beyond the distribution laws of dilute gaseous 
joemblios, In their proper regions, however, we believe 
"bl laws to be of general validity, and they then form a 
Ame work to which all detailed processes of energy exchange 
d. Conform. We believe in fact that these laws are true 
Atever the mechanism of such processes may be. It seems 
DE certain that, for example, the law of distribution of 
ans Velocities of free electrons must be the same in any 
nelosure in thermodynamic equilibrium. Accepting it, we 
Consider various assemblies at the same temperature, in 


* Communicated by the Author. 
Ph: t Klein & Rosseland, Zeit. fiir Phys. iv. p. 46 (1921). 
tl. Maj. S. 6. Vol. 47. No. 278. Feb. 1924. S 
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which different processes of exchange are going on, or the 
same processes at rates which can be altered relatively to 
one another by altering the concentrations. Since the 
resulting distribution laws must be the same in form, it 
follows that any one process of exchange acting in a 
particular direction must be invariably accompanied by an 
analogous reverse process. The pair must be capable in 
combination of maintaining by themselves the regular laws. 
This combined action can never require the assistance of 
any other process, unless such process can be and is its 
invariable accompaniment, and then in fact forms part of 
one group of processes which may conveniently be referred 
to as a unit mechanism. From the fact that each unit 
mechanism must maintain by itself the reyular distribution 
laws for all temperatures, we can deduce important conse- 
quences as to the relative frequencies of occurrence of the 
constituent processes that compose the unit. In the first 
instance such a study may even lead to the recognition 
of a tvpe of process net hitherto suspected to be of 
importance. 

The unit mechanism studied by Klein and Rosseland is 
based on the well-known inelastic collisions between electrons : 
with more than a certain energy and atoms, whereby an 
electron in the atom is transferred from one stationary orbit 
to another of greater energy, apparently without the 
emission or absorption of any radiation. These are collisions 
of the first kind. They deduce the existence of ‘ super- 
elastic" collisions or collisions of the second kind, which 
form the associated reverse process necessary to complete 
the mechanism. These consist in the collision of an electron 
with an excited atom in which the atom returns to norma! 
and the electron goes off with all the superfluous energy in 
the kinetic form. These ideas have been further developed 
by Franck * and others, and have already proved of great 
value in the qualitative interpretation of a variety of pheno- 
mena. We shall find it convenient to reformulate the 
discussion of this mechanism on somewhat broader lines as 
an introduction to the discussion of another unit mechanism 
which forms the main theme of this paper. 

More recently a second unit mechanism has been studied 
in detail, of which one constituent is the photoelectric effect. 
"The associated reverse process is the capture of an electron 
by an ion through the emission of radiation in the encounter. 


* Franck, Zeit. für Phys. ix. p. 259 (1922); Cario, ibid. x. p. 185 
(1922); Cario & Franck, ibid. xi. p. 161 (1922), xvii. p. 202 (1923). 
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This has been studied independently by Kramers* and 
Milne t—the one developing the theory in connexion with 
the continuous X-ray spectrum emitted by the anticathode 
of a vacuum tube, and the other with optical absorption 
coefficients and with Eddington's theory of the interior of 
giant stars. It sheuld not be overlooked that all these 
discussions derive from Einstein's classical theory of Planck’s 
Law of Temperature Radiation J. The processes of which he 
treats are the absorption and emission of the optical spectra 
of atoms, which together form a third unit mechanism. 

It is the main purpose of this paper to examine a fourth 
unit mechanism based on the process of ionizatien by collision, 
in particular by electronic impact $. The associated reverse 
process must clearly be a three-body encounter, which results 
in the binding of two of the constituents to form a single 
atom or molecule, the superfluous energy being carried off 
bv the third body. We shall find that the frequencies of 
these processes can be simply formulated, and that relations 
hold between the frequencies which are closely analogous 
to those given by Klein and Rosseland for inelastic and 
“ superelastic” impacts. In order to make practical appli- 
cations of the theory it is necessary to know from independent 
evidence the form of the frequency of one of the processes. 
This is provided to some extent by S-ray phenomena for the 
frequency of the process of ionization. 

It is then possible to examine roughly the relative 
importance of radiative and radiationless captures and 
ionizations in controlling the equilibrium of gaseous assemblies 
at high temperatures, in particular in the reversing layers 
of stars. We find that for typical reversing laver conditions 
(pressure of 107* atmosphere) the radiationless (collision) 
captures are just negligible. They may, however, be 
expected to become of importance somewhat greater than 
the radiative captures at a pressure of about 1 atmosphere. 

* Kramers, Phil. Mag. xlvi. p. 836 (1923). 

+ Milne, Phil. Mag. xlvii. p. 209 (1924). 

] Einstein, Phys. Zeit. xviii. p. 121 (1917). 

§ After this paper had been written, a very interesting paper by 
Decker, Zeit. für Phus. xviii. p. 325, published 17 Oct. 1923, came to 
hand in which the same process is discussed. The author obtains mv 
formula (A) of $3, but omits to discuss the atomic balance. He thus 
does not vive (B) or observe that probably the correct result is (C), and 
he does not discuss the relative importance of radiative and radiationless 
ionizations and captures. The author deals also with radiative captures 
in the manner of Milne, and with other important points in the theory 
of statistical equilibrium. ( Note added to proof. The recent elegant 
work of Pauli, Zeit. für Phys. xviii. p. 272 (1923) on the equilibrium 
between radiation and free electrons belongs to the same order of idess.] 
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This result may prove to be of some interest, for it suggests 
a further quantitative study of the disturbance of the thermo- 
dynamic equilibrium of the reversing layer under the 
influence of a flux of radiation of a temperature greater than 
its own. It is possible that the next step in the development 
of Saha's theory lies in this direction, as has already been 
suggested by H. N. Russell and K. T. Compton. 

No attempt is made in this paper to fellow up this 
mechanism into its wider ramifications. They must clearly 
be of importanee in many phenomena. The investigation of 
the nature of dissociative steady states in the presence of a 
temperature gradient is as vet an untouched field. It must 
be tractable at least formally in terms of the frequency 
coefficients analogous to these whose relations we establish 
here. But tle most interesting field for immediate appli- 
cation would seem to be Rutherford's results on the capture 
and loss of electrons by a-particles. This will be dealt with 
in another paper, which will be published shortly. 


$2. Klein and Rosseland's Results. 


The frequency of collisions either of the first or second 
kind (Inelastie or superelastic) can be expressed in terms of 
a certain coefticient, of the dimensions of an area, which is a 
function solely of the atom and the relative velocity and line 
of impact of the electron hitting it. This coefficient, which 
represents the chance of a successful collision, may also 
depend in an individual collision on the orientation of the 
axis of the atom relative to the line of impact and on the 
exact position of the electron in its orbit. The average 
coefficient, however, which in general is all we shall be 
concerned with, is obtained by integration over all values of 
these varlables, which are therefore no longer effective. It 
is of some importance for general applications to secure that 
all the atomic functions, which are introduced as frequency 
coefficients, genuinely are atomie functions, and do not 
depend on extraneous parameters. 


Let 


ute de Gerry Te) de 0. (Maxwells Law) (1) 


be the number of electrons per unit volume whose energies 
lie between e and e+de. These we shall call e-electrons. 
The total electron density is y, T is the absolute temperature, 
and + is Boltzmann’s constant. Jfr, is the density of any 
tvpe of atom, which for the moment we suppose fixed in 
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space or of infinite mass, then the number of collisions per 
unit volume per second between atoms and e-electrons in 
‚which the line of impact lies at a distance between p and 
p dp from the atomic nucleus is | 
| De\ "2 
z,.2mTpdp (3) p(e)de. . . . .. (2) 
If Z)(p,e) is the probability that such a collision is 
successful in exciting the atom (from state 1 to state 2 say), 
the number of such successful collisions is - - 


T 9eN 12 
zı. 2mp dp .E2(p,¢)(—) mode. . . 43) 
Writing 


S, (e) 2v | pEBp,eodp,. . . . (4) 


we find the total number of successful collisions of the first 
kind by e-electrons to be 


€ 


zi S, (e) (55) Mode. . 2... (5) 


This expression is only relevant when e2-ei;, where ej, is 
the extra energy required by the atom in state 2 compared 
with state 1. When e«ej, Sj?(e) zO. In an exactly 
similar manner the total number of successful collisions of 
the second kind by e-electrons can be written 


OR KINE . . . . (6) 


in which z, is the density of atoms in state 2. These 
collisions can be effective for any value of e. In the present 
formulation S,?(e) and S, (e) have a purely atomic signi- 
ficance ; they may be called the mean effective collision 
areas of the atom for e-electrons.  Expressigns (5) and (6) 
differ from those of Klein and Rosseland in the inessential 
factor (2e/m) 2, but Klein and Rosseland's coefficients have 
no very simple meaning. . 

By considering the conditions for the preservation . of 
Maxwell’s Law for the velocity distribution of the electrons, 
a fundamental relation has been established between 8,’(e) 
and §,!(e). The concentrations x, and 2, are connected 
according to the ordinary laws of statistical mechanics by 
the relation | 


ra= (gag), . . . . . (7) 
. in which q, and g; are the statistical weights of these states. 
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The consequent relation between S,?(e) and S,!(e) in the 
present notation is 

qi(e + E1) Si (e+ €13) 9:8, (e),  . . . (8) 
which holds for all values of e. Relation (8) guarantees the 
preservation of the electron distribution laws for all values 
of T. It also of course guarantees the preservation of (7). 
For the rate of destruction of atoms in state 1 by this 
mechanism is | 


l RI S*(e) (=) p(e)de, 
and the rate of production | 


Zu S.(e) E) u(e)de. | 


Using (1) and (7) we see that these rates will balance 
when 


of (e + e) Si? (6 + e)e7 * "de = af eS,'(e)e“**Tde, (9) 
0 0 


which is satisfied for all values of T in virtue of (8). It is, 
however, of interest to observe that (8) can be deduced 
directly from the fact that (9) must hold for all T. 
Equation (9) is of the general form 


V Aoe-ede=o, (all T). . . . (10) 


The necessary deduction is ensured by the following 
Lemma.— If f(e) is a continuous function of e for ez 0 
and 


( J(e)e- **Tdez 0, (all T), 
v O0 


then 

f(e) 30, (all e50). 
This lemma is a direct consequence of Fourier's integral 
theorem. There is no physical reason to question the appli- 
cability of the conditions of the lemma to the function f(e) 
derived from the atomic collision areas in (9). 

One might naturally hope to be able to deduce in the 
same way that a relation of the form (8) will hold for the 
frequencies of every possible switch by collision in an atom 
with n levels. It appears, however, that no such deduction 
can be drawn from ihe general premises of this paper. An 
atom with n possible levels has 1n(n— 1) possible switches, 
all of which we must regard as forming one unit mechanism. 
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In an assembly in equilibrium at a given temperature we 
have no means of varying the relative frequencies of the 
constituent processes as we can vary the relative frequencies 
of processes of different unit mechanisms by changes of con- 
centration. They must be discussed together dii analysed, 
soar as they can be, only by variation of the temperature. 

A detailed presentation of the case n=3 is instructive. 
There are three pairs of to and fro switches to consider. 
Sufficiently slow e-electrons are created only by collisions of 
the first kind at a rate 


€ 1/2 
zS? (e + €13) f ra l u(e T €i; de 
9! 1/3 
tas (ete) (5e) ! pe t €3)de 


| + 2S (e + ez) I a Ti) i = phe + ezz)de. — (11) 


They are destroyed only by collisions of the second kind 
ata rate 


{ £33! (€) + 23S! (e) t- 2:53 (e)] (5 ) i (e)de. . (12) 


The condition for the preservation of the regular laws of - 
equilibrium can be written 


e TF (e) + e-8is^T( Fi(e) + Fe) 20, (all T), (13) 


an equation valid only when e is less than the least of €,, 
€s, and en. The notation should be sufficiently clear, on 
remarking that, for example, Fi?(e) 20 would be equivalent 
to (8). When e is unrestricted. the first terms in (11) and 
(12) continue to give the numbers of e-electrons created by 
the switch 1 -> 2 and destroyed by 2-1. There are now in 
addition 21 

2201 - 

ase) im p(e)de 


e-electrons destroyed by the switch 1— 2, and 


eS (7e) {E E pede 


e-electrons created by the switch 2—>1. There are similar 
terms for the other twoswitches. If we make the convention 
that in all cases F,"(x)=0, when x<0, the new terms above 
can be accounted for by adding the term — F,’ (e—e) 
to (13). The complete form of (13) is theretore 


- (Fie—6) +F, (e— e1) } o e7* 7 (F;1(e) - F; (€—€s3) } 
+ eT LR (e) 4+ F (6), (all Te) . (14) 
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This is equivalent to the three equations 

F? (e—è) + F(e— 6:5) =9, 
Fe) — Fj(e— ey) = 0, 
| Fe) +F a (6) =0, 
of which two only are independent. They reduce to 
F;(e)2F,(e—6))2—Fi(e—65). . - (15) 

We can infer that equation (8), F,?(e) =0, still holds for 
€ X €, but we can infer nothing more as to the vanishing of 
the F's. The assumption of only two stationary states is 
equivalent to making e infinite. It may be noted in 
passing that if we rule out entirely the possibility of switches 
by collisions of type 2— 3 and 3->2, then F,°=0, and we 
can infer that F,?(e)=0 and Fj?(e)20 for alle. This is the 
expected inference generalizing (8). But it can only be 
made when by an artificial limitation we have ruled out 
the possibility of the cyclic process 1—> 2, 2>3, 3-1. 
I cannot find any convincing a priori reason to believe that 
such cycles are not permissible. 

It remains to determine the conditions under which the 
distribution of atoms between the states is preserved. For 
state 1 this can be written | 

e- tu/4T Peedo etm È Fj*(e)e-*^Tde— 0, 
0. 0 
and finally reduced to the form | 
( {F (e) + Fy? (e— 633) )e7 9" 1Tde — 0, (all T). e (16) 
v0 2 


. Condition (16) is equivalent to one of the equations (15) 
and gives us nothing new. In the same way for states 


2 and 3, we get 
{ { n F;*(e) + E” (€—€93) te eT de = 0, (all T), 
0 7 


j (Fico) + F3(e)}e- Me =0, (all T), 


which are also equivalent to components of (15). Equations 
(15) are therefore the necessary and sufficient conditions for 
the preservation of the regular equilibrium distribution laws. 
It may no doubt still be true that the three F’s in (15) are 
severally zero for all e, or in other words that equations of 
type (8) are true for each type of switch present... But such 
equations are not a logical consequence of our premises. 
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In the general case we may expect to obtain only n—1 
relations between $n(zn—1) functions F. i 

Before leaving the consideration of this mechanism, let us 
remove the restriction that the atoms are fixed. : This 
general case is of practical importance in all except electronic 
collisions, for it is only then that the random velocities of 
the atoms are in fact negligible. The relative orbit of the 
incident electron (or other particle) is determined by the 
relative velocity V, the usual distance p and the atomic 
orientation. It is obvious that the average chance of a 
successful collision of any type must be a function of V 
and p only. The total number of collisions for which V 
and p lie between V, V+dV and p, p+dp is given by the 
well-known formula * ' 

mM 3/2 1 MmV3 


NN 73? Mam V3 | 
Muy ib (M + m) RENER Ld I M 


But the energy of the motion of the system atom-electron 
relative to its centre of gravity is 4MmV?/(M+m) before 
the encounter has effectively begun, and if the laws of 
conservation of linear momentum are to be preserved in 
these processes, it is this energy of the relative motion only, 
not e.g. dmV?, which is available for transformation into 
atomic energy ina collision of the first kind. Such inelastic 
collisions will therefore now only begin to occur when 


1 Mm ,,, 
2 M+ d > €33. 
Under these conditions (but. under no others) the two 
processes can fit together to preserve the ordinary equi- 
librium. If e now denotes $&4MmV?/(M + m), the expression 
(17) reduces to (2) and the necessary and sutficient condition 
for preservation of the equilibrium with an atom of two 
levels is given by (8) as before. 


$3. The unit mechanism based on the process of ionization 
by collision. 

We shall in this section consider only fixed atoms, equi- 
valent to atoms of infinite mass. We know that a process 
can occur in which an e-electron (or other particle) can 
knock another electron out of an atom, provided that e2 e,, 
where ej; is the energy necessary to remove this electron: 
This process of ionization by collision can certainly occur 
when e only just exceeds e, so that there is no reason to 
suppose that radiation need play any essential part. It 
seems very probable, from a study of -ray tracks, that we 


* Jeans, ‘Dynamical Theory of Gases,’ ed. 2. formula (701). 


H 
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may suppose that the remaining part of the energy €— € 
can be distributed in any manner between the two electrons 
after the collision, and that, whatever e, we may suppose 
that a process of exchange of this type can occur without 
the emission or absorption of radiation. Coupled with this 
process of ionization there must be some process of capture, 
which for al! values of the temperature and concentrations 
will preserve the laws of dissociative equilibrium. Together 
these processes of ionization and capture will form a unit 
mechanism. The process of ionization which we contemplate 
here is radiationless. So also must therefore be the process 
of capture. It is not difficult to convince oneself that the 
only possible (suitable) process of capture is a collision of 
three bodies, two electrons and one ionized atom, in which 
the two electrons so interact that one of them is bound by 
the atom and the other is thrown off with the kinetic energy 
of both before collision and the ionization energy e, thrown 
in. If the superfluous energy may not be radiated, it can 
only be carried off by at least one other material body. 
That such a process, the strict reverse of ionization by 
collision, occurs can hardly be a novel idea. Its possible 
great importance does not seem to have been recognized. 
The number of collisions with e-electrons and line of 
impact between p and p+dp is given by (2). Let us 
suppose here that the only possible result is ionization 
(provided e» e), after which there will be two free electrons, 
a new 9-electron, and the old one, now an (e— e; —9)-electron. 
It is necessary that e—eo—n>0. The probability of such a 
result must have a definite value depending on p, n, and e. 
We define >,?(p, n, €)dy to be the probability of ionization 
with the production of a new 7-electron with energy between 
7 and n --dy. To find the total production of g-electrons in 
this way we have to integrate with respect to p. Writing 
2r i pXwp m edp-S (59), . . . (18) 


the total is 
Ye\'3 
EA (5) p(e)de . S? (n, e )dg. . . . (19) 


The total rate of production of ions in this way must be 
obtained by integrating y from 0 to e— e, and then e from eg 
too. There is a simple physical meaning for 


( "S:°(n, €)dn. 


LS 


It is the mean effective collision area for ionization by 
e-electrons. 
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The reverse three-body process can be similarly formulated. 
Consider first of all an ionized atom in process of being hit 
> a -electron on a line of impact between p, and p, + dpi.. 
There are 


Ly. 2mp idp . (= ) «at 


of these occurrences per unit volume per second. The other 
electron is to enter into collision on a path on which (if 
undisturbed) it would reach its apse at a time between 
T and T+dr seconds after the first electron reached its apse.. 
With every collision with a £-electron there is therefore 
associated a volume 


9 1/2 
(5) dT. 27r pad ps, 


in which a £-electron may lie whose passage through its apse- 
on a p,-line of impact would occur in the specified interval. 
Our expectation of £-electrons in this volume is 


(3^4. . 2mpsdp, . w(E) dé. 


The number of three-body collisions, in which ¢-electrons 
and £electrons with p;- and p,-lines of impact and time 
difference T are concerned, is therefore 


2y) r2 9$; 1/2 

a,(<2) meat. (ZE) ME dE. 2mpidp.2mpadpedr. (20) 
This number has been so specified that it disregards the 
relative directions of the lines of impact of the electrons and 
the atomic orientation. Averaged over all such directions 
and orientations there will be a certain definite probability 
217(p1, Pa, T, © E) that any one of these collisions leads to a 
successful interaction by which the ¢-electron is bound and 
the &electron thrown otf as a (E+ £-Fej)-electron. Writing 


we pdp: f, Padps MO ps T, E) dr S (GE), (21). 


which will then be a purely atomic function of dimensions 
[L]*[T], we can express the number of suecessful triple 
collisions in which a £-electron is bound by the interaction 
of a E-electron in the form 


(A) «pat. CE pats b. . (22) 
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‘These collisions each create a neutral atom and a (£+ €+ 6 )- 
electron at the expense of an ion, a £-electron and a 
-8-electron. | 

The appropriate law of dissociative equilibrium * is 
believed to be | 

TY o-€ kT (2am kT)? 26 
. Ly qh’ di 

where A is Planck’s constant, o the so-called symmetry 
number of the neutral atom, and q the weight of its normal 
.state relative to the ion. If the suggested processes form a 
unit mechanism they must preserve (23), subject only to 
certain purely atomic functional relations between Sj? and 
S4. Alternatively (19) and (22) must lead to an equation 
equivalent to (23) if we prefer to formulate the argument 
this way round. The necessary functional relations are very 
simple. - | | 

Consider first the preservation of the balance of the 
electronic distribution laws for g-electrons, 9 « e. By the 
process of ionization new electrons are produced by e-electrons 
at rate (19) and the old e-clectrons are converted to 
7-electrons when the new ones are (e—é€)—7)-electrons. The 
combined rate of production of 7-electrons in ionization by 
€-electrons is thus 


9e 1/2 A 
zı (74) ao de{S.%(n, e) S(e— e 5. e))dn, 


when-e<e)+7, and is otherwise zero.: The total rate of 
production of 7-electrons is therefore 


"e 9e a o : 
nan (=) {N (m, €) + Si (e— €—7, e) (e) de, (24) 


Eotn 


(23) 


er unit volume per second by the ionization process. This 
Folds for all 3, but when. <e there is no destruction of 
-electrons by this process. . "M 
- Taking now the capture process, we see at once that it 
produces no 7-electrons (n< €o) for the resulting free electron 
has always an energy greater than €. It destroys each, time 
both a £- and a £-electron. The total number of g-electrons 
destroyed by binding (£-type) is therefore 


s (29) uma G5) "sm bacoat: 


* See, for instance, Fowler and Milne, Monthly Notices R. A. S., 
Ixxxiii. p. 407 (1923). The only doubtful points in (23) are connected 
pith the values of o and q. But their precise values are irrelevant 
here. We are assuming in this discussion that the neutral atom has 
only one possible stationary state. 
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The corresponding number destroyed by conversion into fast 
electrons (&-type) is 


24(72) uma, (5) Se naa 


The grand total of destructions of m-electrons per unit 
volume per second is ce 


e) aman (5) (8909) mE made, (25) 


for all values of 9. For preservation of the distribution 
laws we must have 


z: (2^ uq) inf” (==) "4 S.1(, a) + Ss (a, 9) } n (a) da 


=ndn{ Gy (Si(5, €) 4- Sj? (e— 6€ —7, €) Ju (e) de, 
(n< e). . . . (26) 


When we use equations (1) and (23), equation (26) 
reduces to 


i} e^" (e, +n + a) {82(q, eg t+ nto) + Sy (o eo ++) }da 
0 


=e f 67 a (S, (n, a) + Ss (o, 7) dos, (««). (27) 
If equation (27) is to hold for all T, it follows at once by the 
Lemma that we must have 


(eo n+) Si (9, eo m or ) t Si! (o, eo m- a) } 


_ Sama 


E -an{S, !(9, a)  851(a, n)}, - eoe o CA) 


for all æ and all <e We may observe that if we do not 
assume (23), we can deduce its form as a function of T, 
without of course an explicit value for the constant, from 
the facts that (26) must be true for all T', and that the atomic 
coefficients S cannot depend on the temperature and the 
pressure. 

It is necessary in addition that the rates of production and 
destruction of atomic ions should balance. The condition is 
easily obtained. It is 


eo (° 12 € — €o 
af ( m) OLAI Si (m, e) dm 


w Cere POMES Ddtig. (27) 
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Making the same substitutions, this reduces to 


( (€o4- a)e ^ "da | SQ, €, +a)dn 
0 


- = f i { tto 4*9" sip Bat de 


= Same e" da (a-n) S.1(n,a—n)dy, (28) 
q 0 e 0 


for all values of T. Therefore by the Lemma 
(ata) È Sn eta) de 
0 


8rmo (2 , 
= rh, n(a — n) Si’ (1, «—n)dn, (all a). (B) 

It remains to consider the electron balance for > €, 
which in virtue of (B) we shall find to be conserved if (A) 
holds for all 7 as well as for all æ. Expressions (24) and 
(25) still give the production by ionization and the destruction 
by capture. There is now in addition a destruction of 
7-electrons by ionization at a rate 


9o 12 9—-e, 
n (2) um, du f Si(an)da, . . (29) 


equal of course to the rate of production of ions by 
n-electrons. There is also a production by capture. The 
first argument of 8,'(¢,&) refers to the electron that is 
bound. The energy of the electron left free, on binding a 
£-electron in interplay with a £-electron, is E+% + e. dt. 
therefore, E+% +e=7, we have to sum up all triple 
encounters of the type 


$5n—6-—65, (0<o<n—e), 
and shall so find that 7-electrons are produced at a rate 


ndah EY 879-9 V ^ubutn-a-t 
SiGn- e-d. (30) 


The electron equation now contains four terms and 
equates (24) and (30) to (25) and (29). But on account 
ot (B) the extra terms (29) and (30) balance by themselves. 
For they will so balance if 


3 N~€y 9-6, 
MM, “sae OS e - Dato n[ Samda, 
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which is equivalent to (B). The validity of (A) must there- 
fore be unlimited, and the necessary and sufficient conditions 
for the preservation of the laws of dissociative equilibrium 
are that (A) should hold for all æ and s, and (B) for all a. 

It wil be noticed at once that (B) is obtained by equating 
the first terms only from the two sides of (A), and inte- 
grating in a suitable manner. Though it is not a logical 
consequence of (A) and (B) it seems not at all unlikely that 
the single relation that really holds is 
(640 a) S o, e a) — E ens (5, a). (all a, 7). (C) 

Equation (C) implies both (A) and (B). It is obviously 
(C) which would have to hold, if we had to distinguish the 
two electrons in these processes and no longer regard as 
interchangeable the bombarding electron (or electron thrown 
off at high speed) and the electron knocked out of the atom 
(or bound by the atom). In the case discussed here such a 
distinction is meaningless, but the arguments apply equally 
to the case of radiationless dissociations and recombinations 
in which the three bodies concerned are all different * [for 
example, perhaps molecular dissociations by electronic or 
atomic impacts or ionization by bombardments by protons 
or a-particles]. In such cases the necessary and sufficient 
relations must be of type (C), and it seems reasonable to 
suppose that it is equation (C), and not the slightly less 
restrictive (À) and (B), which holds also in tliis case. 

There is an obvious field for the extension of these argu- 
ments to ntoms with more than one ionization potential, 
corresponding to the removal of different electrons, or of 
the same electron from different orbits. There is also the 
restriction to fixed atoms to be removed. These are just the 
extensions which we have made in Klein and Rosseland’s 
work in the beginning of this paper, and they are obviously 
of some importance. Their consideration cannot be under- 
taken here. 

We note in conclusion that (C) throws perhaps a little 
light on the meaning of o and g. The value of o appears 
from other chains of reasoning to be equal to the number of 
electrons in equivalent (most lightly bound) orbits. We 
should therefore expect S,? to be proportional to c, as each 
of these electrons must contribute equally to the mean 
effective target for the removal of any one of them. The 
value of q, the weight of the normal orbit of the returning 
electron, appears to be equal to the number of equivalent 


* Provided of course that we may treat the main atoms as fixed. 
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ways in which the electron can be bound. We should 
expect S, to be proportional to g, for each of these ways 
might be expected to contribute equally to the chances of 
binding. 


$4. The evidence of B-ray results for the form 
of Si*(q, €) and S2 (7) e). 

It is possible to estimate the mean collision area for 
ionization with the ejection of an 7-electron by a study of 
the theory and experiments on the passage of -rays through 
gases. ‘The classical theory of this phenomenon developed 
by J. J. Thomson * and Bohrf seems to apply with very 
considerable accuracy. It leads to the V*-law for ranges, 
which is fairly closely obeyed, though the value of the 
numerical coefficient in the stopping power to which it 
leads is somewhat too small f (by a factor perhaps of 2 or 3). 
Moreover, a further slight extension of the theory by the 
present writer $, in which we require to know only the 
relative frequencies with which 7- and »'-electrons are. 
ejected, leads to the result that the average expenditure of 
energy by the B-ray per pair of ions made should be four- 
thirds of the ionization potential. This result seems to be 
confirmed by the recent experiments of C. T. R. Wilson ||, 
in which he finds the value 26 volts per ion-pair in air. 
Since air is mainly N, with a first ionization potential of 
17 volts, we should expect from the theory at least 23-24 
volts expenditure per ion-pair. | 

These experimental confirmations refer mainly to high 
velocities of the electron, but it is with lower velocities, 
especially those just greater than e, with which we are mainly 
concerned. More information in this region is greatly to be 
desired. But even here the B-ray theory gives results which 
are at least of the expected order. It is shown in the next 
paragraph that the effective area given for ionization is 


moel l 
€ 9 j 


where e is the electronic charge. This has a maximum. 
when e—2e, whose value is woe'/te?. For an atom for 


which 
e= 10 voltsz 10 x 1:591 x 107! erg, 


* J. J. Thomson, Phil. Mar. xxiii. p. 449 (1912). 

t Bohr, ibid. xxiv. p. 10 (1918); xxx. p. 531 (1915). 

f C. T. R. Wilson, Proc. Roy. Soc. A. civ. pp. J, 192 (1923), in par- 
ticular pp. 196, 199. 

$ Fowler, Proc. Camb. Phil. Soc. xxi. p. 521 (1923). 

|| Wilson, loc. cit. p. 200. 
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this area works out at 1:560 x 107! cm.?, so that if allowance 
is made for a factor of 2 or 3, the theory indicates that the 
maximum effective area is the whole area of the atom ; this 
result would seem to be agreeable to the work of F ranck and 
others on ionization potentials. Ina first rough survey it 
therefore seems legitimate to take the classical theory as it 
stands, for both high and low velocities, as giving correctly 
the relative frequencies of ejection of n- and 7-electrons, 
and a numerical coefficient for the absolute frequency at 
least of the right order. 

If then for the moment p denotes the distance of the line 
of impact of the e-electron from the electron which it is to 
knock out of the atom, there is a precize relation between 
this p and y, namely *, 


alee) Ema ws d db) 


€ V + € 
or 
e^ 


Re EE 
e (nt)? 

This is the mean effective target of our theory for each 
equivalent electron. In our notation Xj?(p, n, e)dn=1 for 
this region, and is otherwise zero. Thus 


9 _ Ao I cri Qe 
Sr (m €) = "€ (ge? (Acme), . . . (33) 
with some doubts as to the numerical factor in A. For the 
process of capture 
p 75s (9,2) = (emt mena) A 


ig UU E A 
54 (1,2) — 87m an (9 +e)? 


2mpd pz 


x m 


(35) 


This makes the mean effective collision “ time-(area)?" for 
capture >œ as a—4O or as 7>0. This is perhaps unex- 
pected, but is not in any way physically impossible. 


+ 


$5. The comparative numerical frequency of radiative ( photo- 
electric) and radiationless (collision) ionizations and 
captures in a gaseous assembly. 

The calculations that follow do not essentially depend on 
the foregoing discussion which has established the relation 
between Sj? and 8,!. To estimate the relative importance 
of the two processes it is really only necessary to compare 


* Fowler, loc. cit. 


Phil. Mag. S. 6. Vol. 47. No. 278. Feb. 1924, T 
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. the numbers of ionizations by collision and by the photo- 
electric effect, and S4! need not be referred to. But it seems 
proper to give the calculations here, since the preceding 
considerations seem to give them point. A grasp of the 
consequences of the idea of the unit mechanism makes it 
easier to regard the calculation as determining the relative 
importance “of two unit mechanisms as wholes, and it is in 
this that its main value lies. 

Using (1) and (33) we find for the rate of ionization per 
cubic centimetre per second 


a WALL NM Ne RC E LS 
udi Padi ce E ere? 


“Om kT} mid L2 €) 250" A E E ; 


The integral contains us logarithmic integral and cannot 
be evaluated in finite terms. When kT /eg is "fairly small, it 
is iiA closely by the asymptotic expansion 


y 
E G- — Je daw Ey =21(=) +3 (F J —..., 
€p ia) 
ws . (37) 
with an error always less than the last term ——' The 
rate of ionization by collision when £T/e, is small enough for 
the first term of (37) to be a fair representation of the inte- 
gral is therefore 
Tc Àr, ue—e kT (ET? (E 
Treni > e small), . (38) 


0 


Teo] Co 


Now Milne* has shown that the number of photoelectric 
ionizations per cubic centimetre per second in a gaseous 
assembly in thermodynamie equilibrium is 


nf Yoa . Saye. de (39) 


where v, is the series limit for the state of the atom concerned 
i. e. hvo = €p, and 


poy (E): TTE 


9h — 1] | 
I(vy)2 7 d ety coc (Planck's Law) (41) 


? 


* Loc. cit. 
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lt appears theoretically that p is a certain function of v, 
or hetter of v the velocitv of the corresponding photoelectron. 
It appears empirically that ø is probably a constant at least 
in the most important region. The stellar evidence from 
Eddington's theory of giant stars, together with certain 
evidence from optical absorption coefficients for resonance 
radiation, agree in indicating that w=107* Z, where Z is 
the atomic number. Taking Z=1, hydrogen, for illustration, 
the number of photoelectric ionizations per cubic centimetre 
per second then reduces to 

BTM EL, °>” dæ 


DEN =a), 
jo LOT, 7^3 


(12) 


wid = 


When AT/e, is fairly small this is approximately 
2:2 l à 
rad TR pius 10 7:£Te-sc^T, (E small) . (43) 
gh Ey 
Tie ratio ncon/^raa is of great interest. We find using (38) 
and (43) 
Neo — LOFAGh y 
wai Pem quu 9) 
Strictly speaking (44) is valid only for &T/e) small, but it 
will give the correct order for this ratio in a wider range of 
cases. 
If we take the classical value of A, and express all energies 
in volts we find * | 


Neoll : -16 4 JE l 
a 1:15 x 10 SUT” (energies in volts). (45) 

If we take the case of a typical stellar reversing layer at 
10,9009, £T 2 0°86, an electron pressure of 107* atmosphere, 
4 1:86 x 10, and say hydrogen atoms in the Balmer state, 
(—6, €, 3:39 volts, we find 


Reoll _ 
eet HTS T9. 
rad 
Thus in any problem of a stellar reversing layer the etfect of 
the captures and ionizations by collision with electrons is 


* I have preferred at this stage to compare the relative frequencies of 
radiative and collision processes on tne basis of Milne's semi-empirical 
formulation of the frequencies of the radiative processes rather than on 
the basis of Kramer's wholly theoretical discussion, which needs some- 
what careful and critical interpretation for application to the cases in 


point here. 
T 2 
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practically nil. The control they will exercise when thermo- 
dynamic equilibrium is disturbed by the flow of radiation of 
a different temperature is negligible * 

The case discussed by Eddington f of the interior of a star 
turns out to be slightly different. His typical conditions 
involve an electron density y=1:356 x 10°, and a tempera- 
ture °C. of 5761x105. The average ionization must have 
proceeded to a stage such that for the orbits in which we are 
interested the ionization potentials will lie in the range 
600-1000 volts. In such a case we should find 


zen = 1-9 —0:42 


Irad 


or 1/6th of these values if we should take g=1. The two 
types of capture and ionization are now of the same order of 
frequency, with the radiative type even now somewhat more 
frequent. 

This calculation does not agree with some tentative evalua- 
tions of this ratio by Lindemann ¢ in a criticism of Eddington's 
theory of capture. Lindemann suggests a ratio 10, 000 
instead of 1, but it is apparent on reading his note that he 
has ignored the change in target area due to the increase in 
binding of the relevant electrons, which is allowed for here 
by the “factor e? in the denominator. This is a factor of the 
order 10,000 precisely, and its insertion brings his estimate 
into full ‘agreement with the estimate made here. It should 
be remembered. however, that whatever the value of the 
ratio, Eddington’s general argument that radiative captures 
will exactly balance photoelectric ionizations is almost cer- 
tainly sound.  Ionizations by collision will balance captures 
by collision, and Lindemann's criticism so far as it affects 
the general argument appears to rest on a misconception. 

The examples above show collision captures to be of 
somewhat slight importance in the cases specified. This, 
however, will by no means always be the case. As we 
descend towards the photosphere from the reversing layer 
the pressure rises very rapidly indeed compared with the 
temperature. We should reach a pressure of, for example, 
1 or 10 atmospheres with a hardly significant rise in tem- 
perature. In these conditions for hydrogen in the Balmer 


* It is not difficult to verify in addition that the effect of collisions 
by the hydrogen or other nuclei will on the same basis be in zeneral 
negligible compared with that of the electronic collisions. 

n Eddington, Monthly Notices R. A. S. Ixxxiii. p. 32 (1922), 

t Lindemann, Monthly Notices R. A. S. Ixxxiii. p. 222 (1923), 
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state we obtain from (45), roughly, 


coll 2350500. 


Mrad 


"These rapid changes in the relative importance of radiative 
and radiationless processes are probably significant, as we 
have suggested in the introduction. 


$ 6. Summary.—Klein and Rosseland's theory of collisions 
of the first and second kind is discussed and further amplified. 
Itis shown what type of relations cau be strictly deduced 
in the case of atoms with more than two stationary states : 
also how to formulate the theory when the atoms are no - 
longer assumed to be of infinite mass. 

The same ideas are extended to the mechanism of ioniza- 
tion by collision. The reverse process isa three-body collision. 
and the necessary frequency relation is determined. 

The theory and experimental results of ionization by 
B-particles is applied to deduce the form of the frequency 
function for one of these processes (ionization) and the fre- 
quency function for the other is deduced. 

The relative importance of collision processes and radiative 
processes is formulated and discussed in a number of cases, 
for gaseous assemblies, It is shown that either type may be 
dominant. 


XXIV. The Capture and Loss of Electrons by a Particles. By 
Professor Sir E. RUTHERFORD, P.R.S., Cavendish Pro- 
fessor of Experimental Physics, University of Cambridge * 


N a recent paper, G. H. Henderson} has given an 
account of some very interesting experiments on the 
capture and loss of electrons by a«a particles, The photo- 
graphic effect of a pencil of æ rays was examined in a 
magnetic field by the photographie method, using Schumann 
plates. In a high vacuum, in addition to the main deflected 
band due to doubly- charged « particles, there appeared a 
* midway " band which suffered only half the deflexion of 
the main band. This band was ascribed to æ particles which 
had captured an electron and which were thus bent by the 
magnetic field to only half the extent of the main band. 
As the velocity of the a particles was reduced by increasing 
thickness of mica over the source, the midway band became 


* Communicated by the Author. 
T Proc. Roy. Soc. A, cii. p. 496 (1922). 
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more and more prominent, and altimately an undeflected 
band due to neutral helium particles was observed. For the 
success of these experiments it was essential that the appa- 
ritus should be exhausted to the stage of a cathode-ray 
vacuum. The presence of a small trace of residual gas 
mused the disappearance of the neutral and midway band. 
The failure of previous investigators to note the effects 
observed by Henderson is to be aseribed to the presence 
of residual gas in the path of the rays in their experiments. 

While of course it had always been supposed that the 
a particle captured electrons near the end of its path, it had 
not been expected that the æ particle could capture an elec- 
tron in the early part of its range. It was of importance 


Vig. 1. 
B B 


ZnS SCREEN. | 


CY 


TO PUMP, 


to verify the conclusion of Henderson by the scintillation 
method where the energy of the particles can be estimated 
by the brightness of the scintillations and their number 
determined by direct counting. At the same time it was of 
much interest to test whether methods could be devised for 
determining the frequency of capture and loss of electrons 
by the æ particles and its variation with the velocity of the 
a particle. | 

The general method * employed is shown in fig. 1. The 


* A preliminary account of these experiments was published in the 
Proc. Camb. Phil. Soc. xxi. p. 504 (1928). 
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radioactive source consisted of a fine platinum wire W 
C3 mm. in diameter), coated with radium B and C, and 
placed in an exhausted box B. The rays passed through a 
fine slit S and fell on a zinc-sulphide screen placed inside 
the box. The scintillations were viewed through a glass 
plate by a microscope in the usual way. The microscope 
was arranged to have a vertical motion so that any part of 
the sereen could be brought into view. The slit was equi- 
distant, viz. 8 cm., from the source and screen, and a 
magnetic field of about 6000 gauss was ordinarily applied 
perpendicular to the path of the rays. In these experiments 
it is very important to avoid radioactive contamination of 
the box and sereen. This is very difficult to effect when 
an uncovered source is used. In the low vacuum required, 
traces of emanation are usually released from the source, and 
eontaminate the whole box. In addition, if the source is 
placed in the box soon atter removal from the emanation, 
the recoil of radium B causes a distribution of radioactive 
matter. Even when the source is not introduced into the 
box until radium A has practically disappeared, there is still 
the possibility of contamination due to the S-ray recoil of 
radium C from radium B. For these reasons, it was essential 
that the source should be completely covered in. The active 
wire was placed in a small chamber, covered with the 
requisite thickness of mica. This chamber could be ex- 
hausted during an experiment separately from the main 
box. The box containing the source and the charcoal tube 
for exhaustion was fixed rigidly to an ebonite ground-joint, 
which could be rapidly placed in position in the main box. 
The latter was initially exhausted by a Gaede pump and then 
by a Langmuir ditfusion pump. The residual pressure of 
the gas in the box was measured by a Macleod gauge, and 
two liquid-air traps were in the circuit to prevent mercury 
vapour from the pump or gauge diffusing into the deflecting 
box. The field of view of the microscope (1:2 mm. wide) 
was more than sufficient to take in the whole width of the 
main band of homogeneous rays. 

The distribution of the particles in the deflected beam, 
found by the scintillation method, is shown in figs. 2, 3, 
und 4 corresponding to different thicknesses of mica over 
the source. The emergent range of the a particles was 
about 3°6 cm. in fig. 2, 1:2 em. in fig. 3, and 046 em. in 
fig. 4. The abscisse represent the actual deflexion of the 
particles in millimetres in each experiment, but the deflexions 
are not directly comparable, as the electromagnet was excited 
by different currents in each case. 


N° OF PARTICLES 


N? OF PARTICLES. 
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In fig. 2 the midway band is deflected to exactly half the 
extent of the main band, but the number of particles in the 


Fig. 2. 
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band is only 1/67 of that in the main band. With lowering 
of the range of the emergent a particles, the curves change 
rapidly in shape. In fig. 3 the width of the deflected main 
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band MM is much wider than with zero field, showing 
that the a rays after traversing the mica vary markedly in 
velocity. The midway band LL begins sharply at the mid- 
wav point between O and P, but extends with decreasing 
brightness of scintillations to the main band, where it can 
no longer be followed. A group of undeflected particles 
appears at O, while between O and L a small number of 
weak scintillations was observed. The origin of the latter, 
which are few in number compared with the neutral band, 
has been difficult to fix with certainty. They are probably 
in part due to æ particles scattered at the edges of the slits 
and the sides of the box, and partly due to recoil atoms set 
in motion by collision with the a particles in their passage 
through the mica. In fig. 4, for still lower velocities it is 


Fig. 4. 
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seen that the midway band A contains more than half the 
particles of the main band B, while the undeflected band C 
becomes relatively more prominent than in fig. 3. "There is 
no longer a sharp inner edge in the two bands, bnt the 
maximum number of particles occurs at a considerably 
lower velocity than the beginning of the bands. The sig- 
niticance of curve D will be discussed later in the paper. 
It will be clear from these illustrations how rapidly the 
relative number of particles in the two bands and the dis- 
tribution of the particles with velocity vary with the 
emergent range of the particles, i.e. with their average 
velocity. 
It will be noted that the width of the band due to the 
doubly-charged a particles in figs. 3 and 4 is much greater 
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than the width of the same beam when undeflected bv the 
magnetic field. This shows that the ravs issuing from 
ilie mica are heterogeneous, consisting of particles with a 
considerable range of velocitv. This heterogeneity of the 
beam is easily observed, even when the stopping-power of 
the mica is reduced to 2 em. I hope in a later comi- 
munication to discuss this question in more detail when 
more systematic measurements have been made. In addition 
to this heterogeneity of the beam due to the passage of the 
a particles through the mica, the active wire itself is 
responsible for a similar eftect, but on a smaller scale. 
Some of the a particles from the wire source escape from 
the back of the wire, and thus are reduced in velocity by 
their passage through the metal. The relative number of 
particles escaping in this wav which have all velocities from 
the maximum to zero depends on the diameter of the wire, 
but under the conditions of the experiment only amounted 
to a few per cent. of the total number in the pencil. When 
a magnetic field is applied, these particles give, so to speak. 
a continuous magnetic spectrum of « rays extending from the 
edge of the main band in the direction of lower velocities. 
The heterogeneity in the beam due to the source does not 
seriously influence the deduction from the experiments dis- 
cussed in this paper, but is a factor to be taken into account 
in special experiments where a homogeneous pencil of 
æa rays may be required, This effect ‘could in part be 
eliminated by the use of specially prepared sources where 
the activity is concentrated only on the front. surface of the 
source, but such sources are difficult to prepare in sufficient 
intensity. 

Incidentally the determination of the magnetic spectrum 
of the doubly-charged a particles gave a method of fixing 
the lowest velocity “of the à particle for which a scintillation 
could be detected. It was found that the scintillations 
decreased steadily in intensity with increase of the magnete 
deflexion. — Particles of velocity °25V,, where Vo is the 
maximum velocity of the æ particles from radium C, could 
he readily counted, while particles of velocity 15V, gave 
faint scintillations which could only be counted with 
difficulty. 

The number of particles due to doubly-charged, singly- 
charged, and neutral helium atoms, as shown in fig. 3, 
varied in number over such a wide range that sources over 
a range of intensity of 100 times would be required to 
determine the number with c certainty. To overcome this 
difficulty, an arrangement equivalent to the rotating wheel 
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with a slit was employed. Between the outside of the box 
and the microscope objective a brass plate with a slit of 
known width described a reciprocating motion between 
guides. The simple apparatus required was driven by a 
low-geared motor, so that the slit passed by the objective 
about four times a second. Using one slit of width 
T5 mm., the reduction ratio for number of scintillations 
was °30, with a slit 2:5. mm. about *10. Usually only 
the slit of width 7°5 mm. was emploved in counting, since 
the average intensity of the scintillations decreased the 
narrower the slit. This was due to the fact that it was 
impossible in the experiment to arrange that the brass plate 
moved close to the surface of the gine sulphide. For this 
reason, some of the light due to a scintillation, which 
ordinarily entered the objectiv e of wide aperture, was cut 
off by the plate. This reduction in brightness of the scin- 
tillation was so marked that the slits of width 1 mm. or 
2-5 mm. could only be used with certainty to count scin- 
tilations when æ particles of high velocity were used. 
Nince the intensity of the a-ray source decayed to about 
‘14 of its initial value in the course of two hours, it was 
generally possible with the aid of the movable slits to 
compare numbers of a particles in the ratio of 1 to 50 in 
the course of a complete experiment. 

The determination of the curves such as are shown in 
figs. $ and 4 involved a large amount of work in counting 
scintillations. The seintillations became weak in intensity 
for velocities below :2V,, and accurate counting trying and 


difficult. 
Electrostatic deflewion of a particles. 


While the results obtained by the scintillation method were 
in general agreement with those obtained by Henderson, 
using the photographie method, and could be readily inter- 
preted on the view that the æ particle captures electrons in 
its passage throngh matter, it was of importance to settle 
definitely whether the particles in the midway beam con- 
sisted of singly-charged helium atoms moving with the same 
velocity as the corresponding particles in the main beam. 

For this purpose, the deflexion of the midway band was 
determined in an electrostatic as well as in a magnetic field. 
A sheet of mica of about 6 em. stopping-power was placed 
over the source, and the distribution of the particles was 
about the same as that shown in fig. 3. The lett edge of the 
midway band was fairly sharply defined, and corresponded to 
a velocity of *47V,. Two parallel brass plates 7 em. long, 
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4 mm. apart, were fixed between the source and slit shown 
in fig. 1, and parallel to the slit so that the deflected beams 
of rays did not impinge on the side of the plates. By means 
of an Evershed motor generator, a P.D. of 3000 volts was 
applied between the plates. The magnetic field was first 
adjusted to give a reasonable deflexion of the midway band. 
The electric field was then added in the highly exhausted 
box, and the shift of the edge of the midway band was noted 
on reversal of the electric field. Similar observations were 
made on the edge of the main band. The settings of the 
cross wire of the microscope on the edge of the bands could 
he made with precision. ‘The change of deflexion of the main 
band by reversal of the field due to 3000 volts was 3:27 mm., 
and for the midway band 1:63 mm. or almost exactly half. 
The deflexion of the highest velocitv particles in the midway 
band in a magnetic field, as we have seen, is exactly half of 
the corresponding particles in the main beam. 

Suppose M, V, E be the mass-velocity and charge of the 
a particles in the main beam, and m, v, e the corresponding 
values for the particles in the midway beam. 
From the observed magnetic deflexions, 


MV/E=2mu/e. 
From the observed electrostatic deflexions, 
MV?/E=2mu?/e. 
It thus follows that u=V 
and e/m=435/M. 


It is thus clear that the particles of the midway band have 
the same velocity as the corresponding particles in the main 
beam—a fact confirmed by the equal brightness of the scin- 
tillations,—but the value e/m is half of that for the ordinary 
& particle. It seems quite certain from these results that 
the particles in the midway band are singly-charged atoms 
of helium, ?.e. helium nuclei which have captured one 
electron. It is thus natural to suppose that the undeflected 
particles are neutral helium atoms arising from the capture 
of two electrons by the a particles. 


Mean free path for capture and. loss. 


It is to be supposed that the 4 particle occasionally 
captures an electron, and this electron may be subsequently 
lost by collision with the molecules. We shall see later that, 
for high-velocity particles, the average distance traversed by 
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the z particles in the material before capturing an electron 
or losing its captured electron is small compared with the 
range of the æ particle in the material. We may suppose 
that for a definite velocity the He, , particle has a mean free 
path A, em. in the material before capturing an electron. 
No doubt some of the particles have much shorter and others 
much longer paths than the average before capture, the 
relative numbers being determined by the law of probability. 
Similarly, it may be supposed that the He, particle has a 
mean free path A, cm. before losing its attendant electron 
by collision with the molecules. 

It will be seen later that the interchanges of charge of the 
@ particle occur more than a thousand times in its range. 
It is thus clear that a temporary equilibrium must exist 
between the numbers of N, of He,, particles and the 
number N, of He, particles for any given velocity, such 
that the namber of captures is nearly equal to the number 
of losses in traversing a small thickness d.e of the material. 
Consequently 

N deM = Nade Aa, 
or 


NN, 2A. 


It is clear that the ratio N,/N, can be directly determined 
for any velocity by comparing the number o£ singly- and 
doubly-charged particles escaping from the mica ina vacuum 
over the same small range of velocities. The ratio A5/A, is 
thus known. 

This relation obviously applies not only to a definite beam 
of homogeneous rays, but to each constituent of a pencil of 
heterogeneous rays such as are shown in figs. 3 or 4. If the 
distribution curves are obtained accurately for He, , and 
He,, it is clear that the ratios A5/A, can be obtained over a 
considerable range of velocity from a single experiment. 

The mean free path A4 for loss of an electron from He, 
can be directly measured in the following way. Suppose 
the microscope is placed in such a position as to include the 
particles on the inside edge L of the midway band (fig. 3) 
and the number of scintillat‘ons counted in a high vacuum. 
When a gas at low pressure is introduced into the box, some 
of the He, particles lose an electron by a collision, and are 
deflected away from the field of view of the microscope. For 
example, the loss of an electron at P (fig. 1) will cause the 
particle to strike the screen at D instead of at C. It was 
found that the number of scintillations decreased nearly 
according to an exponential law with the pressure of the gas, 
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and ultimately became too small to count for a pressure 
of gas not sufficient to alter sensibly the velocity of the 
rays in traversing the gas. In these experiments, 
appropriate quantities of the dry, purified gases under 
exanination were successively introduced by means of side 
tubes. It was found essential to have a liquid-air trap 
between the box and the Macleod gauge in order to 
prevent any mercury vapour entering the box. If the 
langmuir pump were cut off from the highly exhausted hox 
and the liquid air then removed from the trap between the 
box and the Macleod gauge, there was a rapid decrease in 
the intensity of the midw ray band as the pressure of mercury 
vapour in the box gradually rose. This experiment shows 
how effective is even a small pressure of mercury vapour in 
converting He, into He, ,. For the higher velocities of the 
a particle the conversion of He, , into He, in the passage 
of the rays through the gas did not appreciably affect the 
result. With diminished velocity, this effect became 
noticeable. For example, using æ particles of maximum 
velocity *47V, corresponding to fig. 3, the number did not 
fall to zero with increasing pressure of the gas. These 
residual particles were no doubt in part due to the continua- 
tion of the distribution between O and L, shown in fig. 3, 
and probably also to the conversion of He,, into He, in 
their passage through the gas, for in the case under con- 
sideration the mean free path for capture was only 7:5 times 
that for loss for the swiftest particles. An estimate of this 
effect was made by moving the microscope towards O by the 
width of its field of view and counting the scintillations at 
that point. When this correction was nale the number fell 
off according to an exponential law within the limit of 
experimental error. 

The number of particles s remaining at a pressure 
p min, at 0? C. is given by N,/No2 e^»? where wis a constant 
and / em. the effective length of gas traversed. This length 
was somewhat less than the actual distance between the source 
and screen, for a correction was necessary owing to the finite 
width of the field of view of the microscope. "It is obvious 
that a particle might not be deflected from the field of view 
if it captured an electron when near the zinc-sulpliide screen. 
The magnitude of this correction depended on the strength 
of the magnetic field as well as on the width of the field of 
view, and was easily allowed for. [t is clear that the mean 
free path for loss is given by 1/76p in terms of millimetres of 
the gas at N.P.T. For example, for a velocity 47V, the 
number of particles were reduced to half their initial value 
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for a pressure of air of 1/50 mm. The effective value of / was 
13:0 cm. Consequently the mean free path for captures in 
air was 5/1000 mm. at N.P.T. 

The removal of the electron from the He, particle corre- 
sponds to a process of ionization of the moving particle itself. 
It is to be anticipated that this ionization should obey laws 
similar to those found for the ionization of a gas by the swift 
x particle. This is found to be the case, for the value of A, 
was approximately proportional to the velocity of the particle 
between the velocities 94 V, and *47V,. This is in accord 
with the well-known fact that the ionization produced ina 
gas by an a particle is inversely proportional to its velocity 
over this range. This analogy was still further emphasized 
by comparing the mean free path for loss of an electron in 
hydrogen and helium as well as in air. It is known that the 
ionization in hydrogen and helium per unit path is about 
one-quarter of its value in air for tlie same velocity. The 
mean free path in hydrogen was found to be 4 to 5 times longer 
than inair. Thefew experiments made with helium indicated 
that its mean free path was longer than in hydrogen and 5 
to 6 times its length in air. 

It will be seen that the mean free path for loss is measured 
in air or other gas, while the ratio A,/A, is measured in mica 
or other solid material. It was, however, found experi- 
mentally that the ratio A,/A, observed with mica alone, for a 
velocity of rays of 47V, changed only slightly when a thin 
layer of celluloid, aluminium, or silver was placed over the 
mica plate. The thickness of the layer—of the order of 
1 mm. stopping-power for « rays—was sufficient for a new 
equilibrium to be set up between He, , and He, particles, 
but not enough to alter markedly the velocity of the issuing 
rays. Since little change” was observed for such a wide 
range of average atomic weight of absorber, we may conclude 
that the radio Wels if it could be measured entirely i in air, 
would be nearly the same as that observed for mica in w hich 
oxygen is an important absorbing constituent. The validity 
of this relation for all velocities requires further experimental 
confirmation, but it is probably not seriously in error. ‘Lhe 
approximate constancy of the ratio X5/A, for different elements 
is a matter of considerable interest, but requires further 


* Whena thin sheet of gold was placed over the mica, the number 
of He, particles was approximately doubled, indicating that the ratio 
X. A, does vary appreciably in this case. A more det ailed investigation 
of the variation of this ratio with the atomic weight of the element is 
being undertaken by Mr. Henderson in the University of Saskatchewan. 
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verification by a more accurate method than that of counting 
scintillations. 

The values of A,/A, = N./N, for mica were directly measured 
for three velocities, viz. 94, *76, -47V, in a high vacuum, 
while the mean free path in air for conversion of He , into 
He, , was obtained for the same velocities. The results are 
given in the following table, where the mean free path both 
for capture and loss is given in terms of mm. of air at 


N.P.T. :— 


TABLE I. 


ee —— ———— ——— 


Velocity in A/A, for | Mean free path | Mean free path for 


terms of V,. mica. for loss in air. capture in air. 
puc -— —— 
'04 1/200 O11 mm. 2-2 mm. 
‘76 | 1/67 “0078 ,, (052 , 


‘47 | r5. 0050 ,, 037 , 


— M — € a — 


P——— —— 


The velocity Vo of the a particles from radium C is 
1:922 x 10? em. 

Over the ranges examined, viz. from :94V, to *47Vo, the 
ratio A/A; varies very rapidly with the velocity. If we 
suppose the variation is expressed by V”, the average value 
of n from the data obtained is about 4:6, or the ratio A,/A, 
varies roughly inversely as the fifth power of the velocity. 
Since X, varies nearly as the first power of V, it is seen that 
^i the mean free path for capture, varies as V°°, or roughly 
as the sixth power of the velocity. These relations are only 
approximate ; accurate values will require a large amount of 
careful counting of scintillations over a wide range of 
velocity of the a particles. 

À number of experiments were also made with thorium C 
as a source instead of radium C. For this purpose a nickel 
wire of *3 mm. diameter was exposed in a solution of radio- 
thorium. It is well known that the radiation from this 
source consists of 65 per cent. of « particles of range 
8:6 cm. and 34 per cent. of particles of range 4:8 cm. A 
thickness of mica of L1 cm. stopping-power was placed 
over the source, so the emergent « rays were of range 
75 and 377 em. respectively. It was possible in a strong 
magnetie field to resolve completely the midway and main 
bands due to the two sets of a rays, so that the particles 
could be independently counted. "Unfortunately, with the 
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active. matter available, it was impossible to concentrate 
sufficient activity on the fine nickel wire to obtain a sufficient 
number of scintillations per minute for accurate counting in 
the midway band with the faster particles. The average 
number was only 6 to 8 per minute in the various experi- 
ments. The ratio 44/4, 21/330 was found for the 7'5 cm. 
particles, 7. e. for a velocity 1:02V,. The ratio calculated 
from the results with radium C by means of the power law 
was about 1/290. The agreement is as good as could be 
expected, considering the small number of scintillations 
which were counted. 

]t was of interest to note that, although the number of 
particles in the main band of range 3:7 cm. was only about 
one-half of those of range 7:5 cm., the number of particles 
in the corresponding midway bands was nearly in the ratio 
of two to one. Such a result is to be anticipated from the 
data previously discussed. There is no evidence that the 
a particles from thorium C show any difference with regard 
to frequency of capture and loss from the « particles of 
radium C of corresponding velocites. 


Capture and loss at low velocities. 


A large number of experiments have been made to deter- 
mine the distribution curves of the particles for low velocities 
in order to estimate the ratio of He, to He, , over a wide 
range of velocities from a single curve. One of these 
distribution curves is shown in fig. 4 corresponding to 
a particles of emergent range about 4:6 mm. It is seen 
that the particles composing the midway band A and the 
main band B are very heterogeneous. The high-velocity 
edges of these two bands are not so sharply defined as for 
higher velocities, so that it is difficult to determine directly 
the mean free path for loss by introducing gas into the 
apparatus. In addition, since the mean free path for capture 
and loss is of the same order of magnitude, complications 
arise from the conversion of He, , to He, and of He, to Heo 
in the passage of the rays through the gas. 

The following procedure was adopted to compare the 
relative number of He, and He,, for different small 
velocities. A sufficient magnetic field was applied to give 
convenient deflexion, generally about 10 mm., of the edge o 
the midway band. The microscope was fixed at a certain 
position and the scintillations counted. The current through 
the magnet was then adjusted to give exactly half the 
magnetic field. This brought the He,, particles over the 
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same small range of velocity in the field of view of the 
microscope, and their number was counted. In this way the 
ratio of singly- to doubly-charged particles was determined 
over the whole range of velocities available. The advantages 
of this method of comparison were many. The ratio 
required of ihe number in the two bands was directly 
obtained by counting successively and under identical con- 
ditions on the same part of the screen. These conditions 
are particularly advantageous with weak scintillations where 
counting is difficult, and the actual number counted is 
somewhat dependent on the luminosity. of the screen and 
fatigue of the eyes, 

The maximum velocity of the particles in the bands was 
-37V,. The maximum of the midway band occurred at a 
velocity *32 Vo and for the main band:35V,. The singly- and 
doubly-charged particles were equal in number at a velocity 
:29V,. Assuming that A,/A, varies as V*5, the calculated 
velocity for equality in number is '30V,— a value in good 
aecord with that observed. 

It was possible to count with some certainty down to a 
velocity °22Vo. Below this velocity the particles were faint 
and few in number, and difficult to count with accuracy. The 
results obtained are illustrated in the following table :— 


TABLE II. 
l Observed AIA 
Velocity. N/N = A/A. Calculated values, 
| a oie SS et 
47 V, :133 :133 
82V, 53 ! o 
29V, 1:00 | 12 
37V 15 | r7 
| '23V, | 30 | 56 


—Ó —Àá— ———— 


The values for 47 V, are taken from Table I. for comparison. 
The calculated values in the third column are deduced from 
the value for 47 V,, assuming that A/s artë, Considering 
the wide range of extrapolation and the difficulties of the 
experiment, the agreement is as good as can be expected, 
indieating that the velocity law holds approximately over 
the wide range from :23V, to Vo. Comparing the values of 
As/À,, viz. 1/200 for *'94V,, and the value 3:0 for *:23V,, the 
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index of the power law is 4:54. It is thus seen that the 
ratio of singly- to doubly-charged particles has been examined 
over a range of more than 600 times. If we assume that 
the mean free path for loss varies directly as the velocity 
down to the velocity -22V,, the mean free path for capture 
varies in the experiments over a range of about 2500 times. 


Undejlected particles. 


Undeflected helium atoms were first noted in considerable 
numbers in the experiment corresponding to fig. 3, where the 
maximum velocity of the «æ particles was '47V,. The scintil- 
lations were for the most part faint, and were about 1/140 of 
the number of a particles in the main band. In the 
experiment, illustrated by fig. 4, for still lower velocities 
the number of undeflected particles was relatively greater, 
corresponding to about 1/40 of the total number of 
a particles. 

No doubt the undeflected particles mainly arise from the 
low-velocity particles which carry a single charge. From 
the average brightness of the scintillations, I should judge 
the mean velocity of the particles lay between *25V,) and 
30 V,, but a number of very faint particles corresponding to 
very low velocities were noted under exceptionally good 
conditions for counting. No doubt the neutral particles are 
very heterogeneous in velocity, but, from the nature of the 
experiments, it is difficult to estimate their distribution with 
velocity. i 

By introducing a small quantity of gas into the apparatus, 
the number of particles in the neutral band diminished and 
practically disappeared for a pressure of air of about 3/100 
min, The actual stopping-power of this pressure of residual 
gas is only about 1/160 mm. of air at N.P.T., and thus is 
much too small to reduce seriously the velocity of the 
particles. 

It seems clear that the disappearance of the neutral band 
is due to the conversion of neutral into singly-charged 
helium atoms. Some experiments were made to estimate the 
mean free path in air of the conversion He, to He,. The 
observations are difficult on account of the weakness of the 
scintillations, but it was estimated that the mean free patlı 
for conversion of He, into He, was about 1/100 mm. or 
about 1/5 of the mean free path for conversion of He, into 
He, , fora velocity *47V,. No certain difference was noted 
in this respect between the neutral particles produced under 
the conditions illustrated in figs. 3 and 4. 
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Singly-charged particles from naked sources. 


It was of great interest to examine whether the bare 
platinum source, without any mica covering, gave any singly- 
ckarged helium atom. The observations were made rapidly 
after the wire was introduced into the apparatus, for under 
such conditions the general contamination due to the bare 
source is not serious. It was found that the number of 
singly-charged particles was about the same in number as if 
the wire had been covered with a thickness of mica of 3 or 
4 mm. stopping-power to give the equilibrium distribution. 
This was a surprising result when it is considered that the 
mean free path for capture for such high-velocity particles 
is about 3 mm. of air and the amount of active matter is too 
small to form even a film of one molecule thick over the 
surface of the wire. These He, particles could not be due 
to the heterogeneity of the rays produced by the source, 
which has already been referred to, for only the swiftest 
a particles were counted by the microscope. When the 
wire is exposed to the emanation, the radium A atoms are 
deposited on the surface, and some o£ the radium B atoms 
are thus driven into the wire by recoil. Consequently, some 
of the a particles escaping from radium C have to pass 
through a small thickness of platinum. Calculation shows 
that this thickness is much too small to set upan equilibrium 
between He, and He,,. However, in order to test the 
matter further, a source of radium C was obtained by 
electrolysis en nickel. In this case the radium € is 
deposited directly on the surface of the nickel, and the 
effect due to recoil should be absent. Again, the number of 
He, was about tlie equilibrium value. 

It is very difficult to believe that these He, particles come 
directly from the nucleus; and, even if this be assumed, it is 
a curious coincidence that the number should be about that 
required for equilibrium between He, and He,, in their 
passage through mica. We are driven to the conclusion 
that at any rate a partial equilibrium is set up by the 
passage of the æ particle through the dense distribution of 
the electrons round the nuclei from which they are expelled. 
It is well known that the collisions due to an æ or 8 particle 
in escaping from the nucleus of an atom appear to be much 
more effective than if the particle passes into the atoms from 
the outside. It may well be that some of the particles may 
gain or lose an electron several times before they escape 
from the parent atom, and thus an approximate equilibrium 
may be set up between the singlv- and doubly-charged 
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particles. For example, it is to be expected that this inter- 
change of electrons would most readily occur in the groups 


e 
of electrons whose orbital velocitv is about the same as the 


velocity of the æ particle. 


The ejfect of yas in the path of the a particles. 


Consider an experiment similar to that illustrated in fig. 4, 
where A, B, and © represent the distribution of He,, He, ,, 
and He, in a vacuum. On adding gas, these three bands 
disappear and are replaced bv a single comparatively narrow 
band shown in D. To obtain this band, the pressure of air 
in the chamber was 1:1 mm., corresponding to a stopping- 
power of :23 mm. of air for the æ particle. Since the mean 
free path for capture for the highest velocity of particles 
present, viz. "37V, is probably about ‘(008 mm., it is scen 
that the average number of captures and losses in the air 
for an æ par ticle o£ this velocity is about 30, and still more for 
the slower particles. When the captures of an a particle in 
traversing the eas are as numerous as this, each « particle 
of definite velocity i in a magnetic field is deflected as if it 
carried a charge between e and 2e, the actual magnitude 
depending on the ratio of the mean free paths for capture 
and loss. 

It can be readily calculated from the observed distri- 
butions with velocity of He, and He}, in a vacuum, that 
the particles after traversing the gas should be mainly 
concentrated. in a comparatively narrow band such as is 
shown in curve D. 

Consider « particles of velocity V whose mean free paths 
in the gas are A, and A, for capture aud loss respectively. 
Nince there are many interchanges of charge in traversing 
the gas, the magnetic deflexion "will correspond to particles 
of velocity V of which the average charge is 


Xi 2e + Ave 1 ry ) 
or e{ 1+ —}. 
MFA ( eres 


The magnetic deflexion will thus be proportional to 


e/ Ài 

v( s AltA 
From the experimental data for Afà; given in Table TI., and 
adding the value for the velocity *37 V, it can be calculated 
that. the magnetic deflexion of æ particles of velocities 37, 
1323 BOs ‘27, ‘23V, is proportional to 483, 516, 517, 918, 


543 respectively jn arbitrary units. Now, the velocity of 
the a particles in the main beam B lies mainly between the 
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velocities *23 and :37V,. It is thus seen that the deflected 
band with gas in the vessel should be confined within a much 
narrower range of velocity than the main or midway band in 
a vacuum. This, as we have seen, is found to be the case 
experimentally. -From the calculations, it seems clear that 
the concentration of particles should be very marked for a 
very narrow pencil of æ rays. Whatever the concentration, 
the band eannot be narrower than the normal width of the 
beam in a vacuum with no magnetic field. It is intended 
later to examine the concentration with very narrow beams, 
asit may be expected not only to afford a definite test for 
the reliability of the data for capture and loss at low 
velocities, but also to throw light on the question whether 
one a particle differs from another with regard to frequency 
of capture or loss. This possibility has been suggested by 
P. Kapitza " as an explanation of the different curvatures 
observed in a-ray tracks when acted on by intense magnetic 
field. 

This concentration effect, which is so intimately connected 
with the frequency of capture and loss at low velocities, gives 
a very simple but direct method of testing the important 
question whether an « particle captures electrons in hydrogen 
as well as in air. Since the mean free path for loss in 
hydrogen is about five tines as long as in air, hydrogen was 
introduced into the vessel at a pressure of about 5 mm., 
equivalent to the pressure of 1 mm. used for air. Under 
such eonditions the curve for hydrogen was very similar to 
that obtained for air, and showed a similar concentration. 
This affords a definite proof that the æ particle captures 
eleetrons in hydrogen and that the ratio of the n:ean free 
path for capture to that for loss is of the saine order as for 
air. ‘This result will be seen to be of some importance in the 
discussion of the mechanism of capture. 


Number of interchanges. 


From the data given in this paper, it is clear that the 
1 Am ue AME dir c | — : ` 
interchange of charges presented by He} 77> He, is pre- 
dominant down to a velocity ‘29V where the number of 
H,and H,, are equal. Below this velocity the interchange 
He, 7 "He begins to be important, and no doubt becomes 
predominant for low velocities of the « particle. It is clear 
also that the interchanges of charge of the æ particle are very 
numerous in its flight. A rough estimate of the number of 


* D. Kapitza, Camb. Phil. Soc. xxi. p. 511 (1923). 
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captures between any specified velocitics of an « particle can 

be made in the following way. It is convenient to express 

the velocity of the « particle and its mean free path for 

capture and loss as multiples of the corresponding values for 

the maximum velocity V, of the a particle from a bare 
dium C source. 

If x= V/V., the mean free path A, for capture is given by 
A| Li 2 279 where L, is the mean free path for capture for 
a velocity Vo. From the cube law connecting the velocity of 
an æ particle with its range, R= Rox* where R is the range 
of a particles of velocity V, and Ry the maximum range for 
velocity Vo. Differentiating, ZR —3Roz?dx, the number of 
captures in the distance dR, 


= m = i dæ 
The total number of captures between velocities z, and 2; 
_ 3R, 


Sgap oen. 

Take L,z3:1 mm., R,2 7:06 cm., the number of captures 
between velocities Vo and '29V, is seen to be 630. This is 
an over-estimate, for we must remember that every capture 
is followed by a loss. By taking account of the variation of 
mean free path for loss over the path, I estimate that on the 
average 590 captures occur from the beginning of the range 
of the æ particle to the velocity z—:29 where the mean free 
paths for capture and loss are equal. It can also be shown 
that on the average for the range traversed, viz. 6°39 cm., 
the æ particle remains doubly charged for a total distance of 
6:39 cm. and singly charged for a distance *50 cm. Too 
much stress must not be laid on this calculation, for it assumes 
the accuracy of Geiger’s rule connecting range and velocity, 
viz. V3-x R. Blackett * has recently shown that this law 
breaks down in the last centimetre of the range, and the 
experimental results are more nearly expressed by a relation 
of the form V-!? aR. It follows that the range of particles 
falls off more slowly with velocity in the last centimetre 
than is calculated on Geiger’s rule, and consequently the 
number of captures have been underestimated. Since the 
a particle at velocity -29V, makes 300 captures and losses 
per mm. of path, it is easily seen that the change in the law 
of absorption will cause a considerable increase in the total 
number of captures. In addition, the mean frec path for 


* Blackett, Proc. Roy. Soc. A, cii. p. 294 (1922) ; ciii. p. 62 (1923). 
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conversion He, —»He, has been shown to be small (see p. 291). 
We shall not be much in error if we suppose that the inter- 
change of charges must occur several thousand times in all 
during the flight of the æ particle. It is probable that the 
number of captures, for complete absorption of the a particle, 
is of the same order for all the elements including hydrogen, 
though no doubt the total number will vary somewhat for 
the different elements probably in the same sort of way that 
the total ionization of the & particles is known to vary. 
When we consider the frequency of capture or loss of 
electrons by the æ particle, we should not expect to notice 
any appreciable change in the power of penetration of 
particles in the main, midway, or neutral bands, provided we 
compare particles of identical velocity. Henderson (loc. cit.) 
made some comparisons of this kind, but with indefinite 
results. If any marked difference in penetration were to be 
observed, it would afford strong evidence of some individual 
differences in the æ particles, such as has been suggested by 
Kapitza, with regard to capture or loss or both. 


Comparison with Positive Rays. 


Observations on the capture and loss of electrons by the 
a particle have been studied in this paper between velocities 
V, and *23V,, i. e. between 1:922 x 10? and 4:4 x 105 em. per 
second. The phenomena of capture and loss shown by the 
a particle are very similar to those shown by the positive rays 
in a diseharge-tube. The theory o£ this has been worked 
out by W. Wi ien, and an interesting account of the various 
investigations made to determine tle mean free path of 
charged hydrogen atoms and neutral hydrogen atoms in 

various gases lave been given in a recent paper by E. R. 

lüchardt*. The maximum velocity of the hydrogen atoms 
used in his experiments was about 2:20 x 108 em. per second 
corresponding toa P.D. of 35,000 volts. The experiments 
on the a particle have thus been made at much higher 
velocities than for hvdrogen atoms, and the highest velocity 
examined by Riichardt is only one-half of the lowest velocity of 
the « particle studied in the present paper. In order to obtain 
velocities of H, equal to the & particles from radium C, an 
accelerating potential of 25 million volts would be necessarv. 
From the results of hüchardt on a drogen rays it can 
be deduced that the mean free path for capture and loss in 
nitrogen is about the same, viz. about 1/2000 mm. at N.P.T. 


* Ann, de Phys. lxxi. p. 822 (1923). 
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for a velocity of 2:26 x 10° cm. per second. This corresponds 
to a velocity *12V, in terms of the a particle. 


Now, it isto be expected that the interchange He za Hes. 
if voverned mainly by velocity, must behave very similarly 
to the interchange H, 4? H,, with the difference that the 
ionizing potential of helium is higher, about 24:5 volts, 
than the ionizing potential of hydrogen, 13:5 volts. We 
should thus expect from the experiments on hydrogen rays 
that the mean free path of He, and He, should be equal for 
a velocity somewhat higher than in the case of hydrogen 
rays. I estimate its probable value to be *16V,. 

In the case of the a particles, the actual velocity for equality 
has not so far been measured, but the rough results obtained of 
the relative numbers of He, and He, are ‘not inconsistent with 
such a value. It is of interest to note that the mean tree 
path for the conversion of He, into He, was estimated to bo 
about 1/1000 mm. 

It is not to be expected that the variation with velocity 
of the mean free paths for capture and loss, observed for 
hvdrogen rays, should follow the Fold ons: observed for 
swift a rays. From the data given by Rüchardt for hydrogen 
ravs, no very definite conclusions can be drawn on the 
variation with velocity of the mean free paths in various 
gases. In the table, however, given in his paper (p. 409), 
referring to the passage of hydrogen rays through oxygen, 
it can be deduced that the ratio of the mean free paths for 
capture and loss varies roughly as V*9 for a range of 
velocities corresponding to 24,500 and 36,800 volts. This 
law is the same as we have observed for high-velocity 
a particles, but the agreement may be only : accidental, since 
the corresponding data for nitrogen at lower velocities does 
not aceord with such a relation. 


Discussion of results. 


When an a particle captures an electron, it presumably 
falls in the majority of cases into the same orbit round the 
lelium nucleus which characterizes an ionized helium atom. 
The ionization potential under these conditions is believed to 
be 54 volts. When the a particle with the attendant electron 
passes through the atoms of a gas in its path, it will not 
only ionize the gas, but will occasionally be itself ionized, 
i. e. wili lose its attendant electron. We shall see that the 
mean free path for loss calculated on these assumptions is of 
about the magnitude observed experimentally. 1n making 
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the calculation, it is necessary to draw a sharp distinction 
between the primary and secondary ionization * produced by 
an æ particle. This point has been discussed recently by 
R. H. Fowler f. Consider for simplicity the ionization in 
hydrogen. Corresponding to the maximum velocity Vo of 
radium C, the a particle produces 528 ions per mm. of path, 
and of these only 1/4:4, i. e. 120, are primary. Now, the 
mean free path in hydrogen for loss of an electron from He, 
is for this velocity about ‘060 mm. In this distance, where 
one He, atom is ionized the « particle produces 7:2 primary 
ions. Taking the ionization potential of hydrogen as 16 
volts and for He, as 54 volts, the numerical relation 
observed is in fair accord with calculation. In order to 
calculate the chance of ionization of the He, atom, it is 
simplest to suppose that the He, atom is at rest and the 
hydrogen molecules are carried past it with the velocity of 
the æ particle. The probability of ionization by the com- 
ponent electrons and by the hydrogen nuclei are determined 
separately. There is still some uncertainty as to the relative 
primary ionization of electron and of a hydrogen nucieus, so 
that the calculated results are not as definite as could be 
wished. 

It seems clear, however, that the mean free path for loss 
is in good general agreement with theory for all velocities of 
the a particles where observational data are available. It is 
of interest to note that the agreement of theory with calcu- 
lation indicates that in most cases the electron captured by an 
a particle falls rapidly into the lowest quantum orbit and does 
not appear to circulate in an orbit of high quantum number, 
2. e. of low ionization potential, even for the short interval of 
time required to traverse the short distance corresponding to 
the mean free path for loss. 

While we can thus offer a quantitative explanation of the 
observed mean free path for loss of an electron, the inverse 
problem of the capture of an electron by a swift « particle 
presents many difficulties. Indeed, it was for a long time 
implicitly assumed that the a particle could only capture an 
electron near the end of its range when its velocity was much 
reduced. 

Before considering possible explanations of the phenomena 
of capture for high-speed æ particles, it is desirable to 
emphasize two important points. We have seen that the 


* The « particle often liberates an electron from an atom with 
sufficient velocity to produce several new pairs of ions. These are 
included in tbe term secondary ionization. 

T Fowler, Proc. Camb. Phil. Soc. xxi. pp. 21, 532 (1933). 
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equilibrium between doubly- and singly-charged a particles 
is very little altered by the nature of the material traversed 
by the « particle. We know, however, that the ionization 
per unit path in a gas, and hence the frequency of loss of an 
electron trom He,, increases rapidly with the mass of tlie 
atoms of the gas. Since the frequency of capture is nearly 
proportional to the frequency of loss over a wide range of 
atomic weight, it is clear that the fundamental processes 
involved in capture must be intimately connected with those 
taking place in the ionization of a gas by an æ particle. 
In a sense, the process of capture is the inverse of the 
process of ionization where an electron is removed from an 
atomic system by a passing « particle. 

It has been suggested that the process of capture may be 
counected with the removal of str ongl, -bound electrons from 
the nucleus, where a comparatively “large amount of energy 
must be given to the electron to cause its escape from the 
atom. For example, in nitrogen or oxygen the ionization 
potential of the K electrons is of the order of 500 volts. 
While no doubt for low velocities of the «a particles the 
frequency of both capture and loss is to some extent depen- 
dent on the strength of the binding of the electron by the 
nucleus of an atom, there is no evidence that this factor is 
of importance in the capture of an electron by high-velocity 
particles. This view'is substantiated bv the experimental 
proof that capture occurs readily in hydrogen although its 
ionization potential is about 16 volts. 

In the actual experiments, the æ particle is shot at a high 
speed through molecules which for all practical purposes 
may be supposed to be at rest. For convenience of dis- 
cussion, it is sometimes preferable to suppose that the 
a particle is at rest and the molecules stream by it with a 
velocity equal and opposite to that of the « particle. We 
shall first of all consider this hypothetical case of capture of 
a swift electron by an « particle at rest. The maximum 
velocity of the æ particle from radius © corresponds to a 
1040-volt electron—/. e., it is equal to the velocity gained 
bv an electron in falling freely through this difference of 
potential. For purposes of discussion, ‘it is often very con- 
venient to speak of an electron having a velocity or energy 
of a 1040-volt electron. Since the ionization potential “of 
the outer electrons of the simple gases varies between 
11 and 25 volts, we see that the energy for removal of an 
outer electron is small compared with that of a 1000-volt 
electron, and thus cannot seriously influence capture for a 
swift æ particle. On the ordinary theory of a non-radiative 


300 Sir E. Rutherford on the Capture and 


collision between an isolated electron and an æ particle. 
capture can never occur. [n practice, however, the electron 
is always bound toa nucleus, and the collision is not between 
the isolated charged particles, but involves the interaction of 
three or more charged svstems. In order for capture to 
occur, the electron must lose in some way the greater part 
of its energy of translation. It is natural to suppose that 
this loss of energy oecurs by radiation. On such a view, 
one method of capture of a swift electron by a nucleus may 
be regarded as the conversa of the phote-electric effect in 
which radiation falls on matter and electrons are ejected. 
In the case under consideration, swift electrons are shot: 
towards a charged nucleus, and an occasional electron 1s 

‘aptured with the emission of its surplus energy in the form 
ol radiation. While it is quite probable that this is one of 
the processes which lead to the capture of electrons, this 
conclusion is not of much help in giving us a physical 
insight into the processes of capture involved in the direct 
case where a fast « particle collides with an electron in an 
atom nearly at rest. It is clear that if an electron is cap- 
tured and moves with the æ particle, it must in some way 
aequire an energy o£ translation corresponding to that of an 
electron moving with the velocity of the æ particle. For 
example, capture by a 1000-volt a particle will only be 
possible if the electron in some way gains energy corre- 
sponding to the order of 1000 volts. It is thus natural to 
suppose that capture is connected with a collision between 
an « particle and an electron which gives the latter a velocity 
within a certain range of the velocity of the « particle. 
Tf the electron after the collision makes an angle @ with the 
direction of motion of the a particle, its velocity wis equal 
to 2V cos 0, where V is the velocity of the æ particle. 
If v= V, 07 60° It is likely, however, that capture can 
onlv occur if the electron ultimately i is shot forward within 
a small angle of the direction of the a particle with a velocity 
not very different from that of the æ particle. Since it 1s 
clear that capture does oceasionally take place as the result 
of an encounter of an a particle with a single atom, we are 
driven to conclude that the interactions of the other charged 
bodies involved are intimately connected with the mechanism 
of capture. For example, it is easily seen that the ultimate 
direction of escape of the electron may depend on a second 
collision with the nucleus or other electron before escape 
from the atom. The velocity of the electron is not seriously 
altered by a nuclear collision, but will always be reduced by 
a collision with another electron. 


i 


— 
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Following this line of argument, we can see in a general 
way that electrons of velocity withiu a certain range of that 
of the «a particle may occasionally be captured, if their 
velocity and direction can be altered by a second collision. 
No doubt the idea of two successive collisions in the atom, 
each more or less independent of each other, is somewhat 
artificial. lt is much more likely that capture results from 
what may be regarded as a single encounter between an 
« particle and two or more charged bodies, and it would 
prove difficult to separate the factors involved. The whole 
problem is too involved and complicated to attempt to reduce 
to calculation, but it may be of interest to give a few 
estimates of the order of magnitude of the quantities 
involved. : 

Suppose an a particle of mass M, charge E, and velocity V 
collides with an isolated electron of charge e and mass m 
which is deflected through an angle @ with the original 
direction of the « particle. With the ordinary notation, 


p p tan 6, 
where 
— Be 
E= Vi 


If the a particle passes through a thickness ¢ of gas con- 

taining » electrons per c.c., the number of electrons g which 

are deflected between the angles 0 and @ is given by 
q—mTp).n.tz ntu tan? ð. 


First, consider the « particles from radium C of velocity 
1:922 x 10° cm. per sec. passing through nitrogen at 
N.P.T. The mean free path for capture is about 3 mm. 
for this velocity, and 
po 131 x 107), 
Taking 7 electrons per atom, 
n=3°8x 10%, and for (—:3 92 6077 tan? 6. 
Between 0-0 and «26095, i. e. between velocities 2V and V, 
q= 20, | 
and p for 60°= 2:37 x 1078 em. 

Qn this calculation, 1 in 20 of the electrons ejected with 
velocity equal or greater than that of the æ particle is cap- 


tured by it. If an electron can be captured of energy as 
low as 900 volts, 4 becomes 28. 
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For a velocity of a particles ‘47V, (230 volts), the value 
of mean free path for capture £—:037 mm. For electrons 
shot out between 0 and 60? for this case g=5-0, or one in 
five collisions is effective in capture. If we suppose the 
laws of capture hold down to a velocity '22V, (50 volts), 
each collision which vives to an electron more than 50 volts 
energy results in capture. In this calculation, no correction 
has been made for the energy required to ionize an atom. 
No doubt this factor is of importance for such low velocities. 

It may be of interest to look at this problem in a somewhat 
different way. Suppose it be assumed that all electrons are 
captured that have energies lying between E +e and H—e. 
On the simple collision theory, this is equivalent to the 
statement that all electrons deflected between angles 0, and 
0, with the direction of the « particles are captured. If E, 
be the energy of an eleetron moving with the speed of the 
a particle, then 

| E +e= 4E; cos? 0, 
and 
K—e=4E, cos? 0,. 


The number of collisions which deflect electrons between 
0, and 0, is given by | 


m ntu (tan? 0, — ian? 0). 
The value 


tan? 0, — tan? 0, = sec? 0, — sec? 0, 


_ 8bE,e z at 


spem plt pth 
if we suppose that the mean value of the energies E= E, 
and e[E is small. 

If we suppose e to be a constant for all velocities, then 
since 1/E «1/V? and 4? includes the term 1/V*, the number 
of captures per unit path varies as V~&—a deduction in 
good aecord with experiment. 

Using the data for capture already given for rays from 
radium C of maximum velocity 1040 volts, it follows that 
e=19 volts. On this view the frequency of capture would 
ba in agreement with experiment if all electrons were cap- 
tured between energies 1021 and 1059 volts. This is 
equivalent to the assumption that for this speed, only those 
electrons are captured which are shot within an annular 
ring of each electron for which the values of p lie between 
2:10 x107 and 234x 10710 em. If it be assumed, as 
seems probable, that only a fraction of such electrons are 


A mre AA 


.. Damped Vibrations. . : 303 


captured, the value of e must be correspondingly increased. 
If necessary, the fermula may be corrected to take account 
of the energy w required for ionization. In such a case, 
E should be replaced by Eo +w. 

While these calculations give a formal agreement with 
the results of experiment, they do not offer any definite 
explanation of the mechanism of capture under the con- 
ditions postulated, and in that sense are somewhat artificial. 
As already pointed out, a collision which results in capture 
must involve at least three bodies, and is thus not easily 
amenable to calculation. Under these conditions, it does not 
appear profitable at this stage to consider the question in 
more detail. This is all the more so, as in an accom- 
panying paper* Mr. R. H. Fowler has been able to give not 
only a qualitative, but to a fair approximation a quantitative 
explanation of the frequency of capture of an electron by an 
a particle. This is based on certain general deductions from 
the laws of dissociative equilibrium, whieh demand that any 
process such as ionization must be balanced by an analogous 
reverse process (in this case eapture). This must be done 
in such a way that the rate of the frequencies of the two 
processes is uniquely determined without any further know- 
ledge of the details of the mechanism, by the condition that 
the law of dissociative equilibrium must be preserved 
unaltered. 


I desire to express my thanks to my assistant, G. A. 
Crowe, for his help in these experiments, and to Mr. Ellis, 
Mr. Blackett, and Mr. Barton for their assistance in counting 
scintillations. 


Cavendish Laboratory, 
Dec. 1923. 


XXV. Damped Vibrations. 
By C. F. JENKIN and W. N. Tuomas f. 


E the Phil. Mag. for July 1922 Mr. H. S. Rowell 
describes a simple method of plotting the damped 
harmonic motion of a system when the damping force is 
constant. The figure illustrating his paper is, however, 
a little misleading, since it corresponds to one of the par- 
ticular initial displacements which will allow the system 
to come to rest in the central position. In general the 


* Infra, p. 410. 
t Communicated by the Authors. 
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system may come to rest in any position between the two 
limiting lines in the diagram. The general case is shown 
in fig. 1 below. The equation to motion is 


mz+cx+F=0. 


Fig. 1. 


The solution is (as Mr. Rowell shows) 


2A cs (A £ C Fe) + E 
m =e 


where A is a constant which changes each half period. 
The value of A for the first half period is (if the initial 
velocity is zero) 


A = Initial displacement — T 
For the second half period 
F 


A = Initial displacement EK. T 
c 


and so on. e= Q if the initial velocity is zero. 
The displacement graph is drawn by projection from tbe 
series of semicircles drawn round alternate centres Oj, Os, 
2E TM 
spaced —- apart. The oscillations continue till one of the 
C F 
semicircles finishes within the distance + from the 


central position. 
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Mr. Rowell's method may be extended to plot the motion 
when there is both fluid friction (proportional to the velocity) 
and solid friction (constant). 

The equation of motion is 


má 4 becter+ F=0. 
The solution is 


F 5t 
v7 — = Ae i * cos (nt —€), 
where 
Sb 
E. m mJ? 
and à 


b 
-— NL 
eem 2mn’ 
the initial velocity being assumed to be zero. 
A is again a constant, changing each half period. Its 
initial value is given by 


A cos e = initial displacement — "E 
Fig. 2. 


The construction of the graph is shown in fig. 2. It is 
drawn by projection from the series of equiangular spirals 
AB, BC, etc. drawn round alternate centres O,, Os. (These 
replace the semicircles in Mr. Rowell’s case.) The points 
A, B, C, &c., lie on a sloping line, making an angle 


e=tan-!"— with the axis OX. The tangents to the spirals 
2mn = 


Phil. Mag. S. 6. Vol. 47. No. 278. Feb.1924. X 
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at A, B, C, &c., are all horizontal, and the points A, D, C, 
etc., project into the highest and lowest points in the 
displacement graph. | 

The oscillations continue till one of the spirals finishes 


within the distance + T from tlie central position (as before). 


If the fluid friction exceeds a certain value 


2 
fie it (2) 27 
m, m 
the motion ceases to be oscillatory and becomes logarithmic. 
A logarithmic graph is shown in curve 2, fig. 2. The graph 


; | 
for the critical case [() = se] is shown by curve 3, fig. 2. 
Neither of these curves presents any difficulty ; they are 


asymptotic to the line r= P 


AXVI. The Absence of Ionization by Electrons with Speeds 
comparable with that of Light. By W. F. G. Swany, 
A.R.C.S., D.Sc., Professor of Physics in the University of 
Chicago *. 


1. Introduction. 


Ó eer main interest of the problem here discussed lies in 

its relation to certain types of theories of the earth’s 
electric charge, in which the replenishment of the charge 
lost by conduction through the atmosphere comes about in 
virtue of the agency of high-speed electrons shot into the 
earth from outside. In the earliest form of such theory, 
proposed tentatively by G. C. Simpson in 1904 f, the elec- 
trons come from the sun. In a more recent theory proposed 
tentatively by the writer they are shot out from tlie atmo- 
sphere as a result of a sort of radiouctive disintegration 1 ; 
and, in a still more recent theory proposed by the writer, — 
and independently by von Schweidler ||, they are shot out ` 


* Communicated bythe Author. Presented at the Christmas meeting 
of the American Physical Society, 1922. 

t “A Theory of the Cause of Atmospheric Electricity,” ‘Nature,’ 
vol. Ixix. p. 270 (1904). 

1 Carnegie Institution of Washington Year Book, 1915. 

§ Phys. Rev. vol. ix. pp. 555-557 (1917). Also Journal of the 
Franklin [nstitute, vol. clxxxviii. pp. 577-606 (1919). 

|| Akad. Wiss. Wien, Ber. vol. exxvii. 2 a, pp. 515- 633 (1918). 
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from the atoms of air through the agency of that so-called 
penetrating radiation which, supposedly coming from the 
euter regions of the atmosphere or from some external 
source, has been invoked for the purpose of accounting for 
the ionization known to occur in closed vessels freed from 
radioactive air. 7 

In all such theories the following fundamental difficulty 
presents itself. The maintenance of the earth’s charge 
necessitates the assumption of an entry of electrons to an 
extent which amounts, on the average, to 1500 electrons 
per square centimetre per second. Now, it is a well-known 
fact that, in the case of electrons travelling with speeds 
95 per cent. of that of light, each electron produces about 
40 ions in each centimetre of its path ; so that, on this basis, 
we should expect a rate of production of about 40x 1500, 
i. e. 60,000 ions per c.c. per second near the earth’s surface, 
on account of the high-speed electrons ; whereas ions are 
produced to only one ten-thousandth of this amount, and 
such ions as are produced may be satisfactorily accounted 
for by other causes. The object of the present paper is to 
seek a loophole of escape from this difficulty. The mechanism 
of the ionization will be discussed in terms of the classical 
dynamics. This is perhaps a weakness at the present time, 
when, through the developments of the quantum theory, our 
ideas as to how a field takes hold of an electron are in such 
a transitory state ; but, since the quantum tlieory does not 
yet speak with completeness on this point, it is perhaps not 
out of place to derive some comfort from showing that even 
the classical theory may be made to indicate an avenue of 
escape from the difhiculties presented by the large ionization 
which a superficial view of the situation would suggest as a 
result of the influx of high-speed electrons to the earth. In 
what follows, the discussion of fine points, and mathematical 
details, will be relegated to an appendix at the end of the paper. 


2. Preliminary Formulation of the Theory. 


Suppose that an electron is situated within an atom, and 
that another electron of high speed, which we shall dis- 
tinguish by calling it a corpuscle, passes near to the 
electron. As the corpuscle describes its orbit it will com- 
municate energy to the electron, and will eject it from the 
atom if the energy communicated is sufficient. Such a 
theory of ionization was suggested originally bv Sir J. J. 
Thomson *, and was later elaborated by N. Bohr t. The 


* Phil. Mag. ser. 6, vol. xxiii. pp. 449-457 (1912). 
t Phil. Mag. ser. 6, vol. xxx. pp. 581-612 (1915). 
X 2 
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greater the velocity of the corpuscle, the shorter the time 
during which the electron has opportunity to receive mo- 
mentum from it; so that the efficiency of the corpuscle as 
regards its power to hurl the electron out of the atom 
diminishes with its velocity, and would, as a matter of fact, 
become zero if the corpuscle could attain an infinite velocity. 
The velocity of the corpuscle cannot attain a value greater 
than that of light, however ; so that, as regards this effect, 
there is not very much reduction in ionizing efficiency from, 
say, 95 per cent. of the velocity of light, where the ioniza- 
tion has been measured, to the velocity of light itself *. 
As the velocity of light is approached, however, another 
phenomenon comes in. The field of the corpuscle does not 
remain uniformly distributed, but, in accordance with 
ordinary electrodynamical principles, it crowds up more 
and more towards the equatorial plane of the corpuscle's 
motion. The time which the corpuscle has for acting effec- 
tively on the electron is therefore reduced still further on 
this account, but the intensity of the field during that time 
is correspondingly increased ; and it turns out, as has been 
shown by N. Bohr f, that if we take nothing else into con- 
sideration, the energy communicated to a free electron by 


* The simple theory gives the ionization per centimetre of path as 
inversely proportional to mV?, where V is the velocity of the corpuscle 
and m the electronic mass. For slow velocities, 41V? is the kinetic 
energy, so that the statement is made that the ionization per centimetre 
of path is inversely proportional to the kinetic energy. Von Schweidler 
(Akad. Wiss. Wien Ber. vol. cxxvii. 2a, pp. 515-533, 1918), taking this 
statement, substitutes for ¿mV? the relativity expression 


mc? (i- £2 


for the kinetic energy, which becomes infinite as V approaches e, the 
velocity of light. He thus concludes that the ionization should diminish 
indefinitely as the velocity of the corpuscle approaches that of light. 
It would appear, however, that the conclusion cannot be substantiated 
on this basis; for a detailed examination of the elements of the calcu- 
lation will show that the mV? occurs in the original expression not 
really as the representative of the kinetic energy of the corpuscle, nor 
ofanvthing which shonld attain an infinite value as V appronches the 
velocity of light. Indeed, the m in that expression is really the repre- 
sentative of the mass of the electron which is being ejected from the 
atom, while the V is the velocity of the corpuscle. The occurrence of 
V? in the denominator of the expression for the ionization per centimetre 
of path is closely bound up with the fact that the time during which 
the corpuscle is in effective proximity to the atom diminishes with the 
velocity. A fuller analysis of the situation is given in Appendix, 
Note 1. > 

+ Phil. Mag. ser. 6, vol. xxx. pp. 581-612 (1915). See also Appendix, 
Note 1. 
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the passage of the corpuscle will be unaffected by this 
ee of the lines of force towards the equatorial 
plane *. 

There is, however, one very important consideration which 
must be taken into account. The impartation of even a small 
amount of energy to an electron in a very short time results 
in a large radiation of energy. In fact, if the velocity of an 
electron increases with acceleration f, the rate of radiation 


is proportional to f? T. I£, then, f is infinite, while f fdt, the 
velocity gained, is finite, it is obvious that f f?dt will be 


infinite. Now, the nearer the velocity of the corpuscle 
approaches the velocity of light, the more suddenly does 
the corpuscle communicate to the clectron such energy as it 
imparts; and, as will be shown in greater detail below, the 
situation is such as is approximately symbolized by the fol- 
lowing :—In the case of a corpuscle moving with a velocity 
approximating that of light (say 95 per cent. of that of 
light), but not so closely as to involve radiation considera- 
tions, it turns out, as may readily be shown from Sir Jd. d. 
Thomson's theory, that the corpuscle must approach an elec- 
tron of an oxygen atom within 0:7 x 107!? em. in order to 
give to that electron enough energy to insure its ejection 
from the atom—an energy corresponding to the fall of the 
electronic charge through 15:5 volts. If the minimum 
distance of approach is less than this amount, the energy 
imparted to the electron will be greater; if it is more, tlie 
energy imparted will be less. It is, however, possible to 
assign to the corpuscle a velocity so high that, irrespective of 
the distance of approach, if we sheuld suppose it to transmit 
to the electron an energy corresponding to 15:5 volts, we 
should lead ourselves to tlie impossible conclusion that the 
electron's acceleration would be so large that the energy 
radiated by it in acquiring its velocity would be greater than 
the work done on it by the corpuscle. Thus, corpuscles 
having the velocity in question, or any higher velocity, would 
be unable to eject an electron from the atom of oxvgen. 


* When the electron is bound in the atom, the considerations are 
modified, as shown by Bohr's calculations; but a situation such as that 
under discussion, where the time of action of the force on the electron is 
exceptionally short, is, of all cases, the one most favourably adapted to 
the neglect of binding forces on the electron. 

+ For very rapid changes of acceleration, this statement involves 
assumptions which are discussed in Appendix, Note 2. 
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3. Mathematical Formulation of the Problem. | 


For the corpuscular speeds concerned, where the mass is 
so many times the mass for small velocities, the corpuscle 
will suffer but little deviation in passing the electron, and it 
will suffice to regard its path us straight for the purpose of 
calculating the force which it exerts upon the electron as a 
function of the time. Moreover, in calculating this force, 
we shall regard the electron as a point charge. The latter 
assumption presents certain difficulties concerned with the 
variation of the field of the corpuscle over the volume of 
the electron and with the inertial and radiation reactions. 
A discussion of these is given in Appendix, Note 2 

According to the classical electrodynamics, an electron of 
charge e, moving with acceleration f, radiates energy at a 
rate 2e?/ KEG , where c is the velocity of light. 

If F is the force on the electron at any instant, v its 
velocity at that instant, and vy the maximum velocity which 
it attains, we always have 

2g 


vk 2 el». 5 d Gk dex) 


since the rate of doing work by the external force on the 
electron must always be greater than the rate of radiation of 
energy by the electron in acase like that under considera- 
tion, where the velocjty increases continually with the time. 


Thus 
f« ie vM 


and " (7 er Fi dt. 


Putting di zzedt, with the path of the corpuscle as the axis 
of a, and the origin at the point of nearest approach, we 


have 
Jc 
nt < ( 25) B Fi dx. 
Hence 9 merk" 4 
: dmv)? < 3 ia ID Fi de | à 


Now, if p is the distance of nearest approach, the force on 
the electron due to the corpuscle is * l 
pasce. 
(=a) tp 
* See, for example, O. W. Richardson, ‘The Electron Theory of 
atter, p. 249. 
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Hence, putting (1—§*) ~4z/p=a, we readily find 


S de =e -eth ulus 


9 2 da 4 
imvy < s (1— 8')mc (C TES y 


or, since the — is an even function of a, . 


bmw! «^ dies B?) me? | | 


Putting a=tan 0, we readily find 


and 


o (192): 


ime < 5 ime — p") i E sh Bow (2) 


The integral is known * to be equal to 4/2 k( Z) where K 
is the elliptic integral v2 


jd o 
Jo A l—isn ri 


and is found, from tables, to be equal to 1:854. Thus we 
find 
| ime < 106 (1—8?mdg. . . . . (3) 


If W is the ionization potential of the atom containing 
the electron, the energy which must be imparted to the 
latter to enable it to escape is We, so that ionization will not 


occur if 
Wez106 (1— 8?) me’, 


and the highest value of 8 which will result in ionization is - 
given by 
1-8 = uit (4) 
| lU6mc* . ^ ^ 7 " " 
Taking W as corresponding to 15:5 volts t (0°0517 e.s.u.) 
for oxygen, we find 1 —@?=2°98 x 10-77, which corresponds 
to c— V —45 metres per second, where V is the velocity of 
the corpuscle. The conclusion ds that a corpuscle moving 
with a velocity equal to or greater than that corresponding 
to 45 metres per second less than the velocity of light would 
be unable to eject an electron from an atom of oxygen, the 


* See D). Bierens de Haan, Tables d'Intégrales Définies, p. 125. 
t See Foote and Mohier, ‘The Origin of Spectra,’ p. 67. 
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most easily ionized constituent of the principal gases of 
the atmosphere. It will, of course, be understood that the 
value calculated for V merely represents a value which 1s 
certainly greater than that at which ionization ceases. 

In spite of the very close approximation of the above 
velocity to that of light, the value 45 metres per second less 
than the velocity of light happens to be exactly the velocity 
which Birkeland has found it necessary to assign to solar 
clectrons if the bending which these electrons sutfer in the 
earth’s magnetic field is to be consistent with their accounting 
for the aurora *. Electrons of lower speeds would suffer too 
large deviations in the field to permit of their accounting for 
the facts. The diminution of bending resulting from approxi- 
mation of the velocity to that of light, results not so much 
from the direct influence of high speed, as from the increase 
in the mass of the electron which approximation to the 
velocity of light implies. It is, of course, a fact that, if 
the present theory were true, it would lead to the conclusion : 
that Birkeland's corpuscles could not ionize at all, so that 
they could not well account fer the aurora ; but it is now 
generally believed that the aurora is not caused by negative 
electrons, and the comparison with Birkeland's conclusions 
is only cited to show that, in invoking speeds only 45 metres 
per second below that of light, one would not be doing any- 
thing more drastic than has been already done in other 
branches of the subject. It may perhaps be worth while 
pointing out that closeness of approximation to the con- 
ditions pertaining to the velocity of light is not well 
symbolized bv closeness of approximation of V to c; for, 
as regards the energy of a corpuscle, for example, there is 
an infinite range from that corresponding to V less than c 
by 45 metres per second, and V=c. 

As a special aspect of the above comparison with Birke- 
land's data, it may be of interest to point out that, if an 
electron were shot from infinity into our atmosphere—in the 
equatorial plane, for example,—it would not reach the earth, 
but would be turned back into space by the earth's magnetic 
field unless it had a velocity nearer to that of light than the 
velocity which we have calculated as sufficiently great to 
insure absence of ionization. Indeed, with this velocity 
(45 metres per second below the velocity of light) the 
corpuscle would not succeed in approaching nearer to the 
earth than about 8 times the earth's radius. (See Appendix, 
Note 3.) 


* See K. Birkeland, *The Norwegian Aurora Polaris Expedition, 
1902-3,’ vol. i. Section 2, p. 596. 
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N. Bohr has worked out a theory for the decrease oi 
velocity of swiftly moving electrified particles in passing 
through matter *, and has given an expression for the range 
of such corpuscles. The assumptions of Bohr's theory are 
such as to render very doubtful the application of the theory 
to ranges such as those with which we are concerned in the 
case of the high energy corpuscles under discussion, quite 
apart from the radiation reactions which we have invoked. 
If, however, as a matter of general interest, we merely take 
Bohr' formula and apply it to the present case, we find 
that for particles with velocity as near to that of light as 
45 metres per second, it gives a range certainly more than 
two kilometres at atmospheric pressure (see Appendix, 
Note 4). Bearing in mind that the very mechanism by 
which the corpuscles lose energy on Bohr's theory (the im- 
partation of energy to electrons by which they pass) is 
denied them, or at any rate greatly curtailed, by the radia- 
tion reaction considered in the present paper, we see that 
there is no obvious difficulty in assuming ranges considerably 
greater than two kilometres at atmospheric pressure. 

It would thus appear that there is mutual consistency be- 
tween the phenomena in the statement that if corpuscles should 
enter our atmosphere from outside, in the equatorial plane, 
with energies sufficient to enable them to reach the earth’s 
surface in spite of the earth’s magnetic field, which would tend 
to return them to space, they would pass right through our 
atmosphere with but little absorption, and would fail to ionize 
the air through which they passed. 

In considering a complete theory of absorption along the 
lines suggested by the foregoing, it would, of course, be 
necessary to take into account the energy imparted to the 
atomic nuclei. The radiation considerations do not operate 
as forcefully in the case of the nucleus as in that of the elec- 
tron. However, the amount of energy imparted for a given 
distance of approach is less in the case of the nucleus than 
in that of the electron, as may be seen from (7) (Appendix, 
Note: 1)- by replacing two of the electronic charges in that 
formula by nuclear charges, and the electronic mass m; by 
the nuclear mass. In any case, a theory of absorption, even 
with neglect of radiation considerations, involves complicated 
considerations which cannot be adequately discussed briefly f, 
and is not one of the objects of this paper. 


* Phil. Mag. ser. 6, vol. xxx. pp. 581-612 (1915). 
t N. Bohr, /oc. cit. 
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APPENDIX. 


Norte 1. Concerning the form assumed by Sir J. J. Thomson s 
theory of ionization when the speed of the corpuscle appro.wi- 
mates to that of light. j 


Quite apart from all other considerations, it is, of course, 
not permissible to take the results which have been calcu- 
lated on the assumption of low velocities and replace the 
final quantities which occur therein by the expressions 
which the theory of relativity would assign to those 
quantities. The proper procedure is to apply the relativity 
considerations at the beginning of the derivation. 

If the corpuscle travels along the axis of z with the origin 
at the point of nearest approach, and if p is the nearest 
distance of approach and £ the ratio of the velocity of the 
corpuscle to that of light, the force F on the electron 
resolved in a direction perpendicular to the x-axis is 


— o2 (1— 87))7tp - 
=e [Bde rs t o9 s (5) 
This neglects the effect of variation of the corpuscle's field 
over the region occupied by the electron itself, a point which 
is not concerned in our discussion of von Schweidler's 
conclusion, however. 

As explained in Section 3, in the case of corpuscular 
velocities nearly equal to that of light, it is sufficient to 
assume that the path of the corpuscle is straight, and to con- 
sider only the influence of the above component of the force 
in calculating the momentum given to the electron. The 
total momentum given to the electron by the corpuscle of 
velocity V is, 


F 


1°” _ ef (1—B*)-tp de 

V. EI =y - [(1—82)-7123 + p?) 8 
On making the transformation (1—8?)-iz/p = tan 0, the 
integral becomes readily evaluated, and we find 


2e? . 
Mes Ws xe dee Bh de uh DU) 


If m is the mass of the electron in the atom, the velocity 
attained is M/m,, and the kinetic energy gained is 

My 9f 

= im$(— —ÀAm3 5. . e. (4 
Q ma ) m3 V? p?’ (7) 


Ma 


M = (°F dt = 


showing, as stated in the footnote on p. 308 (Section 2), that the 
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m in the denominator is really the mass of the electron, and 
not that of the corpuscle. Following J.J. Thomson’s theory, 
the ionization for one centimetre of the path is proportional 
to 1/m,V?. | 

Equation (7) happens to be exactly the same as the ex- 
pression resulting from Sir J. J. Thomson's theory for 
low corpuscular velocities. Thus, the theory in question 

results in ; i ! 
4Ty? | 
s [irm bw. 42x. eB) 

EE x 


where T is the kinetic energy and m, the mass of the cor- 
puscle, while y is written for m,ms/(m, +m). For all cases 
of interest, the denominator under the square bracket in (8) 
is large compared with unity, so that, replacing T by 3m; V? 
for low velocities, 
2e4 
2 Tip 


which is the same as (7) ; and, by retaining the subscript 2 
in the mass, exhibits this quantity in its true form as the 
mass of the electron which receives the energy rather than 
the mass of the corpuscle which imparts the energy. 


Nore 2. Regarding considerations arising from the 
Jinite size of the electron. | 


In Section 3 it is implied that the suddenness with which 
the electron gains such velocity as it acquires increases 
indefinitely as the speed of the corpuscle approaches that of 
light, our basis for this assumption being the fact that the 
field of the corpuscle becomes infinitely contraeted towards 
the equatorial plane of the motion as the velocity of light is 
approached. The truth of this is only certain when the 
electron is a point. A finite size for the electron would pre- 
sumably insure that its gain of velocity was extended over a 
period at least as great as the time taken by the corpuscle in 
travelling a distance equal to the electronic diameter, so that 
increase of the velocity of the corpuscle beyond a certain 
point would become ineffective in limiting, through further 
enhancement of the radiation considerations, the energy trans- 
initted to the electron. Moreover, according to strict classical 
theory, electrons of finite radius radiate only finite amounts of 
energy for infinitely rapid changes from one constant velocity 
to another, as P. Hertz has shown (Jnaugural- Dissertation, 
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Gottingen, 1904) and a corpuscular velocity equal to that of 
light would not, on strict classical theory, necessarily 
prevent ionization for electrons of radius 1:8x10-!5 cm. 
For infinitesimal electrons the customary expression for 
radiation is correct. 

The origin of the idea of a finite size for the electron is to 
be found in the fundamental law from which the motion of 
the electron is usually determined—the law that the electron 
moves, at each instant, in such a manner that its reaction on 
itself due to its motion is equal to the force due to the ex- 
ternal field integrated over it. In the practical utilization 
of this law the electron is assumed to be a shell of charge, 
uniformly distributed over the surface of a sphere when the 
electron is at rest, and contracted into an ellipsoid when it is 
in motion, in a manner determined by the requirements of 
the theory of relativity. When one examines the origin 
of this law, one cannot avoid being impressed by its arti- 
ficiality. At the best it seems but a rather crude attempt 
to go one stage beyond the mere acceptance of a relation 
between the time derivatives of the motion of the electron 
and the external force as an empirical fact. It becomes 
particularly doubtful in a case such as that under discussion, 
where the field due to the corpuscle varies appreciably over 
the volume of the electron whose motion is being studied ; 
for it makes no attempt to allow for any dependence of the 
electronic charge distribution on the variableness of this 
external field. One who takes this picture of the law of 
motion as fundamental will, of course, be driven to assume 
& finite size for the electronic sphere as a result of associa- 
tion of the experimentally measured mass with the quantitv 
which the law assigns to that position. In view of the 
weaknesses of the law, it would seem not illogieal to refuse 
to be too tightly bound by it if it should turn out convenient 
to regard the electron as a point in considering its radia- 
tion and the action of the external field upon it. . On this 
basis the mass appears simply as a coefficient which relates 
the aeceleration of the electron to the external field ; but 
sacrifice of its complete electrodynamic origin does not 
prevent our permitting it to vary with velocity in a manner 
demanded by relativity. In adopting such a procedure, we 
must be careful that we do not commit a breach of logic by 
retaining the expression 2e?f?/3c? for the rate of radiation of 
energy by the electron. A consideration of the origin of this 
expression shows, however, that the assumption concerned is 
not involved so fundamentally in it as in the matter of the 
mass; and the expression may still be regarded as retaining 
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a meaning, even though we discard the electrodynamic origin 
of mass in the sense ordinarily understood, provided that 
we still retain the customary expressions for the electro- 
magnetic energy density in the field *. A full discussion of 
the fine points of this matter would form an article in itself, 
and would be out of place here. It is fully admitted that a 
departure from the strict standpoint of classical electro- 
dynamics is made in regarding the electron as a point for 
the purpose of considering the action of the external field 
on it; but in making this assumption for the purpose of 
alleviating the difficulty presented by corpuscular ionization, 
which matter it is the object of this paper to discuss, we at 
least replace that very obvious and vital difficulty by one 
which is concerned with the rather fine points of electro- 
dynamics, and which exists there only when we retain a 
strict adherence to a form ef ihe law of electronic motion 
which is itself probably inexact. 


NoTE 3. Concerning the path of a corpuscle entering the 
atmosphere in the equatorial plane of the earth’s mag- 
netic jield. 


Imagine an electron projected from infinity along a radius 
vector directed initially towards the centre of the earth, and 
lying in the plane of the equator. The magnetic field does 
no work on the electron, since it acts at all points in a direc- 
tion perpendicular to the line of flight. As a consequence, 
the resultant velocity of the electron does not change. 

If m is the transverse electromagnetic mass, and p the 
radius of curvature at any point of the path, we have, in 
electromagnetic units, | 


4 
mv Ey: 
p 


Putting H 2Mf??, where M is the moment of the earth, we 


? 


ELLA 
P= eM 


But, if p is the perpendicular distance from the origin, the 


* A discussion of some of the points concerned in the relation between 
the law of electronic motion on the one hand, and electromagnetic mass. 
and energy on the other, will be found in ** Fundamentals of Electro- 
dynamics," pp. 33-44, Part 1 of the National Research Council's report 
on Electrodynamics of Moving Media. 
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origin being on the convex side of the curve, and the radius 
of curvature being regarded as positive, we have 


Lo, dr 
PSs 
‘Hence B dr _ mVr! 
dp eM 
and u Me 
^ mor 


The constant of integration is zero, since p=0 at r=o. 

The smallest value of r is obtained by putting r — p, which 
corresponds to the lowest point of the orbit. Thus, measured 
from the earth's centre, the lowest altitude attained is 


uv) - [GET V, 


iip mo is the mass for small velocities. Inserting 

— 8?=2'98x 10-7, as given in Section 3, and putting 
ci 17 x 10! e. m. u, V=c, and Mz09x 10?5 e.m. u., we 
find p=5'4 x 10? em. 


Minimum altitude -( 


Nore 4. Concerning conclusions to be drawn from N. Bohrs 
theory of the “ Decrease of Velocity of Swiftly Moving 
Electrified Particles in passing through Matter” (Phil. 
Mag. ser. 6, vol. xxx. pp. 581-612, 1915). 


For the range of a corpuscle, Bohr ene in his equation 
(28) the following expression : 


R= wins | (- B+ (1A) 42], © 


27e 


where & is given by his equation (27) as 
—g | 
s = $ [log So gE) -e]. a» 


In these expressions, N is the number of atoms per c.c., 
m the number of electrons in an atom, v a frequency charac- 
teristic of the atom and taken by Bohr as given by 
(x? logv)/n = 38°3 for air (see p. 597 of his paper). 
The quantity Aw has a rather complicated meaning for 
which reference must be made to the original paper. How- 
-ever, it will be seen that its value cannot be comparable 
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with, or at any rate greater than, the whole range R. If, 
then, we replace it by R in the equations (9) and (10) above, 
we shall certainly calculate a value of R which is too small. 
Moreover, it may be noted that the approximation made by 
Bohr in treating € as a constant during the integration 
by which he obtains his equation (28) is such as to reduce 
further the calculated value of R. Of course, the nature of 
the assumptions in Bohr’s theory are such as to render 
its application to ranges such as we are considering very 
doubtful. If, however, merely as a matter of general 
interest we calculate the value of R on the above lines, with 
Az replaced by R, and with the value 1—/9?—2:98 x 10-7 
corresponding to the corpuscles we have discussed in Sec- 
tion 3, we find, on using Bohr’s data for v, n, k, ete., 


R = 2:2x 105 cm. 
Ryerson Physical Laboratory, 
University of Chicago, 
October 10, 1923. 


—— 


XXVII. On the Secondary Failure of Thin Tubes of Circular 
Section subjected to Terminal Couples. By M. S. AgMED *. 


1. [T is well known that cylindrical tubes are liable to 

secondary failure, if they are sufficiently thin, when 
subjected to end compression f, as in aircraft construction, 
or to external pressure as in boiler tubes $. When thin 
cylindrical tubes are subjected to terminal couples, their 
circular sections distort into ovals, and the stresses pro- 
duced by the change of shape may cause breakdown before 
the ordinary primary stresses, parallel to the axis, would 
cause it. 

The following investigation is to determine under what 
conditions the secondary stresses due to deformation of the 
cross-section into an oval shape exceed the primary stresses 
found on the ordinary Theory of Pure Bending. 

Some possible applications are :— 


A monocoque fuselage of an aeroplane which has hitherto 
been usually built of wood, and might perhaps in the future 
be made of metal, éóan possibly be regarded, to a first ` 


* Communicated by Mr. R. V. Southwell, M.A. 
t Southwell, * On the General Theory of Elastic Stability," Phil. 
Trans. Roy. Soc. 1913. 


f Love, ‘Theory of Elasticity,’ 3rd edition, Chapter 24 A ; Southwell, 
Phil. Mag. 1913 and 1915. 
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approximation, as a cylinder, bent by wind loads on the 
tail structure. 

A steel factory chimney under wind load is another 
example. 

A somewhat similar stress system possibly arises in a 
racing eight, or a submarine, under action of the rudder. 


The conclusion is that secondary stresses are not likely to 
be important in steel construction, but are likely to matter 
in wood ; stiffening rings are then required to compensate. 


Fig. 1. 


According to the theory of bending, ; =F =p where 
8 


I= rr, 
_ Ert 
= Ww 
at P, f (tensile) = M cos 6/mr't. 

Fig. 2. 


R 


On an elementary volume rd@dzt (fg. 2) there are 


Tubes of Circular Section subjected to Terminal Couples. 321 
tensions 
Boo? 
wrt 
at angle dp, where R dọ =d:z. 


These have a resultant vertically downwards of amount 


M cos 0 d- 
mrt T d R 

i. e., resultant radial pressure 

M cos 6 
wrt C 
l. e., Mt cos? 0 _ M? cos? 0 
TmPU — Emrit 
Er cos? 0t 
= — R 


.r.d0 .t lb. 


t; 


tr dO = cosf on area r dÓ d: ; 
per unit area 


lb. per square inch. 


Call 


Ert 
Re 7P, 59 


i. e., external radial pressure on the cylinder 


= p cos? 0 lb. per square inch. 
Fig. 3. 


Let us consider the case of a ring of breadth C subjected 
to external loading pcos@ lb. per square inch vertically 


downwards (fig. 3). The thrust Q on EF 
7;2 
=| peosO.c.rdd=prer. 


0 
Phil. Mag. S. 6. Vol. 47. No. 278. Feb, 1924. Y 


822 Mr. M. S. Ahmed on Secondary Failure of Thin 


Take moments about XX for equilibrium of the portion 
XXEF, 


M = M,—Q(r)(1—sin 0) +f 


6 
0—a 


? 


Lm 


p cos a. cr da .r(sin «—sin 0) 


=M, —}per? cos? 0. 


From the symmetry of the deformation, it follows that 
the integrated bending moment from A to F = 0. Hence 


6=7/2 7/2 wid 
f di = Ls rdü- «il (M; — per? cos? 0)40, 
0—0 0 0 


so that 
M,-—ipc?, and M= —ł4pcr cos 26. 


M vanishes when 0 = 45°. 
Maximum M. — (1/4) per? at top or sides, and this produces 
a maximum stress of amount 


3 pr : 
2 s lb. per square inch. 
But 


Ert M? 


and therefore maximum stress 


as 3 - lb. per square inch. . . (1) 


Compare this with the primary maximum stress 
M 
f=— 0. ..... (2) 


Trt 


For example, take a mild steel tube where 
—'028 in., 
yz] in., 


E —30 x 108 lb. per square inch, 
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and take maximum stress = 45,000 lb. per square inch, 
and find M in the two cases :— 


From (2): : 
99 
M,=45,000 x F x 1 x:028=3970 lb. inches is the 


bending moment that would cause failure by 
primary stress. 


From (1): 


24? 
Mj? = 45,000 x “z X 30 x 10°(-028)8 


or M;=14,000 lb. inches is the bending moment that 
would cause failure by secondary stress ; i,e., for 
aeroplane tubes, ordinary primary stressing is 
always all right. 


As another example, consider a wooden monocoque fuse- 
lage, diameter 100 inches and thickness 1/8 inch : 


E=1°3 x 10° 
f=5000 
From (2) : 
M, —fmrrit 
= 5000 x m x 250Qx 1/8 4:9 x 108 Ib. in. 
From (1): 


! lb. per square inch approximately. 


e 


LDxTxfxExr*x?Ü 


bh 


M,?= 


Os 


x L:3 x 10$ x 125,000 x , " 


if 2 
= 5000 x = 512 


5 
or  M,23'24 x 10? ]b. in. 


Hence in this case failure is due mainly to secondary, 
not primary stresses ; and primary stressing would over- 
estimate the factor of safety by 50 per cent. To compensate 
tlie elfect considered stiffening rings are generally inserted. 


Y 2 


XXVIII. Heat Dissipation from the Surfaces of Pipes and 
Cylinders in an Air Current. By Professor A. H. 
Gisson, J).Sc.* 


(1) To following experiments were carried out primarily 

with a view of obtaining data as to the rate of 
heat dissipation from tubular metal surfaces adaptable as 
oil coolers for aircraft. For this purpose a series of tubes 
of different materials and having different surface coatings 
were used, made up into spiral eoils. The experiments were 
afterwards extended so as to obtain the relationship between 
the heat dissipated per unit length of a given pipe when 
forming part of such a coil, and when exposed normally to 
the direction of the air Event Also, in order to determine 
the magnitude of the dimensional effect, a series of experi- 
ments were carried out on a straight pipe of considerably 
larger diameter. A comparison is made between these 
results and those obtained by Hughes f on a series of copper 


pipes covering approximately the same range of diameters. 


(2) Apparatus.—The experiments were carried out in a 
6 ft. x 4 ft. wind tunnel at the Royal Aircraft Establishment, 
Farnborough. For the tests a number of thin, cold drawn 
pipes w ere formed into spiral coils, each 8 inches in diameter 
and 2 ins. pitch. The length in each case was 12 feet. Each 
coil was mounted in the wind tunnel with its axis vertical. 
Hot water was circulated through the coil, the inlet and 
outlet temperatures and the quantity being carefully 
measured. In the majority of the tests the temperature of 
the inlet water was 95° C., and the mean temperature ap- 
proximately 90? C. ‘Tests were, however, carried out with 
inlet temperatures as low as 30° C. in order to obtain the. 
rate of variation of heat seinen with temperature dif- 
ference. The air temperature throughout the experiments 
was approximately 12? C. All these temperatures were 
accurately measured. 

The temperature of the inlet and outlet water was 
measured by calibrated mereury thermometers, capable of 
` reading to 1° C., fitted into enlar gements of the supply and 
discharge pipes, immediately before and after their con- 
nexion to the pipe coil. The connexion between the pipe 
coil and the supply and discharge pipes was made by rubber 
junctions. In order to eliminate any end effects and the 
effect of loss of heat between the thermometers and the 


* Communicated by the Author. 
+ Phil. Mag. vol. xxxi. p. 155 (1916). 
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experimental pipe, the latter was removed and replaced by a 
short length (3 ins.) of heavily lagged piping. The difference 
of readings of the two thermometers at the same mean tem- 
peratures and air velocities as in the normal tests was then 
measured, and this has been deducted from the difference 
observed in the latter tests. 

The flow of water through the pipes ranged from 4 to 
7 lb. per minute, and experiments oa that over this range 
the velocity of flow has no appreciable effect on the heat 
dissipation from the outer surface, so long as the mean tem- 
perature remains constant. This can only be the case if the 
mean temperature of the inner surface is sensibly the same 
as that of the water, and the assumption has been made in 
all the tests that this is the case whenever a further increase 
in the rate of water flow, at a given air speed, is not accom- 
panied by an increase in heat loss from the cooling surface. 

Since this is a vital assumption it was decided to check it 
experimentally, and with this in view two series of tests were 
carried out on one of the coils. In one series, the heat was 
supplied by the circulating water. In the other, the heat 
was supplied by a heavy low-voltage current passing through 
the coil as a resistance. This was adjusted until the inlet 
and outlet temperatures of the circulating water were iden- 
tical, in which case the temperature of the coil is definitely 
known, as being the same as that of the water. The heat 
dissipated from the outer surface of the coil is then the 
equivalent of the electrica] energy wasted in the coil, which 
is known from measurements of the current supplied. The 
results of these two series of experiments were in very close 
agreement, the greatest difference not exceeding 2 per cent., 
and this difference is, in part, to be accounted for by the 
slight temperature gradient in the pipe wall when the heat 
is supplied from the circulating water. 

Experiments were carried out in still air, in order to 
obtain the “radiation " loss, which includes the loss also due 
to natural convection currents, and at wind speeds up to 
2000 cm. per sec. (44°5 miles per hour). In each case the 
wind speed was measured by a calibrated Pitot tube at a 
point 6 inches up stream from the forward edge of the coil, 
and opposite its centre. A preliminary exploration of the 
area covered by the coil showed that the wind speed was 
sensibly constant over the whole area. Assuming the heat 
loss to be proportional to the wind speed V raised to some 
power n, the value of n was deduced from corresponding 
pairs of experiments at different wind speeds, but at the 
same mean temperature. 


326 Prof. A. H. Gibson on Heat Dissipation from the 


One aluminium pipe was formed into a grid having 
7 parallel legs 18 inches long and 3:2 inch pitch, connected 
by six U bends. In this case the grid was mounted with its 
plane perpendicular to the direction of air flow, so as to give 
the cooling effect due to normal impact of the air current. 
The details of the pipes are as follow :— 


| Material. Form. Outside diam. Thickness. | 
| ee SEN cin. | SEE m NE 
Aluminium ............... Coil. 1124 | 0142 
Aluminium ..............- | — Grid. , | : | 
CoDDO?- iret | Coil. 1:103 | *081 
Steel ...... "PEOR | Coil. 0:925 | 056 | 
Steel .............. eere Straight pipe. 9:590 | ‘254 | 


(3) After being tested in the cold drawn state the sur- 
faces of the pipes were treated in various ways, and the 
pipes were retested. The mean results of a large number 
of concordant tests are as follow :— 


| Heat loss in | 
calories pereq.cm.| Heat loss ! 
| | per sec. per degree | per sq. em. Index »" | 
Pipe. Condition. ' diff. of temp. per degree | in 
between wateraud| difference Haver, i| 

air at 35° m.p.h. in still air. 
(1568 cm. per sec.) 


! 


( Original surfaee ...... 00280 90049 55 E 
| | Sandblasted ............ 00277 00023 à | 
| Aluminium 4 | C 1 
e. ' Coated with dull nwa: : = TU 
Coil. | black spirit paint ! 00293 | DOR | id 
| 
U! Enamelled black ...... 00282 | 00053 ‘52 
—_ —— — |1 a ———— ———— —— -— 
Rs | Original surface ...... | 00330 U0049  , — 
i ve qe UEM ALL Le MIC PME 
| ( Original surface ...... ! 00282 00053 00 
| Sandblasted ............ | ':00284 00069 i 5O 
| Copper Coil 4 Coated with | 00295 -00063 | ET 
| black spirit paint J | Ris i | j 
U Enameled | ............ | 90285 00006 ^ — 50 
—Ó— Original surface ...... | 00327 QUOOT > C50 
eel Coil ... 


Enamelled black ...... | 00328 00057 | 00 


| m | Original surface ...... | 00108 2. EE 
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In each case the given value of n is the mean over the range 
of velocities from 800 to 1600 cm. per second. Actually 
the value of n increases with the velocity and with the 
diameter of the pipe. 

Over a range of velocities from 200 to 2000 cm. per 
second, its value appears to depend upon the product vd 
and its approximate values are shown in the curve of fig. 1. 


Fig. 1. 
08 


07 


QO 
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(4) Relative heat dissipation from a pipe coil and from a 
straight. pipe.—The results of the tests on a pipe coil and on 
a grid formed of similar pipes mounted normal to the direc- 
tion of the air flow, show that at speeds between 20 and 
45 m.p.h. the heat dissipation is 18 per cent. greater in the 
latter case. 


(5) Eject of temperature.—A large number of experi- 
ments were carried out to determine the law of variation of 
heat dissipation with temperature, at a given wind speed. 
In these the temperature of the hot surface was varied 
between the limits 30? C. and 90? C., the air temperature 
being approximately 12° C. Over this range of tempera- 
ture, the heat loss is proportional, not to the temperature 
difference 8, but to 6", where m= 1:070 at 800 cm. per sec. 
and 1:030 at 1600 cm. per sec. This is in general agree- 
ment with the results of experiments by Stanton on cylin- 
drieal bars * and by Stanton, Booth, and Marshall on 
copper-finned cylinders T. These results when reduced show 
m=1:075 for an aluminium bar 1:27 cm. diam., 1:065 for a 
copper bar, at 1100 em. per sec., and 1:075 for copper fins, 
over the same temperature range and at about the same mean 
velocity. 

* Advisory Committee for Aeronautics, T. 1010, October 1917. 

Bic ANY Committee for Aeronautics, T.929 & I. C. E. 80, April 
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(6) Dimensional effect.—The principle of dynamical simi- 
larity applied to the problem of heat dissipation in an air 
current, leads to the general result 


0 k vwo " 
H = pP (e, 2 i) 2... (1) 


where H is the heat loss per second; p the density; c the 
D heat ; k the conductivity ; p the viscosity ; and v is 
the kinematic viscosity. 


; k. : ; 
Since for gases 2.08 sensibly constant, this becomes 


0 
which may be written 


k0 
H a Pie [ rs, r). sk. Ges. os x9) 


If, as is usually assumed, H is proportional to 60, this 
becomes 


H x H66( 7), es wo 
and if, in addition, H is proportional to v”, 


Elton 


Ha. «(9 


As applied to one of a series of similar pipes, l in this 
expression refers to any one definite linear dimension, which 
may be either the length or diameter of the pipe. If, how- 
ever, the pipes are long, but not of similar length, since the 
heat loss is proportional to the length, (5) may be written 


kdo 
x : 


y^ 


H Ü. uox oce oH. xo) 


so that the heat loss per unit length of pipe, per degree 
difference of temperature, will be 


H a 
a (5): 
while the heat loss per unit area per degree difference of 


temperature will, at a given velocity, be proportional to d"-! 
and, at a given value of ed, will be proportional to 1/d. 
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If, however, H « 0", where m is not unity, 
: cf v 
H « plc? ( vy? i.) 


a pl'3-t(a8)"e ( 7). jx w- 5) 


If H is also proportional to c", 


(x)= E 
l n-3t2m 
and H ape (s8)^ (7) shad X4) 


H vg MGm—i nate 
or T. ax Qd pe d > © © a o >œ (8) 
indicating that, at a given velocity and for given tempera- 
tures, the heat loss per unit area should he proportional to 
d"-?*?^ and, per unit length, to d"-?*?", while for a given 
value of vd, the loss per unit nrea should be proportional to 
| d*7-? and, per unit length, to d?"-?, 

Since, however, p, c, and v vary with temperature, and 
therefore with 0 for a given initial air temperature, the 
variation indicated by the 0" term will include that due to 
the changing properties of the air. Neglecting the varia- 
tion in the specific heat as being negligibly small for the 
range of temperature usual in cooling problems, it is of 
interest to note what proportion of the total observed varia- 
tion is due to the change in p and in v or p. 

Over the range of temperatures from 0 to 100° C., 
p «1-4:0026T approximately *, where T is the temperature 


1 a 
TrID" If T° C. is the 


mean of the temperatures of the inlet air and of the surface 
it is probably nearly correct to assume that the density and 
viscosity of the layer of air most directly concerned in the 
heat dissipation will be that corresponding to this value of T. 

The factors p and v are involved in formula (8) in the form 
pri-*—?m, or g?"*»-2,,:-"-?^, which is therefore propor- 
tional to 


in degrees centigrade; while p « 


(T +273)?-»-2m (1 +0026 Doa 
In the author’s measurements on the two steel pipes of 


* Proc. Roy. Soc. A. vol. Ixxx. p. 114 (1908). 
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diameters 0°925 cm. and 9°52 cm. in two experiments (1) 
and (2), in which the temperature of the surface was respec- 
tively 90°C. and 40°, the air temperature was 10°C., so 
that 

T, = 110. 50°C. and T,— 25°C. 
Giving n the mean value for these pipes, viz. 0°61, and 
taking m — 1:060, this makes 


2—n-—2m = —'13, 
and 
(T,+273)-73(14+-0026T,)*? 1 
(T, + 273) 5 (1+°0026 T) *— 1:045 
The corresponding values of the differences of temperatures 
between metal and air are 80? and 30°, so that 


0,/0, = 2°67 and (68,[6,)!** = 2-85 = 1:060 6,/6,. 


From this it appears that of the observed 6:0 per cent. 
increase in the heat loss 4 per °C. over this range of tem- 
perature, 4:5 per cent. is due to the variation in p and wp. 
Determining by trial the value of m which makes the varia- 
tion in À proportional to 0" when the variation in p and y is 
taken into account, gives m=1:02 as compared with the 
apparent value 1:060 obtained by neglecting this variation. 

Adopting this value of m in (&), it appears that if the 
theory of dimensions is to apply to this case of heat trans- 
mission the heat loss per unit area per degree at a given 
velocity and for given temperatures should be proportional 
to d^ 9, while for a given value of rd the loss per unit area 
per degree should be proportional to d^ **. 

In the two experimental pipes the ratio of the diameters 
is 103. The heat loss per °C. per cm. length of each pipe is 
shown in fig. 2. At a velocity of 35 m.p.h. (1568 em. per 
sec.) the value of h per sq. cm. per degree is 00356 for the 
small pipe and :00171 for the large one, the ratio being 2°26. 
The ratio of the two values of d- = 2:27, so that the agree- 
ment is almost exact. 

Again, at a velocity of 1568 cm. per sec., the value of rd 
for the small pipe is 1450 em. sec. For this value of vd, 
the heat loss per unit area per degree is *000416 calorie 
per sec. in the large pipe and ‘00386 calorie in the small 
pipe, the ratio being 9:3. "The ratio of the two values of 
d*n-3(zd-75)z14, so that here again the agreement is 
satisfactory. 
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(7) Comparison with results by other observers.—The 
results of experiments by Hughes on a series of copper 
cylinders of diameters :43 cm., ‘81 em. 1:93 cm., and 


Fig. 2. 
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9:06 cm. are indicated by the curves of fig. 3. In these 
experiments velocities up to 1400 cm. per sec. were used. 
The copper surface was maintained at a constant tempera- 
ture of 100° C. throughout and the air temperature was 
apparently 15? C.* In the original paper the values of the 
heat loss are given in calories per unit length of the cylinder, 
and for comparison the results of the present experiments 
on the large and small steel pipes have been plotted on the 
same scale. 


The results indicate that for a given value of vd the heat 


* The air temperature can only be inferred from the original paper. 
No definite figures are given except in tha radiation tests when it was 
15° C. Itisinferred that it was the same in the convection tests, but 
to this extent the results are uncertain. 
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loss per unit length from the author’s steel pipes is approxi- 
mately 20 per cent. greater than the ee value obtained 
by Hughes from the copper pipes having diameters between 
"43 em. and 5°06 cm. Since in the author's tests the steel 
pipes gave arate of heat loss 7 per cent. greater than the 
copper pipes (§ 9), this difference, with pipes of the same 
material, would be reduced to about 12 per cent. It is, 
moreover, possible that the velocities of air flow given by 


Fig. 3. 


PERI CM. LENGTH OF PIPE. 


uj 
uJ 
c 
T 
ac 
wd 
a 
J 
Ad 
v 
a 
es) 
a 
^ 
uj 
—- 
« 
Q 


| AUTHORS STEEL PIPE. 9 52 CM. 


ER " 


1000 2000 3000 4C00 
vd (CM. SEC. UNITS) 


Hughes are somewhat too high, since the flow was pulsating 
and a steady reading of the Pitot m could only be ob- 
tained by using a very viscous oil. In such a case the 
velocity as calculated from the mean height of the gauge is 
too high by an amount which depends on the amplitude and 
periodicity of the fluctuations, but which might readily 
amount to as much as 12 per cent. 

An examination of Hughes’s results shows that fora given 
value of vd the heat loss per degree per unit length of the 
pipe in some cases increases and in other cases decreases 
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with an increase in diameter. Thus a pipe 0°43 cm. diam. 
has a smaller heat dissipation per unit length than one of 
0°81 cm. diam., but the latter has a larger heat dissipation 
than one either 1:93 em. or 5°06 cm. diameter. Since all 
these tests were carried out at the same pipe temperature 
(100? C.) and presumably at the same air temperature, no 
data are available as to the variation of the heat loss with 6. 
If proportional to 0" where m is greater than unity, the heat 
loss per unit length for a given rd should increase with the 
diameter. 

The results of the tests on the largest of Hughes’s pipes 
(15:5 cm. diam.) give values of h much greater than those of 
the author or of the remaining pipes of his own series. Since 
the lowest value of rd in the tests on this pipe was 5500 the 

results are not shown on the curves of fig. 3 or fig. 4. For 

this value of vd the heat loss per unit length per degree is 
034 calorie as compared with :0257 for the author's pipe 
3:52 cem. diam.,a difference of 30 per cent. There are, 
however, reasons for thinking that in this particular pipe, 
which took the form of a short cylinder only 20 em. long, 
and in which the end effects would be relatively large, the 
results given are too high. 

Some results are also available of tests by Carpenter * on 
a pipe 5°08 em. diam. These are plotted in fig. 3, and are 
in fairly close agreement with those of the author. 


(8) A more testing confirmation of the validity of the 
dimensional theory is afforded by a comparison with the 
results obtained by King f on small platinum wires from 
*003 to '015 em. diam. at velocities between 17 and 900 cm. 
per sec. Asa result of these experiments, he gives a formula 
which may be written 


h/@ = B «'vdoC, 


where / is the heat loss per cm. length of wire and B and C 
are sensibly constant. As pointed out by Davis this corre- 
sponds to a value of h=0°66 calorie per unit length when 
vd — 1000 if the temperature of the wire is 1009 C. and if 
that of the air is 15? C. This makes the heat loss per unit 
length per degree equal to *00776 calorie per sec. Com- 
paring the lar gest of the author's pipes (9°52 em.) with the 
smallest of King' s wires (003 cm.), the ratio of diameters is 
3170, and the ratio of the values of d2"-?=d= Lus. 

* Quoted by Langmuir, Trans. Am. Electro-Chem, Soc. xxiii. p. 221 


(0913). 
t Phil. Trans. ccxiv. p. 372 (C914). 


DETENER weet | nee abies Me aS 
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According to the dimensional theory the heat loss per unit 
length from the large pipe when vd —1000 should therefore 
be *00776 x L:38—:0107 calorie per sec. per degree. The 
value computed from the author's experiments is ‘0104, so 
that over this very large ratio of diameters the agreement 
is extremely olose. 

In fig. 4 curves are plotted to represent the beat loss per 


Fig. 4.—Hent loss per unit length of a pipe 1 cm. diam. as deduced 
from tests on pipes and wires having diams. ranging from °003 em. 
to 9:02 em. 
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unit length of a 1 em. pipe per °C. as deduced from the 
mean results of the tests on each of the above mentioned 
pipes on the assumption that the heat loss per unit length is 
proportional tod". The author's values for the steel pipes 
have been reduced hy 7 per cent. so as to represent the 
values for copper pipes. 

The results deduced from the experiments of King, 
Carpenter, and the author agree very closely, while those 
of the smaller pipes of Hughes are in fair agreement, but 
are lower. 
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(9) Effect of material and roughness of surface on rate of 
heat dissipation.—Since the small pipes used in the author's 
coil experiments are not of identical diameters, the values of 
the heat loss given in Table I. for the different surfaces are 
not directly comparable. Correcting these, however, for the 
small differences in diameter, according to the relationship 


H « d ^-3*?m 

ld8 : 

where m —1:02, so as to give the loss per unit area of a series 
of pipes of the same diameter (0:925 cm.) as the steel coil, 
the following results are obtained :— 


TABLE II. 


Heat. loss in calories 
; per sq. cm. per sec. per ° C. 
i Pipe. Surface. difference of temperature 
between water and air 
at JO m.p.h. 


ee , 


( Original surface ............ 00305 
| | Sandblasted .................. 00302 
LEE Coated with dull black 5518 

| spirit paint. ............ 
|| Enamelled black ............ *00309 
| (| Original surface ............ 00304 
C | | Sandblasted .................. *00306 

Opper ......... 4 | 
Coated with black paint... 00318 
| Enamelled black ............ "00307 
Original surface ............ 00327 
! Steel ............ 

Enamelled black ............ *00328 


| 


From these it appears that the original surface of the steel 
pipe gives a slightly greater (about 7 per cent.) heat dissi- 
pation than that of the aluminium or copper pipes, which 
are identical. This is apparently due to the fact that the 
steel pipe was not bright, but had a dull dark finish resuiting 
iu a greater loss by radiation than in the other pipes, which 
were bright though not polished. The effect of the rough- 
ening of the surface produced by sandblasting is negligibly 
small. A coating of black enamel increases the heat trans- 
mission of a copper or aluminium pipe by about 1 per cent., 
but this effect is in all probability due to the fact that the 
effective diameter is increased by this coating. A coating 
of dull black spirit paint on a copper or aluminium pipe 
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increases the heat dissipation by 4°5 per cent. at this air 
speed, this effect being largely due to the fact that it 
increases the radiation loss. 


(10) Conclusions.—The results of the investigation in- 
dicate :— 


(a) At normal air temperatures, and with a hot cylindrical 
surface at temperatures between 40? C. and 100° C., 
the heat loss in a cooling wind is proportional to 6”, 
where @ is the difference of temperature and m has 
a value of 1:02. 

(b) If the changes in density and viscosity of the air with 
a change in temperature are neglected, the effective 
value of m is approximately 1:06. 

(c) Taking account of the changes in viscosity and 
density, the theory of dimensional similarity holds 
with reasonable accuracy over a range of diameters 
from *003 cm. to 10:0 em. and for velocities up to 
1500 cm. per sec. 

(d) The value of the index n in H we” varies with v and 
with d. For a given value of rd it is approximately 
constant. It increases from *50 with small pipes at 
low velocities up to *72 with large pipes at velocities 
in the neighbourhood of 1800 cm. per sec. 

(e) Except for the greater radiation loss with pipes of dull, 
dark surfaces, the kind of surface has little effect on 
the heat loss. The degree of roughening produced 
by sandblasting has no appreciable effect. 

( f) For copper cooling pipes, the heat loss ** A" in calories 
per em. of length per degree ditference of tempera- 
ture is given by A= Kd"*, where K may be taken as 
having the following values :— 


15,000 


units). 


vd (em. dm 500 | 1000 | 2000 | 3000 4000 5000 10,000 


ludens "0062 0087 [os 0152 Mas 


0207 . -0320 | 0425 


| 


For steel pipes, or for pipes painted black, the value 
of K is to be increased by 5 per cent. 

These values apply to wires and to long pipes or 
cylinders having diameters up to 10 em. with normal 
air impact. If formed into a coil with the axis of 
the coil perpendicular to the direction of air flow, 
they are to be reduced by 18 per cent. 


XXIX. Recombination of Gaseous Tons, the Chemical Combi- 
nation of Gases, and Monomolecular Reactions. By Sir J. 
J. Tuoxsos, O.M., F.R.S., Master of Trinity College, 


Cambridge *. 


F two ions, one at A and the other at B, are left to 
themselves, they will ultimately separate to an infinite 
distance if | 


1 MM 
9 Mia M, (V? +V? = 2Vi V. cos 0) 2 E . . (1) 
M,, M: are the masses of A and B respectively, Vi, V, their 
velocities, 0 the angle between V; and V», u[r? the attraction 
between A and B when separated by a distance r. 

Gaseous ions possess in virtue of thermal agitation a finite 
amount of energy. We shall suppose that each ion has the 
mean kinetic energy corresponding to its absolute tempera- 
ture. If this temperature is 0, then 


4M,V,?= 4M,V.?= 3R@= 80,  whére 8 = 2:02 x 1075. 


Substituting these values in (1) and assuming that cos 0 
has its mean value zero, we find that the ions will separate 
to an infinite distance unless 


p 
80 < AB’ 
Hence, if the ions at A and B possess kinetic energy corre- 
sponding to the temperature, they will not recombine if they 
are at a greater distance apart than 4/80. This is on the 
assumption that they are not subject to any influence other 
than their mutual attraction. If they are moving through a 
gas, they may lose some of the kinetic energy which would 
enable them to separate by one or other of them when they 
are close together coming into collision with a molecule of 
the gas. 

On the assumption that collision with a molecule restores 
the kinetic energy of the ion to £0, its value for thermal 
equilibrium, we see from the preceding investigation that to 
be effective in preventing separation the collision must occur 
when the distance between A and B is less than 4/80, and 
that every such collision is effective in producing recombina- 
tion between A and B. 

Hence, to find the number of recombinations per second 
between the A and B ions, we must describe round the 

* Communicated by the Author. 


Phil. Mag. S. 6. Vol. 47. No. 218. Fel. 1924. Z 
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A particles spheres with radii u/80, and find the number of 
collisions made by the B particles in one second with the 
molecules of the gas inside these spheres; then describe 
another set of spheres with the same radius round the B 
particles, and find the number of collisions per second made 
by the A particles with the molecules of gas inside these 
spheres ; the sum of the numbers of these two sets of col- 
lisions will be the number of recombinations of the A and 
B ions per second. 

If all directions of motion of the A and B particles are 
equally probable, the number of B particles passing through 
a sphere round an A particle per second is 


ard2p' { U+ Ug?) 1/2, 


where d — 4/80, p' is the number of B particles per unit 
volume, U, and Ug the average velocities of the A and B 
particles respectively. | 

. The number of A particles passing through a sphere round: 
a B particle is 


Td p1 Us? + Uy? }?, 


where p is the number of A particles per cubic centimetre. 
We proceed to calculate the number of collisions made by 
the ions in passing through these spheres. 
The chance that a B ion will pass through a distance æ 


r 

without making a collision is € 4’, where A' is the mean free 
path of the ion. If the direction of motion of the ion when 
it enters the sphere makes an angle Je with tlie normal, the 
length of the undisturbed path in the sphere is 2d cos yp. 
The chance of the angle Je being between y and + dp is 
sin ydy. Hence the chance of the ion getting through the 
sphere without making a eollision is 


>z — 2dcosy 
| e N .sinNv dye 
0 


The chance that lt makes a collision is therefore 


| X. _ 2d 
1- y;(1-6»). 
The chance is, in fact, somewhat greater than this, since the 


actual path is longer than the undisturbed one. 
If, as we have supposed, each collision inside the sphere 
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results in the combination of the ions, the number of recom- 
binations per second due to the B ions making collisions 
with the molecules of the gas is 


d*pp (U+ Uy?) (1— 55 (=e 3)] 


Similarly, the number of recombinations due to the À ions 
coming into collision with the molecules of the gas is 


d'pp'(U 4? + Us (1-5 — 3 ae —€ A x)); 


where X is the mean free path of an A ion through the gas. 

Hence, taking both the A and B collisions into account, we 
see that the number of recombinations per unit volume per 
second is equal to 


mpp {Ua + Ut (1— SS (1—e x) +1- (a-e 3)! 


But this number is by definition equal to app’ if a is the 
coetlicient of recombination of the ions; hence 


2 _ 2d 
a=md (U + Ua (1 (1e x)+1-; MEE x): 
20.2. (2 


Since the attraction between the ions is due to their 


electrical charges p=, where e is the charge on an 
electron, d is given by the equation 


: = B0, where 8 = 2:02x 10-!6 
at 0°C., 0— 213 and 80 = 5:5 x 10^" erg, and since 


e=48x10- dat 0? C. = 418x 1079 em, 


The value of d varies inversely as the absolute tempera- 
ture, but is independent of the pressure of the gas ; at 0? C. 
d is large compared with atomic dimensions, and is com- 
parable "with the mean free path of an air molecule at 
atmospheric pressure. 

The value of A, for an oxygen molecule through oxygen 
at 0° C. and atmospheric pressure, is 1:02 x 107? cm., w hich 
is about 2:5 times the value of d; so when the pressure is 
reduced much below 760 a dj will be a small quantity. 

2 
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When d/X is small, 


so that in this case we get by equation (2) 


hcm 1 a 
a = 2n(U4? 4 Us?) + 5). jode (3) 
When 2d/*X is large, | 
X .. 2d 
1-2; (1-e 3 = j 
a = 2m7(U, Ug)? . . . . . (4) 


and 


Variation of a with the Pressure. 


Since X and A' are inversely proportional to the pressure, 
while d, U4, and Ug do not alter with it, it follows from 
equation (3) that at low pressures a is directly proportional 
to the pressure; while at high pressures, when 2d/X is large, 
equation (4) shows that æ is independent of the pressure. 
Thirkill, who has made measurements of « for several gases 
through a wide range of pressures (Proc. Roy. Soc. Ixxxviii. 
p. 490), finds that unless the pressure exceeds a certain 
value, which is a considerable fraction of an atmosphere, a is 
directly proportional to the pressure; while the experiments 
of Langevin and MeClung show that at pressures higher than 
one atmosphere the rapid increase of a with the pressure does 
not continue; « seems to attain a maximum value at a pres- 
sure of several atmospheres, and then decreases as the pressure 
increases. Equation (2) indicates that « would approach 
asymptotically a constant value as the pressure increases, but 
would not attain a maximum and then decline. 


Numerical Values of a. 

If we suppose that the ions in air are charged molecules, 
and that the average velocity and free path are the same 
as for an uncharged molecule of oxygen, then at 0? C. and 
160 mm. 

Up = Ug = 425 x 10! em /sec., 
A — A = 102x 10-êcm. 
Substituting these values in equation (2), we find 
a = 1'96 x10-9 at 0? C. and 760 mm., 
while the limiting value at very high pressures would be 


a= 6'5 x 10-8. 
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The value found for a for air at 0° C. and 760 mm. by 
Thirkill (Proc. Roy. Soc. Ixxxviii. p. 490) is 1°728» 107°; 
so that the agreement is quite close. It is closer, indeed, 
than we should expect, for the free path which we have used 
in calculating the numerical value of « is that of an un- 
charged molecule, while tiie value of X which occurs in the 
theoretical value of « is determined by the distance the ion 
travels through the gas before losing an appreciable amount 
of energy. ‘Lhe range of action of a charged molecule will 
be greater than that of an uncharged one: it wil] therefore 
be able to communicate its energy to a greater number of 
molecules; so that the length of path which a charged particle 
has to travel to lose a definite portion of its energy is shorter 
than that which would have to be travelled bv an uncharged 
one. This would make the value of X we have taken too 
large : on the other hand, if the ions are aggregates of two 
or more molecules and not single molecules, the values we 
have taken for U4 will also be too large; so that the two 
effects will compensate each other to some extent. We shall 
return to this point as soon as we have considered the effect 
of temperature on the value of a. 


Variation of a with Temperature. 


Of the quantities occurring in the expression for a, d is 
inversely proportional to the absolute temperature 6, while 
Ua and Ug are proportional to 0!? ; hence we see from (3) 
and (4) that at low pressures a is proportional to 0-305? or 
6-*?, while at high pressures it is proportional to 0-—?0'? 
or 0*?. In addition to this, there may be, as we shall see, a 
variation of X with @. 

The variation of æ with temperature has been measured 
by Erikson (Phil. Mag. xviii. p. 328, 1909, and xxiii. 
p. 747, 1912), whose experiments were made at constant 
density, and by Phillips (Proc. Roy. Soc. A, Ixxxiii. p. 246, 
1910), who worked with constant pressures. Both found 
a rapid diminution in a as the temperature increased. The 
relative values of a found by Eriksen for hydrogen at different 
temperatures are as follows :— 


Temp. Abs a, 
94 6:00 
710 ee '900 
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The Eject of a Charae of Electricity on the Free Path 
of a Particle. 


If M,, M, are the masses of two colliding particles, the 
transfer of kinetic energy from one to the other produced 
by a collision is equal to 

4M, 

(M+M) 
where 20 is the angle through which the relative velocity of 
the particles is turned by the collision, 2T is the product 
of the momentum of the svstem, the relative velocity of the 
particles, and the cosine of the angle between these vectors. 
If either of the particles is at rest, '] is thus the kinetic energy 
of the other; if the masses are equal, T is the difference between 
the kinetic energies of the two particles. 

If one of the particles carries an electric charge and the 
other is an uncharyed molecule, the deflexion 28 will be due to 
the attraction exerted bv the charge on the molecule. This 
will be similar in character to that between an electric charge 
and an uncharged metal sphere, which varies inversely as 
the fifth power of the distanee between the charge and the 
sphere, provided this distance is considerable in comparison 
with the radius of the sphere. We shall proceed to calculate 
the value of 0 on the supposition that the law of force between 
the charged ion and the uncharged molecule is expressed by 
Kw? where u=1/AB, AB being the distance between the 
ion and the molecule. With this law of force the equation 
of the orbit of the molecule relative to the ion is 


d^u Ki? 
dg" VES he ? 


T sin? 8, 


Vp 9 IAE M 


where I? ee OG 


where V is the initial velocity of B relative to A, and p the 
perpendicular from A on V. 
Integrating this equation, we have 


du Kid 9 
(o5) ia )- jn 
where M is written for M; M,/(M, +- Mo), 


du\? Kut MV? 
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The apsidal distances are given by equating the right- | 
hand side of this expression to zero; they are the roots of 
the equation 


M V2p?2 2M V? 
UP wa CK 
for these roots to be real 


p > 2K/MV?. 


uí— 


es ges . . . . (6) , 


For values of p less than this there will be no apsidal 
distances; the bodies will come together and collide. If 
the collisions are like direct collisions between elastic spheres, 
the relative velocity will be reversed by the coHision and 
the bodies will retrace their paths. In this case the relative 
velocity would be unaltered in magnitude and reversed 
in direction by the collision, so that @ will be 7/2 and sin Ó 
unity. 
If b be the value of u at an apse, then by (5) 


duy K ,, ,/2MV*» , 
(ag = Sve m (ke 7 ) 


So that if u— sin yr, we have 


_ ( 2MV22\12 dy 

BC) mv ay) 
Ke * 

Kb‘ 


3MV? this may be written 


If P= 


= aie o dpo 
E (1— k sin? qp)?" 


The angle 20 through which the relative velocity of the 
two particles is twisted is by fig. 1 equal to * 


"6 dO 
— 9 oe, 
T J) "EL 
"2 dy 
- —9 21/2 ee  — 
— T 2( (1+ &£) (1— sin? pi 


= m—2 (1+4)? F(A), 


vf? d 
FG) =| (1—£* sin? yh?" 


where 
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Hence 


sin @ = sin (F — (1+)? F(A) ) 


= cos(1+k?)!? E(k). 
Thus 
4M,M,. . 9 "M 4M, M, 9 »2 1/2 
(M, 4 M3)? Tsin* 0 = (M, rA SOS sits 
Fig. 1. 


If there are N molecules per cubic centimetre in the gas 
through which the ion is moving, there will be N2ap ép 
collisions per unit length of its path for which p is between 
p and p-óp. Hence the loss of energy per cm. due to the 
collisions between the ion and the molecules is 


4M,M, . 
(M; 4 Mj r cos? (el + ky F(k)} N2ap . dp. 


The lower limit for p, as we have seen, is given by 
pt = 2K/MYV?, 


and the upper limit is infinity. 
ince 
QS BEI Ko 
P= EAN ove 


1 / K 
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and the limits of k corresponding to those we have pre- 
scribed for p are 0 and 1, hence the loss of energy per cm. 
of path of the ions is 


1M,M, T K » ( 1 2/ 2)1/2 . 
(M, ag TN save Ne (1 q2 )eos (1+ k ) / F(4)) dk. 
The definite integral is a numerical constant which, using 
Legendre’s Tables for F(4), I find by quadratures to be 
about :20. From p=0 to ?57- (2K/MV?y/,sin? 0—1 and 
the loss of energy per cm. from these collisions is theretore 


4M,M; 2K \1? 
(M,+M,)? r. Nr (sv: ) 

Thus the totalloss of energy due to the collisions is, 
per unit length of path of the ion, 


1M,M, xu. Of AK S 
VERTS D d (avs) 

This loss of energy is due to the charge on the ion; but 
even if the ion had not been charged, it would have made 
collisions which would have produced a transfer of energy. 
If we suppose that these collisions are like those between 
elastic spheres ; then if s is the sum of the radii of two 
spheres and p the perpendicular from the centre of one on 
the velocity of the second sphere relative to the first, then 

2 
sin? 0 = 1—£ 
and i 


g 
i} sin? @ N2mp dp = iNms*. 
0 


When we are dealing with the problems on the trans- 
ference of energy, we may regard 2Nv 9M, M,/(M,- Mj) 
as the measure of the reciprocal of the energy free-path of 
the uncharged molecule, for it measures the number of 
times per unit length of path that the maximum transfer 
of energy takes place. When the molecule is charged, the 
reciprocal of its free path will for the same reason be 
measured by | 


4M,M,No x -1(2K/MV2)!2/(M, + Mj? 
Hence, if X is the energy {ree-path when the molecule is 
uncharged, A that when it is charged, 
A 
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Hence, if the free path of the charged molecule is to be 
much less than that of the uncharged one, K[2:5* MV? must 
be considerahle. 

This quantity is the ratio of K/4s‘, the work required to 
separate an uncharged from a charged molecule with which 
it is in contact, to MV?/2, the energy possessed by a mole- 
cule in virtue of its thermal agitation. We have assumed 
that there were no collisions for the apsidal orbits, hence 
s*« 2K/MV? or 2K/s*MV?>1). 

This result is interesting in connexion with the explana- 
tions which have been advanced to account for the smallness 
of the mobility of the gaseous ions under electrical forces. 
One theory is that the ions are not simple molecules, but 
aggregates of a charged molecule with other molecules ; 
another theory is that tle small mobility is due to the 
diminution in the length of the free path caused by the elec- 
trical charge on the ion. We shall see, however, later on 
that the condition that a charged molecule should form 
aggregates with the other molecules is that K[5* MV? should 
be considerably greater than unity; but this, as we have just 
seen, is the condition that there should be a large diminution 
in the free path of the ion owing ro its charge. 

Thus the two theories are not alternatives, but inseparable. 
If complex molecules are formed, there must be an appreci- 
able effect on the free path, and if there is a large effect on 
the free path, complex molecules must be formed. 

We have seen that, when the force between the moving 
particle and the*surrounding molecules varies inversely as 
the fitth power of the distance, the free path is of the form 
- A 
X l-ca(w[0)7 
where w is the work required to separate the moving par- 
ticle from contact with a molecule, and @ is the absolute 
temperature. 

If the force between the moving particle and the mole- 
cules varied inversely as the third power of the distance, we 
can show by the same method that the free path would be of 
the form 


A’ 


M À 
= 1+ Bw/@- 

The higher the inverse pewer of the distance which ex- 
presses the Jaw of force between the moving particle and 
he molecules, the lower will be the power to which (27/0) 

^urs in the expression for the modified free path. Since 

e uncharged molecule exerts forces on another, it follows 


x! 
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from the preceding investigation that the free path in a gas 
in a normal state must be a function of w[0, where w is the 
work required to split up an aggregate of two molecules. 
The conclusion that the free path of a molecule depended 
upon the temperature was put forward mary years ago by 
Sutherland, and determinations of the constant C on the 
assumption that X o 1/(1-- C/0) have been made by several 
observers. These values are given in Jeans's ‘Dynamical 
Theory of Gases,’ p. 304. Thus for CO,, C was shown by 
Sutherland to be 277. Thus at 0? C., C/Ó would be approxi- 
mately unity. We may take this as indicating that the 
work required to separate two molecules of CO, is neither 
a very large multiple nor a small fraction of the energy of 
thermal agitation at 0° C. ; this corresponds to about 71/30 
of a volt. UST 

The value of € for hydrogen is only about 72—about one- 
quarter of that for CO; hence we should expect the work 
required to separate two hydrogen molecules would be 
about one-quarter of that required. to separate two molecules 


of CO;. 


Free Path of an Electron. 


The case when the moving particle is an electron requires 
special consideration, since the mass of an electron is 
exceedingly smail compared with that of the molecules with 
which it collides, We see from the expression on p. 342 
that when two colliding bodies have very different masses 
the transterence of energy by a collision is very awl: 
so that between an electron and amass ag great as that of 
a molecule there will be verv little transference of energy at 
a collision. Thus, if the gas through which the electrons were 
moving were hv drogen, tlie energy transferred at a collision 
between an electron and a molecule would be only 2/1800 of 
that transferred if instead of an electron a hydrogen molecule 
were moving with the same energy. 

It follows from this that the main loss of energy by the 
electrons is not by collision with the molecules as a whole, 
but with the individual electrons in the molecule. These 
electrons have definite periods of vibration, and the amount 
of energy transferred to them by collision with an electron 
moving with a definite speed will vary very greatly with the 
frequency of these vibrations. 

The energy the moving electron gives up at a collision 
with an electron oscillating about a fixed position depends 
upon the relation between the time of vibration of the fixed 
electron and the time taken by the moving electron to pass 
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over a space equal to the minimum distance between the two 
electrons. The force between the electrons varies as 1/r?; 
and if c is the minimum distance, v the velocity of the 
moving electron when in this position, and t the time 
reckoned from the instant when it passes through the 
apsidal distance, 1?=c?4-r?t? with considerable accuracy. 
The equation of motion of the fixed electron is 


ua (e 
na Tur TEPP 


where n is the frequency of the oscillation. The amplitude 
of the displacement x produced by the collision will be 


La cos nt 


—— 77 dt. 
mn. |e + ve” 


We may, since the force only produces a measurable effect 
when the electrons are near together, take —oo and +2 as 
the limits of integration, since 

(C cos nt m -= 


‘ od = — e€ v, 
aw OF + vt? cv 


the displacement produced by the collision is 
em _*™ 


—— E€ v 


? 
nun co 


and the energy given to the vibrating electron is 


L eta? _2ne 
€ r, 
2m xr? 


This expression vanishes when v=0, and when rz, it 
has a maximum value for v= »c, and is very small for values 
of v which are either very small or very large in comparison 
with this critieal value. 

If T is the time of vibration of the electron, T=2r/n ; so 
that the critical velocity, i. e. the velocity at the apsidal 
distance for maximum transference of energy, is given bv 
the equation 

eT = 27. 


An electron moving with this velocity would pass over the 
orbit 2c inthe time of vibration of the electron which receives 
the energy. As the apsidal distance c is of the order of the 
distance of an electron from the central positive charge, the 
orbit 2rc would be comparable with an orbit of an electron 
within the atom, and if an electron describes this orbit in the 
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time of vibration of one of the electrons, its energy must be 
comparable with that required to eject the electron from the 
molecule—i. e., the maximum transference of energy takes 
place when the energy of the moving electron is of the same 
order as the ionizing potential. 

Until the critical velocity is reached, the transference of 
energy increases with the energy of the moving electron; 
ufter passing the critical velocity the transference decreases 
as the velocity of the moving electron increases, and the 
decrease goes on until the energy of the moving electron 
approaches that corresponding to another ionizing potential 
greater than the first, when the transterence of energy in- 
creases to another maximum and then diminishes again. 

The velocity v which occurs in the expression for the 
transference of energy is the velocity at the apsidal distance, 
and not V the velocity before the collision occurs. The con- 
nexion between V and v will depend upon the distribution of 
positive charges and electrons in the molecule which contains 
the vibrating electron, for these, as well as the electron with 
which it collides, affect the motion of the moving electron 
before the collision takes place. 

Thus suppose the molecule with which the electron collides 
consists of two positive charges A and B and two electrons. 


Fig. 2.' 


C and D at the corners of a square. Then, if the moving 
electron attains its apsidal distance from C within the regions 
GOF, EOH, where GH and EF bisect the sides of the square 
at right angles, the velocity v will be less than the velocity 
of projection ; if it attains the apsidal distance within GOE 
or HOF, the velocity v will be greater than V; and if the 
electron is at its apsidal distance from C when near A or B, 
v may be very much greater than V. 
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We saw from the expression for the transference of energy 
that but little energy is transferred when 2nc[v is large. The 
forces outside a neutral molecule are very small at distances 
considerably greater than the radius of the molecule, so that 
c will be of the order of the radius of a molecule. If V has 
the value corresponding to thermal agitation at U° C., V — 107, 
and if c— 10-5, then 

4mc _ 4Amx1075 

TV T j 
A value of T equal to 4z x 1075 would correspond to a wave- 
length of about 38,000 Angstrém units; as the vibrations of 
electrons have a much shorter wave-length than this, T must 
be very much less than 4v x 107"; so that, unless the electron 
gets very much accelerated before the collision, very little 


energy will be transferred at a collision. Herz found, how- 


ever, that electrons with this initial velocity lost when passing 
through hydrogen a few per cent. of their energy at each 
collision; this is far greater than the energy which would 
be transferred by a collision between the electron and the 
molecule if the electrons in the molecule were not thrown in 
vibration, for this would only be 4 x mass of electron / (mass 
-of hydrogen molecule) or 1/900, and also far more than 
would be transferred by setting the electron in vibration 
unless the moving electron was greatly accelerated before the 
collision. 

If the electron was so projected that the apse occurred 
near to either A or B (fip. 2), it would, through the action of 
the stray field of the molecule, acquire an amount of energy 
comparable with the ionizing potential, and would therefore 
lose a considerable amount of energy by the collision. If 
the initial energy is small compared with the ionizing 
potential, only a very small fraction of the collisions will 
result in the apse occurring near A or D; in the other col- 
lisions there will be too small an increase of energy to give 
rise to an appreciable transfer. Thus the average loss at a 
collision will be but small, but would be sufficient to account 
for the losses observed by Herz. 

When the initial value of the velocity is not far from the 
critical value, the greatest transference of energy will take 
place when the apse is in a part of the molecule where the 
potential differs from that at an infinite distance by a small 
fraction of the ionizing potential; as this region occupies the 
greater part of the molecule, a very large fraction of the col- 
lisions will result in a transference of the greater part of the 
energy of the moving molecule to the vibrating one. In this 
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case the energy free-path of the moving electron will be 
nearly the same as the geometrical free-path ; with smaller 
velocities the energy free-path will be much longer than the 
geometrical one. 


Rate of Recombination of Electrons and Positive Tons. 


In the calculation of the rate of recombination of positive 
and negative ions given on p. 339, we have assumed that the 
collision of either a positive or a negative ion with a mole- 
cule results in an appreciable loss of kinetic energy by the 
pair of ions. This will be the case when the masses of 
the positive and negative ions are not very unequal, for 
then the increase in the kinetic energy of the pair due to 
their approach under their attraction will be shared between 
the ions, so that the energy of each will be increased by a 
finite amount, which it will lose by collision. When, how- 
ever, the masses are as different as they are when the carrier 
of the negative charge is an electron and of the positive 
charge a positive ion, the increase in the kinetic energy 
when they approach is practically confined to the body of 
small mass—the electron,—so that the positive ion has none 
to lose on collision. In this case the only collisions that give 
rise to a loss of energy are those of the electrons, and at low 
pressures the expression for the rate of recombination will be 


mP(U, 4 U2}, 


where X. is the mean free path of an electron, and U, and 
U. the mean velocities of the positive ion and electron 
respectively. As U. is large compared with U,, the rate 
of recombination of an eleetron and a positive ion is approxi- 
mately md3U_/X_. Since d is the same as for two ions, the 
rates of recombination for electron and positive ion and for 
negative and positive ions are as U_/A_ is to 24/2U ,/X,, 
assuming that the U's and X's for the negative ion are the 
same as for the positive. 

The velocity and free path are both greater for the electron 
than for the positive ion ; the value of the ratio of U/X may 
depend upon the nature of the gas. Thus for hydrogen, if 
the positive ion is the molecule, and the electron is in thermal 
equilibrium with the molecules, the average velocity of the 
electron is about 60 times that of the molecule. If we take 
the loss of energy of an electron at a collision as 6 per cent. 
(see Herz, Deuts. Phys. Gesell. Verh. xix. p. 268), it will 
take some 16 collisions to transfer the energy from the 
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electron to the molecules, so that the energy free-path will 
be about 16 times the geometrical one; but the geometrical 
free-path of the electron is 2:8 times that of a hydrogen 
molecule, so that the energy free-path of an electron is 
44-8 times that of a hydrogen molecule, hence when the free 
path of the positive ion is the same as that of the molecule 


U_= 60U,, 
A= 44:8X,. 


So that U_/A_=1:3U,/A,, and the rate of recombination 
of electrons and positive ions would be 1:3/2 4/2 or :46 times 
that of negative and positive ions. 


The Formation of Complex Ions. 


The method we used on p. 339 to calculate the rate of re- 
combination of positive and negative ions can be applied to 
find the rate of combination of any two attracting systems A 
and B. "We see that the expression (2) will always hold if d 
is defined to be the distance between the systems when the 
work required to separate them to an infinite distance 
starting from d is equal to the energy of a monatomic 
molecule at the temperature of the system. 

There is an attraction between an ion and an uncharged 
molecule, and if the two combine, the result is a complex ion. 
We suppose that the attraction between an ion and a mole- 
cule follows the same law as that between an electric charge 
and a metallic sphere. If the distance between the charge 
and the centre of the sphere is r, the work required to 
separate them to an infinite distance is e*)?/2r*, where b is 
the radius of the sphere and r is supposed to be considerably 
greater than b. Hence D, the value of d which occurs in 
the expression (2), p. 339, is given by 

eb? 


gps = BP. 


Thus D varies as 074, while for the recombination of oppo- 
sitely charged ions d varies as 071, 
At 0? C., 80 — 28/418 x 1078 em., hence 
2D! = P x 4:18 x 1078 ; 


6 will be of atomic dimensions ; we shall take itas 1078, with 
this value of b, 
D = 3:8 x 1078, 


This is only about one-hundredth part of d for two oppositely 
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charged ions. The rate of combination of the ions with un- 
charged molecules at low pressures is thus 


mpo D! (U2 + U, 2)! (X + c) 


where p is the density of the ions, ø that of the uncharged 
molecules, U; and U,, the average velocities of the ion and 
molecule respectively, and A; and X, their free paths. 

The rate of combination between ions of opposite signs is 


op (04 +UA (S. + =), 


where p' is the density of the ions of opposite sign to those 
whose density is p, and d at 0? C. is 4:18 x 107°. 

Now, though d is very much greater than D (in the case 
we are considering d? is 105 D?) yet c, the density of the un- 
charged molecules, is in general so much greater than p’, the 
density of the ious, that oD® is greater than p'd*. At atmo- 
spheric pressure ø is 2:7 x 10'?, so that unless p' is greater 
than 2:7 x 109, more ions at the beginning will unite with 
uncharged molecules to form complex ions than with ions of 
the opposite sign to form neutral systems. It requires very 
intense ionization to produce 10?? ions per c.c. at atmospheric 
pressure—far more intense than that produced by Hóntgen 
rays of anything like normal intensity, though not more 
intense than that which frequently occurs in ares and 
luminous electrical discharges; and unless the ionization has 
this high value, an ion will unite with an uncharged mole- 
cule to form a complex ion before it ends its career by 
combining with an ion of opposite sign. 

The life of a complex ion may, however, be so short that the 
proportion of complex to free ions never exceeds a small 
fraction. Let us suppose that when there are p complex 


ions per unit volume, kp dissociate per second. Then 
dp as Saf 3 2 2\ 1/2 1 E3 
leo kp+ pc D (U; +U,, ) (x. + - 


The maximum value of p/p is thus 
yi. 1 
3 3 331/2[ — Ep | 
ToD'(U? + Un’) (x: + n 


We proceed to calculate the value of k ; this value will 
depend upon the mechanism by which the dissociation of 
the complex ion is effected. We have not nearly as much 
direct information as is desirable on this point; there is one 
method, however, which it would seem must be operative, 
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though whether it is the only one at work is another ques- 
tion. This method is that of collision between complex ions 
and uncharged molecules. If, as the result of a collision 
between a complex ion and a molecule moving at high speed, 
more than a definite amount of energy is communicated to 
the complex ion, it will dissociate into a simple ion and an 
uncharged molecule. Ifa binary system A, B receive at a 
collision so much energy that 


1 MaMs 

2 Ma+ Mp 
is greater than the work required to separate A from B, the 
system will dissociate into A and B. In this expression 
M, and Mg are the masses, V4 and Vg the velocities of 
A and B respectively, and 0 the angle between V4 and Vz. 


The average value of cos Ó is zero, so that we may write the 
condition for dissociation as 


] M,aM 
MAR 9» Q 


where Q is the work required to separate A from B. In the 
simple case where the complex ion is formed by a positively 
electrified molecule combined with an uncharged molecule 
of the same kind, M,— Mg, and the condition for dissocia- 
tion is 


(V4? 4- Vpg— 2V.Vg Cos 0) 


M M 
r Va? + T Ve > Q, 


or T > 2Q if T is the kinetic energy of the complex ion. 
Thus any collision which transfers to the complex ion more 
than 2Q units of kinetic energy will produce dissociation. 
We have seen that the energy transferred at a collision 
between masses M and m is 


4Mm 
(M+ m)? 
where 0 depends on the geometry of the collision, e. g. the 


T sin? 6, 


minimum distance between the bodies, as well as upon: 


the law of force between M and m. 

The maximum amount of energy which can be transferred 
at one collision is T, and this is only possible when M,— M, 
and sin? 0—1 ; in this case the bodies in collision exchange 
energies. When M, and M; are very different, only a small 
fraction of the energy is transferred at a collision. It must 
be remembered that, though when there is a smaller trans- 
ference of energy at a collision, a molecule will gain less 
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energy when it collides with a faster molecule, yet it loses 
less when it collides with a slower ; thus the limiting energy 
when it attains equilibrium will be independent of the frac- 
tion transmitted av each collision. The time taken to attain 
this state will depend upon the fraction of the energy trans- 
ferred, and will diminish as the fraction increases. 

To dissociate the molecule, 2Q units of energy must be 
gained. 

Let us first take the case when the maximum amount is 
transferred at a collision : then the number of the complex 
ions dissociated per second is the number of collisions made 
by the complex ion with the molecules possessing more tban 
2Q units of kinetic energy. 

Let u be the velocity of the complex ion; then assuming 
Maxwell’s law for the distribution of velocities the number 
of molecules it meets per second having velocities between 
v and v+dv and which are moving so that the perpendicular 
from the centre of the complex ion on the path of the centre 
of the molecule is between p and p * dp is 


Bm? 1? iie 
4 E ) N 27 p dp e P" V . drv, 
where N is the number of molecules per unit volume, V the 
relative velocity of the complex ion and a molecule of the 
type wə are considering : 


V? = w4r?—Qureosd, . . . . (7) 


where $ is the angle between u and v. When all directions 
of $ are equally probable, the chance that $ is between ¢ and 
+de is sin d$. The number of collisions where $ is 
between $ and $--dó is thus 
hêm? 1/2 i . 

4 (=) Na pdp e-"* v? V dv sin $ do, 
but from (7) 
| VdV = uvsin $ d$, 
so that 


V2 
e sin p do = B dV. 


Integrating with respect to V, and since v must be greater 


than v, the limits of V are v+u, v— u, the result is 


gv (0? + 07); 


2A2 
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hence the number of collisions per unit time is got by 
integrating 


3,3 12 
4 s ) N r p dp e^ "* y2(u? + 3v?) dv, 


where the limits of integration with respect to v are from 
jmvz2Q to r=». 

If the maximum transference of energy, i. e. T, occurs at 
each collision, the integral of this expression with regard 
to v, from ine- 2Q to 4mv?— infinity, will be the number 
of complex ions dissociated per second. If the energy trans- 
ferred is only yT, then a single collision will not lead to 
dissociation unless yimv?=2Q. The number of collisions 
required when v’ is less than this value will be proportional 
to 4AQ/nu^, so that the rate of dissociation will be reduced to 
the fraction ymv?/4Q of the value just given. Hence the 
number of complex ions dissociated in unit time is equal to 


T er mu? , 
4( B Napap| fe v.£ (w+ 30?) y- 410° .di 


+ ( e hme? ng (U? + 3v?) dv], 


e 


where the limits of the first integral are from 
btm? = 2Q to yFmr?= 2Q, 
and for the second from 
yim?’ = 2Q to infinity. 


In cases iens there is appreciable combination, Q will 
be large in comparison with the energy due to thermal 
agitation ; hence. AQ will be large. Making the integrations 
und retaining only the terms which are most important when 
AQi is large, we find that the number of times each complex ion 
is dissociated per second is equal to 


1/3 
as Nap dp: y? j En 


=4 (s) Na pdp.AyhQe 1, 


If 80 is the average energy of a molecule at the absolute 
temperature Ô due to the motion of its centre of gravity, 


3 
Be S $h 
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and U,,, the average velocity of the molecules at the tem- 


perature 8, is equal to 2/(hmz)!?; hence the number of times 
each complex ion is dissociated per second is 

| 3Q "e 

2 U,, Ner p dp "Y ga * pe, 


where 4Mm . 


IE the collisions are like those between elastic spheres, 


2 
sin? @ —1— P . 
8 
where s is the sum of the radii of the colliding spheres. 
Substituting this value for y and integrating from ps0 to 
p=s, we find that the number of times a complex ion is 
dissociated per second 
2Mm à 3Q -32 
= Mane . Un 9g € Be, 
where m is the mass of a molecule, and M that of a complex 
ion. This is the value of £ in the equation (see p. 353), 


d 1 
^P = kp + apo DU + Unt)! (x + =) . (8) 


where p is the number of complex ions per unit volume. 
Where M is not very different from m, the factor 


4Mm 


(M pm) Nzas?U,, 


in & will be of the same order as the factor 


(U 2? - U, 5) (x + x) 


in the second term on the right-hand side of the equation ; 
hence the value of p/p when things are in a steady state will 
he of the order 


4() Q^ 
39 € Be 
280 | 
At atmospheric pressure and room temperature, o the 
number of molecules per cubic centimetre is 2:7 X 10? and 
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(see p. 352) D is about 4x107%; hence moD?’ is about 
0054. "Thus, unless the denominator in the expression for 
p/p is very small, the complex ions will only be a small 
fraction of the free ones. 

The following table gives the values of 2e~? for various 
values of x :— 


T Te—zr 

te ee rere U732 

Dues odia e ieee 0336 

CRISP ONE TEN :0148 

EE E 00637 

Bie T NEUEN "00266 

AY 4 usce vi vestes ‘00110 
OM is chicas ER "000453 
1 T 1'1x10-5 


Hence there are about as many complex ions as free ones 
when 3Q/80=6, and practically all the ions when 3Q/60 is 
greater than 12 are complex. Now, measured in volts 80 
at 0? C. is about 1/30 of a volt; hence at this temperature 
practically all the ions will be complex if 8, the work 
required to separate an ion from the molecule, is as great 
as 1/7 of a volt. 

These complex ions in virtue of their electric charges will 
attract uncharged molecules and form ions of a still greater 
degree of complexity. We see from the preceding investi- 
gation that if p, is the number per unit volume of complex 
ions which contain » molecules united to the original ion, 
then 


dt =— Èn Pn +a, Pn-)s 


when k, and a, are quantities analogous to the k and 
To D*(U? + U,?) (iti) in equation (2). The value of 
1 Ag 


Qna, the work required to separate a molecule from a 
complex ion, will diminish as n increases, and when it 
falls as low as a small multiple of 1/30 of a volt, the number 
of complex ions containing n or more molecules will be very 
small at 0? €. As long as Q, is large compared with 80, we 
should expect the number of ions containing n molecules to 
increase with the value of n. Thus when complex ions are 
formed at all they will not be all of the sume degree of 
complexity, but will include ions of different types. These 
different types will have different mobilities. Experiments 
on the mobilities of ions bave failed to reveal the existence 
of more thau one kind of positive ion, though Langevin’s 
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method, which has been very frequently employed, is pecu- 
liarly suited to detect differences of mobilities. Even when 
a mixture of different gases of widely different densities is 
ionized by Röntgen rays, the positive ions as determined by 
their mobilities are all of one type. When we ionize a 
mixture of, say, hydrogen and methyl iodide, we do not find 
positive ions of large mobility corresponding to the hydrogen 
and others of smaller mobility corresponding to the mathe 
iodide—uall the ions seem to have the same mobility. The 
reason for this will, I think, appear if we consider the times 
the ions exist in different states. 


Life of a Free Jon. 


Since the rate of combination of a simple ion with a 
molecule is (by p. 353) 
s172 a(l, 1 
ro D(U? Uy (1), 
T the average time the ion exists in the free state is the 
reciprocal of this quantity, the distance the ion moves in this 


time is U;T, and the number of free paths contained in 
this distance is U;T[X,, or 


i Las 


i e. 
N m 
In the case of the positive ion, U; and U,, will not be very 


different, and A; will be less than Am ; hence number of free 
paths will not be less than 


L Ui | 
To D? {U2+U,2}' 1 


1 
24/2. mo D? 


Since mo D? =:0054, the number of free paths described 
by the free ion before it unites with a molecule is about 60 
at atmospheric pressure and 0? C. The free path of an ion 
will in consequence of the charge be somewhat less than 
that of an uncharged molecule. The free path in air at 
atmospheric pressure is 1075 cm., so that the distance 
travelled by the ion in a free state will be somewhat 
less than 6x10-* cm. As the average velocity of a 
nitrogen molecule is 4:9 x 10*, the time the ion is free is 
only about 1:2 x 1079 second. This time will vary inversely as 
the square of the pressure, so that at a pressure of *76 mm. 
of mercury the free ion would exist for 107? second. As 
the mobility of a positive ion in air at this pressure is 
about 1000 cm./sec., the ion could move under an electric 
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force of 1 volt per cm. through 10 cm. while in a free 
state. Thus, if the gas between two parallel plates at 
this distance apart were ionized at this pressure and 
an electric field of 1 volt per cm. maintained between the 
plates, the positive ions would be driven against the 
negative plate before they had united with molecules, so 
that the mobility determined under these conditions should 
be that of a simple ion and not that of a complex one. 
With weaker electric fields some of the ions would become 
complex before they reached the electrode. Their average 
mobility would thus be smaller than that under the more 
intense electric field. 


Life of a Free Electron. 


We saw (p. 351) that when the mass of one of the two 
combining particles is very small compared with the other, 
the rate of combination is 


Tcl? (U? + Un? , i " 


where Ai is the free path and U; the velocity of the smaller 
particle. | 

This represents the rate of combination of an electron with 
a molecule. Since U; is very large compared with U», the 
rate is equal to U 


D? CE 
TaD! ~ 


_T, the average life of an electron in a free state, is the 
reciprocal of this, U,T/A; is the number of free paths 
described by the electron in the state, so that this number is 


1 1 EX " a 
mo D? = 0054 = 170 at 0? C. and (60 mm. 

Thus the electron describes about three times as many 
free paths as the positive ion; but whereas the energy 
free-path of a positive ion is of the same order as the 
geometrical free-path (i. e. 1l/N«s?) of a molecule, the 
energy free-path of an electron is very much greater than 
its geometrical free-path. 

The experiments of Herz and Townsend show that when a 
slowly-moving electron collides with a molecule of oxygen, 
it only loses a very small percentage of its energy; so that 
we may take the energy free-path to be of the order of 100 
geometrical free-paths, and the path of the electron in a free 
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state of the order of 170 x 100, or 17,000 geometrical free- 
aths. 

: Loeb, who has made some very interesting determinations 

of the life of the free electron in oxygen, finds that it lasts 

for about 25,000 geometrical free-paths of the electron 

(Physical Review, xvii. p. 89) ; this is of the same order of 

magnitude as that just found. 

From Loeb’s result, since the velocity of an electron at 0° C. 
is about 10’ cm./sec., we see that the life of a free electron in 
oxygen at atmospheric pressure is 25,000 x 4 x 1079/10’, or 
107! second. At the pressure of :'76 mm. of Hg the time 
would be 1/10 of a second. As the mobility of the electron 
at this pressure is at least 2 x 105, the electron would under 
an electric field of a volt per cm. have time to describe 
20,000 cm. before uniting with a molecule to form a com- 
plex ion. At the pressure of 7*6 mm. it could only describe 
20 em. 


-..s 


and n the number of ions per unit volume. It thus depends 
upon the intensity of ionization; but as with such intensities 
of ionization as are usually used in experiments on mobilities 
it would take at least a second for the ionization to sink to 
half-value after the ionizing agent has been cut off, the life 
of a charge must therefore be at least a second at atmospheric 
pressure, 2. e. more than a million times that of a free ion. 

The preceding calculation of the rate of combination of a 
free electron with an uncharged molecule is made on the 
supposition that it requires a finite amount of work to 
separate the electron from the molecule with which it is 
supposed to combine. There are, however, some molecules 
and even some atoms which cannot receive a negative charge. 
Thus, for example, when there are 8 electrons in the outer, 
layer of an atom, as in neon and argon, the addition of 
another electron to the outer layer would produce an unstable 
system which would dissociate spontaneously. Evidence 
derived from the study of Positive Rays shows that though 
there are many molecules both of elements and compounds 
which cannot receive a negative charge, there are others, 
such as the molecules of hydrogen. carbon, and oxygen, 
which are able to do so, and it is to these that the preceding 
investigation applies. 
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Life of a Complex Ion. 


We have calculated the rate at which ions are formed : we 
now proceed to consider the rate at which they disappear. 

If p is number of complex ions and p that of free ions per 
unit volume when things have got into a steady state, then 


p average life of a complex ion | 


p average lite of a free ion 


hence by equation (8), p. 357, 


average life of a complex ion 
— average life of a free ion x uo NAE E 
e a 3Q/280 


At atmospheric pressure woD*=-0054, and the average 
life of both an electron and a free positive ion is of the order 
1077 second. 

The following table gives the value of T, the average life 
of a complex ion, for different values of 3Q/8@ :— 


3Qj88.... 5. 10. 15. 20. 
T...... :086x10-7 5°8x10-7 5°3x«K10-5 7x10- 


Thus, until 3Q/80 approaches 20, the life of an ion in either 
the free or complex state is only a small fraction of a second. 
Hence, if the intensity of the ionization is such that the 
average life of a charge, i. e. the time which elapses before 
it combines with a charge of opposite sign, is as much as 
one second, the charge during its life will pass backwards 
and forwards between the free and combined states a large 
number of times. More generally, if more than one type ot 
complex is possible, the charge will pass in its life through 
each of these types a largo number of times, provided that 
for any one of these types 3Q/88 is not greater than 20. 

In any experiments on ions, such as those on their mobility, 
if the ions are under observation fora period comparable with 
one second, the measurements obtained for any property will 
be the mean of those corresponding to various types of complex 
ions and not those corresponding to anv one particular type. 
To beable to detect the different types of ions, we should have 
to employ methods where the times involved were comparable 
with the lives of the complex ions. 
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Chemical Combination. 


We proceed to consider the application of principles similar 
tothose we have been discussing to the general question of the 
combination of gases. Before chemical compounds are pro- 
duced by the combination of two gases A and B, complexes 
containing the molecules of A and B in close proximity must 
be formed. We have seen, however, that unless the work 
required to separate the constituents in a pair of molecules 
is a considerable multiple of the energy corresponding to 
thermal agitation, very few such pairs will exist. The work 
required to separate at temperatures far above that of lique- 
faction two molecules of a gas will not in general be large 
compared with tle energy of thermal agitation at those 
temperatures. If we take as the superior limit to the work 
required to separate two molecules the latent heat of vapori- 
zation of one gramme molecule divided by the number of 
molecules in a gramme molecule, the work required to 
separate two molecules of hydrogen is expressed by 1/100 of 
a. volt, that required to separate two molecules of nitrogen by 
1/16 of a volt, while the thermal energy at 0? C. is measured 
by 1/30 volt. Thus at this temperature the number o£ pairs 
of molecules of either hydrogen or nitrogen would be 
exceedingly small. Though the molecules of two gases 
may not be able to form pairs when the gases are pure, 
they may be able to do so when the gases contain ions. 
Complex ions will be formed : some of these will contain 
molecules of A, others molecules of B. If a complex positive 
ion containing a molecule of À unites with a negative one 
containing a molecule of B, an addition compound of A and B 
and the two simple ions will be produced. Again, a complex 
ion containing a molecule of A combined with a simple ion 
may form a still more complex one by uniting with a molecule 
of B. and in this way produce an addition compound of A 
and B and a simple ion ; the life of this compound will be 
much shorter than that of one formed by two complex ions : 
on the other haud, the number o£ free molecules of B will in 
all probability be much greater than the number of complex 
ions; so that, though they will not last so long, more of the 
compounds containing a single ion will be formed. Though we 
should expect ions to be very efficient promoters of chemical 
combination, we must remember that in many cases where 
gases are ionized, e. g., by Röntgen rays, the number of ions 
is such a minute fraction of the number of molecules that the 
amount of chemical action cannot be expected to be con- 
siderable, though it will be noticed that each ion may lead to 
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the formation of several molecules of the compound. There 
are, however, many instances of the effect of ions on chemical 
combination—such, for example, as the formation of new 
compounds such as ozone by what is known as the silent 
electric discharge. Again, Positive Ray Analysis shows that 
chemical action is very active in the negative glow in a 
discharge-tube. 

A similar effect to that due to ions would occur if, instead 
of ions, molecules possessing a finite electrical moment, i e. 
polar molecules, were mixed up with A and B. 

These polar molecules exert on neighbouring molecules 
attractions greater than those exerted by non-polar molecules ; 
so that, if P denotes a polar molecule, complexes (PA) and 
(PB) may be formed, though the number of pairs (AB) may 
be insignificant. 

The molecules of the aggregates (PA) and (PB) will 
themselves be polar, and will therefore exert considerable 
attractions on each other and on simple molecules, the work 
required to separate them may be a considerable multiple of 
B8 the energy corresponding to thermal agitation ; if this 
is so, the uggregates PA, B (PA, PB) will be produced in 
finite quantities. These aggregates are addition compounds 
of A and B and the polar molecules, so that polar molecules 
as well as ions may give rise to addition compounds. 

The attraction jiot«eon a polar molecule and a neutral | 
molecule will be less than that between an ion and the 
molecule if the distance between them is the same; and 
if the ions were as numerous as the polar molecules, we 
should expect the former to be more effective in producing 
chemical combination. But while it is easy to get a large 
number of polar molecules, e. g. by the introduction of a 
little moisture, it is not, as we have already pointed out, at 
all easy to get anything like the same number of ions ; so 
that the effect of polar molecules may, as in the experi- 
ments of Professor Baker, be more conspicuous than that of 
ions. 

Though ions and polar molecuies may in this way lead to 
the formation of addition compounds, it does not follow that 
the formation of these compounds would necessarily be 
followed by that of a true valency compound of A and B. 
Before two molecules À and B in close proximity can form 
such compounds, it may be necessary to do work on À and B 
before the atoms can rearrange themselves in the way 
necessary for the formation of such a compound. Thus, 
for example, though in the combination of H, and Cl, 
a great deal of work is given out when 2HCl has once been 
formed, yet before the rearrangement of the atoms necessary 
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for this can occur, work may have to be supplied to split up 
the H, and Cl, molecules : a catalyst which will either wholly 
supply this work or diminish the amount materially may be 
required. It is important to notice that ions and polar mole- 
cules, besides promoting the formation of addition compounds, 
may themselves act as catalysts. Thus, for example, the 
presence of an electron or the negative end of a polar mole- 
cule near the positive end of the system A—A will diminish 


+ — 
the work required to move A, from A_, promoting the re- 
arrangement of the atoms in the A molecule and thus acting 
as a catalyst. 

Thus the presence of either charged ions or polar mole- 
cules does two things, each of which promotes chemical 
combination :— : 

(1) It promotes the formation of addition compounds. 

(2) The ions and polar molecules act like a catalyst in 
helping the rearrangement of the atoms necessary 
to convert the addition compound inio the final 
chemical one. 


To form some estimate of the rate at which chemical com- 
bination might be expected to occur under the influence of 
ions and polar molecules, we may proceed as follows :— 

Let us take the case when, as in the union of hydrochloric 
acid gas and ammonia, one molecule of a gas A unites with 
one of a gas B to form a molecule of the compound. 

Let (A), (B) be the number of A and B molecules re- 

spectively per unit volume ; 
(p) the number of ions or polar molecules per unit 
volume ; 
(pA) the number of complexes per unit volume of an 
ion or polar molecule with a molecule of A. 

The addition compounds of A and B due to the ions may 
be of the type {(pA)(pB)} or {(p.A)(B) }. 

We shall suppose that addition compounds pass imme- 
diately into chemical compounds, and that these when once 
formed do not decompose; so that the rate of formation of 
these additive compounds is the same as that of the chemical 
one. 

Since the addition compound is supposed not to dissociate, 


4 (pA. pB) = a(pAYpB). . . . (9) 


© (pA, D) =a(paA)(B), . . . .(10) 


where a and a’ are the coefficients of combination of pA and 
pB and of pA and B respectively. . 


and 
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Now a and a’ are of the form (see p. 339) 
ofl, 1 
nÆ. (u? + E +a): 


This in a gas at atmospheric pressures and temperatures 
is of the order 
| md? x 109, 


d is the distance between the two combining molecules when 
the work required to separate them is equal to the energy of 
thermal agitation ; if one of these molecules hasa positive and 
the other a negative charge, as in the addition compound 
formed by complex ions, then (see p. 339) 


d=4'18x 10-8 and sd?x10?—2:3x 10-7. 


If all the ions are complex, and if there as are many A mole-: 
cules as B and the free ions distribute themselves equally 
between A and B, then 


(pÀ), 7 (pA). — (pB),= (pB)- — tp 
and (9) becomes 


d | a , 3 2: 
q (PA + PB) = ig = 16 x 10-7 p?. 


If {there is one ion for every million molecules, then at 
atmospheric pressure and 0" C. 


p = 27 x 10”, 


d 
dt (pA . pB) = 1:03 x 10". 

Now there are only 1:35 x 10? molecules of A and B per 
unit volume, so that with this rate combination would be 
complete in a time comparable with one second. We could 
not, however, get ionization approaching this in intensity 
except in intense electrical discharges through gases. For 
ionization by Röntgen rays one ion per 10!° molecules would 
be a high estimate, and in this case it would takea time com- 
parable with 105 second, or more than three years, for the 
combination to be complete. 

When the addition compound is (pA. B), the value of 
d is 4x10-? (see p. 352) and md’=2 x 10-7, hence a’ is 
of the order 2x10-?; and if all the ions are complex 
{pA)=p/4;- and 


(pA . B) = 5x 10-" p(B). 
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If there is one ion per million molecuies and tle gas is at 
atmospheric pressure, 


p = 27x 10%, 


(B) = 4x 2:07 x10"; 
so that 


7 (pA.B) = 14x10”, 


and the combination would be complete in less than one 
second ; if there was one ion per 10! molecules, the com- 
bination would be complete in about 3 hours. 

Let us now pass on to the case when instead of ions 
we have polar molecules. If m is the electrostatic moment 
of a molecule, the work required to separate two such 
molecules separated by a distance r is m?/r°, or if m=e x 10-8, 
e? x 1071/5? ; hence d will be given by 


2 —16 
eee = £g0, 
d? 
ax e t 0°C 
| cda 108 
So that 
dis d? = 418x10-2 
and cd?x10?-2 L3x10-17, 


Thus : 
| a (PA. pB) = 13x 10-” x (pA)(pB). 


We have to remember that in general a large proportion 
of polar molecules are free and uncombined. Let us suppose 
that only one per cent. are combined, and that those which 
are combined are distributed equally between A and B, 
so that (pA) =p/200=(pB) ; then 


d I3... | 
di (pA. pB) = i" 10-16 p?, 


If there is one polar molecule to 10* of the others, 
p=? x 10", so that 


> (pA . pB) = 2:37 x 10H, 


a rate which would make the combination complete in a 
little over a day. 

When the addition compounds are of the form (pA, B), 
since the work required to separate an electric doublet whose 
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moment is m from an uncharged molecule of radius 6 is of 
the order : 
(5) a, 


if d is the distance when this work is equal to the thermal 
energy at 0? C., then 


mM? e 
(js) irè = 8* = sioe 
m will be of the order ex 10-8 and b of the order 10-8; 
so that 
dé = 4:°2x%4:18x 1074 


or md? = 1'26 x 1077., 

Hence d ( 
dt 

If one in a hundred of the polar molecules are combined 

with the other molecules, (pÀ) 275/200. Hence at atmo- 


spheric pressure, if there is one polar molecule for 10! 
combining molecules, | 


(pA) = 135x 10", B = 1:35 x 105, 


pA . B) = 1:26 x 107 x (pA)B. 


and l 
üi q (PA . B) = 23 x10”; 


so that the combination would be complete in about one 
second. If there were only one polar molecule in a million 
of the others, the combination would be complete in about a 
minute. These numbers illustrate the enormous effect of 
traces of polar molecules on chemical combination. 


Velocity of Monomolecular Reactions. 


The investigation we gave for the rate of dissociation of 
a complex ion would apply to the dissociation of anv 
gaseous molecule if this is due to molecular impacts. In 
this case, if 

dP 


dt az 


Q Us s 
ie ie c. eum OLD) 


where @ is the absolute temperature, Q the energy required 


AP, 


k is of the form 
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to dissociate the molecule, U,, the mean velocity of the 
molecules at the temperature 0, and X the mean free path of 
the molecule ; U,/X is the reciprocal of the time of relaxation 
of the gas, and is proportional to the pressure. 

The subject of monomolecular reactions has excited a good 
deal of attention, and expressions for the rate have been 
published by Dushman (Journal of the Franklin Institute, 
elxxxix. p. 515), Trautz (Zeitsch. für Physik, xi. p. 113, 1920), 
Rice (Phil. Mag. xlvi. p. 312), and McKeown (Phil. Mag. 
xlvi. p. 321). A general account of what has been done in 
this subject, together with a bibliography,is given by Harned 
(Proc. Franklin Inst., Aug. 1923). None of these authors, 
however, attributes the dissociation to molecular impacts ; in 
fact, the laws of dissociation have been supposed to rule this 
explanation out of court. I pointed out in my * Applications 
of Dynamics to Physics and Chemistry,’ p. 201 (1888), a 
difficulty which is met with by supposing that the decom- 
position of gaseous molecules is due to collision. "This may 
be put as follows :—If m is the number of undissociated 
molecules, k, the rate of dissociation, n the number of 
atoms, A34? their rate of combination, then when things 
are in a steady state 

kim = kon. 


It follows from thermodynamical principles that m/n? is not - 
affected by the presence of a neutral gas; but if the disso- 
ciation is due to molecular impacts, kı will be increased by 
the introduction of an inert gas, for the number of impacts 
will be increased, and if the presence of the inert gas does not 
increase the number of combinations, n?/m would be increased, 
which is not the case. The argumentis sound if the statement 
in italics is true. We have seen, however, in the discussion 
of the rate of recombination of gaseous ions that this rate is 
affected by the pressure of the gas, and that when this pressure 
is not too high the rateis directly proportional to the pressure, 
and this result is confirmed by Thirkill’s experiments on the 
rate of recombination of ions. This result ought to apply, if 
the theory is correct, to all cases of gaseous recombinations 
which occur in the body of the gas and not ou the sides of 
the vessel in which the gas is contained. 

The rate of recombination of dissociated atoms would be 
increased by the presence of a neutral gas; thus k, will be 
increased, and if n?/m is to remain constant, 4; must increase 
too, as it would do if the dissociation were due to collisions. 
Thus the laws of dissociation support the view that the disso- 
ciation is due to collisions. 

Phil. Mag. S. 6. Vol. 47. No. 278. Feb. 1924. 2 B 
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Professor Perrin (Ann. de Chemie et de Physique, xi. p. 5) 
quotes the absence of appreciable electrical conductivity in - 
many cases of chemical combination as an objection to ihe 
view that ionization is due to collisions, for we know from 
experiments on Positive Rays that rapidly-moving molecules 
ionize by collision the gas through which they are moving. 
It is known, however, that this ionization does not take place 
to any appreciable extent unless the energy of the moving 
molecules exceeds a critical value which is very high (the 
lowest value vet found by experiment corresponds to 300 
volts, which is far in excess of the energy required to 
dissociate a molecule into neutral atoms). 

Experiments have been made to test the truth of various 
expressions for the rate of monomolecular reactions: the 
dissociation of phosphine (Trautz, Zeitschrift Anorg. Chem. 
cvi. p. 95, 1919), Ha, Iz, Bre, Cl; (Dushman, loc. cit.), have 
been used for this purpose. It must, however, be noted 
that when Q/RÓ is large, as it is For all these gases, the 
factor e~@R@ which occurs in all the expressions for k 
so dominates its value that a small percentage change in 
the value assigned to Q would more than cover the dif- 
ferences in the other factor occurring in the value of k 
given by different writers. A more searching test would 
be to find the values of k at a given temperature for I, or 
N,O, when these gases are mixed with inert gases at different 
pressures, care being taken that the effects due to the walls 
of the vessel are eliminated. Experiments with this object 
are in progress at the Cavendish Laboratory. 

From equation (11) we have, since U,, varies as 6, 


gne ed 

dlog@ | RO 2° 
Since Q/RÓ is large, this is a close approximation to the 
empirical formula given by Arrhenius : 


d log k "m Q 
d log 8 ~ RO 


When the substance concerned in the monomolecular 
reaction is a solid and not a gas—uas, for example, in the 
problem of the rate of sublimation of a solid—we cannot 
suppose that impacts between the molecules are the cause 
of the transference of large quantities of energy to the 
molecules which are liberated from the solid. We can, how- 
ever, on lines analogous to those used for gaseous reactions, 
obtain an expression for Ñ, 
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The molecules of a solid are arranged along lattices, and 
if une of the molecules is struck, a pulse will spread through 
the system, displacing the molecules as it passes over them. 
Thus we may regard the solid as the seat of a very large 
number of pulses which are continually displacing the mole- 
cules from their equilibrium positions. These pulses are so 
numerous that each molecule is affected by a very large 
number of them simultaneously, and the phases of the 
different pulses are arbitrarily distributed. Thus the effect 
of these pulses on the displacement of a molecule will be 
obtained by the same rule as that which gives the resultant 
of a large number of displacements of arbitrary phase. This 
problem was solved by Lord Rayleigh (‘Theory of Sound,’ 
2nd edit. vol. i. p. 42), who showed that the probability of 
the amplitude being between r and r+dr was in the three- 
dimensional problem 


E | : 
3 VAa € L r'dr, ©. © oè oò œ (12) 


where n is the mean value of 2°. 

The energy of the molecule is proportional to 7?, and 
if we assume that the mean energy of the molecules is as in 
a gas proportional to the absolute temperature and denote as 
in a gas 2/3 of this energy by R6, the probability of a 
molecule having energy between T and T -- dT is, from (12), 


2A / L eT yT 
i toy’ /T. aT. 
The probability of a molecule having energy greater 
than Q is therefore 


1 S eom n 
aM gg ke V/T.dT. 


An approximate value of the integral when Q/R@ is 
large is x 
RO "A /Q ; 


«o that the probability of the molecule having energy greater 
than Q is approximately 

EN p QW 

VT | 

It should be mentioned that this result does not depend 

upon all the impuises having the same intensity ; it holds 


when the pulses have different intensities, provided there 
2B2 


(13) 


372 SirJd. J. Thomson on Recombination of Gaseous Ions 


are always enough of each type acting on a molecule to 
justify the employment of statistical methods, 

If Q is the work required to separate the molecule from 
the solid, (13) will give the probability of a molecule at the 
surface being in a condition to escape from it. To find 
the rate at which they escape, we must find the rate at 
which the supply of these active molecules is renewed. 

It is evident that after a time equal to that which a pulse 
- requires to travel over a distance equal to its thickness, 
the distribution of resultant intensities will change entirely : 
the molecules which at first were at places where the super- 
position of the pulses was such as to give a large resultant 
will no longer do so; on the other [rs some molecules 
which are at places where the resultant amplitude had pre- 
viously been small will now find themselves vibrating with a 
larger amplitude. Thus T, the time taken by a pulse to pass 
over a distance equal to its thickness, is the average time taken 
by the molecules which are in a particular state with respect 
to energy to change into another state. "Thus, if P is the 
number of molecules which have energy greater than Q, 
P/T will be the number whieh pass out of this state per 
second, and this when things have settled down into a steady 
condition will be the number whieh in one second acquire 
energy greater than Q. Hence, if N be the number of 
molecules, the number that pass per second into a state 
where the energy is greater than Q is 


l2N ( Q Jes. 


T yr \RO 
So that i5 x 
uc o 7 ( WY.-Qn 
k= Nr (ro) qne 


* 


To determine the value of T, we notice that pulses of the 
kind we are considering will not only excite the motion of 
the molecules, but will also start pulses of radiation of the 
same duration. All bodies give out a continuous spectrum in 
which An, the wave-length where the energy is a maximum, 
is by Wien's law inversely proportional to the absolute 
temperature and at 0? C. is about 107? em. If we regard 
this light radiation as made up of pulses, A, will be a 
measure of the average thickness of the pulse and A,,/e, if ¢ 
is the velocity of light, will be the duration of the effect 
which gave rise to the pulse. If we suppose that the 
radiation arises from the pulses of molecular displacement, 
this will be equal to T, so that 'l'2 A, /c. 
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Thus k, the rate of monomolecular reaction in a solid, will 
be given by the equation 


B An A/ Tr R8 


Since X, is inversely proportional to 6, 


dloggK  Q 
dlog@ ^ Ro* * 
The value of k for a solid bears to that for a gas, Q and 8 
being the same for the gas and solid, the ratio of 


c QU, 
im (xo X^ 

where X is the mean free path of a molecule and not a 
wave-length. 

Since at 0? C. c/A,=3 x 10? and U,/X is of the order 10° 
at 760 mm., we see that unless Q/R@ is exeeptionally large, 
or the pressure of the gas very high, the value of & for a 
solid will be considerably greater than that for a gas. 


Influence of the Walls of the Vessel on Gaseous Reactions. 


The expression we have deduced for the rate of gaseous 
reactions is founded on the assumption that these take place 
in the body of the gas. Van’t Hoff long ago showed that the 
walls of the vessel in which the gas is contained often exert 
great influence on the velocity of the reaction. A very 
striking instance of this effect is given by Bodenstein 
( Zeitsch. f. Physik. Chem. xxix. p. 689), who found that the 
combination of hydrogen and oxygen at the temperature of 
600? occurred entirely at the surface of the vessel in which 
the gases were contained. 

The conditions for chemical combination at a surface are 
quite different from those for the body of the gas. It would 
seem that the first stage towards the union of two atoms or 
molecules A, B would be for these to form molecuiar com- 
pounds with the molecules at the surface, and give rise to a 
surface laver of molecules which may be denoted by SA, SB. 
SA and SB then form addition compounds, from which AB 
Is deposited on the surface; it may subsequently evaporate 
and find its way to the body of the gas. 

With regard to the formation of SA, SB, the molecules of 
the solid are so close together that the opportunities of getting 
rid of superfluous energy are great enough to make almost 
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every molecule which strikes against the surface form a 
molecule compound with it if it is clean. 

Thus the rate of formation of these molecular compounds 
will not be affected by the pressure of the inert gas, nor will 
the rate of formation of the addition compounds formed from 
the systems SA, SB condensed on the surface. Again, the 
rate at which AB evaporates from the surface will be 
expressed by a formula similar to that for the evaporation 
of a solid. Thus in this case the only way an inert gas can 
affect the rate of the chemical reaction is by forming a layer 
on the surface of the solid and protecting it from the action 
of A and B. This would retard the combination, while for 
reactions in the body of the gas the effect of the inert gas 
would be acceleration. Thus it is necessary in studying 
gaseous reactions to separate the part occurring on the 
surface from that occurring in the body of the gas. | 

Another view of the origin of monomolecular reactions is 
that they are due to radiation. The energy in the black 
body radiation at @ with a frequency between v and v 4 dv 
is proportional to 

o Av/RO. 


c^ R8 c] 


dv, 
or, if Av/ RO is large, to 
v? . hv/RO e- "^ Rdv. 


If the monomolecular reaction was due to radiation within 
a small range of frequency—fixed for each substance—and 
proportionai to the energy of this kind of radiation, the 
expression for the rate would contain the factor e7* F6, and 
if v were determined by the quantum relation 


-Q = h, 


this factor. would become e-9 F5, which is the law indicated by 
experiment. This view is, however, open to very serious 
objection, for, as Professor Lindemann has pointed out, the 
intensity of the radiation mav by artificial illumination 
be increased many thousandfold without any commensurate 
increase in the rate of the reaction. It is not, as we have 
seen, necessary to have recourse to radiation to get the 
factor e-l F? in the expression for the rate of radiation. 

The expressions for the velocity of chemical reactions 
illustrate and explain the enormous influence of water-vapour, 
of surface effects, of impurities, of catalysts generally 


LS 
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upon the progress of chemical combination. For these 
eapicasion: for the rate of the reaction contain as a factor 
e72 E^ where Q is the work required per molecule to bring 
the substance from the initial to the final state. When Q is 
large compared with R6, this factor is exceedingly small. . 

If the circumstances are such as to admit of the transition 
from the initial to the fiual stage taking place in two stages 
instead of one, the velocity of the reaction may be increased 
enormously. To take an example: suppose the complete 
reaction involved a value of Q represented by two volts, the 
factor ec V/R^ would at 0? C. be equal to e—; if, however, 
the change took place in two stages, the factor e-9E9 for 
each stage would be e-?" (supposing the energy changes 
to be equally divided between the two stages). Now e-? 
is about 1085 times e-9?, so that the velocity of the reaction 
would be increased more than a billion times by dividing it 
into two stages. 

The effect of polar molecules, of free surfaces, of impurities, 
&c. is to provide opportunities for the formation of phases 
intermediate between the initial and final one, such that the 
transference from one phase to the next requires the expen- 
diture of much less energy than that from the initial to the 
final one. These small energy changes go on with so much 
greater rapidity than the large one, that though several are 
required to complete the change from the initial to the final ` 
state, this is overbalanced to an overwhelming extent by the 
much greater rapidity of the individual changes. 

To take an example : if the reaction we are considering is 
thedissociationof AB into A and B. If polar molecules such as 
those of water are present, the addition compound represented 
by H,0(AB)H,O might be formed; this could dissociate 
(1) into H,O.A and H40. B, and (2) these again into A, B. 
and H,O. If each of the changes (1) and (2) required less 
energy than the direct change AB —A +B, the rate of 
dissociation would be increased greatly by the presence 
of the polar molecules. 

A similar effect might be produced by a surface on which 
AB could condense, forming addition compounds with the 
molecules at the surface, which we may denote by S. AB. 55; 
these may dissociate into SA, SB, and these again into 
A, B, 8. 

The formation of these intermediate compounds may so 
accelerate the rate of reaction, that the difference between 
effects when they are present and when they are absent may 
be so large as to justify the statement that the presence of 
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the agents which produce these intermediate compounds is 
necessary for the chemical reaction. 

As the effects produced are so large, a very small quantity 
of these intermediate compounds may produce a very pro- 
nounced effect on the reaction. 

It is necessary.to be alive to the fact that even when we 
are dealing with such au apparently simple case as a mono- 
molecular reaction the actual processes involved mav be 
much more complex than those which appear on the surface. 
Thus, for example, the reaction investigated by Cohen on the 
decomposition of As. H; by heat (Zeitsch. Physik. Chem. xxv. 
p. 483) is often cited as a proof that gaseous dissociation 
cannot be produced by collision, since Cohen found that it 
was not measured by the presence of a neutral gas. It is 
probable, however, that the dissociation took place at the 
sides of the vessel, since the nature of these surfaces had a 
great effect on the velocity of the reaction. If this is so, we 
should not expect the rate to be affected by the presence of a 
neutral gas, and the experiments do not touch the question 
whether or not collisions may in certain cases produce 
dissociation. 


Summary. 
The paper contains investigations— 


(1) On the rate of recombination of positive and negative 
ions, it is shown that the coefficient a is, at not too high 
pressures, given by the equation 


T 1 
a= wd3(U ,?+ U_*)t Gtx) 
and at high pressures by 
2 
a= Ind (U ,? 4- U_?*):, 


where d is given by the equation e?/d= 89, where 86 is the 
energy of an atom of a monatomic gas at the absolute 
temperature 0, U, and U_ the average velocities of the 
polar and negative ions, X, and X.. the energy free-paths of 
these ions. It follows from these expressions that when the 
pressure is low, a is proportional to the pressure, which is in 
accordance with Thirkill’s experiments. At higher pressures 
a should be independent of the pressure. The numerical value 
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for æ for air at 0°C. and 760 mm. given by the preceding 
expression is in very fair agreement with the value found by 
observation. 

(2) The values for X, and À, are not the same as X for an 
uncharged molecule: it is shown that X,/X is a function of 
(w/80)}, where 80 is the same as before and w is the work 
required to separate a charged ion from an uncharged 
molecule with which it is in contact. 

(3) When the negative charge is carried by electrons, 
special consideration is required in consequence of the dis- 
proportion between the masses of the electron and the 
molecules with which it comes into collision. It is shown 
that the energy free-path of an electron is exceedingly long, 
unless the energy of the electron when in collision with an 
electron in a molecule of the gas is comparable with the 
ionizing potential of the gas. 

An expression is found for the rate of recombination of an 
electron and a positive ion. 

(4) The rate of formation of complex ions is investigated, 
as well as the proportion between simple and complex ions 
when the gas is in a steady state. It is found that the 
condition that the ions should be mainly complex is the same 
as that for the free-path of an ion being much less than that 
of an uncharged molecule. Expressions are found for the 
periods which elapse before a simple positive ion becomes a 
complex one or an electron becomes a negative ion: the 
values obtained for the latter are of the same order as those 
found by Loeb in his experiments on this point. 

(5) In the latter part of the paper the same principles are 
applied to Chemical Combination. Expressions are found 
for the rate at which two gaseous systems A and B combine, 
and also for the rate at which the compound AB dissociates. 
If p and g are the number of units of A and B respectively 
in unit volume, apg the number which recombine per second, 
«a is given by an expression of the same form as that for 
the coefficient of recombination of positive and negative ions, 
and at not too high pressures is proportional to the pressure. 
The rate of decomposition of the gaseous compound AB is 
determined on the hypothesis that it is due to collisions with 
the molecules of the gas; the objections which have been 
urged against this type of dissociation are shown not to be 
valid when the combination takes place in the way we have 
supposed. 

(6) The effect of polar molecules in hastening chemical 
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combination by promoting the formation of polar molecules 
is investigated and found to be very large. 

(T) An expression for the rate of monomolecular reactions 
in solids such as that of sublimation is obtained, and the 
great influences of surfaces such as the walls of the vessel in 
which the gas is contained ou the rate of chemical reaction 
is indicated by the investigation. 

Monomolecular reactions are regarded as due to the accu- 
mulation of thermal energy in particular molecules until 
these have sufficient energy to dissociate or evaporate as the 
case may be. Maxwell’s law of the distribution of energy 
among the molecules of a gas expresses the fact that owing 
to collisions the energy accumulates in some molecules until 
it reaches a value far above the normal, though naturally the 
number of molecules which have energy much in excess of 
the normal diminishes rapidly as the excess increases. In 
gases the accumulation of energy is due to the collision 
among the molecules of the gas. In solids where the 
molecules form connected space-lattices the transference 
and accumulation of energy is due to pulses of displacement 
of molecules travelling in great number through the solid 
and producing by superposition effects whose magnitudes 
are governed by the same principles asthose which determine 
the resultant amplitude of a large number of vibrations of 
arbitrary phase. 

The expression for the rate of the monomolecular reaction 
contains two factors, one expressing tlie number of molecules 
which have the energy necessary for the change : this factor 
is of the form e-8/F9, where Q is this energy and @ the absolute 
temperature ; the other factor expresses the rate at which 
molecules enter or leave the state. In gases this rate is 
inversely proportional to the time between two collisions, 
i.e. directly proportional to the number of collisions made 
by a molecule per second; in air at 0? C. and 700 mm. 
pressure this would be of the order 5x10?. In solids 
the time concerned is the duration of the passage of a pulse 
of light whose thickness is 10—? em. at 0? C. over a molecule ; 
this is 1/3 x 10? seconds, and the rate factor is 3 x 10” : 
thus these reactions would tend to go on much more rapidly 
at the surface of solids than in the body of a gas. 
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XXX. The Motion of Electrons in Neon, By V.A. BAILEY, 
M.A., D.Phil., Oxford, Associate Professor of Physics, 
University of Sydney". 


1. i the account of experiments on the motion of electrons 
in argon and in helium recently published in the 
Philosophical Magazine f by Professor Townsend and myself, 
we gave a description of the methods used to investigate 
these gases. The same apparatus has now been used for the 
investigation of the behaviour of electrons in neon. 

A quantity of neon containing about 1 per cent. of helium 
was very kindly supplied by M. Georges Claude, of Paris. 
No attempt was made to remove any of the helium, as this 
requires the use of liquid hydrogen, but all the common 
impurities were removed by passing the gas over charcoal 
at liquid-air temperature, before admitting it into a glass 
reservoir. | 

The measuring apparatus was tested for gas-tightness over 
a period of four weeks and found to have no perceptible leak 
in that time. 

It was considered advisable to purify the gas again by 
passing it through a small charcoal tube interposed between 
the reservoir and the measuring apparatus and immersed iu 
liquid air. The gas was generally kept in contact with the 
charcoal for about an hour before being admitted to the 
apparatus. ` l | 

he same precautions as before were taken to prevent 
access of mercury vapour to the measuring chamber. 


2. The experimental results are given in Table I., with the 
following notation :—- | 


p the gas pressure in millimetres of mercury, 
Z the electric force in volts per centimetre, 
W the velocity of the electrons in the direction of the 
electric force, in centimetres per second, 
k the factor by which the energy of agitation of the 
electrons exceeds that of an equal number of gas 
molecules at 15° C. 


° Communicated by Prof. J. S. Townsend, F.R.S. 
t Phil. Mag. Nov. 1922 and Oct. 1923. 
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TABLE I. 

"- | Z. Zjp. | k. Wx10-5. 
80 4-28 ‘0535 21:2 3-25 
80 6:4 08 29-5 3:50 
80 8:56 ‘107 | 366 | 4:08 

^ 80 171 214 653 | 510 
40 855 214 665 | 5:12 
80 25:5 32 935 | 

pacc rcp rm E a cc | p—— 

80 34:2 428 119 = 
40 171 428 122 6:55 
40 | 25:5 ‘64 167 81 
37 | 255 69 180 
40 |) 344 86 198 10:3 
90 172 *86 183 

| 20 ^ 258 1:29 225 | 165 

| 90 24:3 172 264 29-9 

| Jo | 172 172 034 

! 10 34-3 343 304 | 460 

| 5:05 17-0 3:36 258 " 

| 5:15 31:3 6:67 320 81-0 

| 2:5 170 68 310 


Each of these results is the mean of several determina- 
tions made with different samples of the gas, the following 
set being ty pical :— 


p. Z. Zip. k. Wx1075. 
30 173 315 667 5:35 
80 172 215 63:0 5-18 
80 17-2 ‘215 64-5 5-04 
80 17-0 212 65:4 505 
80 17-0 312 66:6 4:90 


The method of determining k and W is illustrated by the 
following example, the electrodes on which the stream of 
electrons was received being arranged as shown in figs. 1 
and 2 in the paper on argon *. For p=80 and Z=17 it 
was found that the fraction 11—:329 of the stream of elec- 
trons settled on the middle electrode, and that a magnetic 
force of strength H —250 was necessary to divert the centre 

* Phil. Mag. Nov. 1922, p. 1055. 
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of the stream to the nearer air-gap. From the Standard 
Distribution Curve" it is seen that tbe ratio Z/k has the 
value :260 for R.2—:329, so the value of k is determined to 
be 65:4. The velocity W is calculated by means of the 
formula WH/Z-tan60, 0 being the angle of deflexion of 
the stream due to the magnetic force H. Preliminary 
experiments having given the value :0742 for tan 0, W is 
thus found to be 5:05. 

The results given in Table I. are represented by the curves 
in figs. 1 and 2, which give the values of W and & for 
different values of the ratio Z/p. 


3. In Table II. are given the values of the mean velocity 
of agitation u of an electron, its mean free path lat | mm. 
pressure of gas, and the proportion X of the energy of an 
electron which is lost in a collision with a molecule, these 
three quantities having been calculated from the above 
values of W and k by means of the formule 


u = 1:15 Vk x 107 em./sec. 
l = (TWu/Z) x 107!5 em. 
A = 2:46 Whe. 


TABLE II. 
Neon containing 1 per cent. of helium. Pure Neon. 

v dcr C c E Cc E e E SS g a = ~ 
‘Zip, k. Wxl0-% ux10—,. 1x10. AXIO. ,x105  A,x10*. 
U6 235 3:3 558 21:5 8:6 22:3 79 
1 31:5 3°95 6°75 187 8&4 19:8 78 
à 62:0 5:0 9-05 15:8 T5 16:2 6:9 
3 890 a7! 10°85 14:5 685 14:8 6:3 
4 114 6:35 12:3 1377 6:6 14:0 5:8 
5 1837 7:05 13:5 13:8 67 135 58 
6 158 795 Wd 18-4 T4 13:3. 5:5 
8 194 9:65 16:0 13:5 9:0 137 6:9 
]23 235 15:0 17:6 15:4 17:9 15:6 
20 275 27:0 191 18:0 49:0 18-3 
40 308 53:0 009 . 187 170 19:0 
60 316 145 204 177 330 18:0 


* Ibid. p. 1039, fig. 3. 
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4. The proportion of helium present in the gas was deter- 
mined by comparing the density of the latter with the known 
density of pure neon. The density of the gas was found by 
weighing it in a 250 c.c. flask aud also weighing dry air 
(free from CO,) in the same flask. It was found to be *690 
of the density of air, and since the corresponding ratio in the 
case of pure neon is known to be ‘696, it follows that the gas 
contains 1 per cent. by volume of helium. 

The values of l and X for pure neon may now be calcu- 
lated from those given in the fifth and sixth columns of 
Table II. by means of the formule | 


1/1 = 01/7, +°99/L,, 
All = ‘Ol Aa la + 99 Xn Js 


where J,, Aa are the values of the free path and the fraction 
. of energy lost for helium which were published recently *, 
and /, A, are the corresponding quantities for pure neon. 


Fig. 3. 


Values of l, and X, calculated in this way are given in the 
last two columns of Table IL., and those of l, are represented 
by a curve in fig. 3. For purposes of comparison the curves 
for hydrogen, helium, and argon are also given in this figure. 


* Phil. Mag. Oct. 1993. 
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It may be noticed from fig. 3 that for velocities u less 
than 10° the free paths are in the same order of magnitude 
as the atomic numbers. The lengths of the free paths 
deduced from viscosity measurements are indicated by short 
horizontal lines on the right border of fig. 3, and these are 
seen to be entirely different from the values deduced directly 
from the motion of the electrons. This emphasizes the 
dangers of the common practice of assuming values for 
the free paths of electrons which are deduced from measure- 
ments of viscosity, and also of assuming that they may be 
taken as independent of the velocity. 

For each gas there is a range where / increases consider- 
ably as u diminishes, a property which has been shown to 
exist also for nitrogen, oxygen, carbon dioxide, carbon 
monoxide, and nitric oxide. ! 

All four gases have minimum values of /, which corre- 
spond to velocities of about 1'4, 1:4, 57, and 9:6 volts for 
hydrogen, helium, neon, and argon respectively. 

If it were assumed that the collision between an electron 
and an atom of an inert gas resembles that between two 
perfectly smooth and elastic spheres of masses m and M 
. respectively, a simple calculation shows that the value of X 

should be 2m[M. In the case of helium, neon, and argon 
this ratio has the values 27 x 107?, 5'4 x 107?, and 272 x 107° 
respectively, which agree with the lowest of the experi- 
mental results as far as the order of the quantities is 
concerned. But this approximate agreement must not be 
taken as indicating that the collisions are to be treated as if 
the electrons collided with elastic spheres of fixed diameter, 
for the results show that with the smaller velocities there are 
many collisions in which the electrons are not appreciably 
deflected, and, if these collisions were taken into considera- 
tion in estimating the average fraction of energy lost in 
each collision, the values of X obtained would be much 
smaller than the numbers given in this and in the previous 
papers to which I have referred. 


This investigation has been carried out in Professor 
Townsend's laboratory, and I am also indebted to him in 
many other ways which assisted it to a successful ter- 
mination. | 
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XXXI. The Muss-spectra of Chemical Elements.—Part V. 
ddccelerated Anode Lays. By F. W. ASTON, D.Sc., 
F.R.S., Fellow of Trinity College, Cambridge *. 


FENHE last communication of this series f. contained a 
description of work carried out up to the end ot 1922. 
It was there pointed out that the difficulties in the way o£ 
extending the method of mass-spectrum analysis to other 
elements lay not so much in the unaiysisasinthe production 
of their mass-rays f. It was particularly desirable that a 
method should be evolved to give the mass-rays of the metallic 
elements which form so much the greater number of those not 
vet analysed. In this connexion it is of interest to note that, 
of all the ordinary non-radioactive non-metallic elements, 
only one, Tellurium, had failed to give a mass-spectrum. 


Erperiments with a Vacuum Arc. 


The first essay in this direction was an attempt to draw 
out the ions formed in a vacuum arc between metallic points. 
The writer is indebted to Professor Merton for this sug- 
gestion, and also tor advice as to possible means of carrying 
it out. An arrangement was made by which a heavy current 
could be automatically interrupted between a vibrating iron 
wire and the extreme edge of a stationary brass plate. ‘The 
use of these metals insured the presence of at least three 
ditferent types of iens all of reasonable mass. ‘The deviee 
was simply a modification of the old Ruhmkorf interrupter, 
and the arcing was increased by introducing an inductance 
iuto the circuit. After a few trials it was found possible to 
maintain a strong discontinuous arc in a high vacuum for 
considerable periods. This are was placed a few millimetres 
away from the pierced cathode of any ordinary parabola 
positive ray analyser, and its position carefully adjusted 
until it was exactly in line with the fine tube. The whole of 
the apparatus producing the arc was now maintained at a 
hich potential of 20 to 30 kilovolts above that of the earthed 
cathode by means of a coil and rectifying valve. 1t was 
hoped that by this means some of the positive ions would be 
attracted out of the are by the powerful electric field, and 

* Communicated by the Author. 

t Phil. Mag. xlv. p. 924. . 

t The term *'masseays" has been suggested by Andrade (‘The 
Structure of the Atom,’ p. 83) to cover all &wiitly moving particles of 
matter other than electrons. It therefore includes canalstrahlen, positive 
rays, anode rays, ete., each of which has a more limited meaning. The 


term seems admirably suited to its purpose, and in my opinion is à very 
welcome addition to the vocabulary of the subject.— F. W. A. 


Phil. Mag. S. 6. Vol. 47. No. 278. Feb. 1924. 2C 
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would form a stream of mass-rays directed down the fine 
tube of the analyser. - 

Many experiments were made, some with very prolonged 
exposures, but in no case was any trace of a parabola 
detected, and the method was reluctantly abandoned as 
impracticable. This is unfortunate, for had it succeeded it 
would doubtless have been as generally applicable as the arc 
in the optical spectra. The reason for so complete a failure 
is not obvious, but it is possible that though the abstracting 
field was of the order of 100 K.V. per cm., the local fields in 
the arc may have been even greater. 


Experiments with Anode Rays. 


After this set back the only remaining hope appeared to 
lie in anode rays. Of the two methods for producing these 
rays, described in the pioneer work of Gelrcke and Reichen- 
heim, one, the Hot Anode method, had already been applied 
to the mass-spectrograph, but, although by its means the 
composition of the alkali metals* had been ascertained, it 
gave little hope of wider development. The other, which 
made use of a Composite Anode composed of a mixture of 
graphite and metallic salts, gave more promise, as it had 
already been applied with success by G. P. Thomson to the 
parabola method of analysis in the case of the lighter 
elements of groups I. and II.f A preliminary set of expe- 
riments was therefore undertaken to find out the best method 
of obtaining an intense beam of rays in a given direction 
under conditions suitable for use with the mass-spectrograph. 

It is not intended to describe these experiments in detail. 
Discharge-tubes of a great variety in size and shape were 
tried, and the electrodes placed in all sorts of positions, -Hot 
tungsten subsidiary cathodes were used in some cases in the 
hope of lowering the working pressure but without success. 
The same parabola analysis apparatus which bad previously 
given the lithium parabolas f was employed in the tests. The 
same mixture of lithium, sodium, and potassium halides was 
used on the anodes, so that the relative efficiency of each 
type of apparatus could be quickly gauged by the visual 
brightness of the Li* parabola on the willemite screen. After 
a month of continuous work, a form of apparatus had been 
evolved which was capable of giving a strong visible lithium 
parabola continuously for several minutes. At this stage it 
was considered worth while applying the method to the 


mass-spectrograph. 
* Phil. Mag. alii. p. 426. 
T Phil. Mag. xlii. p. 857. 
f Phil. Mar. xlii. plate xv. 
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Apparatus for accelerated Anode Rays. 


The general form of the apparatus with which the best 
results were obtained is shown diagrammatically in the 
accompanying rough scale drawing. ‘The discharge-tube is 
comparatively small and shaped as illustrated. The con- 
struction of the anode is indicated in derail on a larger scale. 
The graphite paste is pressed into a hole drilled in the end 
of a small steel cylinder. This is carried on a long brass wire 
so th.t it can be slid into a pyrex glass tube, about 20 cm. 
long, fitting it closely. The working position of the steel 
container is with its face containing the paste flush with the 
end of the tube, which is cut off exactly at right angles. The 
thickness of the walls of the container is exaggerated in the 
sketch. It is actually made as small as possible consistent 


KENOTRON 


with strength, so that the anode looked at end on from the 
cathode appears simply as a graphite disk surrounded by a 
glass ring. Since the working of the apparatus is extremely 
capricious and liable to be altered entirely in character by the 
slightest variation in the position of its parts, it was essential 
that the anode container could be withdrawn, refilled, and 
replaced with great exactness. It was so arranged that when 
the glass cap A was pushed as far as it would go on the tube 
the container would be exactly in position. Withdrawal and 
. replacement could be made any reasonable number of times 
by melting the wax joint B. The pyrex glass tube was 
carried in the long narrow neck of the discharge-bulb, and 
so held in position. The best working position of the anode 
was as indicated. The discharge producing the anode rays 
took place between the graphite paste and subsidiary cathode. 
The latter was an aluminium cylinder pierced for the passage ` 

22 
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of the rays and hollowed at its working surface to concentrate 
the cathode rays on the anode. It was mounted in a block 
of ebonite just in front the earthed cathode of the mass- 
spectrograph *. 

During the preliminary experiments when the cathode of 
the discharge-tube itself was earthed, it was found, in the 
first place, that good beams of anode rays could only be 
obtained when the pressure in the discharge-tube was com- 
paratively high and the potential consequently too low to be 
convenient for use with the mass-epectrograph. In the 
second place, tle discharge itself was exceedingly unstable, 
for increase of current meant a hotter anode ; this led to the 
liberation of more gas, which caused further increase of 
current. On the other hand, if the anode was allowed to 
get too cold, the tube went hard and ceased to conduct 
altogether. 

Both these difficulties were overcome by the introduction 
of a secondary cathode connected to earth through a 
kenotron as indicated. For if the earthed filament of tlie 
kenotron is maintained at a definite temperature— sufficient, 
for example, to give a saturation current of one milliampere— 
it is impossible to foree more than one milliampere through 
it. Hence, whatever the conditions of the discharge-tube, 
short of absolute non-conductivity, the current through it 
will remain constant. It will be realized at once that this - 
arrangement supplies exactly the stabilizing influence re- 
quired. lf the discharge-tube gets harder the potential drop 
between the anode and the subsidiury cathode will increase, 
hence the energy of the beum of cathode rays will increase ; 
this will raise the temperature of the anode and soften the 
tube. On the other hand, if the tube gets too soft the energy 
of the cathode-ray beam will decrease, cooling the anode und 
hardening up the tube again. 

In addition, the main discharge can now be regulated to 
give raysof any required energy independent of the hardness 
er softness of the discharge-tube. 1f we put a mean of 
24 watts through the secondary circuit at a current of 
1 milliampere the anode will be maintained at a mean 
potentia] of 24 K.V. above earth, and the rays after leaving 
the subsidiary cathode will be accelerated to a velocity corre- 
sponding to that potential. Thus, if the potential between 
the anode and the subsidiary cathode is, say, 8 K.V., the 
accelerating. potential will be 16 K.V.; if the discharge 
potential falls to 6 K.V. the accelerating potential will 
automatically rise to 18 K.V., and so on. 

* Vo Phil. Mag. xxxix. p. 613. 
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The kenotron with which the device was first tried was a 
high vacuum valve, made for an entirely different purpose, 
kindly lent by Dr. E. V. Appleton. For this experiment its 
grid and plate were connected together. This was later 
replaced by the simpler form of valve with no grid, shown 
in the sketch. These small kenotrons were kindly supplied 
by the M. O. Valve Co. The short straight filament only 
takes about 5 watts to heat and the kenotron behaves per- 
fectly, working continuously for indefinite periods without 
any attention whatever. 


Experimental Procedure. 


The idea of the general working of the apparatus will be 
best conveyed by the description of a typical experiment 
performed after the conditions of the discharge-tube, position 
of the anode, etc., had already been shown satisfactory by 
preliminary photographs of the mass-lines of lithium. The 
tirst operation is the formation of the anode paste. The halide 
salt of the element to be studied is mixed with solid anhydrous 
lithium iodide and sometimes, in addition, other salts—such 
as lithium phosphate, potassium iodide, or sodium chloride— 
are added in small quantities. The mixture is pounded with 
about an equal weight of graphite powder—commercial stove 
polish, not graphite flakes—in a small agate mortar. After 
thorough incorporation the powder is moistened with a little 
saturated solution of lithium iodide, and the mixing and 
pounding continued very thoroughly with the resulting stiff 
paste. 

Air is now admitted to the apparatus, the wax joint B 
melted, and the used container withdrawn and emptied. The 
freshly prepared paste is filled in and levelled to the rim. 
The container is now gently and cautiously heated over a 
bunsen flame to dry and consolidate the paste, the surface of 
which is smoothed from time to time. The heating is 
generally continued until iodine begins to come off in con- 
siderable quantity. The anode is then slid up to the end of 
the pyrex tube and the joint B remade. 

Exhaustion is commenced as soon as the joint has seteand 
its progress watched by passing a weak discharge with the 
kenotron short-circuited. At the same time the two charceal 
tubes of the mass-spectrograph are heated. As the anode is 
heated up by the discharge water vapour is given off, shown 
by its typical violet discharge. After a time, generally a few 
minutes, the colour of the discharge changes abruptly to the 
dirty yellowish grey of iodine, the anode face glows with a 
brilliant red showing the lithium lines, and sometimes, but 
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not alwavs, a bright divergent red beam of anode ravs 
becomes visible. At this stage the discharge is stopped, the 
exhaustion continued with the Gaede pump to a very low 
point. Liquid air is applied to the charcoal tubes of the 
camera and slit system, the taps connecting these to the dis- 
charge-tube and pump are turned off, and the whole left for 
about half an hour to become completely exhausted. 

The subsidiary cathode is now disconnected from earth 
and the kenotron put into action by heating the filament. 
The discharge is started by introducing a trace of gas, 
usually COs, into the discharge-tube. The anode immediately 
heats up and the pump is started at once to remove gus as 
it is evolved, for if the pressure is allowed to get too high 
sparking may take place between the subsidiary cathode and 
the earthed cathode, short-circuiting the kenotron and des- 
troying its stabilizing effect. As the current through the 
primary of the main induction-coil and the heating current 
of the kenotron filament are both completely under control, 
the current passing through the discharge and the potential 
of the unode can be set at any required values. These were 
usually 1 to 1:5 milliampere and 24 to 30 K.V. When the 
appearance of the discharge is considered satisfactory the 
magnetic field of the mass-spectrograph is set, the plate 
exposed, and the exposure started by switching the electric 
field—usually 240 volts—on to the deflecting plates. The 
discharge cannot be stopped and started again like an 
ordinary gas dissharge, for it and the heating of the anode 
ure interdependent. If an accidental stoppage occurs the 
anode at once cools down and more pas must be introduced 
to start operations afresh. As the exposures are long tlie 
subsidiary cathode heats up considerably, and in order to 
prevent the melting of the wax joint surrounding it at the 
neck of the discharge-tube it 1s necessary to keep this under 
& continual air blast from a small fan. 

lt has not vet been found possible to obtain a beam of 
anode ravs sufficiently strong for any mass-line to he visible 
on the willemite screen, as are the lines of hydrogen with the 
ordinary method. On this account the first three or four 
minutes of the discharge are generally utilized in recording 
the lithium lines as a necessary check on the workinz of the 
whole apparatus. , The deflecting plates are then earthed, 
the photographie plate moved to a fresh position, and the 
magnetic field set for the element under investigation. The 
exposure is started as before by switching on the electric 
field, the discharge being maintained uninterrupted through- 
out these operations. 
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With all elements other than the alkali metals the effects 
are very faint, so the exposures are prolonged as far as 
possible until the anode drys up or it is judged that further 
continuation is useless. Most of the results, when the 
apparatus was working particularly well, were obtained with 
exposures of about half-an-hour, but in some cases the dis- 
charge was maintained for one hour and a half. 

At the begin ing of the discharge the anode surface is 
comparatively cool and glows brilliantly red, showing the 
lithium spectrum. The bright divergent beam of lithium 
anode rays never lasts many minutes of tlie exposure. Its 
appearance is a good sign, but equally bright lithium mass- 
lines have been obtained when it could not be seen at all. 
A valuable indication that the anode surface is functioning 
properly is the appearance of a small cloud of sodium light 
surrounding it, exactly as in the case of the Hot Anode 
experiments". 

As the gases come off less and less rapidly from the anode 
intermittent pumping only is required to keep the pressure 
down, and the latter and longer portion of the exposures is 
generally carried out without pumping at all. The anode 
by now has lost its lithium glow and becomes red and some- 
ti:nes white hot. Lithium mass-rays are probably absent at 
these later stages, but the lines of the heavier members of 
the alkali group, if they are present in the anode paste, still 
continue to come off with the undiminished intensity, and in 
the case of other elements the high temperature of the anode 
surface seems favourable and may be essential. The general 
glow discharge, dirty yellow at the start, becomes blue-grey 
in tlie later stages. 


Experimental Results. 


The principal difficulty in the way of successful working 
of the method is complete ignorance of the mechanism of the 
discharge, which is probably very complex. It behaves at 
times in the most capricious and unaccountable manner. 
Each time the discharge-tube is altered or even taken down 
for cleaning entirely different results may be obtained. 
When by good fortune all is well the arrangement is 
capable of a surprisingly good performance. Thus, after a 
particularly favourable setting of the apparatus, six elements 
were successfully analysed in as many working days. On 
the other hand, when dismantling became imperative and it 
was cleaned and rebuilt—exactly as before, as far as one can 
tell, —no results of any value were obtained during weeks 
of work. 

* Phil. Mag. xlii. p. 435. 
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Under these conditions any additional uncertainty in the 
procedure could not be tolerated, so schumannized plates, for 
which uniformity cannot be guaranteed, were only used 
when absolutely necessary. Normally the commercial half- 
tone plates were used, which are quite satisfactory for the 
detection of faint lines, as long as these are not tov close to 
others. In their photographic intensities mass-lines obtained 
with anode rays canuot compare in any way with those 
obtained by the ordinary gaseous discharge, and are generally 
too faint for satisfactory reproduction. The pressure in the 
discharge-tube is relatively high, so that the vacuum in the 
slit system and camera is not so perfect. Also the exciting 
voltage found most suitable is not very high, and both these 
causes tend to render the lines obtained less sharp. 

The method appears to be capable of very wide application 
to metallic elements. Those of Group I. are much the easiest 
to deal with and those of Group LV. apparently the hardest. 
The difficulty o£ obtaining the mass-rays appears to increase 
with increasing atomic weight; an effect which may be ascribed: 
to decreasing velocity of the rays. "The quantity of material 
necessary is only a few milligrams, of which much can be 
recovered after the experiment, so that it 1s particularly 
suitable in cases where only small quantities are available. 
High purity, as in other mass-spectrum measurements, is, in 
general, of quite subordinate importance. 

In the matter of interpretation, the results of accelerated 
anode rays are very nearly ideal. . The ordinary discharge- 
method gives altogether too many lines due to atoms and 
molecules other than those under consideration, the hot anode 
method gives too few, rendering measurement difficult. The 
new method gives pratically no molecular lines at all, and 
the atomie ones generally present are just about what is 
required for a satisfactory system of reference, and no mor». 
The most important of tnese lines are C2, A17, Si?5, Fe56, P”. 
It is not difficult to recognize possible sources for these lines, 
but itis a rather strange thing that iodine should always 
give a strong line, while those of the other halogens are 
seldom perceptible, even though they are present in the anode 
in much greater proportion. 


Keperiments with the Light Elements. 


The first use to which the new method was put was to 
obtain accurate mass-measurements of the isotopic consti- 
tuents of some light elements, the constitution of which had 
already been determined by other and rougher methods. It 
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was considered very probable that the masses of these might 
differ from whole numbers by a greater percentage than 
those of the heavier ones. 

Lithium,—The lines of this element, as has already been 
stated, were used to test the working of the apparatus. In 
consequence, a very large number of mass-spectra were taken 
showing the lines 6 and 7. They were obtained under a great 
variety of discharge-conditions, but in no case was any 
variation in their relative intensity observed. This is very 
strong evidence that the variation in relative intensity 
observed by G. P. Thomson * and Dempster f must have 
been a spurious effect. The later work of Dempster on 
the relative intensities of the components of zinc sugges's 
that in his case the error was an instrumental one ¢ 
Measurements of both the lithium lines were made on a 
number of plates where they could be compared with 
the carbon line, which was assumed to be 12 exactly. 
The eight best measurements of the heavier isotope gave a 
mean value 7:006 +0°005. The four best of the lighter gave 
6:008 +0 005. The deviation is in the direction expected for 
a nuclear packing looser than that of helium, but it is in 
neither case much more than the error of experiment. 

Berylium.—G. P. Thomson $ only obtained one parabola 
with this element, and decided that it was therefore simple 
with a mass-number 9, notwithstanding the fact that its 
chemical atomie weight was then taken as 9:1. His con- 
clusion has been practically confirmed by the recent work of 
lónizschmid, who gives the atomic weight as 9:018. In 
the present experimen's an anode of beryllium fluoride mixed 
with a little lithium iodide and lithinm phosphate was used. 
Long exposures were required to obtain the beryllium line 
strony enough for good measurements. Comparison with 
carbon (C—12:000) on one plate and with lithium (Li'— 
1:006) on another gave values 9:003 and 9:001 respectively. 

Magnesium.—The isotopes of this element have already 
heen determined by Dempster, but since the arrangement of 
mass cannot with his method be carried out with accuracy it 
was of interest to check his results on the mass-spectrograph, 
particularly with regards to the whole-wumber rule. An 
anole mixture containing magnesium chloride was used, and 
with some difficulty the principal line of the elements, 24, 
was obtained and measured against Na’. It showed no 


* Phil. Mag. xlii. p. 861. 
tf Phys. Rev. xviii. p. 420. 
t Phys. Rev. xx. p. 620. 
§ Loc. cit. 
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measurable deviation from the whole-number rule; the effects 
were too faint for the lines of the two other constituents 
25 and 26 to be seen. 

Calcium.—This element, like magnesium, does not produce 
anode rays at all readily. Several experiments were made 
with it. In some the fluoride was used, in others the chloride, 
but in no case was the Caf? line as strong as that of K*®, 
although potassium was carefully excluded from the anode 
mixture. The alkali metals are abnormally sensitive to this 
metho |, and it is possible that its source was the pyrex-glass. 
The weakness of the principal calcium-line precluded any 
possibility of detecting its exceedingly faint companion at 
44, discovered by Dempster, but on the best of the spectra 
obtained the expected second-order line at 20, searched for 
without success by G. P. Thomson *, was distinctly visible. 
The first and second order lines of calcium, both lines 
of potassium, and the strong single lines of sodium and 
aluminium could all be compared on the same spectrum, and 
were fouud integrally related to each other within the error 
of measurement. Weare therefore faced with the remarkable 
conclusion that the two isobaric atoms Ar* and Ca® probably 
do not differ in weight by one tenth per cent., although ilie 
structure of their respective nuclei must be different, for one 
contains two more electrons than the other. 


GERMANIUM (At. Wt. 72°38). 


To investigate this element the fluoride was used. It 
was made from a sample of pure oxide kindly supplied by 
Professor L. M. Dennis of Cornell University. The oxide 
was simplv heated with strong hydrofluoric acid and evapo- 
raied to dryness. The exact chemical constitution of the 
resulting material is of little importance, it appeared stable 
at high temperatures, and when incorporated with alkaline 
halides worked very well. 

The mass-spectrum of germanium consists of three lines— 
70, 72, and 74, of intensities very roughly estimated as pro- 
portional to 2: 4:5. No variation from the whole-number 
rule was observed, so that these intensities agree fairly well 
with the chemical atomic weight. It will be noticed that 
Ge? is isobaric with the weakest and heaviest component of 
zinc discovered by Dempster, and that Ge" is isobaric with 
the very weak lightest isotope of selenium. 


* Loc. cit. p. 862. 


BEN JO OE IAN |11DB ÁN lo EE CEP P o 1 SD 3 pe ecm —— 


Mass-spectra of Chemical Elements. 395 
Copper (At. Wt. 63°57). 


For this element an anode of cuprous chloride, lithium 
iodide, and rubidium chloride was used. The last salt, was 
added to provide reference-lines. The effects obtained from 
copper were faint, but very conclusive, as both in intensity 
and position its lines appeared exactly as statistical con- 
siderations had led one to expect. These lines are 63 and 
65; they were measured against Rb% on one side and Fe?* on 
tbe other, and show no measurable deviation from the whole- 
number rule. The ratio of their intensities was about 
2:5 : 1,in good agreement with the chemical atomic weight *. 


Strontium (At. Wt. 87°63). 


Many experiments were done with this element. Its 
chloride, bromide, and iodide were all tried. The last seems 
to work the best, and was used mixed with lithium iodide 
and a little lithium phosphate. Strontium gives a remarkably 
bright visible beam of anode rays which usually persists long 
after the red lithium beam has disappeared. Its mass- 
spectrum shows a single line at 88. This line is always 
accompanied by rather more pénumbra than usual, but it has 
all the characteristics of a true single line. The chemical 
atomic weight suggests the presence of at least one lighter 
constituent, so the experiments were repeated with schuman- 
nized plates. On these the penumbra was greatly reduced, 
so that a close component of any reasonable intensity must 
have been detected. None was observed, and the mass- 
measurements, relative to the iodide line, though not quite 
so accurate as usual, make it impossible to suppose that the 
divergence from a whole number could be sufficient to 
account for the fractional atomic weight. It is therefore 
dithcult to escape the conclusion that the accepted figure 
given above is too low. 


CoBALT (At. Wt. 58°97). 


Anhydrous cobaltous chloride was employed and mixed 
with sodium chloride and the usual lithium salts. A trace of 
rubidium present gave a valuable reference-line. Cobalt is 
a simple element characterized by a line at 59, exactly as was 
expected from its atomic weigit, taken in connexion with the 


* In ‘Nature,’ July 7th, Dempster described some results obtained 
with his apparatus, which led him to the conclusion that copper had 
three isotopes all of even atomic weight. ‘The relative intensities of 
these lines suggested that they were probably due not to copper but to 
zinc adventitiously present (vide ‘Nature, Aug. 4th). He has since 
accepted this as the most probable explunation.—F. W. A. 
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empirical rule connecting odd atomic number with odd 
atomic weight. Measurements of the lino were made with 
reference to Fe and Itb, and showed no deviation from the 
whole-number rule. 


ScaANDIUM (At. Wt. 45:10) 


' The only source of this rare element which happened to 
be available was a sample of the pure aceto-acetate kindly 
supplied by Professor G. Urbain of Paris. A small quantity 
of this was boiled with nitric acid and then ignited. The 
resulting powder was then treated with hydrofluoric acid, 
evaporated to dryness, and mixed with potassium iodide and 
lithium iodide for treatment. On the mass-spectrum only 
one new line at 45 could he distinguished, which when com- 
pared with K?? appeared accurately integral. Although long 
exposures were given, this line was always faint, so that the 
presence of small quantities of another constituent, expected 
at 47, could not in any case have been detected. Scandium 
may, tlierefore, be regarded as consisting mainly of atoms of 
mass-number 45, but further work will be necessary to prove 
the presence or absence of a second isotope suggested by the 
fractional atomic weight. 


MANGANESE (At. Wt. 54:93). 


Mang nese fluoride made by the action of hydrofluoric 
acil on the puro carbonate was used mixed with lithium 
iodide. The appearance of these bodies when they were 
mixed suggested that a reaction of some sort took place. 
The mixture worked unusually well as an anede, and during 
the first few minutes of the discharge gave a good visible 
beam of anode rays. Contrary to all expectations, the beam 
was yellow and showed the sodium line only without a trace 
of the usual ones of lithium. No reason can be given for 
this phenomenon, which is characteristic of the frequent 
capricious and unaccountable behaviour of the discharge. 
Manganese is characterized by one line of mass-number 55. 
as expected from its atomic weight. It was measured against 
the neighbouring line of iron and showed no measurable 
divergence from an integer. 

The mass-number of manganese has one particular point 
of interest. It is the eighth term of the well-known recur- 
ring series 2, 3, 5, 8, 13, ... All the preceding terms 
correspond to gaps in the list of mass-numbers known to 
exist *, 

* “Isotopes, p. 111, . 
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GaLLIUM (At. Wt. 69:72). 


Abortive attempts to obtain the mass-spectrum of this 
element by means of its volatile chloride have already heen 
deseribed. It was successfully attacked by means of the new 
method by the use of its fluoride made by the action of hydro- 
flioric acid on a very pure specimen of the hydrate, for which 
the writer is indebted to Professor T. W. Richards of 
Harvard. The results obtained were faint, but gave satis- 
factory proof that the element consists of two components of 
mass-numbers 69 and 71. The intensity relation between 
the two lines agrees much better with Richard’s recent 
determination of the atomic weight quoted above than with 
the value 70-1 previously in use. 


VANADIUM (At. Wt. 50°96). 


An anode consisting of vanadium chloride mixed with a 
little lithium iodide gave satisfactory results. A single line 
appeared at the expected position corresponding to mass- 
number 51. This was compared with K?? on the one side 
and with Fe® on the other, and showed no measurable 
variation from a whole number. 


Caromium (At. Wt. 52:01). 


The first experiments with this element were unsuccessful, 
but a second attempt during the period already alluded to 
when the experimental conditions were abnormally good 
succeeded at once... An anode containing chromium chloride, 
commercial chromium fluoride, and the usual lithium salts 
was used. The discharge after a few minutes became a 
rather unusual violet in colour and the anode was at a bright 
red heat throughout the entire exposure of 35 minutes. 
The single chromium line at the expected mass-number 52 
was rather faint but unmistakable. Its integral value was 
established by comparison with F'e?5, 


Titanium (At. Wt. 18:1). 


The production and identification of the mass-rays of this 
element present quite peculiar difficulties. The failure of 
experiments on its volatile chloride by the ordinary discharge- 
method has already been described in these reports. It 
belongs to a chemical group which appears to be the least 
favourable to the production of anode rays. In the first 
attempts made with the new method potassium titanifluoride 
was employed. On the mass-spectra produced faint indi- 
cations of a line at 48 could be seen, but were valueless for 
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the following reason. A fairly strong line appeared at 47. 
This was undoubtedly due to Si*F, so that part if not all the 
effect at 48 could be ascribed to Si?F. A later experiment 
in which the fluoride made by the action of hydrofluoric acid 
on the pure oxide was more successful. "This gave a line at 
48 not only reasonably strong but much stronger than that 
at 47, now feeble, so that there is little doubt that the 
principal constituent of titanium has a mass-number 48. On 
one spectrum a very faint ghost could be distinguished at 50. 
If this should prove to be a true isotope, it would tend to 
support Hénigschmid’s value of the atomic weight given 
above, rather than the lower value 47°88 more recently sug- 
gested by Baxter. 


SILVER (At. Wt. 107:88). 


An anode containing silver chloride and lithium chioride, 
though behaving rather unsteadily as regards discharge, gave 
a very detinite result. Silver has two isotopes, whose mass- 
lines when measured against that of iodine have integral 
values 107 and 109. The first of these is slightly the brighter. 
Owing to the weight of accumulated statistical evidence in 
connexion with the relation between odd atomic number and 
odd atomic weight, and the exceptional trustworthiness of 
the chemical atomic weight work on silver, this result might 
be described as a foregone conclusion. 


Yrrrium (At. Wt. 88:9). 


A small quantity of this rare element in a state of metallic 
powder was dissolved in hydrofluoric acid. ‘Ihe resulting 
fluoride worked quite well when mixed with lithium iodide. 
The mass-spectrum showed one line only, which, when com- 
pared with 1%, gave a value 89 integral within experimental 
error. lt will be noticed that this number is the ninth term 
in the series mentioned under manganese. The success of 
the method in generating the mass-rays of scandium and 
yttrium holds forth hopes of its applicability to all the rare 


earth elements. 
Experiments with Zirconium and Hafnium. 


The new element hafnium presents a unique opportunity 
of determining the atomic weight by the mass-spectograph 
before any satisfactory value has been obtained by chemical 
means. Unfortunately, the titanium, zirconium, hafnium 
group appears the most difficult to tackle of all, so far as 
production of mass-rays 1s concerned. The first experiments 
on zirconium were done witha fluoride made by dissolving in 
hydrofluoric acid a small quantity of a rich mineral zircon, 
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kindly supplied by Dr. Dootson. Even with the longest 


exposures no reliable indication of the zirconium lines could 
be seen, though on one plate a doubtful trace could be dis- 
tinguished at 90, which may have been due to the main 
constituent of the element. It was already realized that in- 
crease of atomic weight decreases the chance of getting mass- 
lines, so that this result extinguished all reasonable hope for 
the much heavier element hafnium. As, however, Dr. Hevesy 
had been kind enough to supply a sample of potassium hafni- 
fluoride, estimated to contain about 50 per cent. zirconifluoride, 
a careful trial was made with this material. As had been 
feared, no lines in the rezion 178 could be seen at all, though 
again there was the suggestion of a line at 90, possibly 
zirconium. It is hardly necessary to state that this tailure 
does not suggest in the slightest degree that hafnium was 
not present. It only indicates a conclusion, which further 
experiments with pure zirconium fluoride have confirme, 
that it will be exceedingly difficult to obtain satisfactory 
mass-spectra of these elements. 


Other. Experiments yielding Negative or Inconclusive Results. 


Experiments with niobium, molybdenum, cadmium, and 
lead have so far given no indication whatever of the mass- 
lines of these elements. The results with barium were not 
entirely negative, since a slight effect was visible on th» 
plate in the expected position. ‘This suggested that barium 
has several isotopes, and there is little doubt that its com- 
position conld be determined if a sufficiently advantageous 
setting of the discharge-tube could be made. Attempts to 
get the principal line of iron 56 so strong that the presence 
or absence of the possible weak component 54 could be 
established have so far been unsuccessful. 


Table of Results. 


Atomic Atowie Minimum Number Mass-numbers in 


Element. Number, Weight. of Isotopes. Order of Intensity. 
BO sis 21 451 1 45 
TU ss 22 48-1 1 48 
V sede 23 51:0 l ol 
Cross 21 570 l 52 
Mn ... 25 5493 l 20 
(Cou 27 58:97 1 59 
(sous 29 63 57 2 6:5, 65 
Ga...... Jl 69:72 a 69, 71 
Ge...... 32 72:5 3 74, 12, 70 
BEI 33 163 l 88 
Yo ar 39 88:9 1 NU 
Ag... 47 10788 = 107, 109 
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If one adds these results to the table given in the previous 
report of this series * it will be seen that the first thirty- 
nine elements in sequence have been analysed and, in 
addition, seven more of higher atomic number, so that 
the constitution of rather more than half the known 
elements has been established, in most cases with consi- 
derable certainty. The new results given in this paper 
strengthen the empirical laws observed to hold relating to 
the connexion between atomic number and atomic weight. 
In the case of the elements of odd atomic number, the rule 
that they cannot have more than two isotopes still ‘shows no 
exception, and the law that their atoms should have odd 
atomic weight is satisfied by all the elements in the list given 
above. The only exceptions to the latter law, which means 
that the nuclear electrons are always associated together 
in pairs, nre nitrogen and tlie two weaker isotopes of lithium 
and boron, all very light elements. In a curiously large 
number of cases a difference of atomic weight 44 is connec ted 
with a difference of atomic number 18, and gives a pair of 
elements having similar chemical properties, as the following 
list indicates :— 

Mg 24 Mg 26 A127 Si 28 Si 30? P 31 832 C135 C137 Ar 36 Ar 40 

Zn 68 Zn 70 Ga 71 Ge 72 Ge 74 As 75 Se 76 Br 79 Br 81 Kr ov Kr 54 

Ca 44 Se 45 Cu 683 Cu 65. 

Sr 88 Y 89 Ag 107 Ag 109. 


In conclusion, the writer wishes to thank Sir William 
Pope for plaeing at lis disposal for this work a great variety 
of metallic compounds, and to Mr. Stokeley for his valuable 
personal assistance in this connexion. He also wishes to 
repeat his acknowledgment to the Government Grant Com- 
mittee of the Royal Society for part of the apparatus 
employed in this research. 


Y 
Summary. 


A new method of producing anode rays suitable for mass- 
spectrum analysis is fully described, together with experiments 
which led to its development. 

Dy its means the principal isotopes of lithium, beryllium, 
magnesium, and calcium are shown to have atomic weights 
closely approximating whole numbers. 


Experiments are described by which the constitution of- 


twelve more metalhe elements has been determined and a 
list of these and their isotopes is given. 
Cavendish Laboratory, Cambridge, 
November 1923. 


* Phil. Mag. xlv. p. 944. 
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XXXII.  Zonization by Collision in Helium. By J. S. 
Townsend, M.A., Wykeham Professor of Physics, 
Oxford, and T. L. R. Ayres, M.Sc., D.Phil., Exeter 
College, Oxford *. 


1. TP experiments with helium which are described in 

this paper were made in order to determine tlie 
conditions under which the gas is ionized when electrons 
collide with molecules. They also provide a means of testing 
some of the various views of physicists on effects which may 
be produced when electrons with certain critical velocities 
collide with molecules of the gas. 

We have been unable to reconcile the results of the 
experiments with the recent theories, and we find that the 
original theory of ionization by collision which was given 
many years ago atfords a satisfactory explanation of the 
experiments. This theory was found by Gill and Pidduck f 
to be in good agreement with their experiments on the 
currents through monatomic gases obtained when electrons 
are set free from the negative electrode and move through 
various distances to the positive electrode under a uniform 
electric force. 

It has been considered desirable to repeat these experi- 
ments with helium, and to extend the investigations in order 
to find the conditions under which the first set of additional 
electrons are generated by the electrons set free from the . 
negative electrode. The results thus obtained provide 
a means of calculating the average velocities of electrons 
before and after the collisions with the molecules which are 
ionized. The method of finding these velocities and the 
energy required to ionize a molecule has already been 
explained in a paper recently published in the * Philosophical 
Magazine’ 1. | 

The method was there applied to the results of a set of 
experiments in which the ratio of tlie electric force X to the 
gas-pressure p was 16, X being in volts per centimetre and p 
in millimetres of mercury, and it was found that the amount 
of energy required to iouize a molecule of helium was less 
than the energy acquired by an electron in moving between 
two points differing in potential by 14 volts. A large 
number of additional experiments have recently been made, 


* Communicated by the Authors. 

T E. W. B. Gill and F. B. Pidduck, Phil. Mag. (6) vol. xvi. p. 280 
(1908), and vol. xxiii. p. 837 (1912). 

t J. S. Townsend, Phil. Mag. vol. xlv. p. 1071 (May 1923). 


Phil. Mag. Ser. 6. Vol. 47. No. 278, Feb. 1924. 2D 
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taking various values of the ratio X/p, which are also in 
good agreement with the theory and confirm the result 
pr eviously obtained as to the comparatively low value of the 
energy required to ionize a molecule of helium. 


2. In order to find the velocities of electrons before and 
after the collisions in which molecules are ionized, it is 


necessary to examine certain stages of the development of 


the currents obtained between parallel plates when ultra- 
violet light acts on the negative electrode, and the distance 
& between the electrodes is varied while the electric force X 
and the gas-pressure p are constant. 

A complete investigation may be considered to extend 
over three distinct stages. In the first stage, as the distance 
x between the plates is increased from zero up to a certain 
limit 2=a, the mean energy of the electrons varies with the 
distance between the plates, and does not attain a final steady 
value until a considerable number of new electrons have 
heen obtained by 1 increasing æ. In thisstage it is convenient 
to represent the current in terms of the distance & or the 
potential difference Xx between the plates by a curve, as 
there is no simple formula representing the relation between 
the current and the potential. 

In the second stage, from the distance «=a to the distance 
w= the current is represented in terms of the distance .r 
bv the formula n =ne, which shows that the mean energy 
of the electrons and the distribution of the energies about 
the mean are the same in passing any plane parallel to the 
electrodes. 

In the third stage, from the distance b up to the sparking 
distance the rate of increase of the current with the distance 
is greater than the increase of n as given by the above 
formula, and the current is given in terms of z by an equation 
of the form 
(a Byes- P» 

a— Bel-Air 7 

For the purpose of this investigation it is not necessary to 
find the currents for distances between the electrodes greater 
than b, or to determine the process of ionization which 
causes the rate of increase of the current with the distance 
to exceed the rate given by the formula n= nọ. It may 
be stated that there are no definite values to be given to 
distances a and b, as the mode of development of the current 
changes gradually as the distance «æ is increased. 


n = No 


3. In the experiments that have been made with helium 
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every precaution has been taken to have the gas free from 
impurities. The apparatus containing the adjustable parallel 
plates was constructed with glass insulation throughout, as 
it was found that ebonite surfaces may introduce impurities 
which have an appreciable effect on the motion of electrons. 
The apparatus was perfectly air-tight, and when exhausted 
to 1/100 of a millimetre pressure, it was impossible to 
detect any leak in the course of several davs by means of a 
MeLeod gauge. The method adopted to: avoid mercur y vapour 
was the sie ae thatused 1n:tlie experiments on the motion 
of electrons in helium which have recently been published *. 
As in the latter experiments, two specimens of helium were 
used, one obtained from a natural source and the other 
obtained by heating thorianite, and it was found that the 
effects due to ionization by collision were the same in the 
two specimens. 

The plate electrodes were silver disks 6 em. in diameter, 
the upper plate being carried by a micrometer screw in sider 
that it might be set at any distance from. the lower plate 
from 1 to 10 millimetres. The ultra-violet light from an 
external spark-gap passed through a quartz window in the 
hase of the instrument and through narrow slits in the centre 
of the lower electrode, and fell normally on the upper plate 
which was the negative electrode. The slits in the lower 
electrode were about a centimetre long, a fifth of a mili- 
metre wide, and 1 millimetre apart. 


4. When the electric foree X and gas-pressure p are 
constant, the currents ? obtained with different distances we 
between the plates may be expressed by means of a curve in 
terms of the potential difference V between the electrodes. 
This curve remains unaltered when. X and p are altered 
in the same proportion, but there is a ditferent curve for 
each value of the ratio X/p. This result follows from the 
theory, and it has also been verified experimentally. 

In any of these curves the ratio 74/7, of the two currents 
corresponding to two given potentials V, and V, is inde- 
pendent of the number of electrons set pie Initially from the 
negative plate by the ultra-violet light. This result has 
pear verified by changing the intensity of the light. All 
conclusions to be rawi ZERO I these curves must satisfy 
these conditions. 

The currents were measured by an induction balance bv a 
zero method, using a sensitive electroineter to indicate the 


* J. S. Townsend and V. A. Bailey, Phil. Mag. vol. xlvi. p. 657 
(Oct. ] 1923 3). 
2 D2 
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zero potential. They were all small currents of the order 
from 107)? to 3x 107" ampere. 

Although these simple facts, which have been verified by 
experiments of this type, have been mentioned in the account 
given of previous researches, we think it necessary to repeat 
them, as they have been lost sight of in some of the theories 
that have been suggested to explain ionization by collision. 


5. Several curves have been determined which give the 
relation of the current to the potential difference jS m 
the plates for different values of the ratio X/p. Three 
examples of these curves are shown in fig. 1, the ordi- 


Fig. 1. 
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nates being proportional to the currents and the abscisse 
proportional to the potential difference V between the plates 
or to the distance .« between the plates, V being equal to Az. 

The same electric force X, 50 volts per centimetre, was 
used in determining the points on the curves. The distance 
between the plates was varied from 2 to 10 millimetres, 
so that the potentials of the positive plate were from 10 to 
90 volts, the negative electrode being taken as the zero of 
potential. The first curve gives the currents in helium at 
10 millimetres pressure, the second curve at 3:1 millimetres 
pressure, and the third curve at 1:05 millimetres pressure. 
Thus the values of the ratio X/p to which the curves corre- 
spond are 5, 16, and 47:5 respectively. 

The ordinate 10 is taken to represent the current in each 
case when the plates are 2 millimetres apart. For each 
pressure the current was the same for the distances 2, 3, and 
4 millimetres between the electrodes, so that the three curves 
coincide and are parallel to the . axis for the range of 
potentials from 10 to 20 volts, the currents consisting of the 


_ IA 
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electrons set free from the negative electrode by the ultra- 
violet light. | 

These electrons start from the negative electrode with a 
small velocity, and do not acquire sufficient energy to ionize 
the molecules of gas in appreciable numbers until after they 
have passed the plane where the potential is 20 volts. 
Alter passing this plane there is a continuous increase in 
the current, the rate of increase depending on the pressure 
of the gas. 

If N be the number of electrons coming from the negative 
electrode, the number in the stream is 1:5 x N as it passes the 
36-volt plane, and the number is 2 N as the stream passes the 
45-volt plane when the pressure of the gas is 10 millimetres. 

When the gas-pressure is reduced to 3:13 millimetres, the 
number of electrons in the stream is L'5 N in passing the 
plane at 31:5 volts, and the number is 2 N in passing the plane 
at 42 volts. 

When the gas-pressure is further reduced to 1:05 milli- 
inetres, the rate of increase of the current with the distance 
between the plates is diminished, the number of electrons in 
the stream being 1:5 N in passing the plane at 41:3 volts 
and 2 N in passing the plane at 53:5 volts. 


6. In explaining the curves in fig. 1, it 1s of interest to 
know approximately the number of collisions each electron 
makes with molecules of the gas in traversing a given 
distance in the direction of the electric force. The mean 
free path of an electron in helium at 3:13 millimetres 
pressure is about 1:7 x 107? centimetre. It is unnecessary 
to take iuto consideration the variation of the mean free path 
with the velocity, as we are concerned only with the order 
of this length. In traversing 1 millimetre in the direction 
of the electric force, the electron does not move in a straight 
path for this distance, as its direction of motion is changed 
in each collision. The total length of all the free paths of 
an electron exceeds the distance 1t travels in the direction of 
the electric foree in the same proportion as the velocitv of 
agitation exceeds the velocity in the direction of the electrie 
force. Thus the total distance that an electron travels 
through the gas while it moves 1 millimetre in the direction 
of the electric force is more than 4 centimetres *. 

* The mean free paths and velocities of electrons involved in this 
calculation are taken from the paper on ** The Motion of Electrons in 
Helium” which has just been published (J. S. Townsend and V. A. 
Bailey, Phil. Mag. Oct. 1923). The determinations refer to a range of 
values of the ratio X/p lower than the range which includes the cases 
where ionization by collision produces large effects, so that the estimate 


of the number of collisions given above is only an approximate estimate 
for these ranges of forces and pressures. 
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Hence, in the above experiments at 3°13 millimetres 
pressure, an electron collides with more than 100 molecules 
of the gas in moving 1 millimetre in the direction of the 
electric force. Although an electron may lose only a small 
proportion of its energy in a collision with a molecule that 
is not ionized, there is a very large number of such collisions, 
and the total loss of energy due to this cause is quite 
appreciable. Since there nre more collisions at tbe higher 
pressures than at the lower pressures, the effect of this loss 
of energy is greater at 10 millimetres than at 3:13 milli- 
metres. The reduction in the rate of increase in the current 
with the distance between the electrodes, when the pressure 
is increased from 3:13 to 10 millimetres, is obviously due to 
this cause. 

The reduction in the rate of increase in the current, when 
the pressure is reduced from 3:13 to 1:05 millimetres, must. 
be attributed to another effect. In passing through a plane 
at any fixed distance from the negative electrode, the energy 
of the electrons is greater at the lower pressure than at the 
higher pressures, since there is less loss of energy in collisions 
in traversing the space between the negative electrode and 
the plane. Thus, when the electric force is constant, the 
energy of the electrons in the collisions with the molecules 
which are ionized increases as the pressure is reduced. 

When the pressure is below the value corresponding to 
X/p=16, the number of molecules ionized per millimetre 
diminishes with the pressure. This shows that ionization by 
collision only occurs in a small fraction of the total number 
of collisions of an electron with molecules, even when the 
energy of the electron in each collision is sufficiently large 
to ionize a molecule. The rate of increase of the current 
with the distance between the electrodes is therefore reduced 
when the pressure is reduced from 3°13 to 1:05 millimetres, 
because the total number of collisions is reduced, and con- 
sequently the probability of ionization by collision is also 
reduced. 


T. Let c be the energy required to ionize a molecule, 
(c v) the energy of an electron before a collision in which 
a molecule is ionized. The quantity c may be taken as 
constant, but v varies over a wide range. Let ¢ be the mean 
ralue of v for all the collisions in which molecules are 
lonized. 

Let W be the loss of energy of an electron in the collisions 
witb molecules which are not ionized in moving from the 
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negative electrode to the distance where it ionizes a molecule. 
The values of W vary over a wide range, since the values of 
and the number of collisions per centimetre is different for 
each electron. Let W be the mean value of W for all the 
electrons set free from the negative electrode. 

lf all the energies be expressed in volts, the energy of the 
electron when it is set free from the negative electrode is of 
the order of one volt, and it may be neglected in comparison 
with the principal quantities of energy which are being 
considered. | 

The electron acquires the energy c+vin moving under the 
action of the electric force X through the distance 6, and it 
loses the amount W before arriving at the point where it 
ionizes a molecule. The following relation is obtained 
between the energies : 


X6-c-rv4-W. 


The curve 2 (fig. 1) giving the currents in helium at 
3°13 millimetres pressure with the force of 50 volts per 
centimetre shows that a few of the electrons from the 
negative electrode ionize molecules before reaching the 
plane 6, where the potential X8, is 21 volts, while others do 
not ionize molecules until the plane 6, is reached, where Xô, 
is 42 volts, this being the plane at which the number of 
electrons in the stream is 2N. Thus there is a wide 
divergence between the values of v+W for the different 
electrons which indicates that the sum v + W is also large. 

The quantities v and W are functions of the ratio X/p, 
and the values of cJ- v 4- W corresponding to different values 


of X/p may be obtained from the areas of the curves (fig. 1.) 
Thus 


ON = 
cT vd W = a) V di= X6. . . . " (1) 
N Jx 


The mean potential X8 is nearly the same as the potential 
at the point where the current is L'5 N. 

These potentials are represented by curve 1 (fig. 2) in 
terms of the ratio X/p, one point on this curve being 
obtained from each curve of the type shown in fig. 1. 


8. The currents in the second stage of the process of 
ionization where the average velocity of the electrons 1s 
constant were determined with the same apparatus, using 
larger electric forces and gas-pressures. In this stage the 
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current is given in terms of the distance x between the plates 
by the formula n=nge* , and the value of a corresponding to 
any force and pressure is easily determined. ! 


Fig. 2. 


Curve | V=X8=c+04+w 


10 20 30 40 50 


In these experiments the potential difference between the 
plates was generally less than 100 volts, so that no correction 
had to be made for effects due to other processes of 
ionization. | 

There is a considerable range of distances between the 
electrodes over which the currents in helium have been found 
to agree accurately with the above formula, and this result 
affords the principal reason for attributing the increase of 
current to the ionization of the molecules by the collisions of 
the electrons. If any other process contributed appreciably 
to the increase of current, there would be a large deviation 
from the formula. Within this range of distances between 
the electrodes the quantity « can be easily measured, and 
there is no appreciable error introduced by any other ionizing 
effect. 

As it is necessary to be quite certain on this point, another 
investigation is being made in the laboratory to find by a 
more direct experimental method if there are other processes 
of ionization comparable with the direct effect of the collisions 
of electrons with molecules, when the ranges of potentials 
and pressures are the same as those used in the experiments 
on the determination of a. A full account of the investi- 
gation will be given in another paper, but it may be stated 
that the method was sufficiently sensitive to detect effects 
which might be due to ionization of molecules by the collisions 
with positive ions, or to electrons set free from the negative 
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electrode, either by impacts of positive ions or by radiation 
from molecules of the gas, but no effects due to these causes 
were observed under conditions where the currents were 
proportional to e”. 

The original theory of ionization by collision implies that 
ionization is due to one collision of an electron with an 
ordinary molecule, and that a certain relation must hold 
between the values of a, X, and p, which is expressed by the 
formula a/p=f(X/p). This relation has been tested with 
helium, and in the experiments where the ratio of the force 
to the pressure was constant the ratio a/p was also constant. 
If any appreciable effect arose from an impurity in the gas, 
this relation could only be obtained if the amount of the 
impurity were proportional to the pressure of the helium. 
The results of the experiments with different forces and 
pressures therefore show that it would be unreasonable to 
suppose that there is any appreciable error due to impurities, 
as it is extremely improbable that the amount of an impurity 
would increase with the pressure of the helium. 

Also the factor e is independent of the number of 
electrons in the current, as it was found that all the currents 
were changed in the same proportion when a large change 
was made in the number of electrons set free from the 
negative electrode by altering the intensity of the ultra- 
violet light. 

If the ionization by collision in these experiments were 
due to two collisions of electrons with the same molecule, 
the number of electrons generated by collision would be 
proportional to the square of the current ; but no change was 
observed in the values of « when the intensity of the current 
was changed in the proportion of 3: 1, so that the experi- 
ments show quite conclusively that in each case where an 
electron is generated the molecule is ionized by a single 
collision. 


9. The results of the experiments on the determination 
of a for helium may be represented in the usual manner by 
a curve giving the ratio of a/p in terms of X/p. The curve 
is given in fig. 3, and it shows that, if X be constant and p 
variable, a has a maximum value at the pressure for which 
the ratio X/p is the abscissa of the point of contact of the 
tangent from the origin, which is near the point X/p-- 10. 
If X be 50 volts per centimetre, the maximum value of a is 
obtained when p is about 3°13 millimetres, a being 1:56. 
At the pressure 10 millimetres, X/p 25 and a— 1:22 ; and at 
the pressure 10:5 millimetres, X/p=47°5 and az 37. 
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These changes in the value of « are due to the same causes 
as the changes in the value of Xd. With the largest pressure 
the number of molecules ionized per centimetre is small, 
owing to the loss of energy of the electrons in the collisions 
with other molecules. With the smallest pressure although 
the average kinetic energy of the electron is increased, the 
number of molecules ionized per centimetre is reduced, owing 
to the reduetion in the total number of collisions with 
molecules. 


IO 20 30 40 50 


10. The currents in this stage are given by the formula 
n 2 n ; and if n, and n; be the numbers of electrons passing 
two planes at the distances z, and «æ, from the negative 
electrode, 1;— 2n, when esv»-70 —2. In this case the distance 
between the planes (.cg—i,) —:693/a. 

When an electron moving with the energy c+v ionizes a 
molecule, the quantity of energy c is lost in separating the 
new electron from the molecule, and the remainder of the 
energy v is either retained by the original electron or divided 
between the two electrons. The mean energy of these two 
after the collision is therefore v/2. 

In this stage the average value of (c-rv) for all the 
collisions in which molecules are ionized is the same as the 
average c+ v in the first stage, when the ratio X[p is the same 
in the two stages, provided v/2 is not large compared with c 


Cees omm nee, a er [€ —  —— — — 
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(or about 10 volts). Since the average energy of the 
electrons after collisions in which molecules are ionized is v/2, 
there is a wide divergence between the energies of the 
electrons in the stream, but the mean energy of the electrons 
passing any plane is constant. . In the case of the two planes 
^; and z, where the numbers of electrons are n, and 27, the 
increase in the current with the distance is the same as if 
each electron passing the plane z, with energy u ionized one 
molecule in the space between the two planes and the mean 
energy of the two electrons as they pass through the plane x, 
is equal to u. 

The average effect is represented by the diagram (fig. 4). 


Fig. 4. 


| 
l 


If an electron enters the space through the plane 2, with 
energy wu, its energy is increased to (¢+v) in moving the 
distance /, in the direction of the electric force X to the 
point where a molecule is ionized. The energy before 
the collision is given by the equation 


etu=Aljtu-w, . . 2... (2) 


w, being the energy lost by the electron in collisions with 
molecules which are not ionized while traversing the 
distance i. 

If v' and v" be the energies of the two electrons after the 
ionizing collision, (v'--v") is equal to v, and.after moving 
the distance |, where l, +/,=.2—2,, their mean energy is 
equal to u. Let w' and u” be the energies of the two electrons 
as they pass the plane «cz, then 
u= Xl,+0'—w,’ \ (3) 
and ul! zm Xl 4 v —us 


w and w,” being the loss of energy of the two electrons 
respectively in collisions with molecules which are not 
ionized while they traverse the distance l}. 
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The mean energy which is equal to u is 


' "n 
u -+u v 
3 —Xl-4 J — Wo, 


where w= (w + wz")/2. 
Thus eT em NÉ) v[2— (wj +w). 


Since lı +l =t — 2 ='693/a, the following relation between 
the energies is obtained : | 


" t 
e x 693 — e-E +w, . ° e . ° (4) 


w being the mean loss of energy of an electron in traversing 
the distance z,—.7,. The distance :693/a is the average 
distance measured in the direction of the electric force that 
two electrons move after the collision in which a molecule is 
ionized to the next collisions in which ions are again 
generated. 

All the electrons do not act as indicated in fig. 4, since 
some of those entering the space between the planes z, and 
t with small energies near the value v/2 may pass through 
without ionizing molecules, but the number passing out is 
made up to 2n, by other electrons which enter the space with 
large energies near the value c +v and ionize two molecules 
each. This does not'alter the relation between the energies 
given by equation (4). 

11. The quantities v and w are functions of the ratio 
X/p, and formula (4) represents the equation of the curve 
(fig. 3), giving a/p in terms of X/p. 

The ratio X/a corresponding to different values of the 
ratio of X/p are found from the curve (fig. 3), and the 
quantity (e+ c[2 +w) —:633X a is given in terms of X/p by 
curve 2 (fig. 2), the potential V 2:093 X/a being in volts, 
X in volts per centimetre, and p in millimetres of mercury. 
Thus the two quantities e+v+W and c+ ve/2-4 w, corre- 
sponding to a series of values of the ratio Xp, are obtained 
directly from the experiments, the probable experimental 
error being about 2 or 3 per cent. 

The difference between W and w is comparatively small. 
The quantity W represents the average loss of energy of an 
electron in collisions with molecules that are not ionized in 
moving trom the negative electrode to the plane where its 
energy is c+v. The quantity w is the average loss of energy 
of an electron under the same conditions in moving from a 
plane where its energy is v/2 to the same plane where its 
energy is (e+e). Thus the difference (W—w) is the loss 
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of energy of an electron in collisions with molecules in its 
path from the negative electrode to tie point where its 
energy is v/2. In this part of its path the kinetic energy of 
the electron is comparatively small and the velocity in the 
direction of the electric force is comparatively large. As it 
moves in the direction of the electric force, the kinetic energy 
(which is the energy of agitation) increases and the velocity 
in the direction of the force diminishes. Thus, in the first 
part of its path from the negative electrode, the loss of 
energy of the electron in each collision is small and the total 
number of collisions per millimetre in the direction of the 
force is also small, since the latter number is proportional to 
the ratio of the velocity of agitation to the velocity in the 
direction of the electric force. 

For a first approximation, therefore, the quantity (W—w) 
mav be neglected in comparison with w. 

The following table gives the values of v and (c-r vw) in 
volts obtained from the values of (c 4- v + W) and (c+ t/2+w), 
taking W =w :— 


= sees KEE 


5 15 21 
10 17:6 144 
16 | 18:6 12:9 
30 | 95 10-0 
47°5 | 31:8 0:5 


12. The figures in the table confirm the obvious explanation 
of the phenomena indicated by the form and relative 
positions of the curves shown in fig. 1, or by the curve 
(fig. 3). Both methods o? investigation lead independently 
to the conclusion that with a constant force X the loss of 
energy w increases with the pressure, and the average 
energy (c4-v) in the collisions which result in ionization 
increases as the pressure is reduced. 

The figures in the column (e+ w) show that the energy e 
required to ionize a molecule of helium does not exceed 
10 volts. 

The smallest value of the energy (v) is obtained with the 
smallest value of the ratio X/p. Since v represents an 
average energv, some molecules must be ionized in collisions 
where the energy o£ the electron is less than 25 volts. The 
curves (fig. 1) indicate that molecules are ionized in seme 
cases when the energy (¢+r) of the electron is less than 
22 volts. 
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It appears, therefore, that the kinetic energy of the electron 
must be at least twice the energy required to ionize a 
molecule in order that ionization may actually take place to 
an appreciable extent. 


13. The results differ from the conclusions to which 
physicists have been led by applying tlie quantum theory to 
determine the transformations of energy which occur when 
electrons with comparatively small energy, of the order of 
20 volts, collide with molecules. These conclusions are 
founded on the hypothesis that what may be a possible 
transformation of energy is, in fact, a transformation which 
is likely to occur in a large proportion of the total number 
of collisions in which the energy of the electron slightly 
exceeds a certain critical value. This theory has led to the 
conclusion that a large amount of energy is transferred from 
an electron to a molecule when the energy of the electron 
before the collision exceeds certain critical values V4, Va, &c. 
called resonance potentials. Having absorbed one of these 
quantities of energy, the molecule is then in a partially 
ionized state, or in a state in which it may emit radiation 
having a frequency proportional to Vi or V, &c. In 
addition there is the potential V; which is greater than the 
resonance potentials and represents the energy required to 
ionize a molecule. When the energy of an electron exceeds 
this value, itionizes a molecule ; but this conclusion is qualified 
by some supporters of the theory, who are of opinion that 
ionization may not occur in all cases when the energy of 
the electron exceeds the value V;. The general impression 
is that molecules are ionized in a large proportion of such 
collisions. 

Several experiments have been interpreted as supporting 
these conclusions ; but the evidence is not very convincing, 
and various values have been found for the critical potentials. 
For example, some experiments have been interpreted as 
indicating that the ionization potential in helium is 29:3 
volts, as given by Bohr’s calculations ; but the evidence of 
other experiments indicated that this potential is 20 volts, 
Many supporters of the theory state that this ionizing 
potential is 24 volts, and that the resonance potentials are 
between 20 and 25 volts for helium, so that we may adopt 
these numbers in considering the theory in connexion with 
the experiments we have described. 


14, The most elementary experiments are those in which 
the initial effects of ionization by collision are investigated. 
When an electron starts from the negative electrode and 
moves under an electric force through the gas, it must make 
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several collisions with molecules when its energy is above 
the resonance potential V, before attaining the ionizing 
potential Vi. Whatever be the values of these potentials, 
the probability of losing energy in amounts correspondin 
to resonance potentials is greater than the probability of 
ionizing a molecule. The quantities of energy W and w 
lost in collision with molecules which are not ionized would 
therefore be comparable with the energy c lost in ionizing 
one molecule, and since the minimum value of (c+w) is 
about 10 volts, the quantity c would under these circumstances 
be much less than 10 volts. 

In cases where the pressure of the gas is high, as in some 
of the experiments represented by the curves (tig. 1) where 
the electrons make a large number of collisions with 
molecules, it has been suggested that the electrons never 
attain the energy corresponding to the ionization potential, 
but that molecules are ionized as a result of two collisions. 
Thus, when un electron with the energy 20 volts corresponding - 
to one of the resonance potentials collides with a molecule, 
tie molecule is partly ionized, and is completely ionized in 
another eollision by an electron with an amount of energy 
corresponding to 5 volts. This may occur to an appreciable 
extent when the currents are large, but in these experiments 
the number N of electrons which pass through the gas from 
the negative to the positive electrode is so small that the 
number of molecules which could be ionized by this process 
is less than N x 10-6. Also, with small currents the number 
of molecules ionized by this process would be proportional 
to N?; and as it has been found that the curves in figs. Land 3 
are independent of the number N, the number of molecules 
Which may be ionized as a result of two collisions must be 
inappreeiable. The increase in conductivity which has been 
observed must therefore be attributed to ionization by single 
collisions. 

With the pressures and forces used in these experiments, 
electrons make several collisions with molecules while moving 
with velocities less than that corresponding to 25 volts, but 
greater than ihe potentials corresponding to resonance, If 
they lost their energy in these collisions they never could 
attain their ionizing potential. "The statements frequently 
made as to the loss of energy of electrons in amounts corre- 
sponding to resonance potentials are inconsistent with these 
experiments and similar experiments made with other gases. 

It appears from this investigation that electrons moving 
with velocities corresponding to resonance potentials very 
rarely lose their energy when they collide with molecules. 
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XXXIII. A Tentative Theory of the Capture and Loss of 
Electrons by Swift Nuclei. Dy R. H. Fow er, Fellow and 
Lecturer in Mathematics in Trinity College, Cambridge *. 


$1. Ivrropverion. The experimental facts.—The pheno- 
mena of capture and loss of electrons by swift a-particles, 
first detected by Henderson f, have recently been studied 
in some detail by Rutherford—his results have just been 
published f. He establishes that when a beam of a-particles 
of given velocity emerges from a thin foil, the beam is 
not homogeneous but consists in general of a mixture 
of He**, He* and even He. The last named are only 
present to a noteworthy extent at the lowest velocities 
examinable by the scintillation method, and we shall not in 
general refer further to them in this paper. The emergent 
beam consists then of He** and He* present in a definite 
ratio, which depends on the velocity of the a-particles. The 
' ratio further does not depend to any marked extent on the 
material of the foil, though there is a perceptible tendency 
for the number of Het to be greater for gold foils than for 
foils of lighter elements. It is thus clearly established that 
the action of the thinnest foil is to set up a definite equi- 
librium ratio between He** and He* in the beam, which is 
a rapidly varying function of the velocity of the beam and 
almost independent of all other conditions. 

These phenomena are only observable with a very good 
vacuum in the deflecting chamber in which the beam is 
analysed by the usual strong magnetic field. The phenomena 
which occur when gas is admitted are very significant. 
The first effect is to wipe out altogetber the He* particles, 
showing that they have lost their electron in a gas collision 
and have not in general picked one up again for an appreci- 
able distance. A closer examination of the distribution 
of the scintillations shows, however, that at suitable gas 
pressures an appreciable number of both captures and losses 
do take place along the long path of the a-particle through 
the analysing chamber. This is established by the marked 
narrowing of the main band due to He**. The slow over- 
deflected a-particles have an average charge of less than 2 
when they have reasonable chances of capture, and therefore 
are less over-deflected when gas is admitted, relatively to 
the normal ones. 

The ratio of the numbers of He** to Het varies with the 

* Communicated by the Author. 
t Ilenderson, Proc. Roy. Soc. A. cii. p. 496 (1922). 
t Rutherford, supra, p. 271. 
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velocity over a wide range as a power of the velocity some- 
where between 4'6 and 5. This variation has been tested 
from about the velocity of the a-particle from RaC (1:922 
x 10° cm./sec., or 1040 equivalent electron-volts) down to 
a-particles of about 1/10 this energy, say 100 volts. At the 
top velocity (more precisely 1080 volts obtained with 
a-particles hon ThC) the numerical value of the ratio is about 
330, falling to 1 at the lower. The precise figures will be 
discussed later. 

The equilibrium concentration ratio [He* *]/[ Het] in the 
beam is expressed by Rutherford in another form. He 
points out that if X, is the mean free path for capture and 
à; the mean free path for loss in the foil, then 


[He**]/[He*]-X4M. . . . . (1) 


He then shows that since the ratio reid is practically 
independent of the nature of the foil, it will probably be the 
same in the gas. In the gas X; can be determined absolutely 
by observing the yas pressure required to abolish the Het 
band. The actual value of X;, the free path for loss, is about 
that to be expected from our knowledge of the general 
process of ionization by collision and varies in the expected 
way with the velocity. The experiments thus determine 
absolutely both A, and Xj. Jn the following sections we put 
forward a tentative theory of the action, which accounts 
roughly, even quantitatively for the observed facts. 


§ 2. A crude application of the theory of thermodynamic equi- 
librium.—The nature of the equilibrium ratio established by 
Rutherford and its rough independence of almost everything 
except velocity suggests that this equilibrium ratio may 
conceivably represent roughly the ratio of the equilibrium 
concentrations of He* * and He* which would beobserved ina 
suitable gaseous assembly in thermodynamic equilibrium. So 
far as the relative interaction of the a-particle and an atom or 
electron is concerned, only the relative motion is relevant. 
It makes no difference therefore to the relative orbits 
whether we consider the a-particle or the atom and its 
electrons in motion. Let us contemplate then fixed or 
nearly fixed a-particles bombarded by a stream of swift 
atoms. So far as the vast majority of such interactions are 
concerned the effect of the nucleus of the bombarding atom 
may not be serious, and the interaction with any or all of 
the lightly bound electrons in such an atom must clearly be 
very much the same as if they were a cloud of free electrons 
of the same density in space. We may suppose in this 

Phil. Mag. S. 6. Vol. 47. No. 278. Feb. 1924. 2E 
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connexion that an electron is “ lightly bound ” if the energy 
required to remove it from the atom is a fuirly small fraction 
of its equivalent energy as a member of the swarm. We 
are thus led to suppose that as a first very crude approxi- 
mation most of the interactions between the a-particle and 
the atoms of the foil which result in captures or losses will 
take place just as iu a gaseous assembly at a temperature 
which makes the mean energy of an electron equal to that 
of an electron with the speed of an a-particle, and at un 
electron density which is that of the lightly bound electrons 
in the foil. 

The dissociative equilibrium, Het 2? He** + electron, is 
governed by well-known laws. If we may suppose that the 
Het can only. exist with its electron in the final (normal) 
one-quantum orbit, —this will be examined more closely later 
on—then the equilibrium state is * 


Tt 349 
Ten tm p Tcv 0. . Ø 


In this equation x is the ionization potential of normal 
Het (54 volts), P, is the partial electron pressure, und + is 
Boltzmann’s constant. To find the temperature T we have 
to equate j&£T, expressed in volts, to W the speed of the 
a-particle in the same units. For this purpose we liave 


KT volts 8:60 x 107*T, (T in °C.). 
Formula (2) refers to P,, and we require v, the electron 
density which is given by . 
Se ae oe £k a oum €x (3) 
Thus we take for the equilibrium law 
++ OY 
=8'25 x 10° We-8UW  . . (4) 


where W is the speed of the a-particle in volts. It is 
interesting to note that the temperature corresponding to 
1040 volts is about 5,500,000? C. 

Electron densiues in foils can be fairly easily calculated. 
For Al the L-electrons ure bound with about 70-80 volts f. 
We may probably take Al to have 11 electrons effectively 

» See, for example, Fowler and Milne, Monthly Notices R. A. S. 
Ixxxiii. pp. 407, 408 (1923). 

* Here and elsewhere the data for the energy levels are taken from 
Bohr and Coster, Zeits. f. Phys. xii. p. 350 (1923). 
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free at all the higher speeds concerned, diminishing some- 
what at the lower velocities. The density of the metal is 
2°70 and the mass of an atom 27 x 1:662 x 107?* gm. Thus 


v,(Al)=6 6 x 102. 


For Ag the N- and O-level electrons, 19 in all, will be 
free at all the higher speeds; of these, 13 are bound with 
45 volts or less, and 6 with about 100 volts. The M- (and 
other) level electrons which are bound with at least 370 
volts, will be practically always permanently bound. "Thus: 


v (Ag) 11x 10% 


at the higher speeds, with much the same proportional 
diminution as for Al. For Au the electrons of the Ny:-, 
Nyu-, O-, and P-levels are similarly free, 27 in all, while 
the others are similarly bound. Thus 


y, (Au) 21:59 x 10%, 


with similar variations. A substance like Cellulose C,H,,0, 
seems to lead to an electron density about 4x 1033. Mica is 
difficult to calculate for exactly, but there is every reason to 
anticipate a result very little different from »,(Al). ‘he 
electron densities thus calculated are very uniform, showing 
merely a slight increase with atomic weight. If as a rough 
figure we accept v,z: 6:6 x 10”, we have 


[(He** ]/[ Be*] 21:25 x 107*W*25-8/W, (W volts). 
We arrive at once at 
W 1000, [He**]/[He*] =40, 
W=100, [He**]/[He*]20:556. 


The corresponding experimental figures are about 1 and 
330. The agreement with this extremely rough calculation is 
amply sufficient to encourage us in thinkin g that we are dis- 
cussing the phenomenon on the riglit lines and in attempting 
to better the theory by re-examining it with the help of some 
definite mechanism by which the captures and losses may be 
effected. In the light of the above «agreement the mechanism 
may be suppored to be one which, in an ordinary assembly, 
will set up exactly the ordinary equilibrium laws. 

One further sulient point remains to be considered—that 
is that the ratio of the free paths for capture and loss seems 
to be the same in the foil and in a dilute gas. In the light 
of (2) no such state of affairs could possibly hold good if 
P, or v, refer to the general electron pressure or density. 
We must suppose, and po in agreement with all the 
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weight of other evidence, that the v, of the formula is the 
v, inside an atom or molecule, and that in any case of capture 
or loss the whole of the interaction is provided by the 
electrons (or perhaps electrons and nuclei) belonging to a 
single atom or molecule. The rest of space can as it were 
be wiped out; nothing whatever happens there. On this 
view, which seems in any case to be correct, our preceding 
calculations for foils will not be substantially affected, for 
the v, for atoms and the v, for metallic foils or mica slips are 
not greatly different. The former may be larger by a factor 
of 2 or 3. Thecalculations will thus apply at once to similar 
atoms in a gaseous as well as in a solid state. 


$3. Application of the theory of capture ond loss by 
electronic collision in gaseous assemblies in statistical equi- 
librium.—As a result of the foregoing considerations we 
must treat the [He**]/[He*] equilibrium as equivalent to 
the thermodynamic or statistical equilibrium of a gaseous 
assembly at high temperature, modified by certain peculiar 
circumstances, of which ebviously the most important is the 
fact that all the electrons have about the same velocity 
relative to the a-particles instead of velocities distributed 
according to, Maxwell’s Law. We are going to use as an 
analogy to the process of capture and loss by flying a-particles 
the ordinary processes of capture and loss which certainly 
govern the state of an assembly in genuine dissociative 
equilibrium. ‘To apply the laws of such processes to this 
distorted case we must have a knowledge of these laws in 
certain detail. This knowledge of detail is available to a 
sufficient extent to make a start on the problem of the 
a-particle. 

In an ordinary assembly captures and losses can take place 
by two main mechanisms— radiative or non-radiative—the 
latter in the simplest case are collisions in which at one 
stage or another three bodies are concerned—for example, 
an He nucleus and two electrons. We shall consider at a 
later stage the evidence that leads one to believe that the 
processes of capture ands loss of electrons by a-particles are 
essentially non-radiative. Itis possible to work out the laws 
of capture and loss by the simplest collisions in exactly the 
same way as Klein and Rosseland* have worked out the 
laws of collisions of the first and second kind T. The process 
of loss is merely ionization by electronic impact. It is there 
shown that the associated reverse process must be assuined 

* Klein and Rosseland, Zeis. f. Phys. iv. p. 46 (1921). 


t Fowler, supra, p. 257, 
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to be a three-body collision in which one electron is bound 
by the atom, and the other goes off with all the superfluous 
energy. The number of a definite type of ionizations by 
collision per cubic centimetre per second may be written 


9 z^ N 
“(= S) eS AGRA dns = & ace 40) 


this is the number due to electrons with energy between e 
and e+de (e-electrons), which results in. knocking out an 
n-electron. If ej is the ionization potential S?n, €) z 0, 
when ec&j-r75. The number of captures per cubic centi- 
metre per second in which a £-electron is bound by the 
interaction of a £-electron is similarly 


(y MoE pats Gp. . . (6) 


Here xı and z, are the concentrations of atoms and ions 
(or Het and Hett) respectively and 4(£)d£ is Maxwell's 
distribution law for electrons. To preserve the usual laws 
of statistical equilibrium it is further shown that we must 
have for all « and 7 


TNE 


(eg+n+a)8,? (m, €o +y+a)= = T 833 (7, a). (7) 


In equation (7) and elsewhere m is the mass of the electron, 
c is the number of equivalent electrons removable with 
expenditure of work e, q is the ** weight” of the atom in 
its normal state relative to the ion, and A is Planck’s 
constant. 

It is further shown on the basis of the classical ionization 
theory of J. J. Thomson Ses" 


1 
N1 (7, €) = ES (2 4- €)? e e . (8) 
and therefore that . 
hè 
S, (n a)= Ll 7 _A e. (9) 


an Ta (9 14 €)" 


Equation (8) is substantially equivalent to the V*-law for 
the ranges of S-particles, expressed in the present notation. 
It may be bokek of herc as fully equivalent to this law 
and of the same range of validity. Since we are concerned 
with only moderate velocities and fundamentally with only 
electron-electron interactions we do not require the rela- 
tivity modifications. 

On the strict classical theory A=7e*t. This value may be 
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too small by a factor of perhaps 2 or 3, hut the exact value 
of À (provided it is constant) is only of secondary importance 
here. 

If ionization by electronic impact and the associated 
reverse process form the mechanism which controls the 
equilibrium. | He* *]/, He*] in the beam of a-particles, it is 
easy to deduce a much more precise theoretical value for 
this ratio on the basis of (6) and (7). As a first approxi- 
mation we may suppose that all the electrons have an energy 
W,so that the electron distribution law here, instead of 
Maxwell’ s law, is 


p(ee zv, (e=W), 
wleyde=0, (+W). 


The rate of production of He** by ionization is therefore 


by (5) and (8) 
afew W-eo Ao 
[He i 2 ic W + B NA 


[Het]. (2) A(t- ee e cw. (10) 


The rate of production of Het by capture is by (6) 
and (9). 


- 


or 


2 o A 

EE gp 5. ese e 

[He**]v/ mW 8am(W+e)7 ' '" (11) 
The equilibrium ratio must therefore be given by the equa- 
tion 


[He**]v | 8zmo m 


[Het] ght (3) ^w. We W?(W +e)’. (12) 


We observe at once that for udin of W fairly large 
compared witir e; (54 volts) equation (12) predicts a variation 


[He**]/[He*]« W*?a V*, . . . (13) 


which is in .substantial agreement with Rutherford's obser- 

vations (ve or V^). What is more, the actual numerical 

agreement is far better than could have been hoped. If we 

express all the energies in (12) in volts (1 volt=1°591 

x107? erg) and insert the usual numerical values 

m=9°00 x 10-77, A z6:55x1077 and the values proper to 

Het, g=2, =i. we find that 

{Het t], 2] W-— = €n 1/2 7 p 

~ [He] *=171x10 We, WAW 4 e, (W, & volts). 
i See x19)" 
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If we take as a round figure y, —10", we obtain the 
following table for comparison with Rutherford’s experi- 
mental values. | 


TABLE I. 
[Het * J/[He*) (Het * y(Ite*] 
Calc. (Het +M[He*] Cale. 
Volts. y, — 107". Obs y, 4 x 1074, 
1080 1270 330 320 
920 860 200 215 
600 300 07 75 
230 30 T5 T 
100 3:5 0:0 
90 aa ro loss 


The table shows that an excellent agreement between 
theory and experiment could be obtained if we were at 
liberty to suppose that v, had values of the order 3,4 x 10™ 
for all velocities. These values are perhaps slightly high, 
particularly for low velocities. But they are probably to 
be modified in à downward sense in view of certain other 
considerations in the next section. The general conclusions 
would seem to be favourable to the theory. 


4. A critical examination oy the assumptions of the theory.— 
It is well to pause at this stage and reconsider the basis of 
these results. We have assumed 

(i. That captures and losses take place inside an indi- 
vidual atom or molecule much as if the lightly-bound elec- 
trons were a free electron gas of equivalent density. 

(ii.) That the mechanism of capture and loss is the ordinar 
mechanism of ionization by electronic impact together wit 
the associated reverse process of radiationless three-body 
cupture. 

(iii.) That the part played by the core of the atom 
(nucleus + tightly-bound electrons) may be ignored. 

(iv.) That in the case of He* only the normal 1-quantum 
orbit is effectively present under the giveu conditions. 

We have little or no reason to question the applicability of 
(i) at the higher velocities. It is substantiated by any 
theory of ionization by a- and 8-particles. 

Under (ii.) we should notice that the coefficients S,? and 
S4! refer strictly to the conditions of gaseous assemblies in 
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which the electron velocities are distributed in all directions 
and are not almost unidirectional as here. Thus the S,? and 
S,! which we have used are really averages taken over all 
relative orientations of the axis of the atom, and the direc- 
tions of motions of any incident electron or electrons. The 
unidirectional bombardment here may very well not affect 
S,?, but on the other hand it may equally well seriously 
affect S,}. If the capture process is really the reverse of 
the ionization process in every detail, the most effective 
relative direction of incidence for capture may well be 
nearly at right angles, since the electrons after ionization 
has occurred will in general be moving more or less at right 
angles. This effect should cut down captures and still 
further increase the ratio [He* * ]/[ He*] at high velocities, 
but by how much it would be far from easy to calculate. 

In the same connexion we may point out that there is no 
need to make the stringent assumption that all the bombard- 
ing siream have velocities exactly equivalent to W volts. 
It is easy to allow for a combination of this with another 
velocity orientated in a random direction ; this will repre- 
sent approximately the motion of the electrons in the atom. 
For this purpose one must work primarily in velocities rather 
than energies. One then finds that if the velocity of the 
electron stream is V, and the orbital velocities v, then 


y ] de 
a ire mit ve Gn 70 «ec (V 9?) 


=0, (e>4m(V+v)?, ec im(V = vY). 


The resulting integrals are still of simple forms and easily 
evaluated. One finds that ionizations now occur at a rate 


Aclf[1 V+r 4Vv 
ig y e Lu NN i LR 
[ He lv m v Leg log V—v m(V*— «v : 
provided that 4m(V—v)?>¢ 9, and captures at a rate 
,A gi 1 Vv [ 2, V+v 
V AT ,log ta 
& >V 


++ M LUE l 
puer» m? 87m Ze? log V—v 
L1bp Apc ED Ten d { 2 
T 8 din(V—vy teo eo Udm(V—r)? +6 


in(V- ise] i: 


The modified form for the rate of loss for din(V—r)? < @& 
can easily be obtained when required. The formule are a 
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little complicated and numerical values must be inserted to 
estimate the effect. "Taking the voltages corresponding to 
v and e, as 25 and 50, and to V the values 900, 225, and 100, 
we find that the calculated values of [He**]/(He*]| are 
smaller by the factors 1/1:13, 1/1:58, and 1/28. These 
corrections have the effect of diminishing the v, necessary 
for agreement in Table I., and are of just the right nature 
to allow for a reasonable decrease in effective v, with 
decreasing velocity. One can scarcely push the correction 
further at this stage. 

With reference to (iii.) we may observe that the neglect 
of the core is certainly not justitiable a priori. It should be 
pora to take account of it in just the same way as we 
iave taken account of the “free” electrons on the basis of 
a mechanism of ionization and its reverse capture by means 
of collisions in which a heavily charged core knocks out 
electrons or helps to bind them in another atom. This 
requires, however, a knowledge of the relation analogous to 
(7) for the case in which two of the bodies are of comparable 
mass, which has not yet been worked out. We may observe, 
however, that we must expect to obtain relations of the same 
general type as (7), (8), and (9). The classical theory of the 
production of primary ionization by a-particles for example 
indicates a value for the new 8,?(7, e) closely analogous 
to (8). It is therefore very probable that even if the effect 
of the core is sufficient seriously to influence the individual 
rates of capture and loss, their ratio will be affected only to 
a secondary extent. 

It must be pointed out that assumption (iv.) is open to 
question, although physically it would seem eminently 
reasonable. The arguments of statistical mechanics are 
based on the assumption of “limited interferences "— that is 
that any particular state of any atom or other system in 
general exists undisturbed in the assembly for times which 
are long compared with the times during which energy ex- 
changes are taking place. All states for which this condition 
is fulfilled must be included, but it is not yet possible to say 
for certain where the line is to be drawn to exclude states 
other than these. An indication can, however, be obtained 
by considering how often on tlie average per revolution the 
electron will be removed from an orbit in He* by electrons 
of velocity W and space density 10?*, The number of ioni- 
zations per atom per second is then 


(Y a(i- d)... qe 


which works out at about 2:2 x 10" per sec. for tho normal 
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1-quantum orbit and W=1000. The orbital frequency for 
this orbit is 2-6 x10! as calculated from the ordinary 
formule. There is thus on the average one removal for 
every ten revolutions, which is a reasonably small amount 
of disturbance. But for an n-quantum orbit the ionization 


frequency is multiplied hy n? and the orbital frequency by '- 


l/n'. Thus the n-quantum orbit will exist undisturbed on 
the average for only 10/n* revolutions. The 2-quantum 
orbit can exist on the average only for } of a revolution, and 
every other orbit for a much smaller fraction. It is possible 
that we should think of the Z-quantum orbit (of weight t) 
as being effective or partially effective. We can hardly 
expect any other orbits of higher quantum number than 2. 
This point of view is supported by the relative sizes of the 
orbits. The radius of the l-quantum orbit is 2:6 x 10^? cm., 
of the 2-quantum orbit 1:06 x 107? cm. The average distance 
apart of electrons at a density 10?* is about 1075 em. 

What follows is exceedingly speculative, but perhaps 
suggestive. If in the corresponding assembly in statistical 
equilibrium He* in the 2-quantum orbit is to any degree 
elfectively present, we must suppose it present here to the 
corresponding extent. Relations for capture and loss to and 
from the 2-quantum state will be formally the same as for 
the l-quantum state with new values of g ande. We obtain 
at once tlie analogue of (12), 


eT - (2) wis: 1/2 $ 15 
[He*], T qh 9 Wess ~ (W + (€)s) i ( ) 
in which the suffix 2 denotes the 2-quantum state of the 
atom. Since g,=6, (e,),— 1e, we find very approximately 
from (12) and (15) that 


EE cuUAM NEU HM NM m 
[He*]-[He*]; [Het] ^ 2415 


It is just possible that some part of the numerical discrepancy 
in Table I. may be properly and simply accounted for in this 
way. Further speculation, however, on these lines is hardly 
profitable at this stage, and we shall not assume any appreci- 
able fraction of captures into a two or more quantum orbit 
in the rest of the discussion here. 


$5. The mean free path for loss, Xj.—The rate of loss of 
electrons per atom per second by the [He*] is given by (14). 
We derive the mean free path for loss A, by dividing the 
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velocity (2W/m)'? by the expression (14). Thus 


Mey a... (16) 
"A w) 


Thus makes A; œ V?, a law which is probably not exactly 
correct; Rutherford's experiments seem to make X, vary 
more nearly as V over the range 0 94V,, 0-47 Vo, where V, 
is the initial velocity of the a-particle from RaC. But this 
deviation is of course just the deviation from experimental 
fact inherent in all current theories of the ionization due to 
a-particles, and is not unexpected here. In (16) v, refers 
strictly to atomic interiors—no collisions of any sort occurring 
outside. To find, however, the numerical value of Az in air, 
suy, we need only interpret v, in (16) as the v, of the air. It 
makes no difference to the average number of collisions 
leading to loss if the electrons causing the loss are distributed 
in dense clouds (atoms) or uniformly, provided the average 
electron density is the same. The resulting value of v, may 
be taken to be 10:4 x 2°70 x 10” per cubic centimetre for air 
at normal pressure and temperature. The average number 
of loosely bound electrons in the air molecule is 10-4. We 
thus find 


A, 23:41 x 1078 (W, ep volts) . (17) 


Wep, 
W—e 
The observed and calculated values of X, are given in 


Table II. 


Taste II. 
Velocity in terms of V,. | Velocity in volts. | À/ obs. mm. A; calc. min. 
- | — — —M — | —— n 
0'94 920 0:011 0:019 
0416 600 0:0078 0013 
U:47 230 0:0050 0-0058 


The agreement is very satisfactory. In this calculation thero 
is no possible doubt as to ve One would perhaps have 
expected the calculated A; to exceed the observed X, by a 
somewhat greater factor than it does, as there is the effect of 
the hard core to be allowed for. But we may rest content 
with Table IT. at this stage. | 
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$6. The equilibrium ratio [H* ]/[H] in a beam of positive 
rays.—1t has recently been shown by Riichardt *, in some 
very convincing experiments, that in a beam of hydrogen 
positive rays travelling through various gases a definite 
equilibrium ratio [H*]/[H] is set up, which varies rapidly 
with the velocity. The H* particles had been accelerated by 
fields varying from 36,000 to 16,000 volts, so that their 
equivalent velocities are only from 19°5 to 8:5 volts, and are 
very low for the applicability of the present method. For 
the highest velocities the theory should still perhaps he 
roughly applicable. Rüchardt gives the following values : 


LH* j[[H] 2 0:51 at 19:5 volts in H;, 
= 0°89 at 18:7 volts in Na, 
= 1:02 at 19:8 volts in Ox. 


We have to apply formula (13)', the only difference being 
that now e= 13:54 volts. We thus obtain 


[H* ]yJ[ H] = 1:9 x 105 at 19:5 volts, 
= 1-6 x 10% at 18:7 volts, 
= 2:0 x 10” at 19:8 volts. 


The ratios will agree at the top velocities with ltüchardt's 
observations if we have molecular electron densities 


y, = 3°7 x 109 in Hj, 
y, = L:8 x 10? in Ng, 
y, = 2:0 x 107% in O,. 


Since only the most lightly-bound electrons can be concerned 
(17 volts at the very most) these figures are not inconsistent 
among themselves and are not inconsistent with a value of 
y,— 10? for higher velocities. At the same time we have 
obviously already strained the theory to the breaking point 
in applying it to these very low velocities. That : agreement 
still persists to this extent is eminently satisfactory. We 
may observe tinally that the V5-law still seems to persist in 
this region for the observations in H and O,. The observa- 
tions in N, are hardly consistent, for they show a quite 
different and much slower variation. 


§ 7. General Discussion.—The foregoing considerations, 
incomplete as they unfortunately are, seem ^to indicate that 


* Ruchardt, Ann, der Phys. lxxi. p. 377 (1923). 
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the controlling mechanism by which the equilibrium ratio is 
set up in the beam of «- particles is a mechanism of loss and 
capture by collision processes of a definite type. In arriving 
at this conclusion we have found it desirable to consider the 
a-particles as at rest and the electrons as in motion with the 
appropriate veloeity. This is of course legitimate here, for 
it is oniy tke relative motion that affects the processes 
of capture or loss which can be referred directly to the 
circumstances of the relative orbit. It is of course equally 
true that the actual exchanges of energy between the particles 
depend on the absolute velocities, not merely on the relative 
velocity. This must be borne in mind in forming a detailed 
physical picture of the action of these mechanisms. 

We have not here diseussed the possibility of a radiative 
mechanism of capture. It appears to me however, that, as 
far as this ean be discussed at present, it leads to a wrong 
variation with velocity, The number of captures per Hett 
per second varies here as 1/V$, the mean free path for capture 
as V7. It appears that Kramer’s* calculations lead to a 
chance of capture by radiation in any single encounter which 
varies as 1/V*. The captures per He** per second by this 
mechanism vary therefore as 1/V? and the free path as V*. 
In view of this diserepancy I have not used Kramer's results 
to calculate the absolute rate o£ capture by radiation at any 
velocity. The experimental facts on velocity variation are 
sufficient to establish that radiative captures play only a 
subordinate part. 

It is perhaps here permissible to stress certain points 
suggested by the theory as likely to repay further investiga- 
tion. The quantity ve the intra-atomic “free” electron 
density, plays a fundamental part in the theory. If the theor 
is in any way correct the equilibrium ratio LHe** JL Ha*] 
ought to vary from foil to foil like 1|v,, We can be fairly 
certain a priori o£ the relative values of v, for different 
atoms for a given velocity. A detailed experimental investi- 
gation of this variation at a number of velocities would 
provide a fairly crucial test of the theory. It would further 
prove of great interest to examine, if it is possible, the 
equilibrium ratio for swift H*- and H-particles ; one would 
thus extend Riichardt’s investigations to a range of velocities 
of H-particles only attainable by collision with a-particles, 
at which the theory and observations are more directly 
comparable. One should thus be able to test with more 


* Kramers, Phil. Mag. xlvi. p. 856 (1023). 
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certainty the predicted variation of the equilibrium ratio 
with e. From the general theoretical point of view every 
pone examination of the theory is of the greatest interest. 
or the theory itself is of the nature of an extrapolation of 
statistical arguments to the conditions holding in an assembly 
.ut some 5,800,000? C. Gaseous assemblies such as these 
most certainly exist—the interiors of giant stars for example 
may be at even greater temperatures. To these we may 
hope to apply all the statistical ideas which have been and 
are now being developed. But any direct check on the 
theory, such as is provided by the present experiments, is of 
the greatest value in guaranteeing that our extrapolations of 
statistical mechanics to such assemblies have not, in some 
unexpected way, exceeded the range of validity. 


$8. Summary.—The equilibrium ratio of the concentra- 
tions of He** and Het in a beam of a-particles of given 
velocity is discussed in the light of Sir E. Ruthertord’s 
experiments. . 

It is shown that the equilibrium is probably of the nature 
of a thermodynamic equilibrium corresponding to an electron 
density equal to that of tlie lightly bound electrons in the in- 
terior of an atom [ perhaps 2 x 10?* per c.c. ] aud a temperature 
equal to that at which electrons have on the average the 
velocity of the a-particle [ 5,800,000? C. for the initial velocity 
of a-particles from RaC]. 

The mechanism of capture and loss is probably a collision- 
mechanism (non-radiative). Loss corresponds to ionization 
by electronic impact—capture to the strict reverse of this, a 
tliree-body collision. The ratio of the frequencies of such 
processes has been recently established by the author us an 
extension of the ideas of Klein and Rosseland. This atio 
leads at once roughly to the observed equilibrium when it is 
applied to the conditions of the experiments on a-particles. 


In conclusion it is a pleasure to thank Sir E. Rutherford 
for information supplied in advance of publication, and 
for many valuable critical discussions at all stages of the 
development of the theory. 
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XXXIV. On a proposed Empirical Equation of State for 
Fluids. Bj S. Lens, M.A., St. John’s College, Cambridge *. 


Introduction. 


§ 1. N ANY investigators have devoted attention to the 

problem of framing un adequate equation of state 
for fluids in general. (By equation of state is meant a 
relation which must always be satisfied between the pressure 
p, volume V, and absolute temperature T for unit mass of a 
fluid. Reference may here be made to the equations of 
van der Waals t, Clausius t, Dieterici t, Porter 1, and others. 
Whilst there are objections on individual points to all of 
these equations, each of them has had success in certain 
directions in helping to rationalize the behaviour of gases 
and vapours. 

In addition to the above-mentioned equations, which have 
some application for all values of the variables p, V, and T, 
reference may be made to others (e. g., that of Callendar for 
steam, and that of D. Berthelot $ for low pressures) which 
are intended to have but a restricted field or range of 
upplication for the variables. Such restricted equations 
of state have been extremely useful in compiling tables of. 
properties of particular fluids for technical purposes. 

In the following paper the author endeavours to develop 
an equation of the uure-tricted type, and some apology may 
seem to be required for adding another to the existing 
equations of this type. The uuthor is of opinion, however, 
that the equation he has to propose is simple in form, and of - 
interest as agreeing on certain points more closely with 
experimental facts than other proposed (simple) formula. 
It is not claimed that the proposed equation has important 
esoteric significance. The method, in fact, which has been 
followed in connexion with this paper may be described as 
* formula-fitting," with a fairly frequent comparison with 
the experimental facts. 


* Communicated by the Author. 

f General reference may be made to Kuenen, Die Zustandsgleichung 
der Gase und Flüssigkeiten; also to H. Kamerlingh Onnes and W. H. 
Keesom, Die Zustandsgleichung (Art. v.10, Encyklopddie cer Math. 
Wissenschaften ; reprinted in Commuuicutions from the Physical 
Laboratory of Leiden). 

Q Phil. Mag. xliv. p. 1020 (1922). 

S Trav. et Mém. du Bur. Internat. xiii. (1907). 


432 Mr. S. Lees on a proposed 


ad 


Type of Equation of State chosen. 


§ 2. In building up an equation of state, certain assump- 
tions are made in this paper. There is, firstly, the assumption 
that at high temperatures and low pressures, i. e. with large 
specific volumes V, the equation approaches asymptotically 
the perfect gas equation 


OVER, ux &. ee 2 (I) 


where R is the gas constant for unit mass. When this 
condition is satisfied, the fluid is sometimes said to be in the 
Avogadro-stute. Secondly, it is assumed that at large 
pressures and low temperatures the volume V tends to a 
limit 6 which is to all intents and purposes identical with the 
volume of the fluid in the liquid condition. 

Guided by these assumptions, the general type of equation 
of state has been taken as * 


[p*$(p,V,T)].(V—))zRT, . . . (2) 


where $(p, V, T) is a function to be investigated and if 
possible to be determined. It may be noted that $ (by 
assumption) must tend to zero as V is made indefinitely 
large. It must also be such as not to interfere with the 
. validity of the second of the above assumptions. 


Critical Phenomena. 


$3. A further and most important restriction on 4 is 
that it must allow of the existence of critical phenomena. 
Assuming that this is the case, we shall have at the critical 


point 
(Si) =. . 2 oe eei we (3) 
SP) =0.. ss die da we ee 


From (2) we have 
RT m 
rS V—b —dí(p, V, T), 


* The novel feature of this equation liesin making ġa function of the 
three variables p, V, and T. The usual theoretical interpretation of the 
factor (V—6) would be that the volumes of the molecules (taken as 


proportional to b) are invariable. 
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and hence * 


(2) = | —RT 36 dp 
aV) (Vb) "aV Sp OVA 


($5; )= 2RT _ op _ 20° (87) - òp oY) 


aV. (V—b)® OV? opoVNOV/, Op NOV? 


Equations (3) and (4) thus reduce to the simple results 
for the critical point 


=R z 
oF = Eel e sk De SD) 
d _ +2RT 


QV? (V—5)? we ue uw Ne O) 


which, it will be noticed, do not at all involve explicitly the 


dependence of $ on p or T. 
We now make the mes assumption f that (p, V. T) 


can be expressed as es Vr( p, T), where n presumably will be 


positive to preserve the first of the assumptions of § 2. 
In this ease, we have 9¢/0V= -nyp Vh, 0’¢/0 V= 
n(n+ Ly /V*#2, Substituting these values in (5) and (6), 
a dividing the latter of these by the former, we obtain 


n+1_ 2 
V V—b' 
t. e. V.z(nc-l)/(n—l). . . . . (7) 


The suffix c has been attached to V in (7) to indicate that we 
are referring solely to the critical volume. 

In applying this result to determine n, it is assumed that 
the correct experimentally determined mean value of V, is 4b. 
This would appear to be very nearly the case f. In passing, 
it may be noted that van der Waals’ equation makes V,— 36, 
whilst the equation of Dieterici gives V.= 2b. 

Substituting then V,=46 in (T), we find n=5/3. This 


* In the differential coefficients of $, only the independent variables 
indicated are supposed to vary. ‘This 1s the usual notation. 

t By using here a single power of V, and later in $$4 and 5 single 
powers of p and T respectively, we are assured of the equation of state 
satisfving the principle of corresponding states (see § 6). 

H See, e.g., Lewis, ‘System of Physical Chemistry, 1918, vol. i. p. 80. 


Phil. Mag. S. 6, Vol. 47. No. 218. Feb. 1924. 2 F 
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may be compared with the value n 22 used in van der Waals’ 
equation. 

The obtained value of n (25/3) is supported in the 
strongest manner by the consideration of the ratio of 


RTJp,V.. We find from (5) 
RT,2—nye(V,—by /[ Von... . . (8) 


If this be used to eliminate «qr, in 


we find £n i l 
P= (V,—b)? [v.(1- 3 -i| e.. 9» (9) 


If, as before, we assume V,— 4b, we find pe= RT,(3— 4/1) /9b. 
Hence 
RT, RT. 
p.V. Abpe 
We shall take the experimentally determined mean value of 
this ratio * to be 15/4. In this connexion, it may be noted 
that whilst Dieterici's equation gives for this ratio about 
3°7/1, the equation of van der Waals gives for tho ratio 8/3. 
Substituting 15/4 for RT,/p.V. in (10), we find n2 5/3 as 
before. This seems a remarkable result f. 
We may sum up the results of this section by stating that 
if the equation 


=9/4(3—4/n). . . . . (10) 


[p+ YU? v - o2 nm, TL, 


where (p, T) is as yet undetermined, gives a critical point, 
then at this critical point V; — 45, and RT,/p,V,—15/4 ; both 
of which results are in good agreement with experiments on 
a large number of gases. 


Variation of the product pV. 


$4. We proceed to discuss the variation of the product 
pV along an isothermal T = constant. 
If we write (11) in the form 


RT 
p-.4-—p- ne . © — oè è © òo >œ (11a) 


* See Lewis, loc. cit. p. 79. 
t An alternative procedure for this section is to assume 


g=(p, T)(V —Cy, 
where c is a constant. We then find cz 0 and n=5/3 as before. 
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we get on differentiation with respect to V (keeping T 
constant) 


oP) = -RT | 5p 1 dy op), 
OV) _ (V—ij * 3V53 7 Vsiógp VoV 


* Gr loot ave] [DSF] ) om 


Multiplying the right-hand side of (11a) by V to get the 
value of pV, we find on differentiation with respect to V along 
T = constant 


8(pV)] _ —bRT , 2p x oy a). 
oV. T mEL E 3V93 ^. Vdp oV 
—hRT | 24 


= vost avia 


1 dyf —RT òy i 
^ V%3 8p wipt svell [1+ MAL . (13) 


from (12). 
Hence if pv has a minimum or stationary value on the 


isothermal, i. e. if [O( pV )/0V |r=0, then 
2p E E vl ves] 


3V (V—b) Op 
gs Livy * aves]: 
= viso vous? 3x3 |? 
which reduces to 
òy pov 
24r DRT ur Es op 


3v (Vo? vert qycp ve =? + 00 

If T be supposed to be eliminated between (11a) and (14) 
we get the state path for the p, V diagram on which lie all 
minimum values of pV for the different isothermals. In 
general, the limiting value of pV on this path as V is made 
indefinitely great, i.e. p indefinitely small, need not be finite. - 
But experiment goes to show * that a finite limiting value of 
pV under these circumstances does exist, and this fact may 
be made use of to specify y more closely. We make the 
further assumption that 4p — jp T), where X is to be found, 
and f(T) is as yet arbitrary. 

Under these circumstances, the relation (14),as V is made 


* See, e. g., Lewis, loc. cit. p. 82. 
2 F2? 
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indefinitely great for a fixed value of T, approaches asym- 
ptotically the relation 


2 T Ap ART 
a, P VT) -RT- Aus UI) ] Gye SC) =0, 
3b b\ bN 
| i - a « (15) 
i.e. approaches * | 
2 (pV)^f(T) A(pV) ^^ [/(D]? ART PV) AAT) _ 
x Too (qvas = 
e > >% (15 a) 
Since pV is supposed finite under these conditions, we 
deduce that X — 1/3, and further that 
: : RT b 
fayeenrf Ho) z ya] ERs . 06 


under the assumed conditions, viz., pV-5RT. 

We may sum up the conclusions of this section by saying 
that if 4r(p, T) of (11) involves a single power only of p, 
then considerations of the limiting value of the isothermal 
pV minima as V—»« indicate that the equation of state is 
of the form 


3 DVA-I3 'AVESIE, 


pf T3 
[o C v-b-nmr. TNT. 
The Nature of f(T). 


$5. We now assume f(T) to be of the form aT", where a 
and y are constants, so that youp!3T. 

From (8) and (9), remembering that V =4b and n=5/3, 
we have respectively 


9 ape ^T. 
RT,= re A ^, peRT5. . . (18) 
Hence, eliminating p, we find | 
297 23-4. 17 ^ 
R 2d d d at PLI b . ; ° (18 a) 


If we denote the limiting temperature referred to in (16) 
by Tm, and utilize therein the value of /(1), viz. aT", we get 
a 


pci. DENT (19) 


* pV is here supposed to remain finite and positive, It will readily 
be seen that A= — | is not permissible in (15), as this would give pV = 
RT,4, whereas we ought to have pV=RT. There is a third possibility, 
viz.: A- 422A d Le, A= —F, This leads to /(oE)/(pV) ^ RT pV — 1, 
i. e. to f(T) 0, which does not help us. . 


* 
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Comparing (18 a) and (19) we find | 


T, -»* 256 
(a7) = T5 * e > é «© à (20) 


The probable mean limiting value of T,/T. from experi- 
ment is circa 3. Introducing this value in (20) we find 
p=—1:055. The author proposes to SR this by the 
value minus unitv. In this case, (20) shows that the derived 

value of T,/T.is 3:11, a value which is not very far from 

observed experimental results*. It may be noted that on 
van der Waals' equation, the ratio T nf Ye is 39:375, whilst 
Dieterici's equation requires some modification to enable a 
proper value of T,, to be deduced. 

The results of this section enable us to complete our 
equations (2), (11), and (17) in the form 


[p+ Tess] O- D)-2RT. . . . . (21) 


Reduced Equation of State. 
§ 6. Corresponding to the equation of state (21), we have 
from (18) and (18a) 


15234 | 
R23T 58 = 483g j . . e > 6 e. (22) 


p?-RB*4(159(409. . . . . (23) 
If r, v, and @ be the reduced pressure; volume, and 
temperature respectively, i.e. the pressure, volume, and 


absolute temperature respectively each expressed in terms of 
its critical value, we have from (21) 


E. 
| = + 653 gU, |e- V v)7* AS 
Remembering that V.— 4^, and that RT,/p,V.— 15/4, we 


find after a little reduction the reduced equation of state in 
the simple form 


[r^ ucl e ES . . (24) 


This may be compared with the reduced equation of van der 


Waals, viz. 
3 1 88 
i (7+ a) (- 3) = ES e . e. . (25) 


The presence of the @ term in the manner indicated on the 


* See, e. g., Lewis, loc. cit. p. 82. 
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left-hand side of (24) is analogous to a similar presence in 
the equation of Clausius *. On comparing the m correction 
terms of (24) and (25), it will be noticed that, in the author’s 
proposed equation, the term 4(7rv)!?[8 replaces the numerical 
quantity 3 in (25). The other differences between (24) and 
(25) are numerical. 

It need hardly be said that the nature of (14) implies the 
existence of what is sometimes called the principle of corre- 
sponding states. 


State Path for Isothermal wv Minima. 


§ 7. We proceed to discuss more fully the conditions under 
which the product pV is a minimum on an isothermal, and 
to do this we shall use the reduced variables 7, v, and 6. 

If we write (24) in the form 

y= 190v Alay)" 
TIT Ay —I Ov ^" 
we easily see that 
Am) ., 188. y Moo dtt pd 
dy je (4v—1) 0 36v dv Je 
from which we infer that when v» is a minimum on the - 
isothermal 0 — constant, i. e. when d(vv)/dv— 0, 


158*5,z4(mv) ?(4v—1ly. . . . . (236) 
If we make v—>æ in this equation (and thereby take 
15 
a 
On substituting the value of (vv)!? from (26) in (24), we 
find l 


Ty- 0), we find 0=3'11 in agreement with § 5. 


a w(4v—1)? 
Y= aa ba eh e de ok CT) 


Either (26) or (27) may be regarded as specifying the locus 
of the mv minima. It is, however, more convenient to 
express this locus in terms of two variables only, and these 
ay taken to be v (denoted now by x) and vv (denoted 
y y)» 
If we eliminate 0 between (24) and (27), we find f after 
some reduction 


240[4y!— Ary +22] m y? [16 —8ry-a?]. . (28) 


* 0 similarly occurs in the equation of D. Berthelot. 
t Ignoring the factor (4y — x) which cancels out. 
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This equation can be solved as a quadratic in z, and we 
thus obtain 


a-4y[190—99? + /60y93]/[240—y5*]. . (29) 


It may be verified that for z and y both positive, and f > 0 
(under which circumstances y » z/4), the ambiguous sign is 
to be taken as negative, and (29) reduces to 


az 4y[2 /15— y»*]/(4 V 15 —,»*]. .. . (30) 


If the positive sign be taken for the ambiguous case of 
(23) we should get the negative signs of (30) replaced by 
positive signs. The curve so obtained and running con- 
tinuously from the origin would have e=4y as asymptote. 
The diagram (in which y is plotted against x for different 
isothermals) shows that under the given conditions this 
curve does not correspond to the physically real locus of 
minimum values of y on the isothermals. 


The Curve (1) is c=4y[2 y I5 - y°/9)/[4 V 16— 5 9]. 
» » (2) is p= y[B2 8yV* 4 By)/[11 y By! 5— y Sy]. 
” » (3)is 80r=y*?(4y—2). 
This physically real locus given by (30) is shown in the 
diagram (Curve 1). It will be noticed that, starting from 
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the origin, the locus lies above the line gy, and ultimately 
æ vanishes again when j95—2 /15, i.e. when y-11:66. 
This corresponds * to 6—3-11. For values of y greater than 
that given by y59$—4 4/15, i. e. for y > 26:8, there is another 
branch of the curve given by (30). This branch approaches 
asymptotically z—4y, but lies below this linet. It there- 
fore does not correspond to anything physically real. 
Referring to the applicable region of — we have 


dz 8V15 
se eel - — lys]. 
dy ~*~ [4/15 —y5*}? [vi-s] 


Hence dz/dy 20 when 55?— ^ 15 .y9 5412020. Solving 


this as a quadratic in $59, we find 06,5*—38:54/15 or 
T54/15 f. The former of these values corresponds to the 
branch of (30) lying helow the line c=4y. The latter value 
(which gives y=6°63) corresponds to a real state of the 
fluid, and gives z—7:23, 0=2'06. The state point thus 
obtained is that corresponding to the greatest value of wv ( =r) 
on the locus of isothermal my minima. 


Joule- Thomson Inversion Curve. 


$8. In connexion with the well-known porous -plug 
experiment, we have as the condition for the vanishing of 
the Joule-Thomson effect, 


a($5) —»—. Ld @ kw BD 
From win we find 
Óv — + Gv- Dm) 1/3 pom 
a7 La * coe ]f[n* 


5 (4v S e 7 ! 


hence from (31) the inversion curve satisfies 
8(m»)2  20(mv)? 15 


aW. 


309, 39, ^49 . . (82) 
But from (24) 


4(mv)? m (mv) 15 
y Lm Lot Ln Og. m d. AOD) 


* When r—0, 6=4y/15. This point is sometimes called the Boyle 
oint. 

t For then r»4y. 

t Approximately. 
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On equating the left-hand sides of (32) and (33) we find 
13 r39 
p p s] . (34) 


E. v y 
Substituting this value of @ in (24) we find 


3 iy 5(mv)¥8 P32 _ E 
[r^ oii] (v— se E EX 


or in terms of the variables wv and y, 


V 2y(4y—2) = x4/5y9*(32y—11z), . (35) 
which may also be written 
„— [32V 5y E 4v 2y] 
11 V5y 83-4 2y 

If the ambiguous signs in this result be taken as positive, 
then the ambiguous sign in (35) is to be taken negative. In 
this case, since physically 4y » «x, it follows that 32y «11e, 
and hence from (34) @ is negative. Thus negative signs are 
to be taken in (36). i 

The inversion curve (36) (with negative signs) is shown 
in the diagram (Curve 2). It will be seen that the curve 
closely resembles a parabola, and cuts the axis of y both at 
the origin and at y?9$—84/2:5, i.e. at y—21:0, which corre- 
sponds to 0=5:6. In the immediate neighbourhood of the , 
origin, z/y tends to the value 32/11 as y diminishes, and 
under these circumstances an application of (24) shows that 
0? tends to the value 5125!7/605, and hence @ tends to zero. 
In this connexion it may be noted that this temperature-limit 
(of absolute zero) is different from the lower of the limits 
arising in the cases of inversion with van der Waals’ or 
Dieterici’s equations of state. 

The maximum value of m on the physically real portion 


of (36) may be obtained by putting dv/dy=0. We find 


(36) 


dy [11V 5V2 
and equating this to zero we obtain 
4,53 — 43 V 1046+ 880 =0, 
or B 
(4/55—11v10)055—8*10)—0. . . . (37) 
The diagram shows that the proper value to be taken is 


given by y5*—114/10/4, i.e. y— 13:41, which corresponds to 
z2:21:08 and 0— 2:84. In perusing the inversion curve on 
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the diagram given, it is to be remembered that the ordinates 
y only measure Ó for the case of x (=7)=0. 


Variation of Specific Heat at Constant Volume with Volume. 


§ 9. We proceed to investigate the variation of Ky (the 
specific heat at constant volume) with volume, using the 


well-known result 
Qe. sss a 


We shall employ the critical values of pressure, volume, and 
absolute temperature as units, and write (38) in the form 


OK, Qm à; 
o) - Sx) 2... (38a) 
where K, denotes the specific heat at constant volume 
measured as the amount of heat required to raise unit mass 
through a temperature range equal to the critical tempe- 
rature, the heat being measured in work units with the unit 
of work equal to the ‘product of the critical pressure and the 
critical volume. 


We readily find that 


Drp mv)! 15, Ay)! 
00 [1+ 305, | = ~dy—-1" p? ^ (39) 


from (24), and after further differentiation and reduction 


2 
ls —120(mv)'?(a?—a4—1)/0?/(2--a),. . (40) 
where a=150/7(4v—1). Thus oe and (87) vanish when 
| Q0: Qv Jo 
a*—a—1=0, 


or for real physical conditions when a=(\/5+41)/2. In this 
case 


150 |OV541 


a(4v—1) acs (41) 
which from (24) can be written as 
Almy)’ rm ; 
x x =9(V¥5—1). 5 owes (42) 


Eliminating 0 from (41) and (42) we obtain 
60(mv)!3[m?7? (4y — 1) =], 


Or =P? (tyz). . . . . . (43) 


or 
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This curve is shown in the diagram (Curve 3). It cuts 
the line v=1 near the isothermal 6=2. We deduce that 
K, is stationary near the critical volume when @ is in the 
neighbourhood of 2. In this connexion, it may be observed 
that variations of K, with volume giving rise to a maximum 
value near the critical volume have actually been noted *, as 


2 

-- o?» 

also have analogous variations of (Sh) : 
v 


From (40) it follows that ($27) is positive when a?—a—1 
/e 


is positive, i. e. when a>(“5+41)/2. Further consideration 
shows that this is the case when 60z» y*?(4y — 2), that is 
when z has values greater than those corresponding to (43). 
Thus to the right of the curve (43) as shown in the diagram, 
K, increases with », whilst to the left of the curve the 
opposite is the case. The curve (43) therefore corresponds 
to maximum values of K,. | 

The variation of K, with p at constant temperature can be 


ai on Er) r(Y 
treated - using the equation (S; )7 (Sr), but the 


algebraic details are somewhat laborious. It is sufficient to 

note that (87) can theoretically become infinite. It will 
T 

be found that this is the case when 


0? (Tv)? — 


(4»—1? ^ 958 ze. T è œ (44) 


in which case both ($2) and (82) vanish. The curve (44) 
7T 6 


is thus merely the locus of points of maximum or minimum 
pressure on the isothermals, and clearly passes through the 
point which represents the critical state. In view of the 
fact (see below) that points of maximum or mininum pressure 
on the isothermals do not correspond to stable conditions, 
the curve (44) has only theoretical interest. 


Further Details. 


§ 10. We shall give here a few further points concerning 
(24). We can write this in the form 


Quim? 150 
03 (1v — 1) d 
which for given values of v and @ is a cubic in m. There 


(15) 


€ See Kuenen, loc. cit. P 118; also H. Kammerlingh Onnes and W. 
H. Keesom, loc. cit. p. 142. 
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will always be one real value of m?! satisfying (45), and 


since 
7150 | 4 J 0 
es J t ET xh 
for positive values of v aud 6, there will be one real value 


only under these circumstances * 
We can also write (24) in the form 


f(9?) ay — (+ 1) 3— aliam, . (46) 
which for given values of v and d is an equation of the 
eighth degree in »'?. Since the pairs of successive terms 
involving v3, v’? and v3, y? are absent from (46), it 
follows f^ that. in general ut least four of the roots are 
imaginary. For positive values of v and @ we have the 
following scheme :— 


v= | -—4[0 94-5 | 1/4 (228 IH 


f- + - * 


Thus there are always two real values of v satisfying (46) 
under these circumstances, one lying between 1 and 


(~ IE the other lying between —4?5/0*55?* and 1. 


Of these, of course, only the former corresponds to a real 
physical state. We have thus accounted for six of the roots 
of (46). A plotting of a few isothermals on a m,v diagram 
shows that the remaining two roots are either both real or 
both imaginary. For positive values of 7, v, and 6, the 
isothermals so drawn resemble in many ways the curves 
obtained with van der Waals’ equation, :.e. for O<1, a 
constant pressure-line under certain circumstances will cut 
an isothermal in three physically real points. For values of 
0 » 1, a constant pressure line will cut an isothermal in only 
one point for which v> 1/4. 

For values of 8 « 1, the effect of evaporation at constant 
pressure and temperature is represented on the 7, v diagram 
in the usual way by drawing a line at constant pressure 7 
to cut the appropriate isothermal in such a way that the two 


* From the general theory of Cardan's solution of the cubic. 
t De Gua's Rule. See, e.g., Burnside and Panton, ‘Theory of 
Equations ' (1886 ed.), p. 180. 
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areas bounded by the line and the isothermal are numerically 
equal. The saturation-curve can then be constructed from 
a series of such evaporation-lines. A simple analytical 
expression for the saturation-curve does not appear feasible *. 

It is convenient to represent the various results arising 
from (24) by means of a diagram in which rv is plotted 
against v, and this has been done in the diagram appended. 
The arithmetical work involved can be done conveniently by 
taking (for a given isothermal) different values of y (=~) 
and solving the various quadratic equations which arise for 
x (=m). The results so obtained can be utilized for deter- 
mining v if required for a a, v diagram. 

Lastly, we may note that (24) can be expressed as 

l| 150 .,1598  15(mv)!? i 

"4 4m (Lor 4v) "Jm ] 4r Ty? dus 

l . (47) 
provided Ov(av)??>4. Under these circumstances, for large 
values of v we shall have approximately 
1 150 453 
474a. jpeg coc oro 9) 


p — 


which may, e.g., be compared with Callendar's equation for 
steam f. 


Conclusion. 


§ 11. The author has been led in the present paper to put 
forward (21) and its equivalent form (24) as a new equation 
of state. The chief properties of a fluid which follow this 
equation are as follows: 


(1) For large specific volumes V, the fluid tends to follow 
the perfect gas law. 

(2) For high pressures and low temperatures, V tends to 
a fixed volume b, which is taken to represent the volume of 
the fluid in the liquid state. 

(3) The isothermals closely resemble those obtained 
following van der Waals’ equation. Critical phenomena are 
indicated, and at the critical point V —45, whilst RT/pV = 
15/4. 

i) Below a certain temperature (3:11T,), along each 
isothermal the product pV first falls and then rises with 

* This is true, of course, even for the simpler van der Waals’ equation. 

t Corresponding to the last term of (438), Callendar has a term 
involving 1;0!?. Kor the region to which Callendar’s equation is 


applicable, the steam is too much of a vapour to allow of a strict 
comparison with (48). 


446 M. L. de Broglie on a 


. continued increase of pressure. The greatest pressure for 
which a minimum value of pV on an isothermal occurs is 
1:23p., the corresponding temperature being 2:06T.. 

(5) Inversion in the porous-plug experiment is indicated, 
but this can only take place if the temperature is below 
5'6T,.. The greatest pressure which will allow of inversion 
is 24°36p,, the corresponding temperature being 2:825T.. 

(6) The specific heat K, at constant volume is found to 


vary with the volume (with the temperature constant). As 


the volume increases from a small value, K, at first rises, 
attains a maximum value, and then diminishes. For tempe- 
ratures in the neighbourhoud of 2T, the specific volume 
giving the maximum value of K, is about the critical volume. 

The chief difficulty in giving the proposed equation of 
state more than an empirical status lies in the fact that the 
pressure-correction term @ of (2) involves p as well as V 


and T. 


XXXV. A Tentative Theory of Light Quanta. 
By Louis ve Bnocurk ". 


I. The Light Quantum. 


HE experimental evidence accumulated in recent years 
seems to be quite conclusive in favour of the actual 
reality of light quanta. The photoelectric effect, which is 
the chief mechanism of energy exchange between radiation 
and matter, seems with increasing probability to be always 
governed by Einstein's photoelectric law. Experiments on 
the photographic actions, the recent results of A. H. Compton 
on the change in wave-length of scattered X-rays, would 
be very difficult to explain without using the notion of the 
light quantum. On the theoretical side Bohr’s theory, which 
is supported by so many experimental proofs, is grounded 
on the postuiate that atoms can only emit or absorb 
radiant energy of frequency v by finite amounts equal to 
hv, and Eiustein's theory of energy fluctuations in the 
black radiation leads us necessarily to the same ideas. 

I shall in the present paper assume the real existence 
of light quanta, and try to see how it would be possible 
to reconcile with it the strong experimental evidence on 
which was based the wave theory. 

For the sake of simplicity, it is a very natural assumption 
to admit that all light quanta are identical and that only 

* Communicated by R. H. Fowler, M.A. 


Ses — EET. o pue c — 
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their velocities are different. We shall then assume that the 
* mass at rest" of every light quantum has a given 
value mọ: since the atoms of light have velocities very 
nearly equal to the Einstein's limiting velocity c, they 
must have an extremely small mass (not infinitely small 
in a mathematical] sense); the frequency of the corre- 
sponding radiation must be related to the whole energy 
of a quantum by the relation 


P ud 1 mct 


The light quanta would have velocities of slightly different 
values, but such that they cannot be discriminated from c by 
any experimental means. It then seems that m, should be 
at most of the order of 107? gr. 

Naturally, the light quantum must have an internal binary 
symmetry corresponding to the symmetry of an electro- 
magnetic wave and defined by some axis of polarization. 
We shall refer again later to this remark. 


II. The Black Radiation as a Gas of Light Quanta. 


Let us consider a gas made up by the light quanta we 
have described above. At a given temperature (not too 
near to the absolute zero) almost all these atoms of lipht 
would have velocities »= @r very nearly equal to e. The 
whole energy of one of these atoms is 


myc? 
W — Ses 9 
V1—g 
and its momentum is 
G , Mov A 
1-8 
se we have approximately 
pu 
c 


The pressure of such a gas on the walls of the enclosure is 
easily seen to be 


p = g 2Ge = pW, 


if n is the number of light quanta in an element of volume. 
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This expression is the same as the one given by the electro- 
magnetic theory, whilst without using the Relativity formulae 
we should have found a result twice as great as this. 

Now the question arises, Can we use for the quanta gas 
Maxwell’s energy partition law? In Einstein's dynamics, 
Liouville’s theorem, on which is based all Statistical 
Dynamies, is still valid; we can then use for the ele- 
mentary cell of extension-in-phase a value proportional to 
dx dy dz dpdq dr, if «x, y, = are rectangular coordinates 
and p,q,7 the corresponding momenta. In consequence 
of the canonical distribution law, the number of atoms whose 
representative points are in the element dedy d: dp dq dr 
must be proportional to 


oW -W 
e Tdrdydzdpdqdr =e 9Y.4gG?dG dr, 


if dv is the element of volume and G the momentum. But, 


e W . L] e 
since G= — , this number is also given by 
c 


t ZW 9 
C xe mac di dv. 
Each quantum has a total energy Av ; then the whole energy 
contained in the volume dv and carried by light quanta of 
energy hv is N 
Qe zT y dy dv. 


This is obviously Wien's limiting form of the radiation law. 
Two years ago * I was able to show that, by using the hypo- 
theses made by Planck that the element of extension in 


phase was ida dy dz dp dq dr, it was possible to find for 
3 
the radiant energy density the value 
hy 
u, dv = a V? e AT dy. 
c 


This was an encouraging result, but not quite complete. 
The assumption of finite elements of extension in phase 
seemed to have a somewhat arbitrary and mysterious 
character. Moreover, Wien’s law is only a limiting form 
of the actual radiation law, and I was obliged to suppose 
some kind of quanta aggregation for explaining the other 
terms of the series. 

It seems that these difficulties are now removed, but we 
shall first of all explain many other ideas; we shall later on 
return to the ** black radiation ? gas. 

* See Journal de Physique, November 1922, 
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III. An important Theorem on the Motion of Bodies. 


Let us consider a moving body whose * mass at rest” 
is Mọ; it moves with regard to a given observer with 
velocity v=e (8«1). In consequence of the principle of 
energy inertia, it must contain an internal energy equal to myc’. 
Moreover, the quantum relation suggests the ascription of 
this internal energy to a periodical phenomenon whose fre- 


quency is v= j "oC. For the fixed observer, the whole 


.2 
energy is of. and the corresponding frequency is 


Vl- 6 


But if the fixed observer is looking at the internal 
periodical phenomenon, he will see its trequency lowered 
and equal to v, =v, / 1 —/8?, that is to say this phenomenon 
seems for him to vary as sin27w,t. The frequency » is 
widely different from the frequency v; but they are related 
by an important theorem which gives us the physical interpre- 
tation of y. 

Let us suppose that, at time 0, the moving body coincides 
in space with a wave whose frequency v has the value given 


V 
above and which spreads with velocity B= This wave, 


however, cannot carry energy, according to Einstein's ideas, 

Our theorem is the following :—* If, at the beginning, the 
internal phenomenon of the moving body is in phase with 
the wave, this harmony of phase will always persist" In 
fact, at time ¢, the moving body is at a distance from tie 
origin z = vt and its interhal phenomenon is proportional 


. wv . e 
to sin 2mv,; at the same place the wave is given by 
v 


sin Dryf t — Pz) = sin ry t (G -5) The two sines will 
€ 


be equal; the harmony of phase will again occur if the 
following condition is realized : 


vı = v(1—58), 


a condition clearly satisfied by tbe definitions of v and v. 
This important result is implicitly contained in Lurentz’s 

time transformation. If r is the local time of an observer 

carried along with the moving body, he will define the 
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internal phenomenon by the function sin Ze», 7. According to 
Lorentz’s transformation, the fixed observer must describe the 


] i e l Bx 
same phenomenon by the function sin 2mvo Vi-g ( s ) 
which can be interpreted as the representation of a wave 


of frequency spreading along the @ axis with 


PER. ER 
vi- 
velocity = 

We are then inclined to admit that any moving body may 
be accompanied by a wave and that it is impossible to disjoin 
motion of body and propagation of wave. 

This idea can also be expressed in another way. A group 
of waves whose frequencies are very nearly equal has a 
‘‘ group velocity” U, which has been studied by the late 
Lord Rayleigh, and which in the usual theory is the velocity 
of * energy jw This group velocity is linked 
with the * phase velocity " V by the relation 


rere S f 

U` d’ 
If v is equal to Se, . and V to E we find Uz gc— 

hyl—g B 

that is to say, “ The velocity of the moving Lody is the energy 
] m — 
i vi-g 
and velocities < corresponding to very slightly dijerent 
values of 8." 


velocity of a group of waves having frequencies v= 


IV. Dynamics and Geometrical Optics. 


Trying to extend the former ideas to the case of variable 
velocity is a rather difficult but very suggestive problem. 
Jf in any medium a moving body describes a curved path. 
we say that there is a field of force; at each point the 
potential energy may be calculated, and the body when 
crossing this uA has a velocity determined by the constant 
value of its whole energy. Now, it seems natural to suppose 
that the phase wave must have at any point a velocity and a 
frequency fixed by the value which B would have if the 
body were there. During its propagation the phase wave 
has a constant frequency v and a constantly variable 


velocity V. 


v € - 
— mend ddl, o OU n———R ‘atte Mete. st — tas 
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Perhaps a new electromagnetism will give us the laws of 
this complicated propagation, but it seems that we know 
beforehand the final result: “ The rays of the phase wave 
are identical with the paths which are dynamically possible.” 
In fact, the paths of the rays can be computed as in a 
medium of variable dispersion by means of Fermat’s 
principle, which may be written here (X wave-length, 
ds element of path) : 


ds _ "vds " a mage, 
3) X = s | aa s | v]-g ds = 0. 


The principle of least action in its Maupertuisian form 
gives the dynamical paths by the equation 


mo^? '* mg9e 
= JV = af : RS ds — 0, 


a result which justities the above statement. 

It is now so simple a matter to show that the theorem of 
phase harmony is always valid that it seems not necessary to 
develop the proof. 

The present theory suggests an interesting explanation of 
Bohr's stability conditions. At time 0 the electron is in a 
point A of its trajectory. The phase wave starting at this 
instant from A will describe all the path and meet again the 
electronin A’. It seems quite necessary that the phase wave 
shall find the electron in phase with itself. This is to say: 
“ The motion can only be stable if the phase wave is tuned 
with the length of the path.” The tune relation is then: 

( ds ^T mae 
~- = į ce dt = n 
À | h J 1—48? 

(n whole number ; T revolution period). 


Now, we can write the stability condition of the quantum 
theory in a general form given by Einstein which degenerates 
into the manifold Sommerfeld’s conditions for quasi-periodical 
cases in consequence of the infinite number of the pseudo- 
periods. Let us call p. py p. the momenta ; then Einstein's 
general condition is 


f p de +pydy+p:dz)=nh (n whole number), 
2G2 
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or also 
T mo " (v Fig ^-v0 1) dt = (> Redt = nh 
or l-g £ y z A gi = n, 


which is precisely the result obtained above. 


V. The Propagation of Light Quanta and the Coherence 


Problem. 


We will now make use of our results for studying the 
propagation of free light quanta whose velocities are always 
slightly lower than c. We can say: “The atom of light 
whose whole energy is equal to hv is the seat of an internal 
periodical phenomenon which, for 4 fixed observer, has at 
each point of space the same phase as a wave spreading in 
the same direction with velocity very nearly equal to c 
(very little greater).” The light quantum is in some manner 
a part of the wave, but for explaining interferences and 
other phenomena of the wave optics it is necessary to see 
how several light quanta can be parts of the same wave. 
This is the coherence problem. 

In the light quanta theory, it seems necessary to make 
the following hypothesis: “ When a phase wave crosses an 
excited atom, this atom has a certain probability of emitting 
a light quantum determined at each instant by the intensity 
ofthe wave." Perhaps this hypothesis will seem arbitary, 
but I think that any theory of coherence must adopt some 
postulate of this kind. 

The emissions of y-rays by radioactive substances are 
known to be quite independent, but this cannot be con- 
sidered as an objection against our view because the ** mean 
life" of any known radioactive atom is always so much 
greater than the period of the y-rays. 

Thus when an atom emits a light quantum, a spherical 
phase wave is simultaneously emitted and, crossing over the 
neighbouring atoms of the point source, will excite other 
emissions. The non-material phase wave will carry many 
little drops of energy which slide slowly upon it and whose 
internal phenomena are coherent. 


VI. Diffraction by a Screen Edge and the Inertia Principle. 


The corpuscular theory of light meets here a great diffi- 
culty. It is known since Newton that the light rays passing 
within a short distance of a sereen edge are no longer straight 
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but that some penetrate into the geometrical shadow. Newton 
ascribed this deviation to the action of some forces which 
would be exerted by the edge upon the light corpuscle. It 
seems to me that this phenomenon is perhaps worthy of a 
more general explanation. Since an intimate connexion 
seems to exist between motion of bodies and propagation of 
waves, and since the rays of the phase wave may now be 
considered as the paths (the possible paths) of the energy 
quanta, we are inclined to give up the inertia principle and 
to say : “A moving body must always follow the same ray 
of its phase wave." In the continuous spreading of the 
wave, the form of the surfaces of equal phase will change 
continuously and the body will always follow the common 
perpendicular to two infinitely near surfaces. 

When Fermat’s principle is no longer valid for computing 
the ray path, the principle of least action is no longer valid 
for computing the body path. I think that these ideas may 
be considered as a kind of synthesis of optics and dynamics. 

We must still specify some points. The ray which now 
assumes in our ideas an important physical significance 
may be defined as above by the continuous spreading of a 
small part of the phase wave : it cannot be defined at each 
point by the geometrical sum for all the waves of the vector 
which is called in electromagnetic theory “radiant or 
Poynting's vector." Let us consider a sort of Wiener's 
experiment. We send a train of plane waves on a perfectly 
reflecting plane mirror in the normal direction; standing 
waves are set up ; the reflecting mirror is a nodal plane for 
the electric vector, the plane at a distance 1X from the 
mirror is a nodal plane for the magnetic vector, the plane at 
a distance 3X of the mirror is again a nodal plane for the 
electric vector, and soon. In each nodal plane the radiant 
vector is null. Mav we say that these planes are not crossed 
by any energy? Evidently not, we can only say that the 
interference states in these planes are always the same. In 
every interference case we should find similar intricacies. 
In the wave theory, the propagation of energy has a some- 
what fictitious character, but, in return, the exact calculation 
of the interference fringes is easily made; we shall try in 
the next paragraph to see why it is so. 


VII. A new Explanation of Interference Fringes. 
Consider how we can detect the presence of light ata point 
in space—by direct perception of the scattered light, by 
photographic tests, by calorific effects, and perhaps by some 
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other means. It seems that all these means can, in fact, be 
reduced to photoelectric actions and scattering. Now, when 
a light quantum crosses a material atom, it has a certain 
probability of being absorbed or scattered, which can depend 
on external agencies. If then a theory ‘succeeds in deter- 
mining these “probabilities without taking account of the 
actual motion of energy, it may be able to predict correctly 
the average reaction between radiation and matter at each 
place. Fo ollowing the electromagnetic theory (and Bohr's 
correspondence principle is consistent with this view) I have 
been inclined to suppose that, for a material atom, the pro- 
bability of absorbing or scattering a light quantum is deter- 
mined by the geometrical sum of one of the defining vectors 
of the phase waves crossing upon it. The last hypothesis 
is, in fact, quite analogous to that which is admitted by 
electromagnetic theory when it links intensity of disclosable 
light with the intensity of the resultant electric vector. 
Thus, i in the Wiener’s experiment, the photographic action 
only occurs in the nodal planes of the electric vector; 
according to the electromagnetic theory, the luminous mag- 
netic energy is not disclosable. 

Let us now consider Young's interference experiment. 
Some atoms of light pass through the holes and diffraet 
along the rav of the neighbouring | part of their phase waves. 
In the space behind the "wall, their capacitv of photoelectric 
action will vary from point to point according to the inter- 
ference state of the two phase waves which have crossed the 
two holes. We shallthen see interference fringes, however 
small may be the number of diffracted quanta, however 
feeble may be the incident light intensity. The light quanta 
do cross all the dark and bright fringes ; only their ability 
to act on matter is constantly changing. This kind of 
explanation, which seems to remove at the same time the 
objections against light quanta and against the energy pro- 
pagation through dark fringes, may be generalized ‘for all 
interference and diffraction phenomena. 


VIII. The Quanta and the Dynamical Theory of Gases, 


For the sake of calculating the entropy constants and the 
so-called **ehemieal constants," Planck and Nernst have 
been obliged to introduce the quantum idea into the theory 


of gases. As explained above, Planck chooses an element of 
extension in phase equal to 


7 drdydzdpdqdr or mè? 2 dw do dy dz. 
l 
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We shall now try to justify this assumption. 
Each atom of velocity 8c may be considered as linked 


with a group of waves whose phase velocity is V= 


B’ 
2 
frequenc E T MR and group velocity Uf. The 


state of the gas can only be stable if the waves corre- 
sponding to all the atoms make up a system of standing 
waves. Using a well-known method piven by Jeans, we 
find for the number of waves per unit of volume whose 
frequencies are included in the interval v, v -- dy * : 
dor Am 
n,dy — uve” dy = E gv? dv. 

If w is the kinetic energy of an atom and v the corre- 
sponding frequency, then : 


mc? 


"Al —g 


lv = = w+mc? = nyc?(1 +a), 


Ww 
where « = —-,. 
Myc” 
It is now very easy to find that n,dv is given by the 
equation : 


nidv = - molc(1-4 a) V a(2+4+a) dw. 


Each phase wave can carry with it one, two, or more atoms, 
so that, according to the canonical law, the number of atoms 
whose energy is A. v, will be proportional to: 
m pecie p nh 
T myc(l+a)V/a(2+a)dwduedydzYe ^. 
U 1 
Let us first consider a material gas whose atoms have 
relatively great mass and relatively small velocities. We 
can then neglect all the terms of the series except the first, 
and we can also put L+a=1. The number of atoms whose 
kinetic energy is w will be, neglecting a constant factor, 
4T 
= Mo 
hi 
a result which justifies Planck’s method and leads to the 
usual form of Maxwell’s law. 
In the case of the light quanta gas @ is always great, and, 
moreover, we must use all the series, In consequence of the 


* Léon Brillouin, Théorie des Quanta, p. 38. Paris: A. Blanchard. 


2 /2w dw dæ dy dz e Hm, 
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internal binary symmetry of the light quantum, we must 
introduce a factor 2, and we find that the radiant energy 
density is proportional to: 


, T . ole mh è 
apy ` S oe 
jii Ye (Ydw = S dv 
i eiT — l 


A method developed in the Journal de Physique, of 
November 1922, shows that the proportionality factor is 
unity, so that we obfain the actual radiation law. 


IX. Open Questions. 


The conceptions stated in this paper, if they are received, 
will necessitate a wide modification of the electromagnetic 
theory. The so-called “electric and magnetic energies” 
must be only a kind of average value, all the real energy of 
the fields being probably of a corpuscular fine-grained struc- 
ture. The building up of a new electromagnetism seems to 
be a very difficult task, but we have one directive idea: 
according to the correspondence principle and to the above 
statements, the defining vectors of the old electromagnetic 
theory would give the probability of the reaction between 
matter and the fine-grained energy. 

The new electromagnetism will give the solution of many 
problems. The laws of propagation of waves given by 
Maxwell’s theory will probably be valid for the energyless 
light phase waves, and the scattering of the radiant energy 
will be explained by the resulting curvature of the rays 
(viz., light quanta paths). There seems to be a great 
analogy between scattering of radiation and scattering of 
corpuscles ; lowering of particles’ velocities by crossing 
through a screen may also be similar to the lowering of 
X-ray frequencies by scattering, which recently has been 
computed and experimentally checked by A. H. Compton. 

Explaining optical dispersion will be more difficult. The 
classical theories (including the electron theory) gives only 
an average view of this phenomenon, which is produced by 
complex elementary reactions between radiation and atoms ; 
we shall certainly be obliged here also to distinguish ac- 
curately the real motion of energy from the propagation of 
the resulting interference state. The kind of “ resonance " 
shown by the variations of refractive index seems no longer 
to be irreconcilable with discontinuity of light. 

Many other questions remain open: What is the mechanism 
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of Bragg’s absorption? What occurs when an atom passes 
from a stable state to another, and how does it eject a single 
quantum? How may we introduce the granular structure 
of energy into our conceptions of elastic waves and into 
Dehye's theory of specific heats? 

Finally, we must remark that the quantum relation 
remains still a kind of postulate defining the constant A 
whose actual significance is not at all cleared up ; but it 
seems that the quantum enigma is now reduced to this 
unique point. 


Summary. 


In the present paper it is assumed that the light is 
essentially made up of light quanta, all having the same 
extraordinarily small mass. It is shown mathematically 
that the Lorentz-instein transformation joined with the 
quantum relation leads us necessarily to associate motion 
of body and propagation of wave, and that this idea gives a, 
physical interpretation of Bohr's analytical stability con- 
ditions. Diffraction seems to be consistent with an exten- 
sion of the Newtonian Dynamics. It is then possible to 
save both the corpuscular and the undulatory characters of 
light, and, by means of hypotheses suggested by the electro- 
magnetic theory and the correspondence principle, to give a 
plausible explanation of coherence and interference fringes. 
Finally, it is shown why quanta must take a part in the 
dynamical theory of gases and how Planck's law is the 
limiting form of Maxwell's law for a light quanta gas. 

Many of these ideas may be criticized and perhaps re- 
formed, but it seems that now little doubt should remain of 
the real existence of light quanta. Moreover, if our opinions 
are received, as they are grounded on the relativity of time, 
all the enormous experimental evidence of the “quantum ” 
will turn in favour of Einstein's conceptions. 


} October, 1923. 


Vote. —Since J have written this paper, I have been able to 
give to the results contained in the fourth section a somewhat 
different, but much more general form. 

The principle of least action for a material point can be 
expressed in the space-(ime notation by the equation :— 


- 4 
6 | XJidziz 0, 
TA 


if the J; are the covariant components of a four-dimensional 
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veetor whose time component is the energy of the point 
divided by c and space components are the components of its 
momentum. 

Similarly, in studying the propagation of waves, we have 
to write :— 


4 , 
Sf O; d= 0, 


if the O; are the covariant components of a four-dimensional 
vector whose time component is the frequency divided by e 
and space components the components of a vector drawn 


along the ray and equal to 7-1 (v phase velocity). 
Now, the quantum relation says that J,—AO, More 


— “> 
generally, I suggest putting J—4A €. From this statement, 
the identity of the two principles of Fermat and Maupertius 
follows immediately, and it is possible to deduce rigorously 
the velocity of the phase wave in any electromagnetie 
field. 


XXXVI. Lhe Kinetie Energy of Electrons emitted from a 
Hot Tungsten Filament in an Atmosphere of (a) Argon 
(b) Hydrogen. By J. E. Coxepos, DB.Se., Anst. P., 
King’s College, London *. 

pant experiments by J. H. Jones t, L. H. Germer i, 

and H. H. Potter § have shown conclusively that 


the electrons emitted from hot metals in vacuo possess kinetic . 


energy in accordance with Maxwells distribution law. 

This paper deals with experiments on the kinetic energy ot 
the electrons emitted from a hot tungsten filament in (a) 
an atmosphere of argon, (b) an atmosphere of hydrogen. 

The kinetie energy of the electrons emitted from hot 
platinum in hydrogen has been measured by Mr. H. H. 
Potter, who found that for pressures of the gas greater than 
50 x 107? mm., the slopes of the curves obtained by plotting 
the logarithms of the thermionic currents sgainst the 
corresponding applied retarding voltages were less than 


* (Communicated by Prof. O. W. Richardson, F.R.S. 
t Proc. Roy. Soe. vol. cii. p. 734 (1923). 

t Science, vol. lvii. p. 392 (1923), 

§ Phil. Mag. vol. xlvi. p. 268 (Nov. 1923). 
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in vacuo, but that in every case the linear relation required by 
Maxwell’s law held. 

The apparatus used in the experiments described here was 
similar to that used by H. H. Potter, and for a description 
reference should be made to his paper. 

The method of measuring the kinetic energy of the 
electrons was that used by J. H. Jones in the latter part of 
his work. 


Temperature of the Filament. 


It was not necessary to know the temperatures of the 
filament in these experiments, but it was found useful to 
determine them in order to test the accuracy of the 
experiment by a comparison of the slopes of the curves 
obtained. in vacuo with the theoretical values. The 
resistances of the filament at room temperatures and high 
temperatures were calculated from the condition of the 
balance of the Wheatstone bridge ; and the temperature 
of the hot filament was estimated from its change in resistance 
by means of data given by Langmuir" for tungsten. The 
introduction of gas into the tube reduced the resistance 
of the hot filament, but did not affect that of the cold 
filament appreciably. "Therefore to keep the hot filament at 
the same temperature as in vacuo, it was only necessary to 
increase the heating current until a balance of the Wheatstone 
bridge was restored and the resistance of the filament had 
the same value as in vacuo. 

It was usually found that the initial electron emission was 
not uniform. This was probably due to some compound 
which formed on the surface of the filament during the 
precess of cooling. Prolonged heating (about two hours) of 
the filament ina high vacuum at a high temperature, however, 
got rid of this effect, and the emission gradually assumed 
a constant value. It was therefore necessary to heat the 
filament in a high vacuum until the emission was constant 
before taking a set of observations, after a filament had been 
allowed to cool. 

The argon used in these experiments was prepared 
commercially and supplied in cylinders by the British 
Oxvgen Co. It contained an appreciable quantity of oxysen 
and nitrogen, and therefore had to be purified before being 
admitted into the thermionic tube. This was done bv passing 
it over small pieces of heated calcium contained in three 
small porcelain boats inside a long unglazed silicon tube 


* Phys. Rev. vol. vii. no. 3 (March 1916). 
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which was heated by surrounding it with a small electric 
furnace. Calcium only absorbs oxygen and nitrogen when 
they are present in small quantities, so it was not always 
possible to obtain argon entirely free from oxygen when 
the pressure of argon was comparatively large, e. g. L cm. ; 
and filaments fused quickly if oxygen were present to 
any extent. A comparatively pure sample at a high pressure 
was obtained eventually, and thermionic currents in argon 
at a pressure of 5:5 cm. were obtained. 

The purity of the argon was tested by examining its 
spectrum produced in a small vacuum discharge-tube. This, 
however, is not a very delicate test, since oxygen and nitrogen 
may be present in small quantities without being detected 
spectroscopically. 

The hydrogen used was obtained by heating a palladium 
tube connected to the apparatus, The gas obtained in this way 
was very pure and free from oxygen, with the result that no 
fusing of filaments took place. 

The method of experiment was to obtain a current- 
jtential curve at a constant temperature of the filament in 
high vacuum (about 1 x 107° mm. pressure), and then repeat 
the curve with various pressures of gas in the thermionic 
tube at the same temperature of the filament. 

The currents in high vacua were all measured with the 
pumps working. ! 

"ince the value of logi/ij is independent of the units in 
which the current is measured, the current in all the curves 
is expressed in terms of the galvanometor deflexion. 

The linear relation between log i/ia and V only holds for 
low values of the current, and since at these retarding 
voltages it 1s only a small fraction of the saturation current, 
the ob-ervations were difficult to take and were liable to big 
Bn error unless the saturation currents had high 
values. 


RESULTS OF OBSERVATIONS.—(a) ARGON. 


Eaperiment 1.—Length of filument— 3:5 cm., diameter 


—0:005 em. The tube was heated in the furnace for about, 


two hours and the filament, during cooling, glowed for about 
two hours until the thermionic emission was constant. 
Temperature of filament=1650° K. 
Three curves similar to fig. 1 were obtained, showing the 
relation between the current and the applied potential. 
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Current 


0 'S. 


vO i -5 
Volts. 


Pressure of Argon —,.;;; mm. Temp. =1650° K. 
The following results were obtained :— | 
Pressure of Argon. Slope of (log ¿i/i V) Curve. 


0 mm. 2°76 
183x 10-3 ,, 2:90 
120x10-73 ,, 274 


Theoretical slope in vacuum = 2:85. 


Experiment 2.—A new filament of the same dimensions as. 
that used in Experiment I. 

Tube heated in electric furnace for one hour and the 
filament afterwards glowed for about two hours. 

Temperature of filament =1500° K. 

Two current-potential curves were obtained and gave thle- 
following results :— 


Pressure of Argon. Slope of (log i'i,, V) Curve. 
0 mm. - 2:05 
140x107? ,, 294 


Theoretical slope in vacuum z 3:14. 
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Experiment 3.—The same filament as used in Experiment 2. 
Temperature of filament =1800° K. 


Fig. 2. 


Log fio. 


(0) 5 ro (5 20 
Volts, 


Pressure of Argon =4'5 cm. Temp. =1800° K. 


Ten curves were obtained and gave the following results :— 


Pressure of Argon. Slope of (log t/7,, V) Curve. 


0 mm. 2°51 
240x 10-3 ,, 2°455 
150x1073 ,, 271 
100x10-3 ,, 2:48 

70xl0-3 ,, 255 

0 , 250 

2:0 em 2°60 

30 , 2:62 

45 , 1:32 

DD a 175 
Theoretical slope = 2:55. 


(b) HYDROGEN., 


"a Experiment 4.—The copper cylinder used in the previous 
experiments was E cleaned and the tungsten 
filament replaced by another having the same dimensions. 

The tube and cylinder were heated for about 24 hours in 
the electric furnace, and the filament glowed for about two 
hours in a high vacuum. 


Temperature of filament 21900? K. 


Current. 
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Five curves were obtained and gave the following 
results :— 


Pressure of Hydrogen. Slope of (log //à, V) Curve. 


010-3 mm. 2:89 

150x10 ,, 1:65 

80x1073 ,, 1-44 
125x10— _,, 1:586 
185 x 1073 2:085 


Theoretical slope 2:45. 


Experiment 5.—A new filament was used having the same 
dimensions as the previous one. 

The copper cylinder was quite clean, so it was not 
necessary io heat in the electric furnace. The filament was 
glowed for about two hours in a high vacuum. 

lemperature of filament =1600° K. 


Fig. 3. 


O 


Volts. l 
Pressure of Hydrogen = ;°,, mm. Temp. =1600° K. 
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Seven curves were obtained and gave the following 
results :— 


Pressure x 10-3 mm. Slope of (log i/i, V) Curve. 

U 2:96 

235 1:99 

8U 1:78 

13d 2:25 

175 2:86 

110 2:27 

250 1:26 


Theoretical slope= 2:94. 


Discussion or RESULTS. 


The slopes of (log iio V) curves have been obtained for 
electrons emitted from a hot tungsten filament in high 
vacuum, and give results in close agreement with those de- 
manded by Maxwell’s distribution law. 

The slopes of the curves have also been obtained in 
pressures of argon ranging from 70 x 107? mm. to 50 mm. 
The results clearly indicate that up to a pressure of 3 cin. 
the linear relation is maintained and the slopes have the 
same values as in vacuo. At pressures of argon of 4°5 cm. 
and above the linear relation still holds, but the slopes are 
much less than those for the corresponding temperature 
obtained in vacuo. The reason for this sudden drop in 
slope is not clear. It is hardly possible that it is due to an 
increase in the energy of the electrons ; but it may be due 
to local fields at the surface of the filament. Impurities in 
the gas may also account in some way for the change in 
slope. 

The curves for hydrogen give quite different results. In 
nearly every case the slopes of the (log?/ij, V) curves have 
values which are considerably lower than those for the 
corresponding temperature obtained in vacuo. The linear 
relation, however, has been found to hold for low values of 
the current. 

The slope of the curves does not in any way appear to be 
a function of the pressure of the hydrogen, although the 
results of Experiment 4 seem to indicate that the slope 
increases with increasing pressure. This conclusion, 
however, is not confirmed by the results of Experiment 5, 
in which the slopes bear no relation at all to the pressure 
of the hydrogen. For example, the slope at a pressure of 
110 x 107? mm. is 2°27, and for a pressure of 250 x 107? mm. 
it ix 1°26. 

The change seems to depend somewhat on the previous 
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treatment of the filament. With curves obtained im- 
mediately after admitting the hydrogen, the slope was 
usually much less than that obtained in vacuo ; but if the cold 
filament were allowed to remain in the gas for any length 
of time before taking the curve, the slope tended towards the 
normal value. Further investigation of this point, however, 
is necessary before arriving at a definite conclusion. 

The general results obtained in hydrogen agree closely 
with those obtained by Mr. Potter for platinum in hydrogen. 

The low slopes obtained in hydrogen are not satisfactorily 
accounted for. They cannot in any way be due to the 
pressure of the gas and the consequent decrease in the 
length of the mean free path, as in that case the same effect 
on the slope would be expected in argon and some definite 
relation would exist between the slope and the pressure 
of the was; but the slopes in argon are tlie same as in vacuo 
and are unaffected by the pressure of tlie gas. 

They may arise on account of local felis at the surface of 
the filament, but since the current-potential curves saturate 
easily in hy droge n, this view is not readily supported. Prof. 
Richardson has made the suggestions (l) that owing to 
the pressure of hydrogen the surface of the filament is 
in a state of polarization, and that consequently the electrons 
are emitted with a velocity above the normal; (2)that 
the electrons may start with a Maxwell distribution which 1s 
subsequently modified by local fields, thus giving rise to 
abnormal measured values. 

In any case hydrogen has some peculiar property not 
possessed by argon. 


CONCLUSIONS. 

(1) The average energy of the electrons emitted from 
a hot tungsten filment in vacuo is in close agreement with the 
requirements of Maxwells distribution law. 

(2) The presence of argon over a. wide range of pressures 
has no etfect on the measured average energy. 

(3) The presence of hvdrogen, even at low pressures, 
appears to inerease the measured aver age energy considerably 
whilst maintaining the linear relation of the (log ifin V) 
curve. 


I wish to thank Prof. O. W. Richardson for suggesting 
this research and for his advice and interest during the 
course of the experiments. 


Phil. Mag. Ser. 6. Vol. 47. No. 278. Feb, 1921. 2H 
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XXXVII. On Soft X-Rays from Carbon. (Preliminary 
communication.) By P. I. Lukinmskv, Lecturer in 
Physics, Petrograd University * 


T filling of the gap between short ultra-violet and 
: soft Röntgen rays presents some interest in addition 
to the effect of obtaining a continuous scale of electro- 
magnetic waves. The determination of the characteristic 
wave-lengths of the lightest elements—and it is precisely 
these waves which lie in the above gap—is of great import- 
ance in the question of atomic structure, for the laws of 
atomic dynamics must take a particularly siniple form with 
respect to the light elements containing a relatively small 
tambar ut-eleetrons.. For instance, in “the case of carbon, 
which has been the object of our investigation, each atom 
contains but six electrons, of which two form the K-group 
and four the L-group, coinciding with the optical one. The 
extreme ultra-violet spectrum of carbon has been recently 
investigated by Millikan, who succeeded bv means of his 
diffraction grating in extending it to 202 À and later to 
136 A. 

On the other hand, soft X-rays have been measured by 
the crystal method up to wave-lengths of 12 A. In order to 
measure wave-lengths within the interval 12-136 A, we may 
avail ourselves of the photo-electrie action, i. e. of the 
secondary cathode rays streaming from a metal surface 
illuminated by X-rays. This was the principie of the method 
used in the experiments of Hichardson, Kurth, Hughes, 
MeLennan, and Holtsmark. These authors measured the 
total photo- electric current due to X-rays of a given 
substance, or rather a given anti-cathode bombarded by 
primary cathode rays of gradually increasing speed. 

When the energy of “these primary electrons (i. e. the 
voltage applied) is small, the anti-cathode emits a continuous 
Röntgen spectrum only, "whose intensity gradually increases 
along with the voltage, causing a correspon:ling increase of 
the secondary current. W hen the energy of the primary 
electrons is large enough to excite the emis-ion of character- 
istic rays, the rate of increase must abruptly change, which 
will be manifested bv a break on the curve: secondary 
current-voltage. In this way the limiting energy of eV 
(V, voltage; e, electronic charge) of the K and L series of 
various light elements has been determined, and from it the 


* Communicated by the Author. 
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limiting frequency v deduced by means of the quantum 
relation 

hy=eV, 


where h is Planck’s constant. 

The above method does not permit the direct detecmination 
of the wave-length of the characteristic lines emitted by the 
substance considered. Besides, when the energy of the 
primary electrons but slightly exceeds the limiting energy 
of an X-ray series, the characteristic spectrum, as well 
known, is very weak. Therefore, the exaet position of 
the break cannot he determined accurately, as is clearly 
seen from the great divergence of the results obtained 
bv various authors for the same series under apparently 
identical conditions. 

It is well known that the maximum velocity of secondary 
electrons generated by ordinary, ultra-violet, and Hóntgen 
ravs is given by Einstein's relation 


dmv? = hy — pı — pP» 


where m is the mass, v the velocity of the electrons, v the 
frequency of rays, p; and p, the ak done by an electron in 
escaping from the atom and getting through the surface 
layer of the metal (ps corresponds to the contact potential). 
If the electrons are generated by monochromatic rays, they 
must be composed of distinct groups with perfectly definite 
velocities corresponding to different Ron levels—that is, 
to different values of the work p,. Measuring in some way 
or another the velocity of the electrons and taking account 
of the work p; and ps. we can determine the frequency v. 

The velocity of the secondary electrons can be measured 
by deflecting them in a given magnetie field. In this method, 
however, out of the whole mass of electrons streaming from 
the metal we must take a very narrow pencil ; theretore, i in 
the case of light elements, where the total intensity of the 
secondary current is very small, we can hardly expect to 
tind a measurable effect in this way. 

The method of a longitu linal electric field, stopping the 
electrons which stream from the illuminated plate of a plane 
condenser, is also inapplicable. If these electrons had the 
same velocity directed at random with respect to the plate, 
they would be stopped to a different amount depending upon 
the normal component of the velocity, the component 
parallel to the plate, i. e. perpendicular to the field, being 
unaffected by the latter. This corresponds to a parabolic 
shape of the curve secondary scurront-stopping potential. 
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In case of several different velocities we should get a 
composite curve, which it is practically impossible to analyse 
into the component parabolas, and thus draw any information 
about the corresponding groups of secondary electrons. 

These shortcomings of the electrostatic method can be 
easily avoided if, instead of a plane condenser, usually 
adopted in experiments of this kind, we take a spherical one. 
When the inner sphere is illuminated by the rays of fre- 
quency v, it emits secondary electrons in different directions 
but with the same initial velocities v. In radial electric field 
the electrons will move along any curve of second order and 
will reach the outer sphere as they move away from peri- 
helion. When the retarding potential eV reaches the value 
nearly equal to their initial energy, only then will the 
electrons all at once be stopped and driven back to the 
inside sphere (this may be easily shown using the equations 
of motion of the electron in radial field). Therefore, electrons 
of the same group, that is of the same initial velocity, will 
be stopped at the same time that the potential difference 
exceeds the critical value V, determined by the relation 
Ve-ime. This will correspond to a very marked drop of 
the secondary current on the curve current-potential. 

I have used this method to deterinine the velocities of the 
secondaryelectrons. Asimilar method was used by Richardson 
and Compton for measurementsof velocities of photoelectrons*. 
Thev illuminated by ultra-violet light the centre of a small 
plate placed inside the sphere. Then al electrons starting 
from the centre of the sphere moved approximately against 
the lines of force, and all were stopped by the field in spite 
of the difference in direction of their initial velocities. 
The advantage of the use of a spherical condenser consists in 
the fact that in this case it is not necessary to have a very 
small illuminated area. This is essential in the case of illu- 
mination by X-rays, which we cannot bring to a focus. For 
instance, if the radii of the sphere are in the ratio of 1:10 
and the retarding potential eV is equal to 0:99 of the kinetic 
energy of the electrons, then all the electrons with the initial 
velocity of any direction st/ll reach the outer sphere. With 
further increase of field the current begins to drop. For the 
ratio of the radii 1:5 tlie eurrent begins to drop when the 
retarding potential has reached the value eV 20:86 x 4me?, “ 

From these data itis easily seen that the illuminated inside 
sphere may have a comparatively great surface. 

The apparatus is represented in fig. 1. The anticathode 


* See Phil. Mag. October 1912. 
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A contained a bit of diamond which was bombarded by a 
pencil of (primary) cathode rays from a Coolidge cathode K. 

Fig. 1. The primary potential difference 
varied from 250 to 750 volts and 
the primary current from 30 to 80 
milliamperes. X-rays from carbon 
(diamond ) passed through a lead dia- 
phragm M, and further through a 
hole in the external sphere, or rather 
hemisphere, S, falling on a thin zinc 
sphere E connected witb a string 
electrometer. I measured the in- 
tensity of the secondary current : 
for different values of the (stopping) 
potential difference V between E 
and S. Asthe intensity of the pri- 
mary current | was not quite con- 
stant, ? was always replaced by the 


ratio =. The results obtained with 


I 
a primary potential difference of 
750 volts are represented in fig. 2, 
the stopping potential V being taken 


e e 1 *. 
as abscissa and the ratio I as ordinate. 


This curve shows three distinct 
drops : (1) a small one fer V = 20-26 
volts ; (2) another, also very small, 
for V=115-123 volts; and (3) 
a relatively strong drop for 
V 2248-252 volts. This shows that among the secondary 
electrons excited by the Róntgen rays there are three distinct 
groups with perfectly definite velocities, corresponding to 
the above values of the stopping potential and wholly 
independent of the energy of the primary electrons. Whence 
we may conclude that, besides the continuous spectrum 
exciting secondary electrons of all the possible velocities 
(up to the limiting one corresponding to 750 volts), the 
diamond emits a characteristic radiation which is the cause 
of the electrons with definite velocities. 
The numerical values obtained for these velocities may be 
interpreted as follows :— 
Electrons with velocities corresponding to 243-252 volts 
are due to the K-line of carbon ejecting both outer and 
free electrons from zinc. The energy of one quantum of 
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these rays is equivalent to 252 volts + the contact potential 
of zine (1-2 volts), which corresponds to a wave-length 
A-4889 A. This result is certainly correct with respect to 
the order of magnitude ; if we take Kurth’s numbers for 
the limits of the K and L series of carbon (289 and 32:9 
volts), then for the energy of the K-line we get 
K-—K,—L,—289—32:9—256 volts. 
Richardson gives for K,= 286 volts, what makes K = 253 volts, 
which aimost exactly coincides with the above value. 
The two other drops of the curve (fig. 2) may be explained 
in the following way :—The a corresponding to 110—130 
Fig. 2 


rs 
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volts is due either to the ejection of electrons from the M 
group of zinc by the K-line of carbon, or of the free and 
outer electrons by the M-line of the same metal, which 
must be present as a line of fluorescence. Both explanations 
are correct with respect to the order of magnitude. Lastly, 
the small drop corresponding to 20-26 volts must be due to 
the ejection of electrons by exireme ultra-violet ravs of 
carbon (the line 360 A, found by Millikan, corresponds to 
27-28 volts). 

Thus, measuring the velocities of the secondary electrons 
by means of a stopping electric field of spherical (radial) 
symmetry, it was possible to determine the wave-length of the 
carbon K-line, which proves to be 48:9 Å. Although this 
method gives an accuracy to 1 per cent. only, it seems yet 
the onlv one which is used at present for the determination 
of wave-lengths in the interval considered. 

The work is being continued. 

Petro. ` september 1923, 


[ 471 ] 


XXXVIII. Notices respecting New Books. 


Relativity. A Systematic Treatment of Einstein's Theory. By 
J. Rice, M.A., Senior Lecturer in Physics in the University of 
Liverpool. Pp. xv+397. London: Longmans, Green, & Co. 
1923. Price 18s. net.) 


THE theory of relativity has revolutionized the mental attitude 

of the physicist towards many of the concepts which he had 
been taught from his early days, and which have been used in the 
past as foundation stones upon which the grand structure of 
physical science has been reared. The question now arises as to 
what course should be adopted in instructing the coming generatjon 
of physicists. Should they be taught the old views until they have 
graduated and then be compelled at some subsequent time to 
readjust their point of view? Should they be allowed to study 
mathematics and physics with the belief at the back of their minds 
that the new knowledge has dealt a death-blow to all that they are 
supposed to be learning ? 

It is such questions as these which the author suggests in his 
preface. He believes that the young student should make as early 
an acquaintanceship as possible with the theorv, so that he may 
know exactly to what extent the principles of physical science 
have been modified bv the theory. "lis volume is therefore 
written primarily for the seience undergraduate to enable him to 
adapt his mind to the new ideas as he pursues the normal Uni- 
versity Courses. 

This explains the order in which the subject is here treated, an 
order which corresponds neither to that usually adopted in works 
on the subject nor to the historical order of development. After 
a general introduction, in which the paradoxes into which the 
older views may lead us are considered, and in which the con- 
cepts of space, time, simultaneity, &c. are discussed, the modi- 
fications in. kinematics and dynamics required by the theory are 
discussed. This is followed by a discussion from the relativity 
viewpoint of Maxwell’s equations, introducing the Lorentz trans- 
formations and Minkowskrs concept of a * space-time.” A 
systematic treatment of tensor analysis follows, and this is used 
for the forinulation of differential equations of the electromagnetic 
field and of the dynamics of continuous media which are com- 
patible with the restricted theory of relativitv. 

The second part of the book deals with the generalized theory, 
the principle of equivalence, and the law of gravitation. The 
necessary extensions in the tensor analysis required for these 
developments are deduced. In the third part the notion of 
parallel displacement is introduced, and an account given of the 
extensions of Einstein's theory by Wevl and Eddington, with a 
view to deriving a mathematical theorv of the electromagnetic 
field as well as of gravitation. The speculations of de Sitter and 
Einstein with regard to the finiteness of the Universe are also 
discussed. 
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The author has drawn largely upon the works of Weyl and 
Eddington, and there are no novel features in the mathematical 
exposition which call for comment. More use might with ad- 
vantage have been made of the tensor-densities, employed exten- 
sively by Weyl. Care has been taken to point out any traps in 
the analysis into which the unwary may easily fall. 

Whilst to those who are familiar with the relativity conceptions 
the order of treatment followed by Weyl and Eddington is to be 
preferred, the author is to be commended for this attempt to 
develop the theory in a manner which can be assimilated by the 
student along with his other studies. The treatment is carried 
further than would be necessary for a degree examination, but it 
is desirable that the discussion of the deductions from the theory 
should be complete. The student will thus be able, if necessary. 
to pursue the subject further in his post-graduate studies. 


A Treatise on the Theory of Bessel Functions. By G. N. Watson, 
Sc.D., F.R.S. (Cambridge University Press. 804 pages. 
Price 708. net.) 


BESSEL, Neumann, and other related functions investigated in this 
volume have generally arisen from the solutions of problems in 
astronomy and physics. Hitherto many of the methods employed 
may be said to be lacking in rigour, but to the mathematical 
physicist this want has in no way invalidated the formule and 
numerical results required for the problems in question. 

* However important it may be to maintain a uniformly high 
standard in pure mathematics, the physicist may occasionally do 
well to rest content with arguments which are fairly satisfactory 
and conclusive from his point of view.” 

By his contributions to the theory of Bessel functions, many of 
which are incorporated in this volume, the author has added 
considerably to the literature of this subject. He has at the same 
time given a wealth of results, which are of practical application im 
physical problems and in the construction of tables of these 
functions. Of especial importance in this connexion are the 
chapters on the zeros of Bessel functions, Bessel functions of large 
order, and Neumann and Kapteyn Series. 

The formula for the smallest zero of the Bessel function of high 
order » may be compared with that given independently by 
Emde, viz. : 

x =v +1:8568 53 41-149 74. 


Similar series for the first ten zeros have been computed and 
employed in the calculation of tables similar to those of Bourget. 

For functions of nearly equal order and argument, Prof. J. W. 
Nicholson’s formula, involving J +4, is 
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a being written for «— y, and the argument of J44, J (2«)2/a. 
The author has discovered similar expressions for J,(.v) and Y,(), 
with an upper limit less than 24/» for the errors involved, from a 
consideration of the work of Debye. In this, asin so many other 
examples, the actual errors are | considerably less than those 
indicated above. 

In the study of this subject some confusion has arisen from the 
introduction of a variety of Bessel functions of the second kind. 
Prof. Watson rightly upholds the view that Weber's function 
Y, (v) should be regarded as the standard function of this ty pe. 

Not the least valuable feature of the volume is the extensive 
colleetion of tables of Bessel functions, with the detailed chapter 
on their tabulation ; tables of the J, Y, H, I, and K functions of 
zero and unit order, with J, Y, and H of order 4; J functions of 
higher integral and half odd integral order, with Fresnel’s 
integrals ; functions of equal order and argument and the first 
forty zeros of J, and Yn. In the bibliography the author has 
considerably supplemented that of Nielsen in his Cylinderfunk- 
tionen. 

These brief references convey a very inadequate idea of the 
contents of this volume, which includes all the more important 
advances made in recent vears. Previous to the publication of 
this work, many of the most valuable contributions could only be 
found in scientific and mathematical journals and in the pro- 
ceedings and transactions of Societies. Prof. Watson has 
succeeded in keeping pace with the rapid growth of Bessel function 
literature, and students of both pure and applied mathematics 
have cause to be grateful to him for devoting an immense amount 
of labour in making these theoretical and practical results 
conveniently accessible. 

His treatise will long remain the standard work of reference on 
Bessel functions, and worthily maintains the high traditions of 
excellence of the Cambridge University Mathematical Series. 


An Introduction to the Study of Alternating Currents. 
By Dr. A. E. Cuayton. (Longmans. 10s. 6d. net.) 


Dr. CLAYTON has undertaken the task of writing a textbook suit- 
able for the electrical engineer whose mathematical equipment is 
not too extensive. The werk before us can only be commended 
very strongly, as being fully in accord with the author's purpose. 
He avoids, nt one and the same time, the temptation to overload 
the subject with long proofs of an analytical nature and tlie more 
insidious temptation, to an engineer, to accept somewhat loose 
reasoning by analogy as equivalent to real demonstration. We 
are not able to find any omission from the work which calls for 
attention, and the author has been singularly successful in incor- 
porating into his scheme all the fundamental ideas which are 
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really vital to the student. We can give the work unqualified 


commendation, with the suggestion that it should find a place in 
the electrical librarv of everv college of engineering. 

It is, on the whole, conspicuously free from errors, and the 
publishers may be congratulated on the manner in which it has 
been produced. 


The Atom and the Bohr Theory of its Structure. By H. A. 
Kramers and H. Horsr. (London: Gyldendal. 10s. 6d. net.) 


THis work should find a good audience. The mathematical theory 
underlying current views of atomic structure is entirely suppressed, 
and the authors professedly set out to give an account of the actual 
facts known concerning the atom, and the various speculations now 
in existence, made at the School of Physics which Prof. Bohr has 
founded in so remarkable a manner at Copenhagen. We regard 
the existence of this school as being perhaps the second great 
achievement of Prof. Bohr. 

Perhaps it is not possible, in a work of this kind, to make it 
quite clear to the reader which of the necessarily dogmatic state- 
ments are statements of fact, and which are quotations from 
current speculation, and we must not chide the writers of an 
excellent work for leaving the reader so often in the position of 
being unable to decide. A developing theory must contain much 
pure speculative matter to which no mathematical analysis can 
vet be applied, and the Bohr theorv at the present day is notably 
one of this tvpe. The writers are themselves verv effective 
members of the school, full of enthusiasm, and able to write in a 
vivid stvle. Sometimes a eurious note appears, whieh seems to 
imply that the theory has made a hard fight for acceptance, and 
we get a mental picture of Prof. Bohr with his back to the wall, 
repelling all assaults. This surely does not correspond to history, 


for the instantaneous general acceptance of the theory was, in fact,. 


a very remarkable and unusual event. 

Sir Ernest Rutberford contributes a foreword to the volume, 
which should be in the library of all those who are interested to 
know the precise position of thought in the great Danish. School 
of Atomic Theory. 

The Theory of Experimental Electricity. By W. C. D. Wnurernaw. 
(Cambridge University Press, 1923. 12s. Gd. net.) Third 
Edition. 

THE first two editions of this work were excellent, and did not 

leave much scope for alterations, except those called for by the 

development of electrical research in new directions. Nuch 
alterations as were necessarv, however, have been made, aud 
there are considerable additions. The author does not intend to 
give anv comprehensive survey of the vast domain of electrical 
science as it exists to-day, with all its adjuncts such as the struc- 
ture of atoms, theory of spectra, and so forth. He has wisely 
confined himself to the original scheme of the first edition, which 
was to incorporate the substance of a set of lectures into a per- 


. Notices respecting New Books. 475 


manent record of the fundamental principles underlying the usual 
electrical measurements made in the laboratory by the University 
student reading for Honours in Physics. The subjects thus 
treated comprise electrostatics, magnetism, the electric current 
and induction of currents, thermo-electricity and electrolysis, 
electric waves, conduction through gases, and radioactivity. 

The treatment is lucid and the book is very pleasant to read, 
and this edition, like its predecessors, will certainly find its way 
into most electrical laboratories and libraries. As regards its 
ae we only recall that it is a member of the Cambridge Physical 

eries. 


Clerk Maxwells Electromagnetic Theory (The Rede Lecture for 
1923). By H. A. Lorentz. (Cambridge University Press, 
19293. ls. 6d. net.) 

ProF. Lorentz has paid a fine compliment to English physics by 

choosing, as the subject of his Rede lecture, the work of James 

Clerk Maxwell. Lorentz and Larmor developed the work of 

Maxwell, in its exteusion to moving media, to the point where it 

became clear that Maxwell’s equations were invariant for uniform 

motion of the axes of reference. They did not, it is true, apply 
the simple alternative postulate of Einstein—that no effect of 
the earth's motion must be looked for,—but they provided the 
inspiration and analysis which rendered it possible to make this, 
their deduction, the actual starting-point. Prof. Lorentz sees 

Maxwell as the pioneer. His account of his work is sympathetic 

and of profound insight. Prof. Lorentz is well-known, and even 

loved among English physicists, for his gifts of humour and of 
understanding, which cannot hide the spark which fired the torch 
of all recent progress in electron theory and relativity theory. 

We can only congratulate the University of Cambridge on its 

choice of a Rede Lecturer and Prof. Lorentz on his lecture. 


A Comprehensive Treatise on Inorganic and Theoretical Chemistry. 
By Dr. J. W. Mettor. (Longmans, Green & Co.) Vol. LIL., 
648. net; Vol. LV,, 63s. net. 


Vor. IIT.— The author in this volume takes up the chemistry of 
Copper, Silver, Gold, aud the Alkaline earths. The monumental 
character of the work is fully maintained: it is very difficult 
to find any piece of exact knowledge or interesting speculation 
which is not referred to with an appropriate reference. The 
author's historical references excite our admiration—tor example, 
the history of Copper begins with Tubal Cain, 3570 n.c., Job, and 
Deuteronomy. The earliest specimen of bronze from Medum is 
chronicled as of date 3700 B.c., with its composition às per- 
centages of tin, copper, and arsenic. 

These serve only as examples of the thoroughness of the work. 
It is almost impossible, in a reasonable time, to count the number 
of references to the literature of any single element dealt. with, 
or to estimate the amount of research into sources of information 
which the present account has demanded. The author sets a 
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model which all future encyclopedias will find a difficulty in 
imitating. But this feature continues: we dismiss the element 
Copper. and come upon a similar literature of all its known 
compounds. Then we turn to Silver, and so on. 

In fact, this work is undoubtedly the indispensable pelerine 
book for every chemical library. Like the earlier volumes, in a 
sense, it certainly is; but as the work grows, the author’s sense 
of thoroughness seems to grow with it. The author writes as 
a chemist, but it is certainly difficult to find any phenomenon of 
interest to a physicist, who is not also a chemist, which does not 
receive an adequate mention and discussion. Not even a book of 
tables is likely to be necessary to the possessor of these volumes, 
whether he be a physicist, chemist, or engineer. Even the 
spectroscopist can find the leading wave-lengths of the absorption 
bands. The whole work is á monumental record of observation 
and chemical theory, and seems to displace the whole literature 
of the subject, as at present known in scattered publications in 
various languages. 

Vor. 1V.—This volume deals with Kadium and Actinium 
families, Beryllium, Magnesium, Zinc, Cadmium, and Mercury. 
The treatment is equally exhaustive, and begins with a chapter, 
of a general kind, on the structure of matter, and the various 
physical phenomena which have contributed to its elucidation. 
The second chapter takes up the general question of radio- 
activity. and gives a very satisfactory account of the chain 
of products from Radium to Lead. There follows a chapter 
on the general architecture of the atom, and then the author 
settles down once more to the more chemical side of his subject, 
with the whole literature of Beryllium. 

Dr. Mellor is doing, for Chemistry, a task which no author has 
ever even attempted to do for any other branch of science, except 
perhaps Kayser, in his Handbook of Spectroscopy. But this is 
on a scale altogether different, as is the subject-matter itself. 
The manner in which it is being done is beyond criticism, except 
that perhaps it should not be called a treatise, but an encyclopedia. 
While we wish the author all possible speed with the succeeding 
volumes, we may well wonder whether his task can ever reach its 
end in the lifetime of one man. 


Bibliographical History of Electricity and Magnetism, chronologi- 
cally arranged. By Dr. P. F. MorrELay. (Charles Griffin 
& Co., Ltd., 1922, 42s. net.) 


THis work is described as an account of researches into the 
domain of the early sciences, especially from the period of the re- 
vival of scholasticism, with biographical and other accounts of the 
most distinguished natural philosophers throughout the middle 
ages. In actual fact, the author's claim, here made, is a very 
modest one, for the work contains much more, and is a worthy 
memorial of a lifetime spent in collating all available information 
from unexpected and quite new sources. The sad death of the 
author just at the close of his work is referred to in a touching 
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manner by Sir Richard Glazebrook in a foreword he has written. 
for the volume, which was originally dedicated to Lord Kelvin. 

The account begins at B.c. 2637, when the Emperor of China 
used a compass to direct his troops, and ends with Faraday in 
1821. We have all quotations trom the early Greeks, even 
Homer, which can bear on a possible knowledge of the com- 
pass—every known detail regarding the inagnet and the views 
held concerning it. 

The most exhaustive tests a reviewer can make seem to show 
that nothing 1s omitted. 

The late Prof. Silvanus Thompson writes an introduction, com- 
mending the work not only for what it contains, but for the spirit 
which permeates every page—the spirit of appreciation of the 
work of those early pioneers who have created the subject as it 
exists to-day. To find just what any author has ever had to say 
about Electricity or Magnetism, it is only necessary to refer to 
these pages. Priority questions can be settled out of hand, with 
the assurance that the last word has been said. 

We can only commend the work very strongly as an indispen- 
sable work of reference for any library designed to help either the 
worker or the student of the literature dealing with electrical 
science. The publishers are to be congratulated on its form. 


Advanced Practical Physics for Stwlents. By B. L. Worsnop 
aud H. J. Fuint. (Methuen. 21s. net.) 


Tue subject-matter of this work, regarded as an effective 
laboratory course for Students for Honours in the Universities, 
is in many respects ideal, and constitutes a great improvement on 
the courses which are contained in most existing works. The 
suggested experiments do appear to be suitable for stimulating 
the imagination of the student, and for giving him a vivid feeling 
of progress. They can only have been designed, in the sequence: 
here presented, by those who have the essentials of teaching at 
heart. 

While the work can be recommended with confidence, we mav 
perhaps remark that the authors have not always been careful 
enough to avoid expressions of a slipshod nature, and even: modes 
of statement which defy the ordinary rules of English. grammar. 
Such errors cau easily be corrected in a later edition, and seem to 
imply a somewhat hurried revision of the proofs. We wish the 
work every success, aud a consequent early appearance in a form 
which is more pleasing to the esthetic sense which physicists, 
like others, have. 


Méthodes de calcul differentiel et leurs applications. By M. M. 
G. Riccr and T. Levi-Civita. (Paris: Librairie Scientifique 
A. Blanchard, 1923. 9 francs.) 

Tuis memoir meets a need which is much felt in English 

mathematics. At one time it appeared in the Mathematische 

Annalen. Une present volume is a somewhat tardy reprint, 

in French. In a real sense, it forms the ultimate basis of 
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the mathematical developments of Einstein’s theory. It is now 
. matter of common knowledge that Prof. Levi-Civita is one 
of the outstanding authorities on tensor geometry, whose work 
so long escaped recognition. 

We do not enter into detail regarding the contents of this 
small volume. They are expressed in the concise and elegant 
form to which the French language so readily lends itself. ‘Che 
work deserves complete commendation, and, if only as a page in 
the history of more recent dev elopments, should be on the shelves 
of every library of physics or of differential geometry. 


The Structure of the Atom. By Dr. N. R. CAMPBELL, 


(Cambridge University Press. 10s. net.) 

"Turis work is another of the supplementary chapters to the author’s 
treatise on modern Electrical Theory, and is to be regarded as 
Chapter XVII. of that Treatise. The author's object is to help 
students who have taken the usual courses and are now in a 
position to get into touch with research. This work, like the 
other supplementary chapters, will fultil that need by raising all 
the problems in Which progress is now being made in regard to 
atomie structure, and by indicating the kind of method of attack 
which will most probably be suecessful in each instance, 

At the same time, it is not possible to sav that the very great 
standard of excellence of the original Treatise has been maintained. 
Signs of careless writing are numerous, and the MS. has clearly 
not been sutliciently revised in some places, The author is clearly 
aware that errors may exist, and apologizes for them with an ex- 
planation of the real difliculty Which exists in constructing a 
connected story grouped about a few fundamental conceptions. 

The author also refers to the difficulty of uscribing the 
names of original authors to particular facts or theorems 
elucidated by many workers, and raises a claim for more 
prominence of earlier authors who laid the foundations of the 
structure which Rutherford and Bohr have raised. While 
agreeing with him, we would point out that he has not applied 
the principle sufficiently fully. Authors of more recent date 
whom one naturallv looks for are not always referred to at all, 
even when unquestionably the originators. This is equivalent to 

saying that the author has not always used the best sources for 
his information. and has tended to restrict himself to the writings, 
for example, of Sommerfeld, Bohr, and others, who, while con- 
tributing much, have naturally worked on special lines. Much 
important work by several writers in this Magazine, in the 
Proceedings of the Roval Society, and elsewhere, hae more 
claim to attention than some of the highly speculative work 
included. 

But we must not emphasize these points, for the author 
expresses his difficulty in obtaining collaborators who were 
able to help. lle has produced a very readable account in a 
vivid style. What we have referred to as careless writing could 
easily be corrected in a new edition, which should be called for 
iu due course. 
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XXXIX. Proceedings of Learned Societies. 


GEOLOGICAL SOCIETY. 


Continued from p. 256. 


December Sth, 1923.—Proc. A. C. Seward, Se. D., F.R.S., President 
and, afterwards, Dr. G. T. Frior, F.R.S., F.G.S-, in the Chair. 


íi following communications were read :— 


1. * The Geology of the Northern Border of Dartmoor, between 
Whiddon Down and Butterdon Down. By Charles William 
Osman, M.Inst.C.E., F.G.S. 


The Lower Carboniferous rocks between the above points, 
a distanee of about 44 miles, are described, and it is shown that 
these rocks may (as in the Okehampton border-district) be divided: 
into a Lower Aluminous and a Caleareous Series, and that in this 
district the Lower Aluminous Series may be subdivided into two 
zones: the Lower, characterized by the abundance of pyrites; and 
above this, a zone in which chiastolite is found. The Calcareous 
Series commences with grey shales above the Lower Aluminous 
Series, without any physical feature, and contains a volcanic band, 
generally in a fragmentary condition, mixed with ash, slate, and 
other fragments, and impregnated with chert; but, at East Under- 
down, the rock is more solid, and consists of perthitic orthoclase- 
phenocrysts in a ground-mass of tufted albite-oligoclase, and is a 
quartzless keratophyre. The author endeavours to show that the 
corresponding mixed igneous rocks of the North-Western Dartmoor 
border, which have been variously described as *trappean rocks’, 
‘metamorphosed tuffs and trachytes’, and ‘dark igneous rocks’, 
ave altered keratophy res. 

Above the voleanie band are two limestone-areas: one on the 
west, near Whiddon Down, and, separated by quartzose rocks, 
another limestone-area at Drewsteignton. The eastern ends 
of both these areas are cut by faults with crush, and show a 
limuritie change of contact-alteration; while the area east of 
Drewsteignton shows a secondary crush and shearing, producing 
a hornblendie alteration imposed on the limuritie one. Through- 
out the length of border considered, the top of the Calcareous 
Series is formed of grey shales, with hard roek-bands which pass 
upwards into the Upper Aluminous Series. 

The granite south of the Carboniferous border-rocks shows three 
separate intrusions. These are all from the same magma, but there 
are sutticient differences to separate them. The first, or great 
intrusion, is the country-rock granite G, with large orthoclase- 
phenocrysts measuring up to 7 inches in length, and disseminated 
tourmaline in the coarse ground-mass: this is generally much 
decomposed and crushed. The second intrusion, or G 1 granite, 
broke up the country-rock (G) granite, and occurs as large dykes, 
and sills overlying the G granite. It has fewer and smaller 
orthoclase-phenoerysts, larger plagioclase-crystals, and may be 
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described as a cordierite - biotite- granite. The third, or fine 
granite (G 2) intrusion, occurs not only in smaller veins and sills, 
but e in a large marginal intrusion along a width of border of 
about 24 miles. This granite overlies both the G and G1 granites 
on the south-east of the area described. 


2. ‘The Geology of Southern Guernsey By Donald John 
Farquharson, M.Sc., F.G.S 


With the possible exception of some dykes of doubtful Palzo- 
zoic age, the whole of Guernsey consists of pre-Cambrian roeks— 
gneisses and schists in the south ; unfossiliferous shales and grits 
at Pleinmont; and a series of intrusions in the north, which range 
from hornblende-gabbro through diorites and tonalites to granites 
with their accompanying dykes. These dykes not only pierce the 
last-named suite, but also the gneisses and grits of the south. 

Prof. T. G. Bonney & the Rev. E. Hill were the first to study 
Guernsey geology on modern lines, and Mr. J. Parkinson has. 
worked on the differentiation-suite of the north. 

The succession appears to be as follows :— 


? Palwozoic..... hans . Dykes (dolerite, quartz, lamprophyre, etc.). 
Dykes (basic and acid). 
om Granite (of Cobo). 
Differentiation-suite. 
Bonesi Pleinmont Shale and Grit. 


Pre-Cambrian ...... 


Diorite-gneiss. 
A Dykes (now metamorphosed). 
Vi I Granite-gneiss, 
Jerbourg Schists. 


Group A consists of dynamically altered, foliated rocks, with a 
foliation ranging from north-west and south-east to north-east 
and south-west. The granite-gneisses are mostly porphyritie, and 
are characterized by abundant: microcline. The dioritic gneisses, 
which verge on tonalites, occur at Divette and from Rocquaine to 
'l'orteval; the type characteristic of the last-named locality was 
first observed bv the Rev. E. Hill near St. Andrew's briekfield, in 
1884. 

The Pleinmont Shale, first observed by Dr. G. H. Plymen, 
occurs more widely than was previously supposed, and is younger 
than the gneisses. 1t is followed by normal diorites and granites, 
which prevail in the north; but “dykes of this set, mostly of 
dolerite, are very abundant on the southern eoast. Some sill.like 
intrusions of a coarser dioritie rock occur in the gneiss of the 
eastern coast, and may be assigned to the differentiation- suite ; 
this applies also to the pierite of Bon Repos, noted by Bonney 
& Will. A spherulitic felsite occurs near Cátel, but its relations 
are obscure. 
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XL. Dimensional Analysis. 
By Norman CAMPBELL, Sc.D.* 


Summary.—A re-examination is made of the physical assumptions 
underlying dimensional analysis, and suggestions are offered of a method of 
employing dimensional arguments which is less liable to error than those 
at present in vogue. The final conclusion is stated in $10, the method 
advocated (which is not new, but the oldest method of all) in $4. 

Incidentally some arguments by Jeans and Einstein, which seem to have 
been accepted as valid, are discussed. It is concluded that the former, 
while formally valid, are insignificant and do not really involve the con- 
ception of dimensions ; and that the latter are completely fallacious. 


$1. FN 1915 the late Lord Rayleigh wrote f :—“ I have 
often been impressed by the scanty attention paid 

even by original workers in physics to the great principle of 
similitude.” Nobody could make a similar statement to-day. 
During the past nine years, starting with Buckingham's 
work f, there has been a copious stream of papers, and even 
books, dealing generally with the principle $, while applica- 
tions of it are to be found in almost every volume of every 

* Communicated by the Author. 

t Rayleigh (3rd Baron), ' Nature,’ xev. p. 66 (1915). 

[ E. Buckingham, Phys. Rev. iv. p. 345 (1914). 

$ E.g. Buckingham, loc. cit. ; C. Runge, Phys. Zeit. xvii. p. 202 
(1916); Ebrenfert-Afanassjewa, Math. Ann. lxxvii. (1916); N. R. 
Campbell, ‘ Physics: The Elements,’ Camb. Univ. Press, 1920, chs. XIV., ` 
xv.; P. W. Bridgman, ‘Dimensional Analysis,’ Yale Univ. Press 
(1922); F. London, Phys. Zeit. xxiii. p. 262 (1922); J. Wallot, Zeit. f. 
Phys. x. p. 329 (1922). 

Phil. Mag. S. 6. Vol. 47. No. 279. March 1924. 2I 
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physical journal. Yet I do not think that Rayleigh, if he 


were still with us, would be entirely satisfied with the change. 
He would probably regret the tendency to expound the 
principle with great formal generality and considerable 
mathematical elaboration which, initiated by Buckingham, 
has led finally to the imposing title of ‘ ‘dimensional analy sis”; 
and he would certainly regret the absurd perversions and 
erroneous applications of the principle which have been 
seriously propounded. These two things are closely associ- 
ated. Rayleigh in his use of the principle was always 
careful to insist on the particular physical assumptions 
involved rather than on the general logical deduction; and 
it is almost certainly the obscuring of the former by an undue 
and entirely unnecessary elaboration of the latter that has 
led so many astray. 

Accordingly, although I have little new to add to a dis- 
cussion which is already sufficiently voluminous, it may not 
be waste of space to draw attention once more to the physical 
rather than the logical principles upon which “ dimensional 
analysis” depends, and, reversing recent developments, to 
consider the manner in which it can be applied with the 
least elaboration and therefore with the least probability of 
error. 

2. Physical assumptions are introduced into dimensional 
arguments at three stages :— 

11) When it is decided that the systems to which the 
argument is to be applied are physically similar, and have 
throughout the same no-dimensional magnitudes, 

(2) "When it is decided what are the magnitudes which 
determine the process discussed. 

(3) When definite dimensions are assigned to these 
magnitudes. 

In most treatments of the subject, it is the second question 
which receives most attention: the first is often barely 
mentioned, and the third is answered simply by the exhibition 
of a Jist of all the principal magnitudes together with their 
dimensions. This last procedure I believe to be, if not 
actually erroneous, highly misleading; the delusion that 
it is necessary for the purpose of the argument to assign to 
all magnitudes fixed dimensions in terms of certain “fixed 
fundamental units is the cause of most of the difficulties that 
have arisen. Accordingly, we shall consider the third 
question first. 

When we say that a magnitude has certain dimensions 
we mean that it is involved in some numerical law having a 
certain form or—to be more accurate,—if we do not mean 
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this, we are merely making an arbitrary statement which is 
neither physically true or physically untrue, and which 
cannot therefore be the basis of any physical argument *. 
Now many magnitudes are involved in laws of more than one 
form, and with more than one set of other magnitudes ; 
accordingly, It 1s possible to assign to such magnitudes more 
than one set of dimensions in terms of more than one set of 
other magnitudes. The genera! practice is to select one of 
the many possibilities, and tu state once and for all that, in 
virtue of one particular Jaw in which the magnitude is in- 
volved, it has certain dimensions in terms of “certain other 
magnitudes. This method of procedure can be justified f to 
this extent, that it is possible by pursuing it with great care 
and elaboration to found on it valid dimensional ar “uments ; 
but it is certainly not the natural or the most conv Gent 
procedure. The only laws that can be relevant to a con- 
sideration of the behaviour of any system are the laws that 
determine that behaviour; and, consequently, the only 
dimensions that are relevant are oa fixed by these laws. 
Surely this is obvious enough; but if it is, how do such 
questions as whether temperature has or has not the 
dimensions of energy come to be debated? t The answer is 
clear. The assignment of the dimensions ul energv is de- 
termined by the laws of a perfect gas or by theories, such as 
molecular theory, which explains those laws, If these law $, 
or other laws based on these theories, are relevant to the 
process under consideration, temperature should be given 


* [ am not sure how far the trath of this statement is generally 
recogaized. Jt is, of course, implicitly involved in all discussions of the 
matter that are not utterly ridi: ulous, but it is not often stated explicitly. 
But it is difficult to see how the supposed difficulties, mentioned 
below could ever have arisen if it had always been borne in mind. [n 
case the truth of the statement is not immediately familiar, it may be 
mentioned that it is discussed at great length in mv * Physics’ (loe. cit.). 

T It cannot be justified by considering how the anit of the magnitude 
would have to be changed if that of other magnitudes were changed, for 
there is no compulsion whatever to change units so as to preserve the 
formal constants in laws. If the inch were substituted for the centi- 
metre as the unit of length, there is ne compelling reason why the cubic 
inch rather than the cubie toot should be taken as the unit of volume: 
indeed, since the cubic centimetre is nol now the unit of volume, but the 
volume of unit mass ot water, there is no reason why the unit of volume 
should be changed at all. No law can be steted in terms of choices of 
units which are always, and must always remain, wholly arbitrary. 

t The question seems first to have been put by D. Riabouchinsky in 
connexion with Ravleizh’s argument based on Boussinesq’s equation. 
Rayleigh’s answer ( Nature, xcv. p. 644 (1915)) was evasive. The 
matter has been discussed by (amongst others) Bridgman, * Dimensionai 
Analysis,’ and Wallot (loc. ctf.). 
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the dimensions of energy ; if not, it should not. Boussinesq’s 
equation depends neither on Boyle’ sand Gay-Lussac’s laws, 
nor on molecular theory ; Rayleigh was therefore right to 
treat temperature as a fundamental magnitude, or rather 
simply as a magnitude of which the dimensions were con- 
nected in a certain manner with those of specific heat and 
thermal conductivity. To have given temperature the 
dimensions of energy would have been to introduce con- 
siderations altogether irrelevant and therefore, as Ria- 
bouchinsky pointed out, to make the problem indeterminate, 
On the other hand, Einstein *,in a paper to which further 
reference will be made, was right to give temperature the 
dimensions of energy, because the assumption that the 
temperature is proportional to the mean energy ef a mole- 
cule is inherent in his argument. 

In the same manner, electric charge is to be given its 
electrostatic or electromagnetic dimensions according to the 
laws which are relevant to the problem. If charges enter 
only because they exert forces in accordance with Coulomb's 
law, then electrostatic dimensions must be used ; if they enter 
because a moving charge produces a magnetic ‘field, electro- 
magnetic dimensions should be used. If, in any problem, 
both electrostatic and electromagnetic forces are involved. 
two magnitudes must be introduced into any dimensional 
argument, one having one set of dimensions, the other the 
other. 

But the removal of these difficulties is only incidental to 
my main purpose, which is to insist that the dimensions of 
the relevant magnitudes cannot be assigned,and, consequently, 
the dimensional argument cannot be ‘applied, until we know 
exactly what are the laws determining the process that is 
under consideration. It is not sufficient to know what 
magnitudes are involved—if, indeed, it were possible to know 
that without knowing what laws are involved ; we must 
know the laws in order that the dimensions may be fitly 
assigned. It is true that there are certain magnitudes— 
liquid viscosity is one of them—which are involved in only 
one form of law known at present, the law namely by means 
of which they are defined; but it is not permissible in all 
circumstances to conclude that they must have the dimensions 
appropriate to that law, for it is possible that other laws 
exist and may some day be found in which they occur. 
Such a conclusion is only permissible when there is strong 
reason to believe that it is the law by means of which they 


* Ann. d. Phys. xxxv. p. 686 (1911). 
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were originally defined which is actually operative in the 
problem discussed. 

§3. Our discussion of the third question, what dimensions 
are to be assigned to the magnitudes, makes the second, 
what magnitudes are relevant, insignificant. For of course 
if we know all the laws determining the process, we know 
the magnitudes involved in them. Let us pass then to the 
first, the assumption that the systems compared are physically 
similar, 

In the simplest cases our knowledge is very direct. It is 
proposed to apply conclusions only to systems known to be 
geometrically similar, while all magnitudes other than 
geometrical are known to be the same throughout any one 
system and, consequently, necessarily similar as between two 
systems. This is the position in the argument applied to the 
simple pendulum or the acoustic resonator. The systems 
compared are geometrically similar, while there is for each 
system only one period of vibration and one value of gravity 
or of the velocity of sound. But few cases are so simple. 
Cousider, for example, the familiar hydrodvnamical argu- 
ment, so widely used in model experiments on ships or 
aircraft. Here geometrical similarity is assumed, while the 
velocity of the model and the specific properties of the 
medium are the same throughout any one model; but the 
argument will not hold unless the forces are similar—that is 
to say, unless tlie ratio of the forces acting on two parts of a 
model is the same for corresponding parts of all models. 
But there are undoubtedly many forces acting on the model. 
What exactly is the foundation for this assumption of the 
similarity of the forces ? 

I think it can only be found—and this is my second main 
conclusion —in the form of the elementary laws which deter- 
mine the motion. These laws are expressed by differential 
equations which, in the example taken, can be written down 
completely. If they could be solved by straightforward 
analvsis a. complete solution could be obtained, and there 
would be no need of the dimensional argument at all: that 
argument is merely a way partially to evade insuperable 
mathematical difficulties or practically impossible numerical 
labour. Now the mathematical process of integration corre- 
sponds to the physieal process of addition ; the addition of 
similar magnitudes belonging to two systems can only lead 
to magnitudes of the same kind belonging to those systems 
which are also similar. The argument which leads to a 
belief that the systems considered are similar in respect of all 
relevant magnitudes may therefore be stated thus. A certain 
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equation, involving certain magnitudes, is true of every 
element of each of the systems considered. (In our example 
the element is spatial; in others it is temporal, or, more 
rarely, defined by magnitudes of other kinds.) The elements 
of any one system are similar to corresponding elements of 
any other system in respect of all the magnitudes concerned 
in the equations ; ; and consequently if, by integration or the 
summation of magnitudes characteristic of these elements, 
any relation is obtained true of magnitudes characteristic 
of the systems as wholes, these systems must also be similar 
in respect of these magnitudes. There is only one point 
in this argument to which any doubt can attuch, namely 
the assumption that the integration of the equations will 
lead to a relation between "magnitudes which, being of 
the kinds characteristic of the elements, are also charac- 
teristic of the whole system. Thus, in our example, it 
is not certain from a mere inspection of the fundamental 
differential equation that there will be any resistance to the 
motion of the body, determined by a constant velocity ; 
integration might have led to the conclusion that the body 
would move in discontinuous jerks. Or—to take another 
example which may seem more plausible—it is not immedi- 
ately obvious from the differential equation of the motion of 
the pendulum that the motion will be periodic and that the 
system will have a period. The conclusion is only justified 
by experimental knowledge that there is a relation of the 
type sought ; it is here that assumption (2) of p. 482 enters 
in à way that is not an immediate consequence of assump- 
tions (1) and (3). 
$4. The conclusion that I want to enforce is that, i 

some of the problems to which dimensional arguments are 
applicable, the argument is only valid if the laws determining 
the behaviour of the system are completely known, and are 
actually expressible in the form of differential equations, the 
integration of which by purely mathematical processes 
would give a complete solution of the problem. ‘This 
conclusion is not new ; it seems to be advanced by Bridgman 
(loc. cit. p. 52), but its implications do not seem to be 
sufficiently recognized. For if the fundamental differential 
equation can be stated, all the elaboration of assigning 
dimensions to the magnitudes in. terms of fixed fundamental 
units is unnecessary, and so is all the mathematical apparatus 
of Buckingham's II theorem, The conclusions that it is 
permissible to draw follow directly from the meaning of 
similaritv, and the identity of no-dimensional magnitudes 
for similar systems. Thus the fundamental hydrodynamical 
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differential equation for incompressible fluids is 
du o? o? hE Op 
Pd 7" stop 35)"- 3 
where X is a force per unit volume. Consequently, if Z is 


a length, the following combinations must be the same for 
all similar systems : | 


+X=0, ete, . (1) 


n t X.l 
=i IE a CS ——^ 4 (2) 
Pp p 
The last of these is insignificant, for p means a force per unit 
area; it tells us nothing that we have not already stated in 
introducing p. But the first two are significant. Jf there is 
a steady state, independent of ¢, and defined by (1), ¢ must 
not occur explicitly ; the only time that enters must be that 
defined by the law 
Plc Dey 
Hence 
2 
a=., yum... . . . . (4d) 
p pul 

and the law required must be expressible in the form that 
any function f(a, b) is the same for all systems, This is the 
usual conelusion, attained without any explicit reference to 
particular dimensions; all that is required is the knowledge 
that all terms in an equation have the same dimensions, in 
the simple sense that they have the same numerical values 
For all similar systems. The dimensional argument appears 
to have been originally used by Fourier in this manner. 

§5. The question now arises whether this example is 
typical. I maintain that it is typical ; and that dimensional 
analysis, as that term is usually understood, can be validly 
and usefully employed only when we can write down a 
fundamental differential equation which (together possibly 
with other equations) determines the process in question, and 
which, if it could be integrated, would furnish a mathemati- 
cally complete solution of the problem. Or since such a 
universal negative is difficult to prove, I would maintain 
more particularly that all the valid and useful applications 
of that analysis that have actually been made are valid and 
useful, only in so far as the assumptions on which the 
analysis is based are derived from the study of such a funda- 
mental equation. 

That statement could be justified completely only by a 
detailed examination of all the applications that have ever 
been made. Such an examination | do not propose to under- 
take; for strong evidence can be brought in favour of my 
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contention by the examination of classes rather than of 
individuals. The three classes into which applications of the 
* dimensional analysis" naturally fall are: — I. Those in 
which a result is proved which had not been proved before. 
II. Those in which a result is proved which had been proved 
before. III. Those in which the result is not proved, but is 
assumed to be known empirically, and conclusions are 
advanced concerning the premisses from which the empiricallv 
known result could be proved. 

$6. I. Applications in this class are obviously useful if 
they are valid. All examples of it which I have discovered 
are valid ; and they are all of the type considered in $4 
above. In every case the pns] differential equation 
was known before the application of dimensional analysis ; 
it was not alwavs known to be true, and so far as its truth 
was uncertain the result of the application was recognized to 
be uncertain; but—this is the point necessary for our 
E oe knowledge on which the use of the method 

ere proposed could be based was available, if only in the 
form of an assumption. Of course, it is open to anvone to 
say that the knowledge was not used, and that dimensional 
analysis would have given the result without it; but the 
facts and the arguments here advanced surely throw the 
onus probandi on those who make such an assertion. The 
new knowledge attained by the use of dimensional arguments 
was either a partial solution of the fundamental equation, 
which had not been solved before, or, much more often, the 
extension (apart from numerical constants) of a result already 
attained by a complete solution of the equation in the simpler 
cases. 

And here it is relevant to notice an example in which, by 
the method of $4,a correct and new result was obtained 
which was not obtainable (or at least was not obtained) by 
dimensional analysis? *, This example is the characteristic 
curve of a high vacuum electron current from a thermionic 
cathode. Langmuir t has shown that, if the electrodes are 
plane parallel or cylindrical concentric, the current density 
(c) is connected with the voltage (V), the distance between 
the electrodes (l), and the mass and charge of the electron 
(e, m) by the relation 


xu XE. duo 
se 0. A S Lye, Uu 2 E (6) 


where the constant C depends on the shape of the electrodes. 


* Attention has already been drawn te this example in ‘ Nature,’ cx. 
p. 10 (1922). 
T Phys. Rev. ii. p. 450 (1913). 


= a ——— € — 


- e “===> se ee — 


a — —I—R— 800 A —Á— ë 5 c—üÓ 


Dimensional Analysis. 489 


The form of this relation immediately suggests that it ought 
to be deducible by dimensional analysis; but if we proceed 
by Buckingham's method, putting 


[e] = [M PPL] T], 
[c] - LM]'^[ L ] [T], 
[V= CMJ'P[L]'^[T]"* 


we can only deduce 


a=0. f(y): 2s s (D 


But let us study the fundamental differential equation. It is 
dV 
" da = 4p, e e è e © >è œ (8) 
with 
TEPU, e o e s e . . . (9) 
imw-meV. . . . . . . . (10) 


By elimination we get 


dV Y m ! 
V/V =V iroq”. TER 
It follows immediately that if by integration we obtain a 
relation between V, the total potential between the electrodes, 
and l the total distance between them, measured (like x) 
parallel to the stream lines and to the lines of force, then it 
must be of the torm 
V3 = 

"Ro 00 T... 3) 

which is (6). | 
The reason why the dimensional argument in Buckinghain’s 
form leads to an ambiguity is that there has been omitted 
from it an essential assumption, namely that the stream-lines 
and lines of force are identical. ‘This assumption can be 
introduced (* Nature,’ loc. cit.) by treating area (or volume) 
as a fundamental magnitude, in place of as a derived magni- 
tude with dimensions L? (or L?). But my contention is not... 
that, given the right assumptions, formal “ dimensional 
analysis" will not give the right result, but that it is 
impossible to be sure of making the right assumptions 
without examining the complete equations. In this instance 
it is impossible without examining the equations to realiso 
that there are two lengths involved, parallel and perpendicular 
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to the stream-lines, and that, while similaritv in respect of 
the former is required, similarity in respect of the latter is 
not. 

$1. II. The purpose of applications in this class is often 
purely didactic ; the examples are merely given to show how 
the argument might be applied in examples of class I. If 
given for that purpose, they are wholly unobjectionable, but 
For the original investigator, skilled in the tools of his trade, 
they are hardly useful. However, some writers, in giving 
such examples, appear to proceed beyond mere demonstration 
by example: they seem to imply that the fact that their 
methods lead to correct results shows that those methods are 
sound. Such an implication is, of course, objectionable in 
the highest degree; it is easy enough to prove a true 
conclusion (even from true premisses) by an unsound argu- 
ment, when the true conclusion is already known. The true 
result proves nothing about the validity of the reasoning ; 
that validity cannot be established by induction, but only by 
a thorough examination in the light of logical principles. 
Moreover, even if any evidence of the validity of certain 
methods were established by such methods, a highly dubitable 
assumption remains. It is one thing to choose the magni- 
tudes on which a process depends and to assign to them the 
right dimensions, when the conclusion and an argument by 
which it can be deduced validly are already known; it is 
quite another thing, when the conclusion and the argument 
are not known. The exhibition of these trivial examples to 
show how easy is dimensional analvsis, without a full dis- 
eussion of the assumptions involved and the nature of the 
argument, is the cause of all the errors to which it has given 
rise; it cannot be too strongly deprecated. 

Most of the previous proofs of examples in class IT. depend 
on differential equations, and therefore could not in any 
circumstance offer evidence against the position here main- 
tained. But there is one curious example to the contrary, 
the only one of the kind that I have discovered, which 
therefore needs a moment's attention. 

It is Jeans’ deduction *, quoted by Rayleigh (loc. cit.), of 
the proposition that, if the viscosity of a gas varies as T^, the 
force between its molecules must vary as r~’, where 


2 
s = n—4 +1. . . . . è $ (5) 


The complete proof of this proposition, previously given by 
* J. H. Jeans, * Dynamical Theory of Gases,’ Camb. Univ. Press, 1904, 


p. 275. 
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Jeans (loc. cit. p. 256), is not derived from a differential 
equation. True: but there is also no application of the 
principle of similarity.:: The essence of such analysis is the 
deduction of a relation between magnitudes A, B, C, . . . from 
a relation between magnitudes a, 5, c, A being of the same 
kind as a, but not being actually the same magnitude. If A 
and a are the very same magnitude, there is no question of 
similarity, which is the basis of ** dimensional analysis," and 
which renders necessary a knowledge of the differential 
equation ; there is identity. Now in this case of viscosity 
the equations from which we start, and which take the place 
of ditferential equations, involve the very same magnitudes 
as those between which the final conclusion is stated. The 
x, m, C, p involved in equations (582), (583), (584) (loc. cit.) 
are precisely the same magnitudes as those introduced in the 
"dimensional argument?" on p. 275. The result given 
follows by the merest algebraic elimination; the mathe- 
matical apparatus necessary to obtain the result directly is an 
exact reproduction step by step of that involved in the 
* dimensional" argument. Dimensions are utterly irre- 
levant; given the equations, the result follows whatever the 
physical nature of the quantities involved in them. 

$8. III. At first sight this class might appear to provide 
examples of the well-known procedure whereby, from the 
concordance between a known empirical law and a proposed 
theory, we prove the truth of the theory. And this view 
would be correct, if the premisses from which the empirical 
law is deduced were some definite theory. ‘There are cases 
in which this condition seems to be fulfilled; and in all of 
them the theory is expressible in the form of a differential 
equation; it is shown that a partial solution of that equation 
by the method of $4 leads to the empirical law. Such a 
procedure is perfectlv correct; butin practiee examples of 
this nature are not easy to distinguish from those of Class I. ; 
the distinction depends upon whether the empirical law 
(which is not always quite certain) or the proposed theory is 
regarded as the more firmly established. But these are not 
the typical examples of Class III. In the typical examples, 
the premisses are not a definite theory, expressed in any 
kind of equation, but the mere assumption that the process 
considered depends wholly on magnitudes of the kind 
occurring in the empirical law. (See examples below.) 
Now this assumption is always highly precarious, for it is 
liable to be false if there is involved in the process any 
unknown universal constant; and laws such as these, of 
which, e» hypothesi, no theory is certainly established, are 
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just those most likely to involve such a constant. A simple 
example will make this matter clear. If we were ignorant 
of gravitation, we might argue that the period of a planet 
was to be explicable on some theory involving only a time 
and a length; for empirically the period depends on nothing 
but the radius. It is only when we recognize the universal 
constant of gravitation that we realize that an adequate 
theory must involve mass. | 

Further, it is not clear what such an argument could 
prove, even if it were valid; apparently it is suggested that 
an empirical law is confirmed if it can be shown to be a con- 
sequence of every reasonable theory. But we need not discuss 
this matter further; for actualiy all examples of this nature 
that I have found involve other fallacies, and since these 
fallaeies bear out well my contention, two of them may be 
examined more closely. 

$9. These examples are provided by the attempts of 
Einstein * and his imitators T to deduce relations between the 
specific properties of metals, such as the thermal conductivity, 
the melting-point, specific heat, and compressibility. In the 
paper mentioned Einstein gives three such deductions. The 
first is perfectly correct, and founded, like all correct 
deductions of this kind, on a differential equation in an 
earlier paper f. If the argument here proves anything, it is 
that the same result would follow from regular arrangements 
of the atoms (similar in all substances) other than that 
assumed in the detailed calculation $. The second is either 
valueless, reducing to a variant of the Jeans example, or 
incorrect. The assumption made is that the natural fre- 
quency of the material depends only on the mass and distance 
apart of the atoms and on their mean energy at the melting- 
point (or other “ corresponding state "), which is measured 
by the temperature. Now either (1) the natural frequency 


* A. Einstein, Ann. d. Phys. xxxv. p. 656 (1911). I omit here all 
reference to Einstein's views about the numerical value of the ** undeter- 
mined constant"; those have been dealt with elsewhere (° Physics,’ 
pp. 427-429)—any objections which may be urged against them are 
independent of and additional to those with which we are here con- 
cerned. 

t E.g., L. Schiller, Zeit. f. Phys. v. p. 159 (1921). 

[ A. Einstein. Ann. d. Phys. xxxiv. p. 170 (1911). 

$ It may be pointed out that, since the deduction is valid only if all 
metals are geometrically similar in the arrangement of their atoms, and 
since it is known now that they are not so similar, the dimensional 
argument shows that the formula deduced can be at best an approxi- 
mation. 
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is the reciprocal of the time in which an atom, moving with 
the velocity corresponding to its mean kinetic energy, 
traverses the distance between two atoms, or (2) it is not. 
If (1), then the meaning of the quantities involved leads to 
algebraic equations between the very quantities with which 
the conclusion is concerned, the conclusion being reached by 
mere substitution and elimination ; no assumption concerning 
similarity is made, and, on the other hand, nothing whatever 
is added by dimensional analysis to what may be proved, by 
the most elementary mathematics. If (2), it must be assumed 
that, in all metals, all frequencies are similar to this fre- 
quency ; there must be no forces producing velocities which 
are not similar to the velocities of thermal motion. This 
assumption is almost certainly incorrect. A false assumption 
concerning similarity has been made, because a fundamental 
differential equation was not present as a guide. 

The third example relates thermal conductivity to mass 
and distance apart of the atoms, natural frequency, and 
temperature. Now Einstein has just proved that the experi- 
mentally known relation between thermal conductivity and 
temperature is inconsistent with classical mechanics. The 
only alternative known to classical mechanics is quantum 
mechanics (relativity is here irrelevant). On what grounds 
then can he be so certain that h is not to be included among 
the quantities on whieh the thermal conductivity depends? 
Yet if it is to be included, his conclusion does not follow. 
But there is an even more surprising assumption involved in 
his argument. The thermal conductivity means the energy 
transferred in unit time across unit area perpendicular to 
unit temperature gradient ; on the other hand, temperature 
is taken to be proportional to the mean energy of a molecule. 
Energy therefore enters twice; the argument is not valid 
unless the two energies are similar—that is to say, it 1s not 
valid, unless in all substances under all conditions the energy 
flowing in times inversely proportional to the natural fre- 
quency is proportional to the mean energy of a molecule. 
But this condition can be attained only if a specified tempe- 
rature gradient is maintained in each material at each mean 
temperature. Or the same objection may be put in another 
wav which is closely connected with our observations on 
p. 484. In the process considered there are two laws in- 
volved, both involving temperature. One is the law of 
thermal conductivity, defining that magnitude, that the heat 
flow is proportional to the temperature gradient. The second 
is that the mean energy of a molecule is proportional to the 
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temperature. Since temperature is involved in two indepen- 
dent laws, it requires to be introduced twice, with two different 
dimensions, into the argument. Or, once again — these 
objections though differing in form all are equivalent,—an 
examination of the previous calculation shows that the fallacy 

enters because the atomic specific heat is taken as no- 
dimensional. It is so taken because it is (approximately) a 
universal constant. But, as has been insisted already, 
universal constants are not necessarily no-dimensional. 

Such are the fallacies into which even the greatest physicists 
may fall when they attempt to base dimensional arguments 
on anything but a complete and exhaustive statement of the 
laws determining the process they study. 

$10. Our final conclusion then is this. Dimensional 
analysis is useful and valid only when the assumptions con- 
cerning the magnitudes involved and their dimensions are 
based on the inspection of equations expressing fully the 
numerical laws or theories by which the process under dis- 
cussion is determined. If they are so based, then all the 
‘formalities which various writers have elaborated are useless ; 
no fixed dimensions or fixed fundamental magnitudes need 
be introduced ; all that is required 13 a sound appreciation 
of the meaning of similarity and a knowledge of the rule, 
which is one of its obvious consequences, that all terms in a 
numerical law have the same dimensions. 

It is probable that, in all useful and valid cases, the 
fundamental numerical laws or theories are expressible in 
differential equations ; and that the only significant result 
of dimensional analysis is the generalization, for cases in 
which those equations are mathematically intractable, of 
a result which can be established by full mathematical 
reasoning in simpler cases. It is possible that there are ex- 
ceptions to this statement, though none have been discovered. 
In any case the errors that arise when dimensional argu- 
ments are based on anything but differential equations are 
so facile and so plausible that any argument not so based 
should be accepted only after the most careful scrutiny in 
the light, not of an elaborate statement of the formal logical 
process employ ed, but of the physical significance of the 
assumptions made. 
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XLI. Viscosities of Liquids experimentally correlated to 
Pendulum Dampings. “By Prof. E. H. Barron, F.R.S., 
and H. M. Brownina, M.Sc., Ph.D., University College, 
Nottingham *. 

( Plate I.] 


HE appearance of some of the exponentially-damped 
vibration traces obtained in the course of recent work T 
suggested the idea of producing such dampings by utilizing 
the viscosities of liquids. This seemed likely to give a 
simple illustration of the relations holding between viscosity 
and damping and possibly provide a method for the com- 
parison of viscosities, if not for their actual determination. 
For this purpose the pendulum in use carried (by brackets 
on its rod) a pair of planes dipping into the liquids whose 
viscosities were under test, and moving parallel to and at. 
measured distances from the inner side of the vessel 
containing them. For the liquids, samples of glycerine were 
used with different water contents, their densities and 
temperatures being noted and therefore their viscosities 
calculable. On plotting graphs of the results these seemed 
to be consistent enough to justify the use of interpolation or 
extrapolation. By the latter the viscosity of a sample of oil 
was determined. The method therefore seems suitable for 
laboratory use and may perhaps be as accurate and more 
expeditious than some others. The apparatus could be 
modified so as to be suitable for viscosities as low as those of 
water. 

Apparatus.—The photographic reproduction (P1. I.) shows 
the apparatus used. One of the brackets and the dipping plates 
carried by it are seen towards the top of the lath and near 
the axis of suspension, because the corresponding tank was 
removed to show it. The other tank was left in position. 
The two tanks containing the liquids are adjustable to and 
from the lath so as to set by a pair of gauges the exact. 
distance required between the moving plates dipping in the 
liquid and the fixed side of the tank near which they move. 

The apparatus as shown is suitable for liquids like glycerine 
and oil, the viscosities of which range from 8 to 2 c.g.s. 
units. For much smaller viscosities, as that of water of the 
order 0°01 c.g.s. unit, the pendulum bob would be made 
lighter, the dipping plates larger and placed much lower on 
the lath. In this way the sensitiveness might be increased 
a hundred fold or more as desired. The board near the base 


* Communicated bv the Authors. 
T Phil. Mag. vol. xlvi. pp. 399-406, Sept. 1923, 
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of the apparatus is drawn along by hand, timed by a 
metronome, and receives the traces of salt left by the 
pendulum. 

Theory.—Iiet a lath and bob pendulum carry plane plates 
dipping into the viscous liquid at distance z from the plane 
sides of the tanks which contain it. Then we may write as 
the equation of motion for small oscillations 


£O n d0 = 
lj *CIgp* 6090-0, b^ Up Ux cx (1) 


where I is the moment of inertia of the pendulum about its 
axis of suspension, C and G are constants for the pendulum, 
und 7 is the viscosity of the liquid, that of the air being 
neglected, 
or d*g dé 

ds + ko, +p0=0 ..... (23) 
where k=(Cn/2Tz)+pr/r and p?=G/I. . (3) 


and A, is the logarithmic decrement of the pendulum due to 
air only without any viscous liquids in use. 
The solution may be written 


O@=e—*(Acosgi+Bsingt) . . . . (4) 
where g?=p?—k?=p*? nearly . . . . . . . . . (5) 


and A and B are arbitrary constants depending on the initial 


conditions. 
Hence the logarithmic decrement per half-period is given 
approximately by 


A-—kmlp-íCmgm[2:/(GI)])ó&A, . . . (6) 
or NEG se oW oe dE X oe ode oe 1) 


Further, if the amplitude of the vibration is reduced to a 
half in a half-periods, we have 


ere Se. ce x a uw X9) 
Thus for any given vibration, we have 
1 0:69315 
A= ~ log. 2= uc (9) 


and n will be a useful experimental gauge for X. 
Experiments.—As the viscosity of the glycerine varies so 
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much with temperature and with its water content (which is 
spontaneously varying), it was necessary to take the density 
before and after a set of experiments and the temperature 
from time to time while the experiments proceeded. The 
dipping plates were then successively adjusted at definite 
distances from the sides of the tanks by the introduction of 
suitable gauges of metal or wood. For each such distance a 
vibration trace was obtained. | 

Results.—The chief results of the experiments are given 
in the photographie reproductions in figures 1—24 (Pl. I.), 
the details applicable to each trace being shown in the ac- 
companying table. The experiments with oil were really 
carried out before those with the glycerine, for which it 
proved convenient to adopt other gauges for the thickness of 
viscous material in use. Hence the double value for oil 
at the foot of the table, viz., actual observations and ' 
deductions for the same thicknesses as adopted for glycerine. 

Of the 24 figures on the plate those constituting any one 
line are obtained from the same liquid. ‘Those in any 
one column (except the bottom row figs. 21-24 for oil) are 
obtained by use of layers of the same thickness of viscous 
liquid. 

The significance of the results in this table becomes 
apparent when graphs are plotted to exhibit the relations 
involved. Thus in fig. 1, the abscissæ represent the thickness 
z ofthe viscous substance and the ordinates represent the 
logarithmic decrement, being equal to log, 2 divided by n, 
the number of half-periods required to halve the amplitude 
of the vibration. Thus there isa separate graph for each 
liquid, its position in the diagram depending on the value of 
the viscosity concerned. Again, in fig. 2 the ordinates are as 
before, but the absciss;e now give the values of the viscosities, 
inserted for the glycerine and water from tables in Archbutt 
and Deeley's * Lubrication and Lubricants’ (pp. 161-164,1912, 
3rd Edition), and corrected for temperature. In this diagram 
a separate curve appears for each different thiekness of tlie 
viscous layers. ‘The logarithmic decrement A,—0:004 of 
the pendulum without any liquids in use is shown on the 
axis of ordinates in fig. 2. It is the excesses of the other 
logarithmic decrements over this (A—Ag), which really 
measures the effects of the viscosities of the liquids. But 
this makes no difference to the determination of the viscosity. 
It may be seen that the other curves approximately converge 
to this point. 

Phil. Mag. Ser. 6. Vol. 47. No. 279. March 1924. 2 K 
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From the curve plotted for oil on fig. 1, we obtain the 
ordinates corresponding to the thicknesses used in the 
experiments on glycerine. And these are inserted in the table 
and plotted for oil in fig. 2. Thus the viscosity of the oil is 
determined to be 2 c.g.s. units, by extrapolation from the 
values for glycerine. 


Nottingham, 
December llth, 1923. 


ALII. Aaeperiments on the Artificial Disintegration of Atoms. 
By Dr. GEennanp. Kinseu, Vienna, and Dr. Hans Per- 
TERSSON, Gothenburg *. 


I the course of a still unfinished series of attempts to 
accelerate the radioactive disintegration Uranium 1— 
Uranium X through intense bombardment with a-particles, 
oue of us has found a new method for obtaining strong 
preparations of radium C from radium emanation f. With 
the simplest type of apparatus used for this purpose, a vertical 
cylinder of best Invar steel, ground conical at its upper end 
so as to fit into the neck of a small quartz recipient containing 
dry radium emanation, has its lower end kept immersed in 
liquid air. The upper end of the cylinder is covered with a 
thin foil of the metal to be activized, or else it carries a thin 
disk of the same material screwed into the steel. The 
emanation rapidly freezes out on the cooled surface, where it 
is kept in frozen condition for a couple of hours, so as to 
leave sufficient time for the active deposit to accumulate. 
The steel is then heated to room temperature while the 
emanation is pumped off, the activized metal is purified from 
emanation by the ordinary method aud its y-activity is 
measured. The yield of radium C, which is generally between 
40 and 50 per cent., may be considerably increased, in fact 
nearly doubled, by covering the frozen emanation as soon as 
it has settled on the metal with a piece of very thin metal 


* Communicated by the Authors. 

t H. Pettersson, Mitt. Inst. f. Radium forschung, Nr. 150, Wiener Ber. 
Bd. 132, p. 05 (1923). Owing to other work intervening, the experi- 
ments to be described in this paper, which were started in April 1922, 
have had to be discontinued twice. As they will now again be inter- 
rupted for at least several months, we have decided to publish a brief 
report on the results hitherto gained, although they are mainly methodical 
im character. 
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leaf, impermeable to the recoil atoms but of sufficiently low 
stopping-power to the a-particles to be used as “ source ” 
together with the activized disk or foil. 

By the remarkable experiments made by Sir Ernest 
Rutherford, partly in collaboration with Dr. J. Chadwick, 
the artificial disintegration of certain chemical elements has 
been achieved for the first time *. By the impact with 
the a-particles of high velocity from radium C and from 
thorium C, hvdroven nuclei of very long range have been 
expelled from the atoms of six of the lighter elements, 
viz., boron, nitrogen, fluorine, sodium, aluminium, and phos- 
phorus. "The other lighter elements up to calcium inclusive, 
as well as eertain ot the heavier elements, were tested for 
the same effect. but with negative results. 

Having at our disposal, thanks to the condensation method, 
means for obtaining very strong preparations of radium C, 
we decided to apply this method also for disintegration 
experiments with some of the lighter elements. 

Our first objective was to study the magnetic deflexion of 
the H-particles from aluminium with a simple magnetic 
spectrometer constructed for that purpose. A narrow pencil 
of H-particles emerging through a slit between two blocks 
of lead is deflected away from the y-rays by means of a 
strony magnetic field, the number of scintillations appearing 
on a zine sulphide screen being counted by means of a micro- 
scope moved across the field by a micrometer screw. In 
order to obtain a high intensity of the H-radiation the source 
should have the same shape as the slit, and we therefore tried 
to modify the condensation method so as to condense the 
total amount of emanation on a narrow rectangular strip of 
aluminium foil, 1 by 10 mm. This proved to be a most 
difficult task, and a considerable number of different con- 
densation vessels have been devised and tested without very 
satisfactory results. Finally, the first and simplest type 
of condensation vessel already described was reverted to, 
the steel stopper was covered with thin aluminium foil, 
which, when activized and freed from emanation, was folded 
into a narrow strip and pressed down into the groove of a 
screw-head made from aluminium. Using this as a source 
we were able to count the H-particles from aluminium at a 
distance between source and screen of 5 em. and to observe 
their magnetic deflexion in a field of some 8000 gauss. 


* Rutherford, Phil. Mag. xxxvii. 581 (1919) ; Bakerian Lecture, 
Proc. Roy. Soc. A, xevii. p. 374 (1020); tutherford and Chadwick, 
Phil. Mag. xlii. p. 809 (1921), ibid. xliv. p. 417 (1922). 
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As the H-particles from aluminium are not homogeneous, 
the range of the harder particles, according to Rutherford, 
varying between 30 and 90 cm. of air, the study of their 
magnetic deflexion practically requires the measuring out 
of a magnetic spectrum. However, the rapid decay of 
radium C makes it unsuitable as a source, where prolonged 
measurements are required, and it therefore appeared most 
desirable to realize a source of H-particles of more constant 
activity. A special type of condensation vessel, where frozen 
emanation itself, condensed on a narrow strip of copper, was 
to be used as source together with its fellow products under 
a cover of aluminium leaf, was constructed, but has so far 
not been put to actual tests, as a much simpler way of 
realizing the same objective was found in the meantime. > 


t 


The Capillary Method. 


From pieces of “hard” (potassium) glass tubing fine 
capillaries were drawn out, from 1 to 2 mm. thick and 
having walls, measured under the microscope, of between 
10 and 90 u. The capillary was sealed up at one end, and 
over the next 10 mm. of its length the glass was lined inside 
with a thin sheet of the substance to be examined, equivalent 
in stopping power to about 2 em. of air, either as a tiny roll 
of metal toil pressing well against the glass, or as a fine 
powder of oxide made to: adhere to the glass through heating. 
An equal length of the glass was left hare for control 
measurements, "and the capillary drawn thin over a short 
length, subsequently to be drawn out and sealed up after 
tilling it with emanation, fig. 1. The glass tubing with the 


Fig. 1. 


capillary was then joined to a recipient containing dry 
emanation mixed with some pure oxvgen, which was ‘intro- 
duced into the capillary after the latter had been sharply 
evaeuated at a temperature of between 200° and 300° C., so 
as to remove moisture and absorbed eases. The metal in the 
ca pillar: v had previously been Boibhasdd with cathode rays 
ina high vacuum in order to remove occluded gases. After 
sealing up the emanation within the capillary at nearly 
atmospheric pressure the latter was left for some hours and 
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its y-activity measured, the equilibrium amount of radium C 
varying with different capillaries from 10 to 50 milligrammes. 

The capillaries made in this manner are very convenient 
sources of H-particles from, say aluminium. They are easy 
to manipulate, have the practically linear shape suitable for 
deflexion experiments, and their use involves no risk of 
radioactive contamination, as the emanation they contain is 
hermetically enclosed. Their small dimensions and the way 
in which they are filled should be a safeguard against 
contaminations with hydrogen, free as well as in compounds, 
i.e. against the “ natural ? H-particles which form the most 
serious source of error in these experiments. Their chief. 
advantage, however, is their constant activity, which declines 
with the half period of emanation itself, 2.e. with 3°8 days 
instead of 20 minutes as with radium C, so that even pro- 
longed measurements may be carried out without change of 
the source. On the other hand, it must be observed that the 
a-radiation within the capillary is not homogeneous, as 
a-particles of three different velocities are being ‘discharged. 
Also there is some uncertainty about the distribution inside 
of the most effective component, i.e. of radium C. The 
latter distribution may, however, he changed at will hy 
immersing one end of the capillary i in liquid air until the 
total amount of radium C has accumulated in it. 


Method of Observation. 


The facilities offered by the method of the capillaries for 
studying the emission of H-particles from various substances 
appeared so considerable, that the study of the magnetic 
spectrum of the H-particles from aluminium was reserved 
for a tuture investigation. Instead, a number of capillaries 
were charged with some of the elements not investigated 
hy Rutherford and. Chadwick and were then examined for 
H-particles. The experimental arrangement is set out in 
fig. 2. Cis the capillary, the unlined part of which is being 
examined, held by a carrier between the poles of a Leyboldt 
electromagnet. P, and P, are blocks of lead (in certain 
experiments of tungsten) jammed between the poles, which 
are 6 to 7 mm. apart. The lead serves as a screen against 
the radiation from the other part of the capillary. Similar 
blocks of lead P; and P, protect the eves of the observer 
against the y-1 radiation from the capillary. The scintillations 
appearing on the zinc sulphide screen Z are counted through 
the microscope M, whereas absorbing screens of different 
stopping power are introduced at A or, in some cases, laid 


504 Dr. G. Kirsch and Dr. H. Pettersson: Laperiments 


immediately over the capillary. The microscope closely. 
resembles that described by Rutherford, the objective being 
a Watson holoscopic of 16 mm. focal length and numerical 
aperture 0:45, whereas the eyepiece is a wide-field ocular 
from Zeiss. Without diaphragm the field of view had a 
diameter of nearly 5 mm., so that the total area observed 
was practically 1/6 sq. cm. The light-gathering power of 
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this microscope considerably exeeeded that of any other 
combination tried by us. Nevertheless the scintillations 
produced by the H-particles are very faint, especially near 
the end of their range, so that the counting of scintillations, 
which was generally carried out at night, could not be made 
for more than one to two minutes at a time by each 
observer. When the scintillations were very numerous the 
period was limited to half a minute or even less. "Three to 
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four counters alternated, their results being generally in good 
accordance with one nother: 

The quality of the screen is very important in these 
measurements. Most of the screens used we made ourselves 
from Sidot blende, but ready-made screens from Harrison 
Glew were also used with satisfactory results. The back- 
ground of the screen was constantly illuminated by the 
y-radiation from the capillary, which, however, seemed to 
vary considerably with the nature of the substance enclosing 
the emanation. With thin copper foil, used instead of the 
glass in experiments to be described later, the luminosity 
was much fainter than with glass, thus allowing the distance 
from source to screen to be considerably reduced. 


Results with the Capillary Method. 


The H-particles from aluminium are easily observed by 
the method just described. The number of penetrating 
H-particles found at different countings agrees well with the 
value given by Rutherford and Chad wick, i.e. about 2.1075 Q, 
where Q is the total number of the impinging a-particles 
from radium C. Consequently with a field o£ view equal to 
ours, 1/6 sq. cm. at a distance of 15 mm. from source to 
screen, the number of scintillations observed from a capillary 
containing only one millieurie of emanation behind the 
aluminium lining should be about 20 per minute, provided 
the efficiency of the screen is equal to 0°75. 

Control countings, when the unlined part of the glass 
capillary was examined, also gave a definite number of 
long range particles equal to about one-tenth of those 
from aluminium. These particles are, no doubt, expelled 
from sodium atoms in the glass. With capillaries drawn from 
“Jena Rotstrichglas” the number of these particles was 
considerably larger, in accordance with the composition of 
that glass, into which enter not only sodium but also certain 
amounts of boron and aluminium. Glass is therefore 
obviously not suitable as material for capillaries to be used 
for testing other elements for H-particles. For this reason: 
we have instead drawn capillaries from pure fused silica, 
which is known to be quite free from impurities and which 
moreover presents the advantage that it can be very ener- 
getically heated, so as to drive off moisture and occluded 
gases from the substance with which it is charged before 
introducing the emanation. 

Quartz eapillaries drawn to the shape already deseribed, 
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Some 20 mm. in length, were coated. inside over one half of 
their length with the following Substances : Scandium oxide, 
Prepared from Very pure oxalate of scandium, which had 
been kindly put at our disposal by Prof. R. [. Meyer of 

erlin ; vanadium tetroxide, cobalt oxide, and arsenium, the 
latter element in the shape of a thin mirror, deposited inside 
the capillary by the Marsh procedure, The last-named 
capillary could, of course, not be effectively heated, owing 
to the volatility of the metal. 

The scintillations produced by these capillaries on a zinc 
sulphide screen at different absorptions were counted by: 
means of the arrangement sketched in fiv. 2, The results 
proved, that if any H-particles at all of a range exceeding 
that of the natural particles are expelled from the atoms 
of these four elements, the ratio between their number, », 
and that of the impinging “particles, Q, is certainly less than 
9 per cent. of the value for aluminium, ;. e. n/Qc]1 : 107, 
A very small Dumber of scintillations, from 1 to 2 per minute; 
Was actually Observed with an absorption equal to or ex- 
ceeding 30 èm. of air with al] these substances. Owing to 
the Scarcity of the Particles producing these scintillations, 
their maximum range could not be determined. and it 
must be left for future Investigations to explain their 
origin, 

The number of scintillations appearing at lower values of 
the absorption down tg about 1] em. of air Was, with two 
exceptions, Practically the Same, proving that hydrogen con- 
taminations Producing natura] H-particles were practically 
absent trom the capillaries, One of these exceptions was the 
arsenium capillary, from which nearly 10 scintillations per 
minute were Counted with an absorption of ahont 12 em. air *, 
Whereas at 30 em. the number Was only a little more than 

per minute, Further experiments wil] have to he made 
With this element, but We are inclined to regard these 
seintillations as due to natural H-particles from hydrogen 
occluded by the metal, 

The other exception was Observed with the unlined part of 
the scandium capillary, whieh happened to be the most thin- 
walled of all, so that It could be examined with 2 total 
absorption of only 11 em. A relatively large number of 


* Owing to the Irregular shape of this capillary there is considerable 
"certainty with regard to this value. In view of later results, it doeg 
not appear Impossible that these H -particles were expelled from the 
silicon atoms in the capillary walls. md 
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scintillations of unmistakab]e H-particle type was then 
observed, viz. over 22 per minute, corresponding to a value 
of about 5:10 for the quotient n/Q. This. number. was 
reduced to less than one-seventh, viz. 3 scintillations per 
minute, when the absorption was increased to 16 cm. of air 
by the introduction of a mica filter of 5 cm. air equivalent. 
This fact alone practically excludes the possibility that these 
scintillations could have been caused by natural H-particles 
from any hydrogen contamination within the capillary, which, 
moreover, would inevitabl y have given rise to similar particles 
also from the other part of the same capillary with its thin 
lining of scandium oxide, equal to about 2 em. of air. 

The only possible way of explaining these scintillations 
appears to be, that they are caused by H-nuclei expelled 
from the silicon atoms in the quartz. The other element 
present, viz. oxygen, has been examined by Rutherford for 
similar partieles with negative results down to an absorption 
of 9 cm. of air, whereas with silicon the same test has ouly 
heen carried down to the limitof 17 em. We therefore infer 
from this result, which has since been confirmed with other 
quartz capillaries of still thinner walls, that the silicon atoms 
under intense bombardment with a-particles break down 
in i manner similar to that of the elements disintegrated 
in the experiments of Rutherford and Chadwick, emitting 
H-particles of the maximum range between 11 and 16 em. 
of air. Owing to the difficulty o£ determining exactly the 
thickness and the air equivalent of the quartz walls of 
the capillaries used in these experiments, the numerical values 
just given are uncertain to a few ems. of air. Experiments 
made bv a somewhat. different method and with elementary 
stlicon instead of quartz, have made it possible to fix the 
maximal range of the H-particles from silicon more nearly 
at abont 12 cm. of air. | 


Fieperiments with a € opper Foil Apparatus. 


The unexpected results found with silicon forced us to 
give up quirtz capillaries as suitable containers for dis- 
integration experiments, where substances are to be n 
for H-particles of short range. On the other hand, i 
appeared important to pursue that particular kind of inv es: 

gation with some of the lighter elements found “non-active” 
in the experiments of Rutherford and Chadwick. We have 
therefore constructed a different kind of disintegration vessel, 
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where the thin silica wall of the capillaries is exchanged for 
a very thin membrane of pure copper * 

In a brass piece, 2 mm. thick and 6 mm. broad, a slit 
2 mm. wide and 45 mm. long is cut out. A strip of unper- 
forated copper foil, about lly thick, is soldered over one 
opening of the slit thus forming a narrow trough, 2 by 2 by 
45 mm. long, which can be hermetic: ally closed by soldering 
a brass lid over its other opening. Four cross-pieces of brass 
are also soldered across the trough, dividing it into four 
compartments, which communicate with another by narrow 
slits immediately under the lid. Before soldering on the lid 
the substances to be studied are spread as uniformly as 
possible over the copper foil, one in each compartment, 
leaving only one compartment empty for control measure- 
ments. The area covered by each substance is thus 2 by 
10 mm., and the average thickness of the layer is made 
equivalent in absorbing power to about 2 cm. of air. To 
charge this apparatus with emanation in the ordinary way 
by first evacuating it would expose the thin copper and the 
soldering to dangerous stress. It is therefore filled with 
emanation at ordinary pressure by means of the following 
contrivance. At one end the trough communicates with a 
minute brass mortar, in which a small glass capillary, sealed 
up with some 40 to 50 millicuries of dry radium emanation 
mixed with dry and pure oxygen, is crushed beneath a mercury 
seal by pushing home a small steclrod. At the other end the 
trough communicates through a fine tin tube with the atmo- 
sphere, so as to allow the excess air to escape when the capillary 
is being crushed. — Immediately afterwards the tin tube is 
soldered off, enclosing the emanation from the crushed 
capillary hermetically within the trough, about 10 millicuries 
being enclosed within each compartment. The particles 
emerging downwards through the copper foil are counted from 
each division separately by: an arrangement similar to that in 
fig. 2, save that tie microscope w ith the zine sulphide screen 
has to be mounted beneath the poles of the electromagnet 
and in inverted position, the objective directed upwards. 
As the air equivalent of the copper foil is less than the range 
of the a-particles from radium C, the latter are absorbed bv 
filters of thin silver foil. These have previously been deprived 
of occluded gases, as has also the copper foil used in the 


* A more complete description of this apparatus is published in 
the Sifzungsberichte der Wiener Akademie der Wissenschaften Tia. 
July 12th, 1923. 
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apparatus, by prolonged bombardment with cathode rays in 
a high vacuum. In order to remove all traces of hydrogen 
compounds the subsiances exposed within the trough have 
been heated and the trough itself, after being charged with 
the substances but. before the emanation is introduced, has 
been washed out with a current of dry and warm oxygen. 
The thin-drawn curves in fig. 3 represent the number of 
scintillations counted at different absorption values (pro- 
duced by filters of thin mica) when the trough was charged 
with the following substances : beryllium oxide, magnesium 
oxide, and elementary silicon. ‘The number of scintillations 


Fig. 3. 
| 
x Si 
109 à M 
is —-— Ng (observed) 
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Number £ scintiliations 


Range tn ems. of atr 


from the empty division, z. e. from the bare copper foil, is 
given by the full-drawn, thicker curve. At absorption values 
exceeding 20 em. of air the latter curve is seen to coincide 
practically with the three first-named curves, whereas for 
absorption values less than 18 cm. the beryllium curve rises 
rapidly, and the same applies to the curves for magnesium 
and silicon at the absorption values 13 cm. and 12 cm. 
respectively. The conclusion appears to us unavoidable, 
that this considerable excess in number of short-range particles 
from the considered three elements over the similar particles 
from copper alone, must be due to .H-particles expelled from 
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the atoms of Be, Mg, and Si by the a-particles discharged 
within the trough. ‘Without regard to the absorption within 
the substances we may therefore say, that the three elements 
investigated have been found to give off H-particles of the 
approximate maximal ranges: Be, 18 em. ; Mg, 13 em.; 
and Si, 12 em. 

Regarding the particles from the bare copper foil the 
shape of their absorption curve does not seem to exclude 
the assumption that they may be due to traces of hydrogen 
contamination occluded in the metal and not completely 
driven off by the cathode rays. Thanks to the careful 
measurements made by Sir Ernest Rutherford on the 
absorption of natural H-particles expelled by a-particles of 
different velocities *, it is possible to compute a theoretical 
absorption curve for H- -particles derived from such occluded 
hydrogen, under the assumption that this contamination is 
evenly distributed within the copper and with due regard to 
the fact that «-partieles of three different initial velocities 
are active. The broken curve in fig. 3 represents a theoretical 
absorption curve for natural H-particles calculated in this 
manner, and drawn to such a scale that it coincides with the 
exper imental curve for copper for absorption values exceeding 
20 em.of air. Alsoat lower absorption values the differences 
between the two latter curves are seen to be relatively small, 
considering that the theoretical curve cannot be very exactly 
defined, If, on the other hand, the hydrogen contamination 
were assumed to be differently localized within the copper, 
or to occur only over its inner surface, the theoretical curves, 
which can then be calculated, are very similar to the broken 
curve in the diagram. Whether there are any H-particles 
of a range exceeding X cm. of air expelled from copper atoms 
or not, must at present be left an open question. Anyhow, 
it seems hardlv possible to attribute the large excess in the 
H-particles of shorter range expelled from the charged 
divisions over those from copper alone to any other reason 
than a disintegration of the atoms in the substances. 

It may be added, that a much larger number of scintilla- 
tions was observed from the three elements investigated, at 
a minimal value of absorption equal to 8 em. of air, “namely, 


from beryllium about 400 per minute, and from magnesium 


and silicon between 250 and 300 per minute. These numbers 
being too large for direct countings, they were instead 
estimated independently by the different observers, and an 


* Rutherford, Phil, Mag. xxxvii. p. 550 (1919). 
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average value was formed. The corresponding points are 
not set out in the diagram, partly for want of space, partly, 
also, owing to the higher degree of uncertainty of these 
estimated numbers. 

. In another series of similar measurements the trough was 
charged with carbonate of lithium, sulphide of copper, and 
chloride of silver, one division being as usual left bare for 
control. The number of scintillations from this division was, 
however,at these experiments considerably larger than before, 
probably owing to a stronger contamination by occluded 
hydrogen, so that no definite results could be inferred with 
regard to sulphur and chlorine. For lithium the results 
appeared to establish as fairly certain the emission of 

-particles of the maximum range equal to some 10 cm. 

of air. 
_ In the following table the results hitherto obtained with 
regard to atomic disintegration by a-particles are set out, 
according to our own experiments as well as to those of 
Rutherford and Chadwick. — The ranges of the expelled 
H-particles given in the second column refer to particles in 
the forward direction. Whether the elements disintegrated 
by us emit particles also in the backward direction has not 
yet been investigated. 

Judging by analogy with Rutherford’s results, the range 
of such backward particles should be considerably less than 
that of those directed forwards and correspondingly more 
difficult to investigate. 


TABLE I. 
Atomic Atomic Range of 
Element. number. mass, H-particles. 
Lithium wo... 3 6:7 10 cm. 
| Beryllium — iit 4 9 18 cm. 
. . Boron ............-. — dD 10:11 58 cm.* 
" Nitrogen.................. 7 l4 40 cm.* 
Fluorine sda cesceavenc sees 9 19 65 cm.* 
Sodium .................. 1] 23 58 em.* 
Magnesium |. ............ 12 24 : 250: 26 13 em. 
Aluminium  ............ 13 27 90 cm.* 
SICON decise store ens 14 28 : 20) 12 cw. 
Phosphorus ............ 15 Jl 65 cm.* 


* According to Rutherford and Chadwick, Phil. Mag. xliv. p. 425. 
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Future Investigations. 


The methods described in this paper offer facilities for 
further research on atomic disintegration. With an apparatus 
similar to the one last described, the different elements of 
the periodic system may be investigated: for H-particles of a 
range barely exceeding that of the a. particles from radium C, 
possibly, with the aid of a strong magnetic field, also for 
particles of still shorter range. 

Preparations are being made in this Institute to utilize the 
method of capillaries for making the H-rays from aluminium 
and from other disintegrable elements visible by the Wilson 
method. It is to be hoped that one may in this way also be 
able to decide, whether one or more H-particles are expelled 
from the same disintegrating atom. 

We wish, in conclusion, to express our sincerest gratitude 
to Professor Stefan Meyer for generously putting the 
resources of the Radium Institute at our disposal, as well as 
for the kind interast he has taken in our research. 


Summa ry. 


A new method for obtaining strong preparations of 
radium C from radium emanation by ‘condensation with 
liquid air is described. 

Two different methods have been worked out for studying 
tle particles expelled from artificially disintegrated atoms. 

The elements Sc, Va, Co, and As have been investigated 
for H-particles of a range exceeding about 17 cm. of air, the 
results proving that such particles, if expelled at all, are 
certainly less numerous than one-twentieth of the particles 
expelled trom aluminium. 

As a first result of the same methods applied to the study 
of short-range particles, the following three elements have 
been found to give off H-particles under bombardment with 
a-particles, namely: beryllium, magnesium, and silicon, 
whereas for lithium the evidence of disintegration is less 
conclusive. 

"ome lines for further research are indicated. 


Institut für Radiumforschung, 
Wien, July 1925. 
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XLII. The Molecular Association of Liquids and Highly- 
Compressed Gases.— Part IJI. The Molecular Association 


of Liquids. By E. E. WALKER, D.Sc., D.I.C., A.C.G.I.* 
CCORDING to the law of corresponding states the 
critical coefficient pd should be the same for all 


substances. Van der Waals has shown that, though this 


RT. 


is not strictly the case, itf is a function of the ratios PV.” 
c [^ 

In Part I.f it was shown that this ratio is a function of the 
length of the molecule, and it follows from this that (=) 

à t c 


is also a function of this quantity. Manv authors have 
ointed out that this coefficient and the related coefficient 
* f," which is defined by the equation 


1 

log — 

T 

Jar " 
RU 


0 


are dependent on the size of the molecule, and that only 
substances of approximately the same molecular size obey 
the law of corresponding states, but its correlation with the 
length of the molecule makes it possible to give the con- 
ception quantitative form. In fact, one may restate the law 
of corresponding states as follows :— 

The relationships existing between the true reduced temper- 
atures, pressures, and volumes of all substances, the molecules 
of which have the same length, are very nearly identical. 

Before proceeding to examine the validity of this state- 
ment, it is necessary to explain what is meant by the terms 
“true reduced temperatures, pressures, and volumes.” The 
reduced coordinates of an unassociated substance are respec- 


: T P V 1 

tively w, =, and —. In the case of associated substances 
"p E V. | 

these simple ratios give only the apparent reduced co- 

ordinates. To obtain the true reduced quantities it is 


* Communicated by the Author. 

+ This refers to the values obtained from the vapour-pressure curve. 
The values deduced from the critical isometries are slightly different. 

t Phil. Mag Jan. 1924, p. 111. 
Phil. Mag. S. 6. Vol. 47. No. 279. March 1924. 2L 
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necessary to substitute for T, Pa, and V, those critical 
constants which would have been observed if the liquid 
could have been raised from the temperature T to the 
critical point without any change in the equilibrium between 
the simple and associated molecules. In Part II.* a method 
of estimating the effect of varying degrees of association on 
the critical constants was devised, and the equations deduced 
in that paper may be used to calculate the true reduced 
coordinates of an associated substance. 


Let ĝa, Ta, Va be the apparent reduced coordinates, 


0, ma V, be the true reduced coordinates, 
n be the association factor at a given temperature, 


and m, be the association factor at the critical point, 


then bv equations (6), (7), and (8) of Part II. :— 
—4—7T+ 41 
6,— a.x (Z) IL 278 is. & Uh 


n. 


n\+§tr+3y 
Mi= Ta X | — goe a Se e AC) 


n i-r—V 
V,zV, x (s) . >o 8 >è >» œ (3) 
x and y have been defined in Parts I. and II. They may be 


calculated from the length of the molecule as follows :— 


— "838+ °174 logy 2l 
10593 NB. 354 17 logol 
12:2 /..— 


[3 
If the modified law of corresponding states holds good 
for liquids containing simple and associated molecules in 


equilibrium, then it should be possible to determine = for 


. any given liquid by equating its true reduced coordinates 
with those of a saturated normal paraffin having a molecular 
length equal to the average molecular length (nx) of the 
associated substance. For the present it will be assumed 
that the modified law holds good both for associated and 


* Phil. Mag. Jan. 1924, p. 117. 
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unassociated liquids, and the validity of this hypothesis 
must be judged after an examination of the results achieved 
by its application to the problem of molecular association. 


In order to obtain values of ^ for an associated liquid, 


any two of the three coordinates may be chosen and equated 
with the corresponding coordinates of a normal puraflin 
having the same molecular length. The necessary data for 
the lower paraffins are, however, scanty, and those for the 
vapour-pressure curves are most easily interpolated. It is. 
on this account that the first calculations have been made 
from temperatures and vapour pressures. 

The reduced temperature of any liquid normal paraffin 
may be calculated with sufficient accuracy from the 
expression : 

0 


DNE AE 
1—0(1—6,)' 


Where @ is the reduced temperature of the liquid and 
0, is the reduced temperature of normal pentane under the 
same reduced pressure. The values of C found for various 
normal paraffins are given in Table I. 


0 


TABLE I. 

C. l Ci. 

Methane......... = ee 3 —°220 
Ethane ......... —:]152 4 — 175 
Propane ......... — 0943 3 — "18h 
Butane ......... — ‘045 6 — 009 
Pentane ......... + 0000 7 — 066 
Hexaune ......... -:0308 8 — ‘035 
Heptane ... .. +0772 9 — 006 
Octane ......... +1062 10 4:021 
l1 +046 

12 +070 

13 +097 

14 +109 


* By extrapolat ion, 


= 


Values of C corresponding with various integral molecular 
lengths have been determined from these data by graphical 
interpolation, and are recorded in the same table. From 
these values and Young's data for pentane, curves can be 
constructed connecting true reduced temperatures (0,) with 
true reduced pressures (77) a any length of molecule. In 

2L2 
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the case of an associated substance the problem is to find 

what value of " will satisfy equations (1) and (2). This 

can be solved by the following graphical construction. 
Values of log. are plotted as ordinates against values of 


log » as abscisse for various lengths of molecule. A similar 


log, log z- curve is plotted for the associated substance. 


Fig. 1. 
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Portions of these curves are shown in fip. 1, the dotted 
curves being for methyl alcohol, ethyl alcohol, and acetic 
acid. Through any required point A on the desired curve a 
straight line ‘AB is drawn with a slo ‘pe of 

—i—r-t2y 

+3 +at hy 


The point C representing the logarithms of the true reduced 
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coordinates of the associated substance must be on this line, 
and it must be also on thie log, log curve for a substance 

t t , 


of molecular length equal to nxl. This point can be fixed 
by means of a few trials without any difficulty. Fig. 1 
represents part of the diagram used in determining the 
association factors of ethyl alcohol and acetic acid at various 
temperatures. 


Values of E for the saturated normal paraffins are 


necessarily unity by this method, since they are chosen as 
the standards against which all other substances are compared. 


Values of - for other hydrocarbons at the atmospheric 
c 


boiling-point are recorded in Table IT. According to these, 


TABLE II. 
i DN A Bi | E ME n | N i 
| Lo —kh-rcvkdygckictrv«4AÉO, ne 9 | ny 
n 
3 | "——— E : 

Normal paraffins. .. | — 100 | L00 | 1:00 
Iso-pentane ..... 7:50 | —':431 + 683 1:005| 1:017 ; 1:02 
prope re 1:56 431 683 ' L007| 1:030| 1:035 ` 
Di-iso-butyl ...... 1074 415 ‘718 1:00 | 1:024, 1:025 
Hexamethylene... 7:30 432 '675 1:00 | 1:019| 1:02 
Benzene ............ 7:30 | 432 ‘675 1:012, 1:017 | 1:03 
Acetylene ......... 458 ‘S11 492 .. | L'061 | 
Ethylene ........ 4-58 | = iT 511 492 | 


996; ... | 


] 


“iso "-structure induces traces of association. It cannot be 
stated for certain that these traces of association are genuine, 
they might be due to inaccuracies in the modified law ot 
corresponding states. If this is so, the errors are not large. 
[t may be mentioned, however, that the addition of methyl 
groups as a rule enhances molecular association, and there- 
fore these traces of association may well be genuine. 
Acetylene is quite appreciably associated but ethylene is not, 
the critical volumes of these substances are not known, so 
that n, cannot be calculated with accuracy, but an examin- 
ation of the other critical constants indicates that acetylene 
is more highly associated than ethylene at the critical point. 
In this and succeeding tables it should be noted that the 


value of = is never appreciably * less than unity, thus 


* Ethylene is the only case which has been observed, but this may 
be regarded as unity within experimental error. 
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justifying the selection of the normal paraffins as comparison 
substances. Whether they are associated or not, they appear 
to be the least associated of all substances. 

Similar data for a variety of slightly associated organic 
compounds are recorded in Table III. It will be observed 


TABLE III. 
| l. |-4-—zx-cÀy.| F8 Sy. | no | Er ny. 
| | 
Methyl formate...... | 6:43 — “447 +649 1:002 | 1:053 | 1:12 , 
Ethyl formate ...... | 7:97 427 691 |1041 | 1:037 | 1-08 
Propyl formate ...... |. 9:51 ‘418 "10 ,L022 1:052 | 1:055 
Methyl acetate ...... 1:42 433 '680 1057 | 1:065 | 1:125 
Ethyl acetate......... | 8:96 421 "03 |1046 | 1-055 | 1-105 
Propyl acetate ..... | 10750 '415 ‘718 |1031 | 1:043 | 1-075 
Methyl propionate.. 8:96 421 703 1-035 | 1-051 | 1-09 
Ethyl propionate ... 1050 | — 7415 718 | 1-028 | 1-039 | 107 
Methyl butyrate ... 10:50 415 718 | 1-023 | 1-037 | 1:06 
Methyl-iso-butyrate | 8:96 421 | 703 11025 | 1-052 | 1-08 
Ethylether ......... | 896 | 421 ‘703 1:012 | 1:019 | 1°03 
Methyl chloride ... 439 | 023 461 1:065 | 1:042 | 1:11 
Carbontetrachloride 574| 461 | ‘611 |1010 1-024 | 1-085 
Stannie chloride ... 7:00 438 669 [rou (1-032 | 1045 
| Fluorbenzene...... e| 7°20 | 427 | ‘691 [eue 1:022 | 1:04 


that the degree of association at the boiling-point is, as a 
rule, approximately twice that at the critical point. Among 
isomeric esters the acetates are more highly associated than 
either the formates, propionates, or butyrates. The methyl 
group appears to exert a specific influence in this and other 
cases. Thus, for example, methyl chloride is more highly 
associated than carbon tetrachloride. 


TABLE IV. 
l. —4—r+ hy. tior. ne | ae, "b. |— 
| c | 
— EE — ————— |— — | | 
| Methyl alcohol ...... 434 | —:597 4-451 1359 | 1:214] 153 | 
| Ethyl alcohol ..... 588 | —459 | 4-620 | 1-097 | 1233 L:355| 
| Propy! alcohol ...... 742 ' —433 | +650 |1072 | 1189 | 1-276 
| Acetic acid............ 588 | —:459 47620 |1341 | E118 | 1-49 
| Acetonitrile ......... 513 | -—-:483 + 562 1:470 | 1:077 1:585 
Proprionitrile ...... 667 | —'442 | +657 1305 | 1030: 1:345 
T A IRAN | 280 | —782 | --4  12%0 |112 |142 
AMONI aserne 2°80 782 | —')74 1091 111 1:21 
Hydrogen chloride ' 2°85 —768 | — 141 1:057 | 1-40 | 1:48 | 


Data for more highly associated substances are recorded 
in Table IV. Among these substances there is no clear 
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relationship between the degree of association at the boiling- 
point and that at the critical point, though the nitriles ure 
peculiar in that, although they are highly associated at the 
critical point, they are only very slightly more associated at 
the boiling-point. This fact appears to account for certain 
peculiarities of these substances. Some methods indicate 
that they are normal substances, and others that they are 
associated *. Thus the Trouton constant for the nitriles is 
practically normal and their rectilinear diameter is remark- 
ably straight. The table shows that this method of measuring 
molecular association is in agreement with the Rose Innes 
surface-tension method in indicating that methyl alcohol is 
more associated than water. Walden’s molecular cohesion 
method gives the same result, and it seems that in this case 
also the methyl group is exerting a specific influence. 

The method is applicable to all temperatures, and the 
association factors lave been worked out over a wide range 
of temperatures for the alcohols and acetic acid. The values 


TABLE V. 
| Methyl alcohol. Ethyl alcohol. ! 
ee ee 
| t em n. | t. ian f. 
i ^. Ne 
MEET CUN: | eer PERS eae 
| 30 | 1258 1584 | 40 1-291 1-416 
| 647B.P. 1214 1:528 783 B.P.| 1-235 1:354 | 
. 100 í pH 1:474 110 1:184 19299 | 
. 130 1:135 1:429 150 1:126 1:235 
| 180 | 1070 1:347 180 1:079 1182 | 
| 920 ^ 1923 1-288 | 220 1-028 1:128 
, 234 1:007 1:268 | 230 1:017 1-116 
. 238 1:002 1 262 | 210 1:002 1:099 
' 2400C 1-000 1209 | 24310 1:000 1:097 
| Me VES CoMEMC E 
! Propyl alcohol. | Acetic acid. | 
"NON ete Boys IL. ee sas aoa Lid 
40 1:279 | 1371 ^| 70 1132 1:518 ` 
60 | 1-249 1:339 | 100 | 1:124 1-507 
| O7-4B.P | 1189 1975 | 1185 BP! 1118 1-491 
, 150 | 1:115 | 1195 (| 150 ! 1100 1-489 
200 1053 ! 1129 ' 200 1:076 1:443 
940 — | 109 | 1092 |250 L051 | 1-409 
, 200 | 1:004 1076 n 280 1:024 1:373 
26377 C. 1:000 1072 || 300 1014 1:360 
| | 310 | 1008 1:352 
| | 3216C | 


roo | ral 


* See Ter Gazarian, J. Chim. Phys. iv. p. 140 (1906). 
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are recorded in Table V., and are plotted against temper- 
ature in fig. 2. It is very surprising that the rapid change 
in volume which takes place in the neighbourhood of the 
eritical point should not produce a correspondingly marked 
change in the association factor. It appears that in this 
highly condensed state the volume has but little influence on 
the degree of association which is almost solely a function of 


the temperature. 


l6 
[5 
th 
[3 


l2. 


Association Factor 


Temperature 


50° T3 150° 200° 250° 300° 
Curves showing variation of association factors with temperature. 
x indicates boiling-point. 


Cp indicates critical point. 


It has been pointed out that, if the modified law of 
corresponding states is true generally, it should be possible 
to determine the association factor from any two reduced 


. . e . n 
coordinates. Thus, it should be possible to determine — 
e 


from the apparent reduced volumes and apparent reduced 
temperatures. An attempt has been made to do this, using 
equations 2 and 3 and employing a method somewhat similar 
to that just deseribed. The results are, however, vitiated by 
the fact that only scanty data are available for the lower 
parattins. These data are less easy to interpolate than the 
vapour-pressure data, and somewhat doubtful extrapolation 
has been necessary in some cases. The method wiil not be 
deseribed here in detail, as it is hoped that it may be found 
possible to improve it, but some results which have been 
obtained are quoted in Table VI., as they give considerable 
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TABLE VI. 
| Acetic Acid. | Methyl Alcohol. | Ethyl Alcohol. 
apparent | Volume | Vapour- | : Volume b ia | | Solum | vapour: 
dx e Temperature. method. | ae Temperature. — , othod. D Temperature. | iq. E 
n | ^5 | n n ' N A 
| 

38 130-7 147 2 149 980 | 1:53 1:48 899 r4 | 134 

40 16048 = 146 i; 147 1273 | 152 143. 128  , 138 | 138 

45 228:6 EET" (00142 176:3 1:44 1:35 172:5 1241 | 130 
BB 2888 | 19 | 1:37 2188 1:32 129 2183 | rH | 112 

75 " om T 238:5 12 1:26 242-9 111 1:10 
© 100 3216 | 1:34 | 1:34 2400 1:26 1:26 243-1 110 , 110 
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support to the hypothesis which forms the basis of this com- 
munication. The association factors calculated by the two 
methods are on the whole in good agreement, and, though 
the values calculated from reduced volumes must be re- 
garded as provisional, they afford valuable evidence in 
support of the main contentions put forward in this paper. 
So far xs the author is aware, there is no reason why this 
measure of agreement should be obtained unless 


(a) The modified law of corresponding states holds good 
for these associated substances. 

(b) The method of calculating the true reduced co- 
ordinates is true as a first approximation. 


No such measure of agreement would be obtained if the 
hypothesis were altered in any important particular. Thus, 
for instance, in calculating the true reduced coordinates, it 
was assumed (see Part Il., loc. cit.) that the molecules are 
joined end to end, so that the length of a double molecule is 
twice that of a single one. If the assumption is made that 
the molecules are joined side by side, so that the length of a 
double molecule is the same as tlat of a single one, the 
calculation of the true reduced coordinates becomes very 
much simplified, since x and y in equations (1), (2), and (3) 
become equal to zero. The association factors calculated 
on this hypothesis are considerably higher, and the agree- 
ment between the two methods is distinctly less satisfactory. 


TABLE VII. 


i. FJ ia D 
Methyl. Ethyl | Acetic ` 


alcohol. alcohol. acid. , 
n n n 


——- m m 


-—| — 


| 
Vapour-pressure method. 1:81 1:53 178 | Moleculea eide by side, 
Volume method ............ k 222 1-43 1:67 x &y=0, 
| | Mean divergence— 11:6 | 
i per cent. 
Vapour-pressure method.| 1°48 | 1:34 1:49 Molecules end to end, 
Voluuie method ............ ]:53 | r34 1:47 | æ & corrections used. 
| : Mean divergence — 1:6 
| | per cent. | 


t 


The association factors of methyl alcohol, ethyl alcohol, and 
acetic acid at an apparent reduced volume of 0°38 have been 
calculated on this alternative hypothesis, and are recorded 
in Table VII. The mean divergence between the results 
given by the volume and vapour-pressure methods is raised 
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from 1'6 per cent. to 11:6 per cent. This increased diver- 
gence is striking in the case of methyl alcohol, but is less 
marked in the other two cases. It appears, therefore, that 
the adoption of the more probable hypothesis i is justified in 
spite of the greater complexity which it introduces iato the 
calculations. 

It now remains to consider how far the results obtained 
have justified the modification of the law of corresponding 
states proposed inthis paper. Firstly, the association factors 
calculated on the basis of this hypothesis are rational and 
free from obvious anomalies. Secondly, two different 
methods of determining the association factor, depending on ` 
different physical properties, give values which are in good 
agreement with one another. A third argument in its favour 
is the difficulty of finding any reasonable alternative hypo- 
thesis. If, for instance, it is assumed that isomers are 
corresponding substances, then such substances as isopentane, 
di-iso-propyl, and di-iso-butyl would appear to be actually 
dissociate 1, their association factors at the boiling-point being 
several per cent. less than unity, and becoming smaller as 
tiie temperature fails. Moreover, we should be left without 
a guide in the case of substances not isomeric with the 
normal paraftins. Similar anomalies are observed if it is 
assumed that substances of equal molecular weight or equal 
moleculur volume obey the law of corresponding states. 
Sometimes it is stated that substances having equal or nearly 
equal critical temperatures are corresponding substances, 
but further anomalies are met with in thiscase. Iso-pentane, 
di-iso-propyl, di-iso-butyl, hexamethylene, benzene, carbon 
tetrachloride, and various other substances would appear to 
be dissociated, and mercury (which cannot be dissociated) 
would prove a glaring exception, for its reduced vapour- 
pressure curve corresponds with those of the monatomic 
gases, a fact which is in harmony with the hypothesis put 
forward in this paper, but is entirely contrary to what would 
be expected if critical temperature or molecular weight were 
the controlling factor. The association factors calculated in 
this paper are "entirely free from such anomalies, and, though 
n, is sometimes only one per cent. greater than ne, no case 
las been observed in which it is appreciably less. It cannot 
be doubted that other dimensions of the molecule besides the 
length exert some influence on. the true reduced coordinates, 
and that only those substances having exactly the sime 
molecul:r dimensions are likely to correspond exactly, but 
the influence of the length appears to be paramount and that 
of the other dimensions must be small. It is believed, 
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therefore, that the modified law of corresponding states is a 
reasonably close approximation to the truth, and that the 
association factors which have been caleulated by means of 
this hvpothesis are at least more reliable than any which 
have been determined up to the present. 

One alternative suggestion as to the exact physical 
meaning of “l” may be put forward here, though it cannot 
be tested satisfactor ily from existing data. — 1t seems probable 
that “2” mav represent not merely the length of the 
molecule but the mean collision area. In the case of normal 
carbon chains the mean collision area would be very nearly 
proportional to the length. Side chain formation and ring 
formation would reduce the mean collision area, though not 
quite in the same ratio as the reduction in the molecular 
length. It is possible that the conventionally determined 
molecular length used in these papers is really a rough 
estimate of the mean collision area. This could be tested by 
extensive viscosity measurements on substances belonging 
to isomeric and homologous series. 

The thirty pure instances investigated by Young and his 
collaborators form the backbone of the experimental data 
quoted in these three papers. Outside these authors’ work 
there are probably very few critical volumes of organic 
compounds that can he relied upon. The critical volumes 
of methane *, methyl chloride, and the nitriles, determined 
respectively by Cardoso, Baume, and Ter Gazarian, are 
probably aceurate, and all these values have heen employed. 
The only really doubtful critical data which have been used 
are those for propane t and ammonia. Itis hoped that some 
laboratory equipped for low-temperature research will 
undertake a thorough study of the lower paraffins comparable 
with that carried out by Young on pentane, hexane, heptane, 
octane, and some of their isomers. Such work would fill in 
an important gap in our knowledge and provide data for 

* At the time this paper was written the author was not acquainted 
with the recent work of Keyes on methane (Journal of Maths. and 
Physics, Massachusetts Inst. of Technology, Angust 1922). This work 
confirms Cardoso's critical constants on “the wW hole, but points out a 
slight error in his temperature-sc.ile. 

T It is found that the critical pressures determined bv the older 
wW Renee n skv, Nadejine, Altschul, and others—are froni two to six 
per cent. too high. Olzewsky’s value for ethane js 2 per cent. high. 
therefore in these papers it has been assumed that his value for propane 
is also 2 per cent. high, and in all calculations in these papers the value 

43:1 atmospheres has been used instead of the experimental value 44-0. 
There can be no doubt that the assumed value is very close to the truth. 


No other critical pressures determined by these authors have been 
employed in these papers. 
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determining with greater accuracy the association factors of 
such highly associated substances as water and ammonia, 
which, having small molecules themselves, must necessarily 
be compared ‘with the lower parathns. 


Summary. 


A modified law of corresponding states has been proposed. 
This law indicates that onlv substances the molecules of 
which have the same length (or possibly the same mean 
collision area) are truly corresponding substances. It is 
shown that this law is applicable to associated substances if 
proper correction is made for the effect of molecular associ- 
ation on the critical constants. By means of this modified 
law of corresponding states the association factors of twenty- 
four substances at the boiling-point have been determined, 
and these calculations have been extended over a wide range 
of temperature in the case of the alcohols and acetic acid. 


XLIV. The Influence of the Earth's Rotation on a Top. 
By Joux LianToN SYNGE, M.A.* 


HE rotation of the plane of vibration of a pendulum 
due to the earth’s rotation was deduced by Foucault, 

not on the basis of classical mechanics, but from the 
empirical assumption that the normal to the plane of 
vibration tends to set itself as ue as possible to the 
earth's axis (‘Travaux Scientifiques, p. 382). The applica- 
tion of the same principle to the e. of a top rotating 
on the earth's surface led him at once to the following 
conclusions:—*! If one considers the rotation of the earth, 
one finds that the position of a top in motion is not 
that in which its axis coincides with the vertical, but 
that it corresponds to a certain. oblique line contained in the 
plane of the meridian and which Jeans south or north 
according as the top turns to the right or to the left. 
It is impossible to give the value ob the angle which 
measures the inclination of the top, seeing that this angle 
varies with the form, the mass, and the velocity of rotation of 
the apparatus. All one ean say is that it increases with 
the rapidity of the motion, with the moment of inertia 
of the system, and with the lowering of its centre of gravity 
below the point of support." (Op. cit. p. 410.) He proceeds 


* Communicated by the Author. 
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to describe the apparatus which he employed to observe this 
effect, states that he observed it, but leaves a blank in 
the space destined for a quantitative result. 

He predicts further that if a top be spun on a horizontal 
glass plate it will travel from west to east. This is a direct 
consequence of his previous prediction, for if the axis 
of the top is inclined to the vertical, the horizontal plane 
makes contact with the top around a small circle, and 
the rolling of this small circle on the plane will produce 
the effect described. He states that he observed this 
effect, but again the space destined for a quantitative 
result is left blank. 

The object of the present paper is to show, as a result 
of rigorous treatment, that the effect of the earth’s rotation is 
the reverse of that predicted by Foucault : that for earth-like 
rotation the inclination is to the south, for the contrary 
rotation to the north, and thus the direction of travel 
for either sense of rotation is not from west to east, but from 
east to west. 

Let G be the centre of gravity of the top, V its vertex, and 
let VG —a ; let M be its mass, and A, A, C the principal 
moments of inertia at G. We regard V as a point fixed 
relative to the earth's surface. Let O be the projection of 
V on the earth's axis; OZ the earth’s axis in the sense 
south-north; OX, OY fixed directions forming a right-handed 
system of rectangular axes. — Let NV be the direction of the 
earth’s gravitational field at V, and let æ be the angle 
between VN and OZ. Since the top is small, we may 
regard the earth's field as parallel to NV of uniform in- 
tensity g. Let OV =p. Let (x, y, z) be the coordinates of 
G, and (0, $, Y) Eulerian angles specifying the orientation of 
the top relative to (OXYZ). 


The kinetic energy is given by 
T=4M (0? + 92+ 22) 4 A(0 4 d? sin? 8) +C +o cos 0)!, 
and the potential energy is Myp where p is the projection of 
VG on VN, or 
p=a sin @ sin a cos (6 — Q4 +a cos Ó cos a, 


where Q is the angular velocity of the earth and y=0 is 
the meridian plane through V when ¢=0. We have 


& — p cos Nt +a sin 6 cos ġ, 
y —p sin Ot+asin sin $, 
z=a cos 0, 
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Substitution gives 
L=T—V=4Mp?? + 4 A'(0? + d? sin? 0) 4- 3C(qy + $ cos 0)? 
+ MpQa[@ cos Ó sin ($-— Ot) +p sin Ó cos ($ —Q2)] 
— Mga [sin @ sin æ cos ($ — Ot) + cos 0 cosa], 
where A'is the moment of inertia about an axis through 
V perpendicular to the axis of symmetry. The system 


is holonomic, specified by coordinates 0, $, y, of which 4. 
is ignorable: thus we have the integral 


oL =C 
òy 
The modified kinetic potential, omitting constants, is 
R-—1A'(8? +e sin? 8) 4- $8 cos 0 
+ MpQu[6 cos Ó sin (6 — Qt) + $ sin 8 cos (6 — Ot)] 
— Mya| sin sin æ cos ($ — Qt) + cos 0 cosa]. 


(Nr T $ cos 0) — 8, a constant. 


The equations of motion, 


P(9M) BR s, (alt) -Ro 
dt N38 00 ° dp) Oo ^" 
become | 
A'(Ü — d? sin 0 cos 0) + 8$ sin 6 — Mpu cos Ó cos (6 — Qt) 

+ Mya [cos Â sin a cos (p —Q t) —sin 6 cos «| 20, 
A'(d sin?0 + 20$ sin 0 cos 0) — 80 sin 0 

+ Mpu sin 0 sin ($— Qt) 

— Mga sin 0 sina sin ($ — Qt) =C. 


The steady motion will be given by these equations on 
putting 0 = constant, $ —(Yt: we find 
— A'(Y? sin 0cos 0 + BO sin 0 — Mpa cos 0 
| + Mya sin(a — 0) —0 
from the first equation, while the second eqtfhtion is satisfied 
identically. 

So far we have used no approximation, but now, remem- 
bering that Q is small (while p is large), we may omit the 
first term, and substituting Co for 8, where @ is the angular 
velocity of the top about its axis, we obtain 


Mga sin (6 —a) 2 Cof? sin 8— MpfYacos8 . . (1) 
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If 0-0, when w=0, then 8, defines the vertical direction 
of the plumb-line or of the normal to a liquid surface, which 
Foucault used as a surface of comparison. Then 

Maa sin (0,—2a)— — Mpa cos 0y. 

Elimination of the last terms gives 

Mua cos asin (0 — 0,) =CaQ sin 6 cos 0,, 


or since Ô, 0, a are approximately equal, and a is the 
complement of the latitude X 
CoQ cos X 
0—0,— —  —— e 
Mya 
Thus according as w, Q have the same or opposite signs, 
0» or «6,. that is, the deviation is to the south or to the 


north: hence the direction of travel on a horizontal plate is 
from east to west. 


The same result may be obtained more obviously bv 
a graphical method. The diagram shows the case of an 
earth-like rotation. A particle of mass M at G is in statical 
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equilibrium under the influence of three forces : Ma parallel 
to NV: the reaction at V having components P along VA 
and Q along VG, AVG being a right angle; and the rev versed 
effective force MQ? p parailel to OV, where p has been 
substituted for the distance of G from the erie axis, the 
ratio VG/p being very small. Using the notation of the 
preceding method, and resolving parallel to VA, we find 


P + Musin (x—80)=MQp cos . . . (2) 


Considering now motion relative to the centre of gravity, 
let GEnğ be axes with directions fixed in space, G& being 
instantaneously coincident with the normal to the plane 
of the meridian, drawn out fiom the page, Gy in the 
direction VG, and G£ parallel to VA. The angular velocitv 
of the top is compounded of the angular velocities Q about 
the earth’s axis and @ about VG, thus giving as components 
of angular velocity about GEnf 


0, o+Qcos8@, OQsind; 
and for compenents of angular momentum 
0, C(o4- cos), AQ sin 8. 


Let GH be the angular momentum vector, and HD 
perpendicular to GD, a parallel to the earth’s axis. Then 
the components of the velocity of H relative to GEnf are 


—Q.DH, 0, 0, 


and these are identical with the moments of forces about 
these axes, viz. — Pa, 0, 0. 
Thus 
—P«- —0.DH, 


or since 


DH =C sin 6(@+ Q cos.0) — AQ sin 0 cos 6, 


and Q? is small, 
Pa=CoQ sinb.. . . . . . (3) 


Eliminating P between (2) and (3), 
CoQ sin 0 -- Mae sin (a — 0) 2 MQ’pa cos 6, 


which is the relation (1) obtained by the analytical method, 
and from which the sanie result follows as before. 


University of Toronto. 
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XLV. Electric Moment and Molecular Structure. By CHARLES 
P. Suyra, Ph.D., Department of Chemistry, Princeton 
University ". 


A PREVIOUS paper f has described a method for the 

calculation of the electric moment of the molecule of 
a substance from experimental data. The present paper 
considers the relation between the moments calculated for 
a number of substances and the structures of the systems 
of electrons and positive nuclei which constitute the mole- 
cules of these substances. In order to make possible the 
consideration of the effect of cach electron, it is assumed 
that this effect is equivalent to that which would result if 
the electron were located at some fixed point. The locations 
of these points with reference to the positive nuclei deter- 
mine the electric moment of the molecule. Since these 
points will be spoken of as if they were the actual locations 
of the electrons, the method of considering the structure of 
the molecule will be similar to that employed by Lewis 1 
Langmuir §, and J. J. Thomson |. 

The positions of the centres of gravity of the positive and 
nevative charges in a molecule are obtained in much the 
same way that the centre of gravity of a system of rigid 
bodies is located. The space coórdinates, z, y, and z, of each 
positive charge are determined with reference to a con- 
veniently located set of axes. If æ, y, and 2 are the 
coürdinates of the centre of gravity of the positive charges, 
e the value of the electronic charge = 4°774 107!" and E 
the sum of all the positive charges in the molecule, then 
Nee Ee, Yey = Ey. and Nez=Ez. The centre of gravity 
of the negative charges may be located by means of an 
analogous set of equations: ` 


Ser = Er, £Xe/-bEy, Xe b. 


The moment, p, of the electric doublet thus located in the 
molecule is determined from its components, 


Bom E(r—4). py=E(y—y'), and g.-E(:—:), 
which give | 
p E V (z—.e ) y —y y T (i-i). 
* Communicated by the Author. 
f C. P. Smyth, Phil. Mag. xlv. p. 849 (1923). 
t G.N. Lewis, Journ. Am. Chem. Soc. xxxviii. p. 762 (1916). 
E 


I. Langmuir, Journ. Am. Chem. Soc. xli. p, 868 (1919). 
|| J. J. Thomson, Phil. Mag. xli. p. 510 (1921). 
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The determination of the position of the centre of gravity 
of the electrons in a molecule is simplified by the justifiable 
assumption that the centre of gravity of the inner electrons 
of each atom is located in the nucleus of the atom and is 
never displaced from this position, only the electrons in the 
outer layer being displaced by external forces*. The 
application of this method of calculation to the hydrogen 
chloride molecule leads to the conclusion that the molecule 
may be regarded as an electric doublet, the axis of which is 
the line joining the two nuclei, and the moment of which 
is the product of one charge by the distance apart of the 
nuclei. From the infra-red absor ption spectrum of hydro- 
gen chloride f the internuclear distance is calculated as 
1:265 x 107% em. This gives for the moment of the HCl 
molecule, w=4°774 x 107! x 1:265 x 1075 6:039 x 107, as 
compared with the value 2:15 x 10775 obtained from the 
temperature variation of the dielectric constant of hydrogen 
chloride 1. 

In this calculation of the moment from the internuclear 
distance, no account has been taken of the displacement of 
the outer electrons from their symmetrical locations by the 
attraction of the hydrogen nucleus. The force f necessary 
to produce unit displacement of an electron in a molecule 
may be calculated from the equation S 


e—l ArNe 
e+2 2) 


in which e is the dielectric constant of the substance, N is 
the number of electrons in unit volume which suffer dis- 
placement, and e is the clectronic charge. This equation ts 
derived on the assumption that an elector doublet may be 
induced in the molecule by the external field, but that the 
molecule possesses no permanent doublet. The dielectric 
constant may then be taken as approximately equal to the 
square of the refractive index of the substance, provided 
this is taken for a spectral region which is sufficiently far 
removed from an absorption hand. When the molecule 
possesses a permanent doublet, the true dielectric constant 
of the substance cannot be used in the equation, bat the 
contribution of the induced doublet, which may be ealeulated 
as before from the square of the refractive index, may be 

* J.J. Thomson, loe. cit; M. Born and H. Kornfeld, PAys. Zerts. 
xxiv. p. 121 (1923). 

t H. M. Randall, Journ, Opt. Soc. Am. vii. p. 45 (1923). 

t IE. Falkenhagen, Phys. Zeifs. xxii. p. 87 (1922). 

$ N. R. Campbell, * Modern Electrical Theory,’ p. 34. 
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employed without introducing great error. N is obtained 
by multiplying the number ‘of electrons displaced in one 
molecule—eight in the case of hydrogen chloride— by 
2-705 x 10", the number of molecules in unit volume of the 
gas under standard conditions, to which the results of 
the measurement are reduced. 

In the equation which has been given it is assumed that, 
when an electron is displaced, it 1s “acted upon by a restoring 
force which is proportional to the displacement, and is there- 
fore equal to fr, where x is the displacement. It the positive 
charge of the hy drogen nucleus in the HCI molecule attracts 
an electron accor ding to the inverse square ni it will exert 
<, Where d is 
d 
the distance apart of the two charges. Each of the outer 
electrons will be displaced toward the hydrogen nucleus, 
and, in order that there may be equilibrium in the new 
positions, the following relation must hold for each electron : 


a displacing force upon the electron equal to‘ 


e“ 


fr dq 


In the HCl molecule the centre of gravity of the elec- 
trons would be at a distance of 1:265 x 107? em. from the 
hydrogen nucleus if no distortion occurred. IË one electron 
at this distance from the hydrogen nucleus were displaced 
a distance æ toward it by the force of attraction, the distance 
apart of the charges would be (1:965 x J0- *—a2) cm., and 
equilibrium would result when 

i e 


Jt = (365.10 7—.2* 


Since f may be caleulated from the refractive index of 
hydrogen chloride as *71 x 10°, the equation becomes 


(1265 . 1075 — e)? = "322 210-7 


There is no solution of this equation for any value of 2 
between 0 and L:265.10-5, which indicates that there 
should be no position of equilibrium between these values. 
In other words, the hydrogen nucleus should draw the 
electron to it. At least two of the electrons in the outer 
laver of the undistorted HCl molecule must be less than 
1:20605.107^ em. from the hydrogen nucleus, and should 
therefore be attracted to it more readily than an electron 
at the distance for which the ealewation has been made. 
Such an occurrence would be contrary to the generally 


€ 
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accepted ideas of atomic structure, and may be regarded as 
out of the question. 

If a hydrogen nucleus could be attached to an argon 
atom, the resulting structure should resemble that of 
hydrogen chloride except for the presence of one more 
positive charge on the argon nucleus. From the value 
f=1:13 x 109 p argon, it may be caleulated that a hydrogen 
nucleus at a distance of 1:265 x 107 * em, would displace an 
electron a distance of 0169 x 1075 em. toward it. The dis- 
placement of eight electrons by a similar amount would 
approximately neutralize a moment equal to that calculated 
for the undistorted HCl molecule. If eight electrons in the 
outer shell of an atom are located at the cor ners of a cube, 
the diagonal of a face of which is 2x 107? em., and 
hydrogen nucleus is located at a distance of 1:33 x 1077 em. 
from the nucleus of this atom on a line drawn from the 
nucleus at the centre of the cube through the mid-point of 
one edge, the displacement of each electron may be caleu- 
lated for a given value of f. If fhas the value 4:66 x 10$, 
as caleulated for the neon atom, the total effect of the di 
placement of the electrons is sufficient to reduce by 
11:8 per cent. the moment which the structure would have 
if undistorted. The value of f here used is undoubtedly 
too large for this structure, which means that the actual 
decrease in moment would be considerably larger than 
11°8 per cent. in a structure of this character. 

We are confronted by the dithculty that the use of tlie 
Inverse square law and the values of f calculated from 
the refractive index leads commonly to the impossible result 
that the positive charge should draw the nearer electrons 
directly to it. In using these values of f, it must be borne 
in mind that they are only average values, and that the 
values are presumably not the same for all the displaceable 
electrons in a polyatomic molecule. Furthermore, the 
restoring force might be expected to depend upon the 
direction of the displ: wement, and no account is taken 
‘of this. In a detailed treatment of the electronic structure 
of the molecule, Thomson has found it necessary to use a 
radical moditication of the inverse square law, other investi- 
gators also having followed a similar course. In view of 
these facts, it is not surprising that the attempted calcula- 
tions of the displacements of the electrons in the molecules 
have failed to account quantitatively for the discrepancies 
between the observed and the calculated moments of the 
molecules; but these displacements are clearly of such an 
order of magnitude that they may be regarded as the main 
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cause of the discrepancies observed. — It will presently 
appear that there is a connexion between the value of f 
and the amount of discrepancy. 

Although there is some uncertainty as to the accuracy of 
the absolute values obtained for f due to the approximate 
character of the equations used in the calculations, the values 
should represent fairly weil the relative ease of displacement 
of electrons in different molecules. The following table 
shows that / varies for different substances in the manner 
which would be predicted :— 


TABLE I. 


Suh: . Molecular Number a 10-* 
Substance. ana displaceable fX . 
electrons, 
NCO Ss eodvaUrt e pude eens Uu es Es Ne S 466 
TE OU reusiou cV PR TER sects A 8 1:15 
WEY OW: adoecer eit dia kr 8 075 
NOON: - iode sept exeo so S I ve SET Xe 8 (Y46 
Fluorine ........... -— E, 14 MO 
CINGHING: auscctesioNeeude dieu etin Ci, l4 O72 
Bromine ..... —— —— Br, l4 0:49 
lotne T I 14 0:20 
Hydrogen chloride ............... HC] S 011 
Hydrogen bromide ............... HBr 8 05^ 
Hydrogen iodide .................. Hi S Oo 
Enn c CH, 8 071 
AMIMMONIN osos E ST NH, S Qs 
bru.Jet c arveyuaccee aes H.O 8 124 
Hydrogen sulphide ............... H.S S o1 
ONSEGH au usc 109 E ond s O, 12 1:73 
Sulphur dioxide ...cceseeeeeeeaee SO, is Du 


For the rare gases and the halogens, f decreases with 
inerease in atomic weight, which is accompanied by increase 
in radius—that is, the electrons are more casily displ iced the 
vreater their distance from the positive nucleus, This effect 
appears to be analogous to the electromotive behaviour of the 
alkali and alkaline earth metals, which show increasing elec- 
trode potential as the size of the atom increases, making. 
ereater the distance of the outer electrons from the positive 
nucleus, and thereby increasing the ease with which these 
electrons leave the atom. I£ qe alues of f for the rare 
vases, the halogens, or the hvdrogen halides are plotted 
as ordinates against the atomic or molecular weights as 
hscissee, sooth curves are obtained which fall rapidly at 
the beginning, thereby calling to mind the rapid rise in this 
region ob ide: atomic Sole 4 curves for the rare gases, the 
halogens, and the alkali metals. The agreement. between 
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the values of f for the outer electrons of the halogen mole- 
cules and those for the electrons in the octets of the 
hydrogen halides would seem to offer evidence that tle 
method o£ calculation employed involves no serious errors. 
The electrons in the halogeu atoms are somewhat more 
easily displaced than are those in the corresponding rare 

gas atoms, which might be expected in view of the smaller 
nuelear charge of the halogens ; but the situation is com- 
plicated by the fact that one pair of electrons is shared in 
hoth the halogen and the hydrogen halide molecules. The 
same is true in the case of the water, ammonia, and methane 
molecules, in which the increasing ease of displacement of 
the electrons may be due not only to the decreasing nuclear 
charge, but in part also to the increased number of shared 
pairs. Unfortunately, data are not available upon hydrogen 
fluoride. 

If there were eighteen displaceable electrons in the krypton 
and xenon atoms anid seventeen in the bromine and iodine 
atoms, as necessitated by Langmuir's theory of the structure 
of the heavy atoms, there w ould be a sharp increase in f'on 
going from ar gon to krypton and from chlorine to bromine, 
followed by a decrease on going to the last member of each 
series. As there appears to be no explanation for such 
behaviour, and as there is good reason to expect the uniform 
decrease obtained when the number of displaceable electrons 
in the atom is assumed to be eight, this appears to give 
evidence in favour of a maximum number of eight electrons 
in the outer laver of the atom, which is in accord with the 
theories of Bohr and Thomson and with the modification of 
the Langmuir theory proposed by Bury * 

The structure of the water molecule proposed by Langmuir 
is a cubical arrangement of the electron octet formed by the 
sharing of the single electrons of the two hydrogen’ atoms 
with the six electrons in the outer shell of the oxygen atom, 
the two hydrogen nuclei being held at the centres of 
diagonally opposite edges of the cube. This symmetrical 
arrangement of the hy drogen nuelei fails to account for the 
pronounced as character of the water molecule, and to 
explain this, Cay f. uses the tetrahedral arrangement of the 
octet proposed by pes The location ot the t two liydrogen 
nuclei at apices of a tetrahedron produces an unsy mmetrical 
molecule which should be dipolar. Thomson obtains the 
necessary lack of symmetry by assuming that the electrons 


~- > 


* C. HR. Bury, Journ, Am, Chem. Soc. xliii. p. 1602 (1921). 
+ E.J. Cuy, Zeite, f. Efektrochem. xxvii. p. 371 (1021). 
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lie at the eorners of a structure made bv twisting one face 
of a cube through an angle of 45? without changing its 
plane. 


If Langmuir's theory requires that the two hydrogen 
nuclei be attached always to diagonally opposite edges. of 
the cube in the water molecule, thus giving a structure 
which would have no moment, the fact that the experi- 
mentally determined value of the moment of the water 
molecule is 1:87 x 107" * shows that the cubical structure 
is impossible in this case, and, by analogy. it becomes highly 
improbable in the case of the other light atoms, such as 
carbon, nitrogen, fluorine, and neon. Similarly, Langmuir's 
theory applied to hydrogen sulphide leads to a symmetrical 
structure analogous to that of the water molecule and having 
no moment. The value of the moment, 1:02 x 10-5, calcu- 
lated from experimental data f. shows this to be impossible, 
and therefore argues against the cubical structure not only 
for sulphur, but also for the elements standing near it in tlic 
periodic system. 

Although Langmuir assumed that the hydrogen nuclei are 
located only on diagonally opposite edges of a cube, it appears 
not impossible that other arrangements of these nuclei may 
exist. The location of the two nuclei on opposite edges of 
one face would give a molecule strongly dipolar in character, 
and their location on non-adjacent edges of two adjaeent 
faces would give a molecule somewhat less strongly dipolar 
in character. If distortion of the cube is disregarded, it 
may be calculated by the method already described that the 
electric moment of a molecule with the hydrogen naclei 
attached to diagonally opposite edges is 0, the moment of 
the molecule with the nuclei on opposite edges of the same 
face is 1:41 ep, where e is the electronic charge and p is the 
distance of each hydrogen nucleus from the oxygen nucleus, 
and the moment of the molecule with the nuclei on non- 
adjacent edges of two adjacent faces is ep. If water 
consisted of a mixture of these three different tvpes of 
molecules, its pronounced dipolar character would be 
accounted for. 

If ammonia had a cubical structure and the hydrogen 
nuclei were iba symmetrically to edges of three dif- 
ferent faces of the cube and in no case to two edges of the 
same face, the molecule would have practically zero moment. 
The value for the electric moment of the ammonia molecule 


* M. Jona, Phys. Zeite. xx. p. 14 (1919). 
t €. P. Smyth, doe. cit. 
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calculated by Jona from experimental data is 1:53 x 10-5. 
It might therefore be assumed, as in the case of the water 
molecule, that some at least of the ammonia molecules have 
an unsymmetrical structure in which two hydrogen nuclei 
are attached to opposite edges of one face of the cube. 
Such a structure, if there were no distortion, should have 
a moment equal to ep, where e and p have the same signifi- 
cance as in the case of the water molecule. The pronounced 
dipolar character of the ammonia molecule would thus be 
accounted for. 

It is thus evident that i£ the molecular structures of water 
aud ammonia are cubical, thev cannot all be symmetrical. 
Some at least must be unsymmetrical in order to produce 
the electric moments which have been observed, and because 
of the large decrease in moment produced bv displacement of 
the electrons in the unsymmetrical molecules it can readily 
be shown that these molecules would have to constitute a 
large fraction of the mixture in order to givo an average 
moment as large as that observed. On the other hand, it is 
only reasonable to suppose that, because of the mutual repul- 
sion of the hydrogen nuclei, the majority of the molecules 
would tend to be symmetrical and without moment. Asa 
sufficiently large proportion of unsymmetrical molecules 
appears improbable i in view of the tendeney toward the for- 
mation of the symmetrical molecules, the cubical structure 
appears improbable. 

The situation is much simpler if it is assumed that the 
electrons act as if located in pairs at the corners of a regular 
tetrahedron. An attempt was made to use the values for 
the prineipal moments of inertia of the water molecule 
calculated hy Eucken * from the infra-red absorption spec- 
trum to distinguish between the cubical and the tetrahedral 
structures for this molecule. Although the three principal 
moments of inertia calculated for the water molecule.show 
that water cannot consist entirely of symmetrical cubical 
molecules and point toward the tetrahedral structure, they 
do not preclude the possibility of the existence of a mix- 
ture of symmetrical and unsymmetrical cubical molecules. 
It appears that the crystal structures of certain solids as 
revealed by X-rays give evidence in favour of a tetra- 
hedral atomic structure f. The twisted cube proposed by 
Thomson gives an unsymmetrical structure which our present 


* Eucken, A., Juhrbuch d. Radioaktivität u, Electronik. xvi. p. 408 
(1919-1920). | 

t M. L. Huggins, Journ. Phys. Chem. xxvi. p. 601 (1922); cf. R.G. 
Dickinson, Journ, Am. Chem. Soe. xlv. p. 958 (1925). 
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knowledge of electric moments does not serve to distinguish 
definitely from the tetrahedral structure. In view of the 
improbability of the cubical structure for the molecules 
which have been considered and the simplicity of the 
treatment required for the tetrahedral structure, this latter 
will geuerally be used in calculating the moments of 
molecules in the following paragraphs. — 

In order to test the value of the electric moment as an 
indication of the molecular structure, it is of interest to 
compare the observed aud caleulated values for the moments 
of molecules of related substances. It has been calculated * 
that the volumes of the carbon, nitrogen, and oxvgen octets 
in methane, ammonia, and water respectively are practicallv 
identical, and that each hydrogen nucleus occupies approxi- 
mately the same volume in all these molecules. It thus 
appears that the distance, p, of a hydrogen nucleus from the 
nncleus of the octet is approximatels the same for the three 
different substances. If p= 1:0 x 1077 em., the values caleu- 
lated for the moments on the assumption of a tetrahedral 
structure are 1:155 ep = 5:51 x 107 P for water, ep = 4°77 x 
10-'* for ammonia, and 0 for methane; while the observed 
values are 1°87 x 1075, 1:53 x 107, and a value less than 
(0045 x 1075 f. respectively. The agreement between the 
observed and the caleulated values for methane is satis- 
factory, and the discrepancies for the other two substances 
are of the same order of magnitude as that found in the case 
of hydrogen chloride. In^tlie methane molecule the four 
pairs of electrons attracted by the hydrogen nuclei must 
suffer equal displacements so that the symmetry of the 
molecule is not altered and the moment remains zero. 
The ratio between the calenlated values of water and 
ammonia is L155 and that between the observed values 
is 1°28, indicating that distortion of the electron positions 
has a slightly greater effect in reducing the moment of the 
ammonia molecule than it has in the case of the water 
molecule. This agrees with the fact that f for ammonia is 
0:84 x 10° while /for water is 1:24 x 106, showing greater 
ease of displacement for the electrons in the ammonia 
molecule. 

iIvdrogen 2 presumably, has a structure analogous 
to that of w ater, and should therefore, if there were no dis- 
tortion, have a moment equal to 1:155 ep, or O89 x 107%, 
where p is taken equal to 1:25 x 107^ em. as compared with 


* R.N. Pease, Journ. Am. Chem. Soc. xliii. p. 491 (1921). 
T H. Rieweer. Ann. d. Phys. lix. p. 795 (1919). 
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10x105 in the ease of water * However, instead of 
being larger than the moment of ilie water molecule: as this 
would seem to indicate, the value calculated from the experi- 
dn data is 1:02 x 10- I5 as compared with 1:87 x 1075 for 

rater. ahis seeming contradiction is explained by the fact 
üt f for hydrogen sulphide is 0*51x 109 as compared with 
1:24 x 10° for water, showing that the electrons are much 
more easily displaced in hydrogen sulphide than in water, 
so that the displ: ement of the electrons makes a machi 
greater decrease in the moment of hydrogen sulphide than 
it does in that of water, with the result that the moment of 
hydrogen sulphide is actually the smaller of the two. 

The “sulphur dioxide molecule was supposed by Langmuir 
to consist of a cubical sulphur atom sharing a fice id one 
oxvgen atom and an edge with the other oxygen atom. 
This structure m: iy be represented by the formula O=S~°, 
in which each line represents a pair of electrons shared 
between two atoms, If we assume, as approximate dimen- 
sions for the atoms in the molecule, 1:25 x 107* em. for the 
radius of the sulphur and 1:0 x 10 ? em. for the radius of 
the oxygen, the moment of this structure may be calculated 
a8 aut: RS x 107", considerably larger than the calculated 
value, 5:51 x 10775, for the water noleenle: while the values 
observed, L76 x 107 bv Jona and 1:87 x 1077? by Falken- 
haven, are approximately the same as that found by Jona 
for water, "The ease of displacement of the electrons in the 
sulphur octet accounts for the great decrease in the moment 
of sulphur dioxide. The significance of the value of f. 
1-07 x 10%, for the outer eighteen. eleetrons of the sulphur 
dioxide molecule is diminished by the rather complicated 
distribution of these electrons between the sulphur and the 
oxygen atoms, and cannot be greatly emphasized : but it. is 
apparent that the value of f for sulphur dioxide stands 
between those for water and ‘hydrogen sulphide, as is also 
the case with the relative decrease in the moment due to 
displacement of the electrons. From viscosity measure- 
ments, Rankine and Smith f. have ealeulated the mean area 
for molecular collisions of the. sulphur dioxide molecule 
as (94x 107^ em, and have further ealeulated. that a 
molecule of the Structure QO=S7-? would have an area 


* The values used tor p in this paper are approximations based upon 
atomic dimensions as determined from moments of inertia, A-ray 
measurements, and the kinetic theory of vases. 

+ ALO) Rankine and €, d. Smith, Proc. Phys, Soe. London, xxxv. 
p. 33 (1022), 
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l:08x10-7P? cem. ; while, if the molecule had a ring 
0 

structure, SC |, the area would be 0:99 x 107^ em.?, the 
O 


conclusion being that the latter is the more probable 
structure. The electric moment calculated for this struc- 
ture is practically zero, while that calculated for the first 
structure is, as has been shown, in accord with the 
experimental facts. It seems impossible that a structure 
which would have practically zero moment can be correct 
for the molecule of a substance which has one of the largest 
moments yet observed experimentally. Cubical structures 
have been employed in these calculations for the sulphur 
dioxide molecule, but the assumption of tetrahedral struc- 
tures would lead to essentially the same results. 

Tetrahedral structures may be emploved in the calculation 
of the moments of the molecules of alcohols and ethers. 
It is found that the value of the moment depends upon the 
distances of the hydrogen nuclei from the oxygen and the 
carbon nuclei. If these distances are a and ^ respectively, 
the moment of methyl alcohol may be calculated as 


p.e V C948 a)? + (299 5 —:333 a). 


It was indicated that the distance, p, of the hydrogen nuclei 
from the nuclei of the octets was approximately the same in 
the methane, ammonia, and water molecules. It might be 
argued from this that a would equal b, and that a and b 
would differ little from p. If a=b=p, uz 155 ep, which 
is the calculated value of the moment of the water molecule. 
The value ot the moment calculated for ethyl alcohol is 
identical with that for methyl alcohol, and consideration 
of the geometrical structures : assumed. for these compounds 
reveals “the fact that, if distortion is neglected, an alkyl 
group may be substituted for a hydrogen without affecting 
the moment of the molecule, which means that not only the 
acyclic saturated alcohols, but also the ethers, should all have 
the same moment as water. It would appear that the more 
complex structure attached to the oxygen in an alcohol 
moleeule might give greater opportunity for decrease in the 
moment by electronic displacement than that oceurring in 
the water, while the deerease in an ether molecule might 
he somewhat greater than that in an alcohol molecule. 

The comparison of calculated and observed values is com- 
plieated in the ease of the alcohols by molecular association, 
which makes difficult the calculation of the true value of the 
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moment from data upon the substance in the liquid condition. 
From values of the dielectric constant of methyl alcohol 
vapour at various temperatures, Jona calculated the moment of 
the molecule to be 1:61 x 10—15 as compared with 1:87 x 1075 
obtained for water in a similar manner. In a previous paper 
already referred to, the writer has used a different method 
to calculate the moment of methyl alcohol from Jona's data, 
obtaining values which, although varving slightly with tem- 
perature, indicate a moment of about. l: 18 x 102, The 
same method of caleulation applied to the values of the 
dielectric constants obtained by Abegg and Seitz * gives : 
value of 1:70 x 10-5 for the ethyl aleohol molecule in the 
liquid at 20° and 1°71 x 10-15 for the propyl alcohol molecule 
at the same temperature. These values are, presumably, 
somewhat low because of molecular isda on but should 
indicate approximately the magnitudes of the monens of 
these molecules, The moment of the ethyl ether molecule 
was calculated by Isnardi and Gans f frum dielectric con- 
stant data on the liquid as 1:435 x 10-7! and the calculations 
made by the writer from their data and from the data of 
DPüdeker $ on ether vapour agree well with this figure. 
Rather inten data obtained by Bideker on the dielectric 
constant of gaseous methyl ether make possible a rough cal- 
culation of the moment of this molecule as about 1:3 x 107, 
Too much significance cannot, however, be attached to this 
figure. It is apparent that the moments of the alcohol and 
ether molecules which have been investigated are close to 
the moment of water, thus agreeing with the conclusions 
arrived at from considerations of structure. 

The moments of the chlorine substitution products of 
methane mav be calculated, the displacement of the elec- 
trons being neglected. p is the distance of the hydrogen 
nuclei from the carbon nucleus, and r and e the «distances 
from the nuclei to the outermost electrons in the chlorine 
and carbon atoms respectively. The moment of the methane 
molecule is, as has been shown, practically zero, and the 
moment ule ulated for the carbon tetrachloride molecule 
is also zero, while the values obtained for methyl] chloride, 
methylene chloride, and chloroform are, respectively, 
ert pre), l1 e(rp—o), and er+p—c). The results 
indicate that, if there were no displacement of the electrons, 
methyl chloride and chloroform would have moments not 


R. A begg and W. Seitz, Zeite. f. Phys. Chem. xxix. p. 242 (1899), 


H. Isnardi and R. Gans, Phys. Zetts, xxii. p. 230 (1921), 
Iv, Badeker, Zeits. Phys. Chem. xxxvi. p. 004 (1901). 
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far from that of hydrogen chloride. However, the more 
complicated structures of the methyl chloride and chloroform 
molecules may give greater opportunity for the decrease of the 
moment by displacement of electrons, so that the moments 
observed for these molecules might be expected to be some- 
what lower than the value 2:15 x 10-!* observed for hydrogen 
chloride. Unfortunately, the necessary experimental data 
are not available for the calculation of the moment of 
methyl chloride, but the moment of chlorobenzene has been 
caleulated by the writer in the paper already referred to as 
1-42 x 10-15, and, on account of the sy minetry of the benzene 
structure *, the ascii of the C,H;Cl molecule should not 
differ greatly from that of the CHCl molecute. The moment 
of methylene chloride was calculated from data given in 
Landolt-Bürnstein. (fourth edition) as 1:65 x 10-5," a value 
which, because of the limited range of the data, must be 
regarded as only approximate, in spite of the fact that its 
"tto to the value of the moment of chlorobenzene is very 
close to that indicated by structural considerations. The 
value obtained by Isnardi for the moment of the chloroform 
molecule is 1°26 10-5, while Lertes t found L:35 x 1075 
for the same quantity. The mean, 131 10775, is in fair 
agreement with the value, 1-42 x 10-9, for chlorobenzene. 
From Isnardi’s data on the dielectric constant of d 
tetrachloride, the moment may be calenlated by the writer’ 
method as 0:39 x 107 at 09 and (048 x 107 at 62° The 
value obtained is small, but not as small as might be expected 
in view of the appare nt symmetry of the car bon tetrachloride 
molecule. It is not certain that the equations used in eal- 
culating these values give great accuracy for small values of 
the moment. [t appears, however, that the molecules of this 
series of compounds have electric moments of the approximate 
magnitude predicted on the basis of structure. 

It has been stated that the moment of the chlorobenzene 
molecule is 1:42 x 107P.. Tf there were no displacement of 
the electrons, the bromobenzene molecule should have a 
moment. which would be to the moment of chlorobenzene 
approximately as the radius of the bromine atom is to that 
of the chlorine atom. However, j for hydrogen chloride 
is (71x 10°, while f for hydrogen bromide is 0:55. the 
quantities being very similar for the Cl, and Br, molecules 
respectively. The displacement of the outer electrons will, 


* [snardi's (Zeits. f. Phys. ix. p. 152, 1922) data on the dielectric 
constant of benzene indicate that the moment of the molecule is 
necheible. 


t P. Lertes, Zetts. f. Phys. vi. p. 257 (1921). 
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therefore, be vreater in bromobenzene than in chlorobenzene, 
and the resulting decrease in moment will be greater. The 
value of the moment obtained by the writer from the data 
of Lertes upon the dielectric constant of bromobenzene 1s 
1:39 x 10-8, showing that the greater ease of displacement 
of the electrons decreases the moment to about the same 
value as that observed for chlorobenzene. ‘this effect is 
analogous to the great decrease in the moment cf hydrogen 
sulphide as compared with that of water, but the effect is much 
less marked. here because the difference between the values 
of f for chlorobenzene and bromobenzene is much less than 
the difference in the case of water and hydrogen sulphide. 

There are many gaps and undoubtedly many errors in 
the data which have been considered, and the nature of the 
problem renders a precise treatment impossible in the present 
state of our knowledge; but the approximate agreement 
obtained between the magnitudes of electric moments caleu- 
lated from molecular Sirnobüres and those calculated from 
experimental data shows that the value of the electric 
moment of a molecule may be taken as an indication o£ its 
structure, and, in so far as the spatial arrangement of the 
atoms in a molecule is dependent upon the electronic struc- 
ture of the atoms, the value of the moment of the molecule 
may give evidence of this electronic structure. A method 
is thus provided for obtaining evidence as to the arrangement 
of the atoms in the molecule: of a substance. 


The writer wishes to express his indebtedness to Professor 
K. T. Compton for his helpful advice and criticism. 


Summa ry. 


A method has been deseribed for the caleulation of the 
electric moment of a molecule by ealeulating the location of 
the centres of gravity of the positive and negative charges 
in the molecule. The force necessary to produce unit dis- 
placement of an electron in the outer laver of a molecule 
has been calculated from the refractive indices of a number 
of substances in the gaseous state. By the use of this 
quantity and the application of the inverse square law to 
the attraction between positive and negative charges within 
the molecule, it has been shown that, although the inverse 
square law is not obeyed with any exactitude, ; the electrons 
suffer displacements from positions of symmetry sufficient to 
account for the difference between the-values of the electric 
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moment calculated from the theoretical molecular structure 
and those calculated from experimental data. 

It has been further shown that (1 ) the force binding the 
outer electrons in an atom varies in such a way among 
different elements as to point to a maximum number of 
eight electrons in the outer shell of the atom, thus agreeing 
with the theories of Bohr, Thomson, and Bury, but differing 
from that of Langmuir ; (2) the tetrahedral arrangement of 
electrons is more probable than the cubical in H.O, H.S, 
NH; and the closely-related molecules ; (3) the ring 


AQ T— 
structure Sy | for sulphur dioxide is much less probable 
O 
than the structure O28 (4) the observed moments of 
the alcohols, ethers, and chlorine substitution products 
of methane are in accord with the values indicated by 
their electronic structures. 


XLVI. A Note on the Thermodynamics of Thermionic 
Emission. By €. Davissox, Phd), * 


[^ applying the principles of thermodynamics to the 
thermionic properties of hot bodies, it is customary to 
consider the reversible changes possible in a system com- 
prising a hot body in equilibrium with an atmosphere of 
electrons inside an enclosure (cylinder and piston) whose 
walls are impervious to electrons. This system differs in one 
important respect from the similar system of an enclosure 
containing an ordinary vapour in equilibrium with a con- 
densed phase. The electrons being charged—or being 
charges—the establishment of the "electron atmosphere 
within the enclosure is accompanied by the establishment of 
an electric field, and the system comes to equilibrium with 
the gaseous electrons distributed non-uniformly through the 
free space. This introduces a complication which is not 
present in the case of an ordinary saturated vapour. Itis 
no longer permissible, in general, to write down a constant 
n as the number of particles per unit volume, &4T as the 
pressure against the walls of the enclosure, or Av as the 
increase in the number of gaseous particles in the system 
during an isothermal expansion âr. 

The usual procedure in treating the problem has been 
to avoid these diffieulties by assuming that the temperature 


* Communicated br the Author. 
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of the system is kept so low during the reversible changes 
that no very great number of electrons is present in the 
gaseous state *. The intensities of the electric field approach 
zero as the space-charge is reduced, assuming the net charge 
of the system zero, and at sufħciently low temperatures the 
gaseous electrons will be almost uniformly distributed. It 
is assumed in the simple argument that all changes take 
place at temperatures for which the variations in electron 
density may be disregarded. With this limitation the 
problem becomes exactly that of an ordinary saturated 
vapour, and one arrives at the conclusion that the pressure 
of the vapour (molecular or electronic) will be given by 
wdT 


paATe kA) 


where A is a constant, œw the work required to transfer a 
single particle from the condensed to the gaseous state, and 
k is Boltzmann’s gas constant. This result is combined in 
the thermionic problem with a theorem of the kinetic theory 
to give 
wd T 

izA'TUeSU 0. 0... . . (2) 
as the relation between T and 2, the current density of 
emission. 

Strictly speaking, one should carry over into the con- 
elusion in the electrical problem the temperature restriction 
used in the argument; the emission should be given by 
equation (2), provided T is not greater than that fixed as : 
permissible maximum in the argument. While there is not 
much question as to the correctness of the usual extrapolation 
to higher temperatures, it will perhaps put the deduction on 
1 more satisfactory basis to present it in a form in which the 
temperature restriction is entirely avoided. | 

Let us imagine a system of two plane parallel surfaces ; 
one on the ieft that emits electrons thermionically into the 
rezion between the two surfaces, and one on the right that is 
a perfect reflector of electrons and is non-emitting. If the 
system is uncharged when cold. then when raised to a high 
temperature an atmosphere of electrons is built up between 
the two surfaces, and the emitting surface is left with a 
positive charge equal in magnitude to the negative charge of 
the electron atmosphere. The system is a charged condenser, 
and in considering the changes that are possible in the 


* O. W. Richardson, ‘Emission of Electrons from Hot Bodies,’ 
Chap. IH. 
Phil. Mag. S. 6. Vol. 47. No. 279. Murch 1924. 2 N 
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system it will be necessary to take the energy of this charged 
condenser inio account. The total charge of the electron 
gas per unit area of the emitting surface will be represented 
by E, and the total electrostatic energy per unit area hy W. 

We may imagine that the emitting surface coincides with 
the «=0 plane of a system of three rectangular coordinates. 
The reflecting surface then coincides with the z— X plane, 
where X is the distance between the surfaces. 

The charge per unit area of the system to the right of a 
plane z, (0€ c« X), is integral cd from æ to X, where c 
represents charge density, and the charge per unit area to 
the left of this plane, including the charge on the emitting 
surface, is equal in magnitude but opposite in sign. The 
electric intensity at c is therefore 


dV X 
dz =4n( odz. pow a x 3) 


At the reflecting surface the intensity is zero, so that the 
only force acting on this surface is that due to the gas- 
pressure of the electron at v= X. 

We suppose the system capable of reversible transformation 
in T and X. It is required, therefore, on thermodynamical 
principles to satisfy Clausius’ relation, which for present 
requirements may be written Qp/OT- A/T, where p is the 
pressure against the reflecting surface and X is the latent 
heat of isothermal expansion per unit area of the system. 
To evaluate À we have that during an isothermal expansion 
AX the number of gaseous electrons per unit area of the 
system is increased by (AXN/e)O E/O X, where e is the charge 
of one electron, and that this multiplied by w is the quantity 
of heat absorbed by the transfer of these electrons from 
the metal to the electron atmosphere. A quantity of heat 
(0W/8N)AX is absorbed in increasing the electrostatic 
energy of the system, and a quantity pA X is absorbed by the 
system in doing work against external forces. Assuming 
that heat is absorbed in no other way, we have that the 
quantity absorbed per unit area of the system per unit change 
in X is (o/e)0 E/o X --OW/Q X +p=A, and Clausius’ equation 


becomes 


op 1 E ob. oW 
orTTleaxt at) c0 

Since the electrons between the two surfaces are in a state 
of thermal equilibrium, we have by Boltzmann’s relation 
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loga+Ve kT=const., or dV de= —(AT'oe)do dr. Com- 
bining this with equation (3), we find that o satisfies the 
equation 
do ive (3 
un 4a 90 
al kl 
The solution of this equation, supplied to me by Dr. T. C. 
Fry of this laboratory, is 


r5) 13 
o —g,sec E (X - 7), e áa ob) 


gd. 


AL 
where c, is a constant. 

The same distribution law has been given in. somewhat 
ditferent form by v. Laue *, and Schottky t has deduced the 
law of distribution of potential for the same case. Equation 
(5) may be readily derived from either of these results. 

At £= X, 0—0,, so that o; represents the charge density 
at the retlecting surface, and the pressure against this surface 
is p=ø,kT/e. Writing ey for the charge density at the 
emitting surface, 

09 —901| sec? HX, . . e ° . * (6) 
where 4? = 27eoc [Kk T. 
The total space-charge per unit area of the system is 


x 
"m sec? í( X — e) d.e 
0 


— (ep) tan uX. 
Or, combining this with (6), 
E-c!Ue,—o)) "[u-([4T(cg—o1))/2me]'". . (7) 
The density of electrostatic energy at w is 
dV d k "S : 9 LRL 2 (ye 
= =2n( edz | —(2uo? p?) tan? p(X —.) ; 
8r \de " 


so that 
9 2X 
W= S| tan? w(N—w)de 
H Q0 
= (2707[p?) (tan uN — uX). 
Or, — this with (6) and (7), 
= (?ne?*|u'Y (ro —1) ne *N] 
pese (Eeg;X)e ox Rode & x» X9) 
* v. Laue, Jahrb. der Rad. u. Elektronik, xv. p. 205 (1918). 


+ Schottky, ibid. xii. p. 199 (1905). 
2 N2 
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We thus have expressions for p, E, and W in terms of T, X, 
a}. and oy Differentiating these partially as required for 
substitution in (4), we find 


Op _ k Oc; 
SI AL Mon 


OE EN ET tda, -—7 
aX = se S3) ecu s 

and 
oW 4T dc, (kT V ? 9o, s 
x 7-7. [wt X Xt (s...) Sge «-a?]. 


Substituting into (4) and collecting terms, we find that 
Oc; _ AT ig @ 0c} 12 
-TST = (me) (14 ar) Sx (7 0 


«(n x5). . s 5. w- A9) 


We next differentiate (6) partially with respect to T and 
X , obtaining 


OF, — Òc) Oc; » 
er oT l $e C "uX + pr E me T) sec? uX tan HX 
9 H 
zB Cm E-en 
and 
oe =0= H sec? uX "i d x! ec pX tan uX 


x 0c; 2qeN ? Oo; 20, " 
=3x + Cor ) (Sx 4. x) (Guest ae 
Solving these for the Qo;/9'T and Qa,/OX, gives 


Oc; " (om) ÒT, Ire TTA 2] 
oT Ea [- or +(5 A) : m (095—291) 


Ime? 
+ [e Gar) X(oo—0,)'*] 
and 


àc Sm!” M. 9 
3x de ( jr) eye, o) f| 19 m) X(s,—2)'* ]. 
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On substituting these into (9), the equation is found to 
reduce to 


l de _ w 
ool kT”? 
which integrates to 
CwdT 


kI: . 
T0 = Ev e. 


From this point the deduction follows the usual lines. 
The number of electrons per unit volume at the emitting 
surface is o,/e, and, by the theorem of the kinetic theory 
already referred to, the number striking unit area of the 
emitting surface in unit time is 


N- c) 


e \2arm 


where m is the mass of the electron. If the coefticient ef 

reflexion of the surface for electrons is zero, this is also 

the number emitted from unit area in unit time. The 

current density of emission is then given by 

z "wdT wdT 

AL xu " Vos 
-) p T* AMT e? T 


27m 


iz Ne-A[ 


We thus arrive at equation (2) without introducing a 
temperature restriction into the argument. 


Research Laboratories of the 
American Telephone and Telegraph Company, 
and the Western Electric Company, Inc. 

July 5, 1923. 


=- o IL uu vou —— —— — 


XLVII. The Halogen Hydrides. By Herpext BELL, 


Lecturer in Physics, Manchester University *. 


Summary. 


qe absorption-band spectra in the infra-red of the 
halogen hydrides HF, HCl, HBr have recently been 

determined very carefullv by several investigators. In this 

paper the experimental data have been analysed with the 

aid of the energy-formula developed by Born and Hückel. 

It is shown that the values of the coefficients 1n the formula 

1/X2 ej 4- em + com? + cn? which embodies the experimental 
* Communicated by Prof. W. L. Bragg, M.A., F.R.S. 
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results for the main band and its overtones are, within the 
limits of experimental error, consistent with theory. The 
accuracy is not sufficient, however, to decide whether the 
* zero-point energy " exists or not. 

The significance of the constants in the formula is discussed. 
Their determination makes it possible to evaluate the 
variation with distance of the force acting on the hydrogen 
nucleus as it vibrates along the line joining the two nuclei. 
The range of vibration for one, two, and three energy quanta 
is calculated. 


THE HCl MoLECULE. 


Spectral Data. 


The infra-red absorption band of HCl at 3:54 has recently 
been carefully investigated * by Colby, Meyer, and Bronk, 
and the wave numbers of the individual lines are found to 
be represented by 


1/1 = 2886:07 + 20°60m —°301m?—'00206m, . (1) 


where » has successive integral values from —19 to +20 
excluding i — 0, the missing central line. 

From the earlier pioneer work of Imes t on the “ overtone " 
at 1°76 a least square formula may be obtained : 


1/X=5667°0 + 20°14m —:558m?—-000086n3. . (2) 


The latter constants are, however, much less accurately 
determined, as there are only 16 lines m=—8 to mz 48 
and the isotope lines also interfere. 


General. 


It is well known that these and similar band spectra 
represent quantum jumps of the molecule from a lower 
energy level to a higher one as light energy is absorbed. 
The molecular energy is in part due to oscillations along the 
line of join of nuclei, and in part to a rotation about an axis 
perpendicular to this line. 

Various approximations to the mathematical solution of 
such a model have been given, and we may mention in 
particular those of Kratzer and of Born and Hückel S. 
We shall use the notation and formula developed by the 
latter investigators. 

* Astroph. Journal, lvii. (Jan. 1923). 
T Astroph. Journal, l. p. 251 (1919). 


t Sommerfeld's Atombau u. Spektrallinten. 
$ Physik. Zt. xxiv. (Jan. 1925). 
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Let the nuclei of the molecule when not oscillating or 
rotating be in equilibrium at a distance rọ from each other, 
and let us suppose that the force function U(r) along the 
line of join depends on r only and has derivatives Uy, Uw", 
ete., at this point. If, now, the molecule be given n radial 


quanta and m’ rotational quanta, the energy Wi is, according 
to Born and Hiickel, given by 


3 
' m = Uptnhyy (1+ E m i) 


—nhó + Meym? — Ay?! *[vo's . (3) 


where the following abbreviations are used : 


2Tv,— VU,” p, e © o č è è œ (4) 


where y is the reduced mass of the system and v is the 
frequency of small oscillations, 


Bere (UG de wee Ge cw cw X9) 
Coon X de i-o weh T0) 
6 = Dy/4 S(B* — 359 U,"/5U,"). sod s (0) 


It is here understood that » may have any positive value, 
but may change only by integral steps from, say, no to n+ no, 
while m may be either positive or negative, fractional or 
integral, but, according to the Correspondence Principle, 
may change only by unit steps. iË at all. An equivalent 
statement "for m df it changes is that it can only increase 
algehraically to m'4 1. For if we imagine an observer 
looking in any direction, he will see molecules spinning both 
to left ‘and right, m' positive or negative, but if he disregards 
all those alios angular momentum on changing does not 
increase in an algebraic sense, and leaves these to a second 
observer looking in the opposite direction who in turn 
disregards all others then both observers will record only 
algebraic i increase and will take into account all the molecules. 
From this point of view, negative values of m' correspond to 
molecules suffering an energy decrease. 


Band Formule. 


The frequency of the absorbed light is now, by Bohr’s | 
principle, given by 


v= (Wara? —Wiy/hs 
and performing the necessary algebra we obtain 
v= n(y,— 21,8 —(8 +3) (m + 1)?52/2», — n6] 
+ (ne! + Ay yn(8 +3)/v9} ymn vn —2y9mO fv. (8) 
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The central missing line must be included in this ; and 
assuming that it corresponds to a definite small value of n, 
say my, and writing m=m’—m,’, equation (8) becomes 


y=ceyt+my{l+y(8 +3) [not n(m +1)]/vo$ 


Fe gy p Cams (8) 


where c niv —2n48 + 7°(B+3)(my -1)/[2w», — nò; 
T (my E $)ydt+yu(8+3)/%) . (10) 


is the frequency of the missing line, (m=0). 
[1f m’ does not change with n, then (8) is replaced by 


y= (War —W79) /h 
=n(vy — 2n —n6) -nm^"(8 + 3)y?/209, 


a band without a centre which has not as vet been observed 
in the infra-red, but occurs frequently in the visible. | 

Now Kratzer has given a formula for successive band 
centres, the nth one being expressed by 


ec; n(v—nz),. . . . . . (1l) 


where z is a small quantity ond v is a constant. This 
formula has been veritied in several cases as far as obser- 
vational data allow. We notice that if the law holds 
exactly, then by (10) m !+4=0, so that the missing line 
denotes an absence of absorption, due to reversals in the 
molecule from an angulat momentum of a half quantum to 
a half quantum in the opposite direction. This idea has 
several attractions. It endows the molecules permanently 
with at least a half quantum such as was demanded by 
Einstein and Stern * in the case of H, for the specific heat 
at low temperatures. The half e has also been found 
necessary by Kratzer f and by Curtis f£ for several bands in 
the visible. Furthermore we note that, as regards the energy 
of rotation, no increase is denned: for this reversal, and 
correspondingly no absorption of light-energy is to be 
expected. 


Determination of Constants. 


Leaving the point undecided for the present, we represent 
the bids in general by 


v= teem H erg? teen,  . . . (12) 


Ann. d. Phys. xl. p. 551 (19103), 
i Ann. d. Phys. lxxi. p. /2 (1923), 
t Proe. Roy. Soc. A, ciii. p. 214 (1922). 
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where ce is given by (10) 
ee zm yll4ay(8-3)[ns»s(w-rl]w), . . (13) 


‘ , Als 
(Cg — ny’ (B + $4 ]— aono M 4 : ; (14) 


n(B+3)r% 
Cc. 3 = — 2y" Jv. s LI . e e . . . . * (15) 
A preliminary approximate verification of these formulse 
is obtained at once by noting that «e, *¢3/ 2c," ey approxi- 


matelv. This is obtained by neglecting y;vo in comparison 
with unity, as ean readilv be seen to be legitimate on com- 
paring (10), (12)... (15) with (1). Substituting values 
For thie fundamental from (1), we therefore have n? = 1(2886)? 

x '00206/(20:6)3 2-98, showing that n= 1. 

For s es n=:2 we cannot apply this test owing 
to inaccuracy in the determination of eg. By (15), in fact, 
the coefficient of »? should be the same in (2) as in (1), 
whereas (2) gives "000086 against *002006. 

We easily find that approximately B= — 7, fer approxi- 
mately 
coco] eg? = 3 (B - 3)(1— nòr) - 13 - 2(8 + 3)yn (mo + 1)/vg] 


on neglecting squares of y/vp and taking np=0. Hence 
2 Cols D | 
B-—84 ^. ME Tie E) (L4-2n( 4- 3)(my + D)/w). (16) 
| Vo 


Substituting from the fundamental, we have approximately 
B-—3—2x2880 x:301/(20:6) = —1'1, 

29881 X O88 — 
4 (201)? 
excellent agreement. We shall take B= — 7, and proceed 
to compare the ¢,’s for the fundamental and overtone. From 
(1), (2), and (13) we have, on putting 19-0, B= — 171, 

20:60c 2 y(1— 4 Ly(m, + 1)/v,), 

20:14c— y(1— 8 2y(my' + 1)/v,), 


while the overtone gives B=—3— —7:2 in 


giving y —41:20e — 20:14e— 21°00 
and ‘46c=4y?(my +1), 
or mg 41°75; my = — 25 


midway between the half quantum and the value zero 
usually assumed. A decrease in 20°14 to 19°98 would reduce 
my to zero. The band data, however, appear too definite 
for this. 
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Returning now to (10), we have approximately, on 
neglecting (y/vo}, with 4,20 


ceo =n(vo— nò) + y(m,' +4). 
Substituting from (1) and (2), 
yy —8 = 2886 — 5 = 2881, 
2v,—48= 5601 —5 = 5662, 
or 6=50c; v4 293 1e. 
A second overtone is predicted at (n—3) : 
3vp— 95 +5=8548 ; AHL 198y. 


Using low resolving power, Schaefer * detected this band at 
approximately 1: 190p, which is perhaps in agreement within 
the limits of experimental error. It will be found that 
taking mj -- 13 20 makes very little ditterence in the predicted 
position, 1:199y instead of 1:198y. 


The Heat Band. 


Colby, Meyer, and Bronk (loc. cit.) have also investigated 
the absorption of HCI at high temperatures (500? C.), and 
have discovered five new lines belonging to the band of 
unit quantum absorption by molecules already possessing 
one quantum due to heat agitation. Whatever value m 
may have for the fundamental, and we have assumed it to 
be zero, it is n9 -- l in this ease, and consequently the expected 
centre cey is by formula (10) displaced by 262 100e towards 
e wave-lengths, i.e., cy=2786. At the same time, by 
(13) ¢, is reduced relatively to ej of the fundamental by the 
factor 1+9(B+3)/y="971. Hence c,= 20°60 x 971—200. 
eg and c, are unaffected, so that we may predict the formula 


1/A=2786°0—20°0 m—"301m?—"00206n8. . (17) 


The following table shows the agreement between the 
observed lines iiid their positions as given by this for mula :— 


m. » (calc.). v (obs.). Obs.— Cale. 
— 9 20632 277 3) 
—10 2558:0 2504-7 35 
—11 29324 , 25288 36 
—12 25063 2502:1 42 
—13 24107 241160 37 

ST 


* Zt. f. Phys. (6) xii. p. 330. 
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The remaining lines are smothered by the main band 
which it overlaps, but in the open space of the fundamental 
at the missing line we might expect to uncover the heat 
band. The investigators in searching for grating “ ghosts ” 
found an irregularity “near the base of —1,” i.e. > 280695. 
Putting m= +5 in the above formula, we obtain 2879. A 
closer fit is obtained by adding 3°7cm.~! to the formula, which 
is equivalent to reducing 26 by this amount, i. e. from 100c 
to 96°3c. To make this consistent with (10) and the previous 
calculation, m,' requires to be —:09 instead of —:24. It may 
confidently be predicted that further lines in this band will 
be of critical value in determining the band constants. 


The Oseillation Constants. 


Distance between the nucleii, ro. With y=21:0x 3 x 10" 
and h=6°55 x 1077 we have from (6), on taking p= 1:616 x 
1077?* gm., 

ra= 1:27 x 107? em. 


Natural frequency of small oscillations, vo. With my = —:24 
we have already obtained 


y, — 2931c. 


Indeterminateness in my’ only slightly affects this value. 


Returning to (16) with the above constants and my = — 24, 
we have from the 3:54 band B=—7:00, while the less 
accurate formula for the overtone gives B= —6:90; we may 


therefore take 
B= — 7°00. 
The Equation of Motion. 


Assuming the molecule to be oscillating without rotation 
so that rọ is the equilibrium distance and U,'—0, we have 
l " ! 
ass U, e—} Ua —2 U3 ,... (18) 


or t L— — ke pares haat — kzag — "P 


pé — 
( 


Now, the solution of this equation has been given by 
Hettner * as 
r= — $ ka/k A? +A cos $t + LE/I,A? eos 29t 
Te AP/8E + E25) cos Sot. ... 
where $-&(1- T o A? + sp Aa). 
* Zt. f. Phys. i. p. 349 (1920). 
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On comparing coefficients of (18) and (19), 
ka/ kı =U dade co by (5), 
kz ki = U /6 U," = te (8* —486/5y7) by (1). 
Equation (18) therefore becomes 
zj Amy = — To 1 t/t + $B(2/ r v)" i 
+ (58? —486/y)(a'r)F— onn t, . (20) 
having the solution, on writing 7 for A /n,, 
zjro= —18T! +n cos $t ll; 83 cos 2t 
+ (8? — 68/y)n* cos 3t — ..., . (21) 
with —7-w(l—!*y$p) . . . . . (22) 


To determine the constant A, we have the quantum 
coudition 


T 
nh = $ni de=2( pè dt,. . . . (23) 
e0 
where T is the half period of oscillation, so that 


ol =r. 
Now, from (21) 


“/ro= —hnisin $t +3S8n sin 26t 
+3, (8? — 68/y)m sin 3ft— ...) 
so that z? involves products of the form sin p¢t sing $t where 


p and g are integers. The integral of such products over a 
half oscillation vanishes e xcept when p—4, in which case 


i sin? p $t dt =43T=7/2¢. 
0 


Hence, squaring ry and substituting in (23), we have on 
integrating 


nhj2 pur? =¢°n" PERI 4 (EA Sij q- sp 


and on substituting from (22) and (6), 
9 "OE nh ae 9 I 22.20 OER Nae 
any = Imur? = V7) È (6/y 8,36) 


^U , BS ) 
+ { (834—849) - ic p m—...] 
or 


7 BS 
(8/y —8 36)g — 9? Son (2. + tius * 165 sn) (24) 
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Range of Oscillation. Substituting in this equation 6 — 50c, 
9 £ is eq 
ey —21:0e, 8— — 1:00, yp = 2931c, and solving for $?, we have 


n?=(A/rp)?="0149, 0308, 0486, 
A/ry="122, 176, +220, 


corresponding respectively to n=1, 2, 3. 
To find the range of oscillation, we substitute $t—0 and 
$t — 7 in (21) and subtract, giving 


? — 66 Z 
 Range/r,— 2n(1 + EE)! s. dy 023) 


or on using the values of 7 given above, we find that the 
relative half amplitudes are 


:123, +179, 225. 


Similarly, by adding instead of subtracting, we obtain for the | 


relative displacement of the mean centre 
[ro —B/67?, . . "M (26) 
having the respective values :017,:036,:057. The oscillation 
centre is thus displaced by an amount proportional to the 
energy, a result * given by Debye. 
Fig. 1. 


HCt Molecule. 


OSA 


These results are represented graphically in fig, 1. The 
Cl nucleus is represented as at rest anda scale of Angstrom 
units attached. The relative field of force acting on the H 
nucleus when displaced is shown by the curve, which is 
calculated from (20) and drawn so that the height represents 
the restoring force. It brings out clearly the steepness of 
the gradient on the Cl side. The range of oscillation for the 
fundamental band and the overtones is also indicated. 


* Math. Vorlesungen an der Univ. Gottingen, vi. p. 20. 


""*o-w.evocde 
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THE HF anp HBr Mo_LeEctwtes. 


The band spectra for these molecules have not been nearly 
so well measured. From Imes’s data for HF the least square 
formula can be derived 


1/A=3962°5 + 40°34m—°76m?— 015m, . (27) 
and for HBr 
1/12:2559:2--16:52m —:23m*—:002m3. . (28) 
Using equation (16), we have approximately 
Bur=—67; Bgg.— —13. 
Assuming mo = —:24 as in HCl and applying (13), we have 
ynr—il5c; yupp=17'9e. 
Hence, solving (6), 
Toug ='97 x 107? em. ; vag, = 1'37 X 1078 em. 


As regards the constant 8, which requires the exact centres 
of the overtones for its determination, we have only approxi- 
mate values. For HF the overtone was observed by 
Schaefer (loc. cit.) at 1:275,1. e. T87 x 10 em7?. For HBr, 
Brinsineade and Kemble * obtained 1:984 or 5:05 x 108 em.^! 

With these values and applying Kratzer’s formula (11), 
we obtain z, which is approximately 6, as 


Oyp= (27 + D)e ; Ónpr— (34+ 9)c. 


Since ógc; 50e and the constants for HCl in other cases all 
lie intermediate between those of HF and HBr, we cannot 
regard these anproximations with any confidence. 

Neglecting 6 and proceeding to an approximate solution 
of the motion, we have from (24) 


n? = A? [rj = 2ny[v —:021 for HF, 
—:0140 for HBr, 
—:0143 for HCI. 

The relative range of oscillation for HF is thus con- 
siderably larger than for the other two, due, of course, to 
the larger relative size of its quantum. The restoring force 
U” for HF, HCl, and HBr near the position of equilibrium 


varies as pvo or 
1:584 :1::80. 


* Proc. Nat. Acad. Wash. vol. iii. p. 420 (1918). 
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The corresponding relative variation of this with distance 
ÖF p p is 


1:33 : 1 ::98. 


It has already been pointed out * by W. L. Bragg and the 
writer that the progressive increase in nuclear separation for 
HF, HCI, HBr is very nearly equal to the corresponding 
increase in size of the atomic “radius” as determined by 
X-ray analysis. With the tentative atomic radii which 
Bragg had calculated, this led to the result that the H 
nucleus was in all cases at the same distance *26 angstroms 
from the halogen shell. Later work by Wasastjerna f has, 
as Professor Bragg has kindly pointed out to the writer, 
considerably modified these dimensions, although, of course, 
the X-ray nuclear distances are retained. The halogen, 
atoms have all been increased by a constant quantity at the 
expense of otheratoms. ‘The radius of Cl~, for example, has 
been increased from 1:05 angstroms to 1:72, its new radius 
being indicated in the figure by the outer circle. This value 
agrees closely with that given recently by Davey 1... Examin- 
ation of the scattering effects of NaCl by Bragg, James, and 
Bosanquet § has also shown that the effective shell of Cl- 
ends between 1:6 and 1'8 angstroms. We may now there- 
fore deduce that the H nucleus is well within the halogen 
shell, and is buried to the same depth for all three, HF, HCI, 
and HBr. 


Fig. 2 represents the argon electron “ economy ” as given 
by Kramers|| and reproduced with his kind permission. 


* ‘Nature,’ March 24, 1921. 

+ Commentationes, Physico- Math. I. vol. xxxviii. Soc, Scient, Fennica. 
p Physical Review, vol. xxii. (Sept. 1923). 

$ Phil. Mag. xliv. p. 444 (1922). 

| Naturwissenschaften, 1923, p. 590. 
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We may take this as representing closely to scale the Cl- 
atom, and identifying its outer orbits w ith the 1:72 angstrom 
sphere of fig. 1, we see that the inner neon shell has a 
radius of only about half an angstrom. Comparing the two 
figures then, we see that the oscillations of the H nucleus are 
always well outside the neon shell. 


The author wishes to express his appreciation of the 
interest and encouragement shown by Professor W. L. Bragg 
in this work. 

Physies Dept., 


University of % Manchester, 
Dee. 192: 


P.S.—Since writing the above, Mr. D. R. Hartree has 
kindly sent me the following note on the dimensions of the 
Cl- ion :— 

“Wasastjerna’s figure of 1:72 A.U. refers rather to the 
apparent size of this ion in crystals than to the actual 
dimensions of the orbits. It seems probable that any value 
of the apparent radius of an ion, derived either from the 
kinetic theory ‘diameter’ of the atom of the neighbouring 
inert gus (as W asastjerna' s value is) or from the packing of 
monatomic ions in crystals (as is the case for Davey’ s value) 
is only an upper limit for the real radius of the ion (defined 
as the radius of the smallest sphere enclosing all orbits of 
the ion). 

“An estimate of this latter quantity can be obtained by an 
extension of the work of which an account is given in Proc. 
Camb. Phil. Soc. vol. xxi. Part 6, p. 625 (1923). The value 

1:22 A.U. for the radius of the CI- ion in this sense has been 
given in a recent paper [ Phil. Mag. vol. xlvi. p. 1091 (1923)]; 
later work suggests that this value may be somewhat too low. 

“The diagrams of orbits in Kramer's paper (Naturwissen- 
schaften, Heft 27, p. 550) are intended to be drawn 

approximately to seale, though it is not stated how the 
dimensions of orbits were obtained. Measuring up on thjs 
diagram, the radius of the argon atom appears to be about 
1:15 A.U. From ionic refractivity Wasastjerna (loe. cit.) 
deduces the figure 1:20 for the ratio of the radius of CI- (in 
the present sense) to that of A, which gives 1:38 A.U. for the 
radius of the Cl7 ion. 

“These estimates are both rather rough, but it seems likely 
that the radius of Cl- is about 1-3 A.U. ; if this value is 
correct, and if the jon were not distorted by the presence of 
the H nucleus, the latter would thus be situated about on 
the boundary of the ion.” 


a 
— oe ee Te‘ 
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XLVIII. On the Law and Mechanism of the Emission of 
Electrons, from Hot Bodies. By Xuresa CuaNpRA Roy, 
M.Se., Research Scholar in Physies, University College of 
Science, Calcutta *. 


INTRODUCTION. 


HE law of dependence of thermionic currents on tem- 
perature was given first by Richardson ¢ on the view 
that these currents were due to electrons shot out owing to 
the vigour of their thermal motions, and he adduced experi- 
mental evidence $ in support of his conelusions. The 
deduction of his law was based on the supposition that 
the electrons, both outside and inside the hot body, were 
governed by the same laws of classical dynamics. On this 
supposition, he got the following expression for the ther- 
mionic current per unit area per sec. : 


o OMocag 
= k (arr) e dx, . . (1) 
Ca)’ 
where $ is the work done during the transference of one 
electron from the hot body to the outside, 

m = electronic mass, 

e = electronic charge, 

n = number of electrons per c.c., and 

k = gas constant per mol. 


On treating » as constant and independent of tem- 
perature, 


$ 
EU BTS wo x: 4 1 


Lo 
Am ne "- . 


Here A, and $ are arbitrary constants independent of 
temperature, provided n be independent of temperature. 
Richardson $ then showed on the basis of purely thermo- 


where 


* Communicated by Prof. C. V. Raman, M.A., D.Sc. 

T Camb. Phil. Proc. ii. p. 286 (1901). 

I Phil. Trans. A, cci. p. 497 (1903). 

8 ‘The Emission of Electricity from Hot Bodies.. —O. W. Richardson, 
2nd edition (1921). 


Phil. Mag. S. 6. Vol. 47. No. 279. March 1924. 20 
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dynamical considerations that the emission law should be of 
the form 


Go 
I=AT*e“kT, . . . . . (3) 
where A and d, are independent of temperature. 
Next he tried * to establish the relation (3) on a more 
solid theoretical basis by applying the quantum theory to 


the electron gas on the lines suggested and worked out by 
Keesom f. The theoretical value he obtained for A is 
2 . (29) a) MK? 
9 ( 5] NM 
which on numerical computation gives the value 1:5 x 10", 
a value uniformly smaller than that calculated from experi- 
mental data by a factor near about piy. 
F. V. Hauer f. arrived at a slightly modified law from a 
. more phenomenological point of view. With Herzfeld $ he 


ex 413, 


set Planck's expression 2: M EN for the kinetic energy E 
: e ATL] 

of the electrons (the fraction 1 had been introduced on the 
supposition that the energy of the electrons is wholly 
kineti:) and then deduced on considerations of the dis- 
sociation equilibrium of ions, electrons, and atoms that the 
electron concentration inside the metal should not be con- 
stant but proportional to Ei, i.e. n=n Kt, which at high 
temperature may be taken equal to 7,T?, where 2, is a constant. 
This view has also been taken by J. J. Thomson in his 
theory of metallic conduction. On putting n=n Tt in 
equation (1), the emission law takes the form 


(a 
I = A,le~ kT " . . . " . . (4) 


W. Wilson |, on ihe other hand, has calculated the 
emission law on the assumption that all the radiant energy 
absorbed by hot bodies is converted by quanta into the 
kinetic energy of the electrons released from the metals. 
He got a relation practically of the form 


$ 
I-A,TM-kT, . . . . . . (5) 


* Phil. Maz. xxviii. p. 653 (1914). 
t Comm. Phys. Lab. Leiden, Supp. No. 30 to Nos. 133-144 (1913). 
t Ann. d. Phys. li. p. 159 (1916). 
$ Ann. d. Phys. xli. p. 27 (1913). 
ict d. Phys. xlii. p. 1154 (1913) ; Royal Soc. Proc. A, xciii. p. 359 
(1917). 
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All these formule with A=4, 1, or 2 have been found 
io represent well the observations on thermionic currents 
within the ranve of temperatures 1000° A to 2000° A, 
provided the constants A and $ be regarded as arbitrary. 

Very recently Saul Dushman * has worked out an ex- 
pression for electron emission from metals as a function of 
temperature in the form 


Lo 
I= AT?e- KT, 


Here A is an absolute constant for all metals, and L, is the 
latent heat of evaporation of electrons at the absolute zero. 
The basis of his deduction is that the thermal emission of 
electrons from hot bodies is identical with the process 
of evaporation from solids or liquids. On this basis, using 
Nernst's heat theorem and assuming that the electrons 
outside the hot body behave like an ideal monatomic gas 
. while those inside have no share in the specific heat of the 
body, he shows that 


Qarmek? 


BEEN 


The first assumptions have been used with success by 
J. Eggert f and Dr. Megh Nad Saha ft to calculate the 
degree of ionization at extremely high temperatures existing 
in fixed stars and the solar chromosphere. The known 
values of specific heats of solids also point to the correctness 
of the last assumption—namely, that the electrons inside a 
solid have no share in the specific heat of the body. But if 
the electrons are entirely precluded from their share in the 
heat motions in the solid state, it becomes difficult to explain 
the correctness of Wiedemann and Franz’s law on the elec- 
tron theory of conduction. 

A better understanding can, however, be reached by the 
Substitution of Planck's quantum expression for the energy 
content of the electrons inside a solid. With this substitution 
supplemented by the further hypothesis that the electrons 
emitted under thermal impulse are identical with the photo- 
electrons, one can easily arrive at an expression for the 
thermal emission in the form given by Dushman. 

Theory.—We may start by supposing with Born and 
Karman that the electrons inside a metal form space-lattices 


* Phys. Rev. June 1923. 
T Phys. Zeits. Dec. 1919. 
f Phil. Mag. xl. Oct. 1920. 
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just as atoms do in a crystal. Then conduction is explained 
simply by supposing that these electron space-lattices move 
practically as a rigid structure relatively to the atomic 
lattice. In the heat motion the electron lattices naturally 
take part; but the electronic vibrations on account of the 
smallness of electronic mass possess very high frequency, 
and hence these vibrations of the electrons, according to 
Planck’s expression for energy, make no appreciable con- 
tribution to the atomic heat. 

Let us now suppose that the thermal emission of electrons 
from metals is thermodynamically equivalent to a process of 
sublimation from the solid to tlie gaseous state. Now, classical 
thermodynamies give for the pressure of the vapour as a 
function of temperature the following equation : 


Lo , (Tri (Cp—CAdT , 
ori Éste, o 
where Lọ = latent heat of vaporization per gram-atom at the 
absolute zero ; 
C, = sp. heat per gram-atom at constant pressure 
of the vapour ; 


C, — sp. heat per gram-atom of the solid ; 


( = chemical constant of the substance, which is 
thermodynamically indeterminate. 


If the external electrons possess Maxwell's distribution of 
velocities, then C, — 3 R. Hence equation (i.) can be 
written as 


J 1(7TE d 
log, p= e a +3logT— xd D +C, e (ii.) 


where E, is the energy of the condensed solid per gram- 
atom at T °A. 

Now, supposing the electrons inside the metal to form 
ideal Born-Kárman crystals, we can use the following 
quantum theoretical value for their energy content : 


1=3N hvi a 
E;= 5 ee a L (iii.) 
1-1 e kT] 


where the 3N quantities, vj, v3, v? form the elastic spectrum 
of the electronic vibrations. 
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Now 


j-[ hv — dT (* dæ [;- hy 
“lm ee) eal ga 
(0 CET L1 au 
= logy | - 
-lj 
But 
° Lis logs] =(0; 
hy 
eET , 
e J=log--—-. . . . . (iv) 
eT —1 


Here the frequencies of the electrous stand in no known 
relation to atomic frequencies. But if we identify the 
thermally-emitted electrons with the photo-electrons, it is 
clear that the frequency cannot be less than the threshold 
frequency of the photoelectric effect, which is for various 
metals of the order 10!* to 10!5; hence it is easily verified 
that within a range of temperatures 0 to 10* °A, hy is large 
compared with KT. 


hv 
So neglecting 1 compared with e? in (iv.), we have 
hy 
kT 
J=log ,.—0 
c AT 
within the specified range of temperatures. Again, since 
we are here concerned only with the frequencies of those 
electrons which are emitted, and since for these vi, v, ... vax 
must all be greater or equal to the threshold frequency, we 
must have 
1—3N 


> J;- 0. 
12] 
The equation (ii.) therefore takes the form 
| LT, , 5 
loge P= — pp t slog T C. é we de I) 


Now, according to Einstein, the kinetic energy of a 
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photo-electron ejected from a substance by light of fre- 
quency v is equal to hy less the loss of energy in getting 
. out of the substance. The relation may be written as 


Iv=h+tm, . . . . . (vi) 
where v = threshold frequency, 


$m? = kinetic energy of the ejected electron, 


$ = work done in tearing the electron away from the 
atom and in projecting it from the point at which it is torn 
from the atom up to the point at which it leaves the surface 
of the body. 4, in fact, corresponds to L when expressed in 
the same units. Since the external electrons are supposed 
to possess Maxwell's distribution of velocities, it is evident 
that at the absolute zero the electrons would escape with 
zero kinetic energy, and hence Einstein's relation (vi.) gives 
at the absolute zero 


hy=dy)= = 
where vo is the threshold frequency. 
The equation (v.) therefore reduces to the form 


log po — Ke + Slog T4 C. 


Now, using the Sackur-Tetrode expression for the 
chemical constant of a monatomic gas, t. e., 


(2mm)??, Ke? 


C ài ; 


we obtain 
Ava 
on m3/2 Ke? T5/2 - KT 
EE LA MER eee 


p= hè ° 


The number of electrons in temperature equilibrium is 


(vii.) 


n= fn. But, as Richardson has shown, in thermionic 


currents we do not measure the number of electrons in 
equilibrium with the hot body, but the number emitted 
per unit area per sec. which, by the use of the kinetic theory 
` of gases, is given by 

KT 


j 
Bes is ~ (2mm KT) 


the Emission of Electrons from Hot Bodies. 567 


Hence we finally arrive at the expression for the ther- 
mionic current per sec. per unit area in the form 
hyo 


.3 - Ko 
I= Nes TU qe. T. o. (viii) 


Comparison with Experiment.—The expression (viii.) can 
be written in the form 
b 


I=AT%-T 

Using the values, 

K = 1:372 x 10716 erg/degree, 

h=6°55 x 107” erg/sec., 

e=1°59 x 107 Pe. s. u., 

m — 8:995 x 1077? gram. 
The universal constant 
| À — 1:80 x 10!! e. s. u./cm.? deg.? 

= 60°2/em.? deg.? 


The constant b= wo may be regarded as a sort of charac- 
teristic temperature of the electrons inside the solid. 

The value of bọ has been computed from the thermionic 
current data of the various observers, using the expression 
for emission per unit area per sec. in the form 

bo 
I=60:2 Te T, 


The intrinsic potentials ¢ of various metals calculated both 
from thermionic and photoelectric datu are given in’ the 
following table for comparison :— 


o= x = 8562 x 10-4 dy volt {Thermionic]. 
hvo he 12°36x10-5 3 
d= Pus cd o volt [Photoelectric]. 
Ao is the wave-length corresponding to Photo- 
electric threshold. 
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Resonance 
Metals. Ó6,x107*. | g = E volts, |*Ay X 105 ems. | *ġ, = x volts. posma o 
vapours. 
Sern 
PPG eeiapsy 4:025 4:25 2:80 4°42 
5M isst pied 5:200 4°53 2:20 5°70 
doge 5:267 4-54 2:60 4°75 
SNA. 2E 2:408 2:15 5:46 2-26 2:12 
5 Cs.. 1:600 1:38 8°25 1-49 1:48 
0s uus s 3:320 2-86 3-70 3:34 2:85 | 
[9:8 irasi 4-043 | 3°48 | | 
8 MgO ...... 3°795 3:26 3:50 3:53 2-65 | 


* Hughes’s Report on Photoelectricity (Bulletin of the National Research 
Council, No. 10, April 1920). 


! Schlichter, Ann. der Phys. xlvii. p. 129 (1908). 

* Langmuir, Phys, Zeits. Jahrg. 15, p. 525 (1914). 

? Deininger, Ann. der Phys. xxv. p. 285 (1908). 

* Richardson, Phil. Trans. A, cci. p. 497 (1905). 

* Langmuir, Science Abstracts, A, 1436 (August 1923). 
* Horton, Phil. Trans. A, cevii. p. 149 (1907). 

7 Deininger, dan. der Phys, xxv. p. 285 (1903). 

8 Yentzsch, dan. der Phys. xxvii. p. 129 (1908). 


Discussion.—A glance at the table shows favourable agree- 
ment of the theory with tlie results of various observers on 
thermionic current. Unfortunately, as Hughes has pointed 
out in his Report on Photoelectricity, ‘‘the variations in the 
values for the thermionic results are only equalled by the 
uncertainty in the Photoelectric threshold." Yet the order 
of correspondence between the values of $, calculated from 
thermionie data and also from photoelectric threshold cer- 
tainly justifies the assumptions involved in the deduction of 
the thermionic emission law. 

The actual mechanism by which electrons obtain their 
energy for emission is, up till now, not elear. The explanation 
of photoelectric effect on Einstein's theory, while leading to 
results in good agreement with experiment, is silent about 
the actual processes involved. 

Photoelectrons have been up till now regarded as loosely 
bound with the atoms, while thermally-emitted electrons 
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have been identified with the so-called “free electrons." 
To my mind, it seems that the photoelectrons and the 
electrons emitted by heat must be identical in nature in 
whatever way they may exist in the metals relative to the 
atomic nuclei. It seems quite possible, as Wilson con- 
tends, that the actual mechanism of the thermal emission is 
really a kind of auto-photoelectric resonance of the electrons 
caused by the light-radiation supplied by the hot body itself. 
A comparison of the resonance potentials of the alkalies and 
the alkaline earth vapours with the intrinsic potential œo is 
very suggestive in this direction, and leads one to believe 
that the liberating róle is played by a resonance process. 
Further speculation on this point must be deferred for the 
present, for the data available are not sufficient to formulate 
a definite theory on the subject. | 


In conclusion, I wish to record my best thanks to Prof. C. 
V. Raman and Dr. P. N. Ghosh for their helpful guidance 
in writing this paper. 

Oct. 10, 1923. 


XLIX. The Electronic Theory of Valency. 
| By B. FLürscuem, Ph.J).* 


RECENT issue of this Magazine f contains a paper by 

Prot. Lowry, written for a discussion on Valency held 

by the Faraday Society last July, and largely devoted to a 

criticism of conceptions advanced by the present writer. It 

may therefore be desirable to present the reply which has 
been contributed to the said discussion. 

Nearly all the authors of electronic valency theories have 
concentrated on the “alternating effect”? caused by sub- 
stituents in aromatic rings. Reviewing briefly the theoretical 
aspect of aromatic substitution, we shall see whether “ the 
introduction of an additional mechanism," in this case 
electronic bonds, has brought closer agreement between 
theory and facts. 

The hypothesis that a substituent may cause the dis- 
tribution of chemical force to alternate over a whole chain 
of atoms was first advanced in 1902 f and developed between 


* Communicated by the Faraday Society. 
t Phil. Mag. Nov. 1923, p. 1013. 
I Flurscheim, Journ. f. prakt. Chem. lxvi. p. 16 (1902). 
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1905 and 1910 *. The essential idea, partly based on Claus" 
and Werner’s general conception of the variability of the 
affinity content in bonds, was this: if an atom, such as 
tervalent nitrogen, with more available residual affinity than 
hydrogen, is linked, for instance, to a carbon atom in benzene, 
it makes a greater demand than would hydrogen on tbe 
affinity force of this carbon atom. The equilibrium of forces 
which existed in benzene is thereby disturbed, because 
carbon 1 has now less affinity left to bind carbons 2. These 
now have more unbound affinity available than they had in 
unsubstituted benzene, and since there must be an equilibrium 
between free and bound forces, the free affinity at carbons 2 
and the bound affinity between carbons 2 and 3 become 
greater than in benzene, and so on. It is therefore to 
carbons 2 and 4 that a reacting molecule is attracted, forming 
first an intermediate (Kekulé) molecular addition product, 
which then chanves to a substitution derivative with the new 
substituent in 2 or 4. If an atom, such as pentavalent 
nitrogen, disposes of less available residual aftinity than 
hydrogen, the reverse process occurs, with substitution in 3. 
It has also been shown that the above simple principle 
leaves no loophole for an arbitrary interpretation of the 
relative directing effect of different substituents, and a 
careful record of the numerous facts published so far has not 
revealed a single proved case in disagreement with this 
generalization. The writer had retrained from basing it on 
any assumptions concerning the ultimate nature of chemical 
affinity itself. Of late, however, others, while adhering to 
this alternating principle, have stated a special case by 
introducing the supposed electrical nature of chemical 
affinity. — * Atfinity demand" has become an “ electron 
demand." The result would be a narrower interpretation, 
but—though bv no means the only possible — deeper founda- 
tion, provided that agreement with chemical experimental 
data remained unaffected and that the physical assumptions 
were sound. Let us see whether this is the case, and first 
tabulate the essential postulates of the various substitution 
theories, in chronological order. 
Non-electronic :—— 

Flürscheim : varying alternation through varying affinit 
demand of substituting atom (named “key atom” by 
Lapworth); molecular addition at maximum free 
afhinities. 


* Ibidem, lxxi. p. 497 (1905); Ixxvi. pp. 165, 185 (1907); Journ. 
Chem. Soc. xev. p. 718 (1909); xcvii. p. St (1910); Ber. d. deutsch. 
chem. Ges, xxxix. p. 2015 (1908). 
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Fry, Vorländer: + alternating principle. 

Lapworth, Robinson: o-p-: conjugated addition ; m-: 
+ alternation. 

Pauly: identical with Fliirscheim, excepting that key atom 
with affinity demand >H is defined as strongly 
negative atom attracting an electron. 

Eastman ; negativity of substituent and its size probably 
determine orientation. 

Huggins: o-p-: no conjugation with ring ; m-: electronic 
conjugation with ring. 

Crocker: substituting atom with electron affinity causes. 
removal of electrons from o-, p-, and thereby o-p- 
substitution, and vice versa. 

Lowry: + alternation; avoidance of crossed polarities, 
because less stable ; similarly polarized groups occupy. 
metapositions ; addition at side chain or in 1:2 and 
1:4 in ring may precede substitution. 


A list of well over 100 facts, to be published soon, proves 
conclusively : 

1. That there is no definite + alternation in chains, since 
regarding substitution of hydrogen and replacement of 
substituents in aromatic rings, stability of crossed polarities, 
and the effect of substituents on the affinity constants of 
organic acids, facts are often diametrically opposed to the 
requirements of + alternation ; 

2. That substitution of hydrogen in the benzene ring is 
not preceded by 1:2- or conjugated addition, but by molecular 
addition at a single atom ; 

3. That there is no regular connexion between the electro- 
polar nature of an atom and its directing eftect ; 

4. That the “negativity” and size of a whole group do 
not determine whether it will direct to o-p-, or to m-. 

In other words, not one of the above assumptions in any 
of the above electronie theories can bear a thorough com- 
parison with experimental evidence. This refers, of course, 
to these theories as they appear to present themselves at 
present. In their paper before the Faraday Society, 
Professors Lapworth and Robinson promised further develop- 
ments as to the interpretation of their theory, which will be 
awaited with general interest. 

The physical assumptions underlying the electronie bond 
theories, though not so easily refutable experimentally, 
nevertheless appear to offer considerable logical dithculties. 
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"To mention a few: 


1. It has not been possible, so far, to devise even a hydro- 
gen molecule model, with electron bonds, without conflicting 
with physical postulates. 


2. Professor Lewis * has shown, using chloro-acetic acid 
as an example, that the electron demand of chlorine must 
cause a shifting of electrons toward the chlorine, therefore 
in one direction, throughout the chain. ‘‘ General polarity " 
in Michael's sense would thereby be satisfactorily explained, 
including the gradual lessening of the effect with an increase 
in the number of intervening atoms f. Positive-negative 
alternation, however, pre-supposes a shifting of electrons in 
opposed directions. Since the general polar effect is ad- 
mittedly always present, electrons must be shifted, simul- 
taneously and in the same molecule, in the same and in 
opposed directions ! 


3. The idea that an atom in which an electron has been 
moved outward tends to slacken iis hold on some of its 
remaining electrons is, of course, contrary to the require- 
ments of electrostatics. It is explained by an “octet 
stability " assumed ad hoc. Since organic molecules contain 
atoms with substantially differing volumes and total numbers 
of electrons, it requires courage to assume that they all share 
the preference shown by many authors for the number 8; 
and that, to gratify this preference, they will set aside the 
fundamental law of electrostatics. 

Without electronic bonds, the author has shown that it is 
possible to co-ordinate, not only the numerous observations 
on aromatie substitution, but many others, such as the 
thermic dissociation of quaternary compounds, equilibria 
in pseudo-acids and pseudo-bases, the aftinity constants of 
organic acids and bases. His efforts in this latter direction 
form the subject of an interesting analysis by Professor 
Lowry. To reply intelligibly, the principles on which the 
author’s co-ordination of affinity constants was based must 


be briefly explained. 


* Journ. Amer. Chem. Soc. xxxviii. p. 762 (1916). 

t This interpretation, embodied in an advance reprint of this contribu- 
tion, has since been utilized by Lapworth and Robinson, in a letter to 
‘Nature’ (Nov. 17th, 1923). The present author disagrees, however, with 
certain conclusions in this letter, which appear to be based on an erroneous 
interpretation of Sir J. J. Thomson's deductions in the September issue 
of this Magazine. 
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Chemical reactions are, in the general case, governed by 
three internal factors :— 


l. The amount. of affinity available at the reacting atom 
(quantitative factor), which depends on the distribution of 
affinity force in the molecule. 


2. The kind of affinity available at the reacting atom 
(polar factor = general polarity). 


3. The magnitude of steric hindrance affecting the reacting 
atom (steric factor). 


It has been shown that the relative order in which different 
substituents in varying positions affect each factor can be 
ascertained by independent evidence. There are obviously 
cases where one or two of these factors are practically 
eliminated. In the replacement of hydrogen in a mono- 
substituted benzene-derivative, for iustance, “the steric factor 
at the meta- and para-atoms is the same, and the polar factor 
differs only slightly, so that in this simplest case it was. 
possible to predict the place of substitution (o-p- as against 
m-) by the d factor alone, the other factors merely 
affecting the relative proportions of the o- compared with the- 
p-compound. 

Taking, now, an organic acid, such as propionic, and a 
substituent with a greater affinity demand than hydrogen, 
such as —NH.(',Hs, we have: 


CH; O 


P À P 


C;H;NH—CH—(C—O—H 
and 


O 
(,H,NH—CH,—CH,—C” 
N 

O—H 


wherein thick lines denote an increased amount of bound’ 
affinity, compared with the corresponding bond in unsubsti- 
tuted propionic acid, whereas thin lines denote the reverse. 
In the B-acid the ionizable hydrogen is therefore more 
strongly held than in propionic acid, and will dissociate less 
easily. The reverse holds for the a-acid. 

The polar factor of the substituent affects the affinity ot 
the carboxyl-oxygen for the electric charge, a “negative” 
substituent increasing it, and vice versa. Professor Lowry: 
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maintains that the anilino-group is “ negative,” others may 
hold a contrary opinion; this question is immaterial to the 
present argument, since the general polar effect must be in 
the same direction, whatever the position of the substituent, 
and therefore cannot account for the fact that the a-anilino- 
acid is stronger, and the 8-acid weaker, than propionic. 

The steric factor always increases the strength of an acid, 
since in the electrolytic equilibrium 


R.COOH—R.COO'+ Ht 


the unimolecular reaction from left to right is not affected by 
steric hindrance, whereas the bimolecular reaction from 
right to left is retarded thereby (solvation rendering the 
hydrogen ion large enough to be thus affected). Neither 
can the steric factor therefore account for the above inversion 
in B- compared with a-. This inversion would, as has just 
been shown, result from the quantitative factor by itself ; 
and since tervalent nitrogen, as evidenced by its directing 
power in the benzene nucleus, has the greatest affinity 
demand, and the quantitative effect is therefore at its 
maximum, the resultant of all three factors also causes 
inversion. 

Professor. Lowry suggests that the low constant of the 
B-acid might be explained by assigning to it the constitution 
of an inner salt. But this is excluded. An anilino-group 
is incapable of forming an inner salt with a carboxyl-group. 
In o-aminobenzoic acid the dissociation constant of the 
amino-group is only 15 per cent. less than in the corre- 
sponding methyl-ester ; in m-aminobenzoic acid, though its 
configuration is unfavourable to inner salt formation, this 
difference is actually greater and in the same direction. In 
the anilino-aliphatic acids, on the other hand, the excess of 
strength of the a-acid over that of the -acid is of an 
entirely different order, reaching for iso-butyric acid well 
over 1000 per cent. Moreover, inner salts invariably melt 
at very high temperatures, generally with decomposition, 
and are more soluble in water than in organic solvents. 
For instance, both æ- and B-aminopropionic aeids— which 
both form inner salts on account of their unsubstituted (by 
phenyl) and therefore very much more basie amino-group— 
do not melt at all and are very easily soluble in cold water. 
But 8-anilinopropionie acid melts at 59° to 60? (even lower 
than its a-isomeride (m.p. 162°) to which Professor Lowry 
«does not assign an inner salt constitution), and is little 
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soluble in cold water, but easily in organic solvents. All 
these facts serve equally to disprove assumptions, similar to 
those of Professor Lowry, made by Vorlünder" and by 
Adams t (to which Professor Lowry has kindly called the 
writers attention). 

While thus affording a striking confirmation of the above 
non-electronic theory, the anilino-acids—amongst others— 
furnish a disastrous test for electronic theories. There we 
have, for instance :— 


Ps Ó 
+ (4 
C. —NHB—óK. xd 
+ -— 
O—H 
and 
O 


2m + = » 

CH, NH—CH,— CH, GC 
= + 

0—H 


In other words, the acid which experience proves to be 
weaker than propionie acid should, in electronic parlance, 
possess carboxyl - oxygen with a particular avidity for 
electrons, and rice versa. And this, too, where we deal, for 
once, not with assumed, unproved electrons, but with a real, 
demonstrable electric charge. 

In the other series of constants discussed by Professor 
Lowry, most of the values differ relatively little, and in no 
case is there a substituent with such an outstanding quantita- 
tive effect as that of tervalent nitrogen. In such cases the 
application of all three factors cannot leave the quantitative 
effect in such a predominant position, as a glance at the: 
author’s papers of 1909 and 1910 will show, where all three 
factors have been applied to numerous constants (including 
the anilino-acids), by a concordant method throughout which 
automatically excludes arbitrary adjustments. Professor 
Lowry proves that the application of the quantitative factor 
alone does not yield general agreement—a fact not only in 
conformity with the author’s theory, but postulated by it. 


* Lieb. Annalen, ccexx. p. 99 (1902). 
T Journ. Amer. Chem. Soc. xxxviii. p. 1508 (1916) 
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It can be shown that when all three factors are applied, all 
the constants examined by Professor Lowry are in agree- 
ment with the theory, subject to the following remarks: 

1. For vinylacetie acid, Fichter’s value (3°8 x 1075) should 
be replaced by Zelinsky’s re-determination (4°65 x 1075). 

2. As to unsaturated acids, in general, one must agree 
with Professor Lowry that there is uncertainty where only 
one of tlie two cis-trans-isomerides is known. But it can be 
shown that this affects only a28-unsaturated acids. 

3. That according to the author's theory n-valeric acid 
must not be stronger than n-butyric acid, is also a point on 
which Professor Lowry is quite correct. All the published 
comparative determinations for these two acids have therefore 
been examined. There are three from Ostwald’s laboratory : 


N-Butyric. N-Valeric. Date. 
| eo 149x107 5 161x1078 1889 
D aa 1:52x 1075 1:50x1075 1895 
d uq 175x10-5 1:56x10-75 1905 


In addition, there are constants by Billitzer : 
4 ues 154x1075 161x1075 1899 


The discrepancies are therefore considerable, but only in 
No. 2 (Francke) have bot acids been carefully purified. 
There is, at any rate, no reason to conclude that n-valeric is 
stronger than n-butyric acid. But butyric, in spite of the 
positive effect of methyl, should be and is somewhat stronger 
than propionic acid (steric effect of @-substituent, see 1909 


paper, p. 729). 


To summarize: organic: facts can be concordantly co- 
ordinated on the basis of varying affinity demand in 
conjunction with general polarity and steric hindrance. 
Electronic bonds, however, are confronted with serious. 
difficulties by the facts of organic chemistry as well as by 
the postulates of physics. 


Fleet, Hampshire. 
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L. A New Form of Electrometer. 
By F. A. § A. F. LINDEMANN and T. C. KEELEY *. 


| Plate II.] 


S was shown ia a paper published some years ago f 
numerous problems in astrophysics could be solved i£ 
a convenient photoelectric method were developed for 
measuring the amount of light received from stars, nebulz, 
comets, etc. For this purpose the photoelectric cell is best 
fixed just behind the focus of an equatorial telescope and the 
current produced by the light which falls upon the cell is 
measured by means of an electrometer. In order to keep 
the electrostatic capacity of the system as small and constant 
as possible, it is desirable to fix the electrometer and the cell 
rigidly together. This also facilitates drying and thus 
diminishes any leakage. This arrangement involves con- 
siderable difficulties, however, since no existing form of 
electrometer maintains a constant sensitivity, and ‘still less a 
steady zero, when moved about at the end of an equatorial 
telescope. The object of this paper is to describe a new form 
of electrometer which is free from these defects. Since it is 
capable of a sensitivity as great as that of any existing 
electrometer, although its period i is less than one second and 
its capacity less than 2 cm., it may be useful for many 
laboratory purposes even where independence of the zero 
and sensitivity to tilt is not essential. 

The principle of this electrometer is the same as that of 
the quadrant electrometer ; it consists essentially of a needle, 
which in this case really has the shape of a needie, suspended 
at its centre on a torsion fibre in such a way that it can 
rotate between four cross-connected plates which take tlie 
place of the ordinary quadrants, The important innovation 
is that the torsion fibre is fixed at both ends under tension so 
that the centre of rotation of the needle is fixed, and its 
rotation can therefore be determined by observing the motion 
of one end through a microscope. ‘This renders a mirror 
unnecessary, and, consequently, the moment of inertia of the 
moving parts can be reduced to a minimum. Hence a very 
small torsional restoring force may be used without in- 
creasing the period unduly. 

The most suitable dimensions can be found by considering 


* Communicated by the Authors. 
t Monthly Notices K. A. S. xxix. 5. p. 343 (1919). 


Phil. Mag. S. 6. Vol. 47. No. 279. March 1924. 2 P 


578 Messrs. F. A. & A. F. Lindemann and Mr. T. C. Keeley 


the sensitivity in terms of the dimensions of the various 
parts. If 7, is the radius of the torsion fibre, lı its semi- 
length, and n, the torsion modulus, the restoring couple for 
i 4 
. . . TN; . 
unit angular displacement is Io= - joe If r, is the 
l 
effective radius of the needle, /; its semi-length, and pe its 
density, the moment of inertia I is 8por,7l,°. Hence the 
free period in vacuo will be 


I 2p,r, Ll, 
LW / loan alt 1 
BN ONE Sanct (1) 


If an earthed conductor of capacity C in an electric field F 

be moved a distance 6 in the direction of the field a charge 

C.6.F. will be induced upon it, assuming its reaction on the 

field to be negligible. Hence if cg be the capacity of the 

needle per unit length, rotation through an angle 8 will 

induce a charge 0l, l'dl in each element dl. The electric 

field therefore tends to make the needle unstable, the couple 
s 

to which it gives rise being 2F } 0/57, F dl, which reduces for 
e 0 

unit angular displacement to $c F?/,?.— Hence the effective 

restoring couple I’ will be Ty diminished by this electric 

f | 
: mnr i E 
couple, :. e. T=- i * — eal F?. The period in the field 


1 
therefore, if damping be neglected, will be 


Doa p 2] 8 s. .2]3 
T,=27 ~P2!2 DEN -2m4 / 2porg” lal 


Bmt — 2ce FL 


Y rear ood 
3 T a jl F*) 

1 
0... Q) 


If a charge at potential v is communicated to the needle, each 
element di will contain a quantity of electricity vegdl, The 
turning moment in a field F will therefore be 


D 
2 | vell t Fel, 


eQ 
taking account of both arms of the needle. Hence the 
E72 
needle will turn through an angle g= ets and its end 


will be displaced by a charge at unit potential through a 
distance 
0l, = JF el, 3Ec: 


— 


v. omnur-—2cl$bF 8mporn C 


DA. (0) 
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This quantity may be regarded as a measure of the sensitivity 
of the instruinent. The number of divisions per volt depends 
simply apon the magnification which can be obtained with 
the microscope used. 

At first sight it might appear that one could increase the 
sensitivity for a given period almost indefinitely by in- 
creasing the field and diminishing the effective radius of 
the needle T2. 

This is not true, however, because a lower limit to 7, is 
imposed by various considerations. For the purpose for 

which the electrometer was originally designed it was 
SCC that its zero and sensitivity should not be materi- 
ally altered when the equatorial to whose end it was fixed 
was directed at different celestial objects. Hence it was 
important that the needle should not bend appreciably under 
its own weight. If the maximum displacement of the end 
when the electrometer is rotated which one decides to admit 
is called 8, this fixes a lower limit to 7, — VES E being, 
of course, Young's modulus. 

Even if one is content to use the electrometer in one 
position and thus is able to neglect the effect of gravity, it is 
not possible to reduce re indefinitely. All the above calcula- 
tions are made on the assumption of a rigid needle. If the 
needle is too thin it will bend under the olea ‘tric force acting 
on its own induced charge. It is obviously essential that the 
needle should not become unstable under these conditions, 
and it is undesirable that this electrostatic bending should be 
comparable to the torsional detlexion. — The amount of 
bending which occurs under the electric force is somewhat 
complicated to calculate accurately, since the charge gene- 
rated is proportional to tlie displacement, The order of 
magnitude of the quantities involved may be estimated, 
however, by considering that half the capacity of the needle 
1s dacti ve. and that this, with the corresponding charge, is 
placed at the end of the needle. In this case the charge 
induced bv the bending of the end through a distance 6 fs 
blae, F8, and the force which comes into play is $lcô I. As 


, á or. 4106 
the restoring force 1s - gr the needle becomes unstable 
if 


In practice the limit of r; which was used was that set by 


2P23 
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the gravitational bending. Taking the permitted shift of 
the zero when the electrometer is reversed as 107? cm. this 
leads to a value of r, large enough to be stable for fields up 
to 10 E.S.U., i. e. 3000 volts per cm., and fields greater than 
this are not usually convenient to use. 

If one inserts the above value for r; in the equation for the 


237 
LC T rm . T4, one finds 
OT pay 


01, 3T; NE - 
v — 875 E ais 


It is evident from this that the sensitivity may be increased 
by reducing lh, but here again one cannot proceed to 
extremes, 

A limit is set by the technical difficulty of constructing an 
instrument on a very small scale. The quadrants, or rather 
plates, cannot be too close together, as the needle must be 
mounted between them. But the plates acting upon the 
other end of the necdle must be at such a distance from the 
first pair that their field is not disturbed unduly. Hence 
the pairs of plates must be at a distance from one another 
great compared to the distance between the two. plates in a 
pair, and this makes it impossible to use a very short needle, 
i.e. reduce l; indefinitely. 

As a matter of fact, the optimum conditions according to. 
this formula are not of great practical importance, since 
air-damping, which has been treated as negligible above, 
becomes extremely important when the restoring force is 
very much reduced. It is true that the suspension can be 
enclosed in an air-tight box and the air removed, but the 
considerable increase in sensitivity so attained rarely makes 
up for the inconvenience this method involves. For most 
purposes it is preferable to avoid a vacuum, even at the 
expense of sensitivitv, and to choose the dimensions of fibre 
and needle with a view to obtaining the best conditions of 
sensitivity and period in air at ordinary pressure. 

If the damping per unit length is wr, the damping couple 


on the needle will be Ç ural .lọòdl = 2 ural 0 — kÜ. The 
e 0 


D 
: 


sensitivity 


: > ee K . 
equation of motion therefore becomes 0+ DD 0 4- 


—0, which. 
" 
reduces, in tlie case of heavy damping, to 8—6,e. " 
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If ty represents the time in which the deviation from the 


final position is reduced from 6, to > then 


K Toi 3f, 


fo p T Sarnyry! — 2 (gl E347 


Hence, from (3) 
Ola BF rate 
vo P775 


In general F will be increased to a value near the unstable 
value where 3v r-2c58,F?. If this.value is inserted the 
above expression may be reduced to 


0l; Bm to 
v —, u“ . do 
1 


ti x 
Since c; ey scarcely varies and p, and 4 cannot 
2 log | 
a 
be altered very much, it is evident that the maximum 
sensitivity goes up as the period in vacuo is diminished. It 
must be remembered, however, that the field on the plates 
goes up in the same proportion as shown in the previous 
formula. It follows that for a given field the maximum 
sensitivity is reached when the diameter of the needle is a 
minimum. The diameter of the needle is determined by the 
condition that it must not bend more than a certain amount. 


being roughly given, as shown above, by m=. CU ht. 
Hence the limiting sensitivity is given y 


0l, Vie Jus 02.8 D 
vo 32° We TUE E e 


As was remarked above, /; cannot be reduced inordinately 
owing to constructional difficulties. Hence tha sensitivity 
can only be increased, without sacrificing rapidity of working, 
by increasing the field. In principle, ‘of course, this could 
be made equal to the sparking potential. In practice it is 
more convenient to work with much lower fields, since, as 
stated, the distance between the plates must be some 4 to 
6 mm., and a large field would therefore entail a very large 
battery or other source of constant high potential. 

The form finally adopted for general use is shown in 
figs. Land 2, Pl. IT. In this instrument the silica torsion 
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fibre A (much exaggerated in the illustration to render it 
visible) is about 1:4 cm. long and 6p thick, and is stretched 
under a tension of about half the breaking strain on a 
U-shaped frame B. This is made of 3 mm. silica rod with 
saw-slits about 1 mm. deep at the ends in which the fibre is 
mounted. As the frame and the fibre are both of silica no 
change of tension occurs when the temperature changes. 

The fibres are silvered by sputtering in the usual way, 
and one end is fixed in the slit with Wood’s metal. A thin 
copper wire is inserted in the slit at the same time forming 
the lead. The other end of the torsion fibre is fixed in the 
other slit with shellac. In order to assure the necessary 
tension, a weight of appropriate size is attached temporarily 
to the protruding end and the shellac melted with the frame 
in a vertical position. When it bas re-solidified, the pro- 
truding portion is removed. 

In order to facilitate balancing, the needle C is composed 
of two equal parts placed parallel to one another on each 
side of the torsion fibre. They were usually about 25y thick 
and 2 em.long and made of silvered glass. The ends are 
sealed together, and the whole attached in the plane of the 
frame rigidly to the torsion fibre by electrolytically deposited 
copper. 

The quadrants D consist of plates about 1:5 em. broad and 
1 cm. high, in which slots are cut about 2 mm. broad through 
which tlie needle can pass. These plates are mounted about 
5 mm. apart on 3 mm. silica rods, E. The suspension 
is mounted between them so that the centre of rotation 
coincides with the centre of symmetry of the four plates. The 
whole is enclosed in a small inetal box about 4:5 em. long by 
2:8 cm. broad and 3 em. high, made of a suitable aluminium 
alloy, in the centre of the top and bottom of which are holes 
about 10 mm. in diameter closed with microscope cover- 
slides. The leads from the two sets of plates are carried out 
at one end insulated by silica tubes, the lead from the needle 
being carried out, similarly insulated, at the other. An 

earthing terminal on the box enables the effect of stray 
electrostatic fields to be eliminated. 

For use, this box—which only weighs about 80 grammes— 
is placed on an ordinary microscope stand and the pointer at 
the upper end of the needle is observed, illumination being 
obtained in the ordinary way through the hole in the 
bottom of the box. The connexions can, of course, be made 
in any of the ways used in ordinary quadrant electrometers. 
On account of the small restoring force and moment of 
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inertia, air-damping with the above dimensions is about 
right to render the instrument practically aperiodic. 

"For use on an equatorial the microscope was permanently 
fixed to the lid of the box and artificial light from a small 
four-volt lamp used. In order to facilitate setting the zero 
and varying the sensitivity, the plates were further made 
movable on slides, their positions being adjusted by screws 
with divided drums, passing through the sides of the box. 
The whole electrometer was then screwed onto the brass 
cell box, in which the photcelectric cell was mounted, and 
this was rigidly attached to the equatorial. For general 
use, the form deseribed above is, however, probably preferable 
on account of its simplicity : adjustment of zero and sensi- 
tivity can be accomplished by altering the potentials on the 
plates, fine adjustment by means of a potentiometer in the 
middle of the high tension batteries being advisable. 

The constants of the instrument are in reasonably close 
agreement with the formule developed above. For the sake 
of completeness the exact constants of one instrument may 
be given. The torsion fibre is 1:4 em. long and about 6p 
thick. The needle eonsists of two silvered glass fibres 
0:9 em. long and 17 y thick. The plates are 0- 6 em. apart, 
and the instrument becomes unstable at about 100 volts. 
The capacity is 1°3 em. and the free period (calculated tn 
vacuo) is about 0°15 second. The zero moves about ‘(06 mm. 
on turning the instrument through 90°, *000 mm. for 180°, 
‘008 mm. for 270°. The sensitivity is completely indepen- 
dent of tilt. With a field of 160 volts/em., corresponding to 
a potential of 97 volts, the deflexion reaches 4^5. of its final 
value in about one second. The pointer moves 0°76 mm. 
per volt with this field, so that with a 1-inch objective and a 
x 20 eyepiece a sensitivitv of 450 divisions per volt can be 
attained. Under these conditions perfectly satisfactory 
definition can be obtained and 4! of a division can be read 
without difficulty. As is evident, no attempt was made to 
use a very strong field. In most cases one or two sixty-six 
volt boxes, such as are on sale for wireless sets, sufficed. If 
desired, one can use a finer torsion fibre and batteries of ten 
or twelve volts across the plates. With a suitable leak these 
electrometers, of course, make very convenient quick period 
galvanometers, sensitive to currents of 1071? to 1071 amuere, 
and as the sensitivity is almost equal to that of a Dolezalek 
electrometer with a very much smailer capacity and period, 
it would seem that it may be useful for many purposes, even 
where convenience in using is not so much an object as great 
sensitivity and accuracy. 
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LI. Note on Mr. Harward's Paper on the Identical 
Relations in Einsteins Theory. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


N a paper on “The Identical Relations in Einstein's 
Theory” in the August 1922 number (pp. 380-382) of 
the Philosophical Magazine, Mr. Harward proves a general 
theorem which he discovered for himselt, although he did 
not believe it to be undiscovered before. ‘Lhe theorem is: 
(Be a)e + (Bor), + (Beye =0. 

It may be of interest to mention that this theorem is known, 
especially in Germany and Italy, as “ Bianchi's Identity,” 
having been published by L. Bianchi in the Rendiconti Acc. 
Lincei, xi. (5) pp. 3-17 (1902). In this paper, Bianchi 
already deduced from this theorem the identity Mr. Harward 
refers to : 


The identity of Bianchi seems, however, to be published 
for the first time by E. Padova (Jtendiconti Acc. Lincei, v.(4) 
pp. 174-178, 1839), who obtained it from G. Ricci. Com- 
pare for this the book of Struik (Grundzüge der mehrdimen- 
sionalen Diperentialgeometrie: Berlin, J. Springer, 1922, 
p. 148), where the theorem is proved in a similar way as 
Mr. Harward does. A similar proof was already given by 
Schouten (Mathem, Zeitschr. xi. pp. 58-88, 1921). 

The theorem can be generalized by taking geometries 
with a more geueral parallel displacement than in ordinary 
Riemann geometry. We then obtain the generalized 
geometries of Schouten (Mathei. Zeitschr. xii. pp. 56-81, 
1922), of which the geometries of Weyl and Eddington 
(of. Eddington's ‘Mathematical Theory of Relativity,’ 
Ch. vii. are special cases. Schouten, m a recent paper 
(Mathem., Zeitsehr. xvii. pp. 111-115, 1923), proved the 
generalization of Dianchi's Identity for a geometry of which 
a geometry with a symmetrical displacement (that is, a 
geometry in which I* =p“, ef. Eddington, loc. cit. p. 214) 
is a special case. This special case is treated by A. Veblen 
(Proc. Nat. Ac. of Sciences, July 1922). R. Bach already 
gave the generalization for the geometry of Weyl (Mathem. 
Zeitschr. ix. pp. 110-1535, 1921). 

A simple proof of Bianchi’s Identity, which holds for a 
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geometry with a symmetrical displacement and was suggested 
to us by Prof. Berwald at Prague, can be given in the 
following way :— 


Let I? =T}. 


We can introduce in this case, in a regular point ro’, a 
system of so-called geodesic coordinates 'a", by the trans- 
formation : 


wr ayer — MI ual 
(cf. Weyl, Raum, Zeit, Materie, 4th edition, $14, p. 101). 


For these coordinates, all MY. v 'anish in wy”, and covariant 
differentiation in a becomes identical with "ordinary differ- 
entiation. 

When now we evaluate the expression 


Gea aye ee do ox = XD 


for the generalized Riemann-Christoffel symbols 
(NR Ò + à 0 pK NEST: ) 
Rive= ee Ds d Qa? I^) + Q Ky Pt Is Tu 


all terms with I*, and I, vanish in æ, and only the 


Qa “A 
following expression remains : 
2 2 2 2 
O05 qe _ Ò qv p LOL re __ 0 ye 
Q7 Qu” po Ou Qc? py OL Oz? pr DLT 
2 
u NR p zt. Ò 1p 
* senis Par T gega” ur 
which vanishes identically. Hence also (1) vanishes 
identically. Yours faithfully, 
J. A. SCHOUTEN, 
D. J. SrRUIK. 
Delft, April 28, 1923. 


P.S. february 7, 1924.—A generalization. of Bianchi’s 
identity for a geometry with a non-symmetrical displace- 
ment is found in Weitzenbick, Znvariantentheorie (P. Noord- 
hoff, Groningen, 1923, p. 357). The above given proof of 
the identity occurs also in the quoted paper of Veblen. For 
a generalization for the geometry with the most general - 
linear displac ement see the book of Sc houten, * Ler Licei- 
Kalkül? that will soon appear in Springer’s series: Lie 
Gründleliren der mathemateschen Wissenschaften. 
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LIl. On the Origin of certain Spectral Lines hitherto 
attributed to Oxygen. By W. JEVONS, A.R.C.Sc., M.Sc., 
Lecturer in Physics, Artillery College, Woolwich”. 


ERTAIN lines in the ultra-violet have been attributed 
by Sehniederjost f to the so-called “compound line 
spectrum ” of oxygen, which is now known as O.I f and 
ascribed to the neutral atom of oxygen. Professor Fowler in 
his Report § makes the following reference to these lines :— 
“ A considerable number of lines of O.1 have been observed 
in the ultra-violet by Schniederjost, but their relation to 
the established series, if any, has not yet been traced. The 
wave-lengths of these lines are included in the table of 
unclassified lines” |. Itis the object of this paper to offer 
new evidence as to the origin of these lines, concerning 
which Schniederjost would seem to have been misled. 

In the course of an investigation of the ultra-violet line 
spectrum of chlorine hy the present writer f, a number of 
well-defined bands were observed in the condensed discharge 
through a chlorine tube which was known to contain carbon, 
hydrogen and oxygen as impurities. The heads of these 
bands degraded towards the red, and their line-structure 
was clearly shown. A close agreement of wave-length was 
found between these band-heads and some of the more 
refrangible of Schniederjost's O.1 lines, and some doubt was 
felt, therefore, as to the real existence of the latter. An 
attempt was then made to observe them in the oxygen 
spectrum. For this observation a continuous flow of oxygen, 
prepared by the electrolysis of barium hydroxide solution 
and dried by phosphorus pentoxide, was passed through a 
length of capillary tube, then through a discharge-tube with 
a quartz window end-on to the capillary and finally to a pump 
which was kept in action throughout each exposure in a 


* Communicated by Professor E. N. da C. Andrade. 

T Zeit. f. Wiss. Phot., ii, p. 283 (1904). See also Kayser, Hand- 
buch der Spectroscopie, vi. p. 213. 

[ Fowler and Brooksbank, R. A.S. Mon. Not. lxxvii. p. 613 
(1917). 

§ “Report on Series in Line Spectra," Phys. Soc. Lond., p. 167 
(1922), 

| In Prof. Fowler's table (oc. cit. p. 169) Schniederjost's wave-lengths 
have been converted to the International Scale, This table has been 
employed, together with the vacuum corrections given by Meggers and 
Peters (Sci. Papers, B. of S. Washington, No. 327 (1918) in deriviug the: 
wave-numbers vyac, in column 4 of Table I. 


€ Roy. Soc. Proc., A, ciii. p. 193 (1923). 
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small Hilger quartz prism spectrograph. Though lines of 
the established O.1 series * were well developed, only one 
line was detected in a position given in Schniederjost’s O.1 
list (Table I. column 3), namely Apa, 2883:93 (4). which is 
also given as an oxygen line by Runge and Paschen f 
at Xg4, 2883:95 (6). Prof. Fowler's oxygen observations 1 
not only confirm this result, but also indicate that AR.A. 
2853:93 may be an enhanced (On) rather than an 
O.1 line. 

The observed bands already mentioned have now been 
recognized as some of Deslandres’ First Negative bands of 
carbou §. The close agreement between Deslandres’ and 
Schniederjost’s wave- lengths i in columns 1 and 3 of Table I. 
leaves little doubt as to the identification of sixteen of 
Schnieder]ost's lines with Deslandres’ band-heads. 

Three of Schniederjost’s wave-lengths not thus correlated 
show some agreement with those ol three band-heads (in 
column 2) belonging to another of Deslandres! carbon band- 
systems, namely the Fourth Positive ||. The agreement is 
not so vood as in the case of the First Negative bands, owing 
perhaps to the lesser degree of accuracy attainable at the 
time of the pioneer measurements (1888). 

If these identifications be accepted there remain only five 
of Schniederjost’s measures to be accounted for; namely 
vy 34529°1, 34691:1, 34970°7, 36915°6, 374030 (see Table I. 
column 4). The question of these mav be approached, and 
at the same time the band-like distribution of the majority 
of Schniederjost’s “lines” be demonstrated, by arranging 
the wave-numbers (column 4) in the manner first employ ed 
by Deslandres for the First Negativeand other band systems, 
and subsequently by many other observers. The scheme is 
such that the first differences of the wave-numbers form 
arithmetical progressions in horizontal rows and vertical 


* See Tables in Prof. Fowler's Report, pP- 167 & 168. Paschen and 
Götze,‘ Seriengesetze der Linienspektren ^ (Berlin, 1922), pp. 186-188 ; 
and W. M. Hicks, ‘Analysis of Spectra’ (C.U.P. 1922), pp. 298 
& 209. 

tAnn. d. Phys., lxi. p. 647 (1897); Astrophys. Journ., viii. p. 70 
(1898). See also Kayser's Handbuch, vi. p. 213. 

t Unpublished but kindly placed at the authors disposal by Pro- 
fessor Fowler. 

$ H. Deslandres, a Rendus, exxxvii. p. 460 (1903); see al-o 
Kay Rer's Handbuch, y. p. 223 

| H. Deslandres, Ce i Rend: cvi. p. 842 (1888); Annales de 
Chim. et de Phys., (0) xv. p. 85 (1988). See also Kayser's Handbuch, 
v. p. 235. 
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TABLE I. 
ZEE! 2 | 3 | 4 | 5 | 6 3 7 
| Heads of Heads of | 
| First Fourth . O.1 Lines (Schniederjost). 
| Negative Positive . | 
| Bands. Bands. Ns tes. 
i( Deslandres.) (Deslandres.) | - Group A p! 4 
i À Int. | vac. See obs. 
Aga, Int] Aga, dnt| f dnd 101,4. vac. | Table IT.) | — "cale. 
9897:11 10 280742 2n 345047 T 
9»37 3 34529] ! 
83°86 10 &Y93 4 340061 ub 
R185 2n 34691) U 67 32) 443 | 
| Hest 1 3407077 | 
2186:51 ] 2726-17 1 JQONRUS IV 66 30. +10 
53°65 1 5247 1 26308:5 III 67 31| -15 ` 
2306 3 2257 1 | 867205 lI 68 32] +23. e 
05:18 |] 369156 
2004380 2 ] 69 33 d 
267289 l 7403-1 V 66 29| —O7 | 
3063 4 o9wo0 23 31883'3 IV 67 39| +05 | 
0795 4 OT: > 2 | 88307 IIL 68 31; —06 | 
257839 6 ZOT. 2 387 80:0 IL 69 32; +15 
5130 5 | 0 i l 39195-5 I 70 33| —16 | 
039 8 . 0467 2 39914°8 IV 68 30 | +07 
247510 4 2417145 2 40402-1 JIL 69 31, —0:5 
4669 B ! 4605 3 4087 [-2 Li 70 32! +406 
20-298 | 1964 3 |  4INIT3 | TE SS) —08 
935323 4 ERAT 2 4240474 III 70 31, +07 e 
onda F mesg 2 lOO 429927 | ID 7052) x1 
230036 7 2209. o3 3 | — 44675 17233) —15 | 
22153 10; 1462 2 , 441418 Il 72 32) —07 — 
2190251 4 215009 2 4264974 I 73 33 | -04 
| | 21562 2 3160 1 | 467658 
| | 127 8. R4 l 4132607 Il 73 32) —3-4 
| | 


Notes to Table T. ae 7.) 


(a) Deslandres points out that these two bands differ from the remainder in 
two respecta : (1.) the two strong heads are degraded in both directions, while 
the others are degraded towards the red, and (ii.) they cannot be included in 
the same group scheme (see Table II.) with the others. 

(b) Also observed as an oxygen line by Runge and Paschen (loe. cH.), 
Professor Fowler, and the author. 

(c) Phe measure published. by Sehniederjost. is Ap, A, 2723:57, whence 
vyac, — 9040770 em.-7!.. There is, however, some reason (which will become 
clear from ‘Table 11.) for believing that this wave-length is 1 unit too high. 
The modified value has been entered in this table. The difference from 
Deslandres’ corresponding wave-length is not thereby altered in magnitude 
but only in sign, and the sign is brought into agreement with that of the 
corresponding differences (A Desl. — Aschn.) for the other heads. 

(d) For easy reference to Table 1I. it may be noted here that the wave- 
number derived from Deslandres’ A for this head is »yac, 210088, 

(e) Given by Miss G. V. Morrow [Sei. Proc. Roy. Dublin Soc, xiii. 
p. 615 (1913)] as Ag. A, 23526 (4), with a note that, though the line has been 
attributed to gold, it is more probably due to oxygen. It may be noted here 
also, that the line AR.A. 247587 (5 attributed to oxvgen by Miss Morrow is 
really a well-known carbon line. 

4 (column 3)=nebulous 
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columns, as in Table II. in which Deslandres’ numbers I-IV 
tor the vertical groups are retained. 


TABLE II. 


Group:— I II III IV V 
p 33 32 31 30 29 
i (2) (1) g 
T3 456494 1677; 473267 
21899 2184 
(3) g (2) * 
72 4946175 16743 40141 d 
" dod 2 4549 1 
71 41317 '3 16754 4 2992-7 i 
11218 2121'6 
" (1) (3) (-) 
(0 391057 5 16757; 408712 1623-2 424944 
2069's 2 10913 
(2) 
69 [o7 L06: ne 16749 3860-9 16212 40402 1 
2060°4 20614 
(1) c (2) 
63 301205 1620°2 5340-7 T 15741 "m 8 
22194 rf 2032'2 T 204175 
2n) 3 
67 346911 16174 36308-5 1574'8 373833 
20010 
(1) (1) f 
66 558823 1520'7 91403:0 


Notes to Table 1I. 


( ) Intensities by Schiniederjost. 

c Modified value of rvay, used instead of 3070770 (see note c to Table I.). 

d Not observed by sSehniederjost. Tiue value of »vae, from Deslandres' 
observation is 3700s 8 (see note d to Table I.). 

[ | Computed vyac, (formula, page 590). 

J Not observed by Deslandres. 

g Not observed as First Negative band-heads by Deslandres, who, however, 
gives Fourth Positive band-heads at about these positions. (see Table I. 
column 2). 


From this table the following conclusions may be drawn :— 

l. One of the five outstanding wave-numbers, namely 
v 3/4030, represents a previously "unobserved head, falling 
in a new group (V) of the extended Deslandres' First Nega- 
tive system. 

2. Another of them, namely v 346911, probably represents 
an extension of Group Íl; the slight discrepancies i in inten- 
sity and wave-namber being due. perhaps to tlie nebulous 
character of the observed 7 ee 

3. Lhe remaining three vy 3452971, 34970°7, and 3691576 
appear to be definitely excluded from the First Negative 
carbon system. 

4. There is a possible alternative allocation of two of the 
three measures, which have been already correlated (page 
587) with three of Deslandres’ Fourth Positive band-heads. 
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. These two are yv45141°8 and 473267, which are shown as a 
possible extension of Group II. 

Schuiederjost's wave-numbers in Table II. are very closely 
represented by an empirical formula of the type commonly 
employed for band systems, namely :— 


y 14:944 (n+ 0:4655)* — 25:171 (p+ 0°7344 )? —6354-0 


in which n and p take successive integral values, the former 
from 66 to 73, and the latter from 29 to 33, as shown in both 
tables. The residuals (vob..—Veaic.) are given in Table I. 
(column 6). 

In conclusion, then, it seems almost certain that, of 
Schniederjost’s twenty-five O.1 observations twenty-one are 
not to be associated with oxygen at all but are good measures 
of Deslandres’ carbon band-heads in the same region. carbon 
being a very frequent impurity in discharge tubes. Ara, 
2883:03 is a genuine oxygen line confirmed by the obser- 
vations of Rungeand Paschen, Prof. Fowler, and the present 
writer. The three at AAg4, 2895:37, 2858: 8l, and 270818 
may still be regarded as lines, at least pending a further 
investigation of the bands. 

The possibility of confusion between lines and band-heads 
(which is liable to arise where the source is at a low pressure 
and the band-heads are only faintly recorded on the plate) 
was perhaps not so well known at the time of Schnicderjost’s 
work as it is now. The modification of intensities in the 
line-structure of a band as observed under some conditions 
is often such that a band-head resembles a line winged on 
one side *. 

Finally, it may be noted that this communication is 
concerned only with the O.I observations of Nchniederjost, 
and has no reference to the O.1 lines t (of the “ elementary 
line ? spectrum) measured by him. The latter have, in the 
main, been confirmed and amplitied by Professor Fowler. 


I am greatly indebted to Prof. E. N. da C. Andrade for 
his help and interest and for many facilities, including the 
unrestricted use of the spectroscopic apparatus in the Physics 
Department of the Artillery College. I also wish to thank 
Prof. A. Fowler for kindly allowing me to make use of his 
unpublished oxvgen data and for many helpful suggestions. 


* For a plate illustrating this effect in silicon nitride bands, for 
instance, see: W. Jevons, Roy. Soc. Proc, A, lxxxix. plate 9, 
p. 193 (1315). 

t Loc. cit. p. 283 ; see also Kayser's Handbuch, vi. p. 218. 
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LIII On the Helmholt: Theories of the Struck String.— 
Part I. Theoretical. By W. H. GEORGE, B.Sc., Research 
Student, University College, Nottingham *. 


[Plate III.] 


ScmMary.—The various theoretical treatments of the struck 
string are noted, and the Helmholtz theory for the hard hammer 
is then considered in detail, and is shown to be in conflict with 
experimental evidence. The Helmholtz theory for the elastic 
hammer is next considered, with the omission of two assumptions 
which caused Kaufmann to reject the theory. Expressions are 
found for quantities whose magnitude can be determined from 
photographically obtained displacement-time curves of the struck 
point. Expressions for the same quantities are derived trom 
Kaufmann’s theory of the string struck at the mid-point, and also 
from Kaufmann’s approximate theory of the string struck near 
one end, The comparison of the theoretically and experimentally 
determined quantities is to be given in the secoud part of the 
paper. 


INTRODUCTION. 


A Paes id of the struck string has been theoretically 

treated by two methods. Helmholtz f, Delemer Í, 
and Lamb § each assume some special form for the pressure 
between the hammer and the string during the time of 
contact. Proceeding from the ass umed pressure-time laws 
and using some additional assumptions, each of these writers 
obtains finally an expression giving the intensities of the 
partials of the freely vibrating string. None of these treat- 
ments which illustrate the first method appears to have been 
subjected to quantitative experimental tests, 

The second method of treatmentis that due to Kaufmann |], 
. who considers the problem of the impact of a massive un- 
yielding particle on the string. He gives a rigorous treat- 
ment for the string of infinite length, aad also tor the finite 
string struck at the middle point, provided, in this second 
case, that the time of contact between hammer and string is 
not greater than the fundamental free period of the string. 
In an attempt to simplify the work, he treats the case of the 


* Communicated by Prof. E. H. Barton, F.R.S. 

t Helmholtz, ‘Sensations of Tone,’ pt. i. Chap. v. § 3, and App. v. 

1 Delemer, Annal. Soc. Sci. de Bruvelles, xxx. 3 & 4, pp. 209-310 
(1905-6). 

$ Lamb, * Dynamical Theory of Sound,’ p. 74. 

| Kaufmann, Wied. Ann. vol. liv. pp. 675-712 (1895). 
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string struck near one end by neglecting the vibrations of 
the shorter piece of string during the impact, obtaining an 
approximate solution for the case in which the ratio of the 
time of contact to the free period of the string is not greater 
than the ratio of the distance of the struck point from the 
farther bridge to the length of the string. Das* has 
repeated this work, taking into account the vibrations of the 
shorter piece of string, but with the same limitation as to 
the time of contact. Kaufmann gives no treatment for a 
string struck at, say, one-third of its length from one end. 
Raman and Banerji f. have extended Kaufmann's work by 
regarding the motion during impact as that of a loaded 
string to which Rayleigh’s well-known treatment may be 
applied. 

In the present paper an attempt is made at the quantitative 
experimental test of the Helmholtz theories and their com- 
arison with the Kaufmann theory in those cases to which 


the latter theory may be applied. 


HELMHOLTZ THEORY FOR THE HARD HAMMER. 


In considering the problem of a string struck at a point 
with a hard hammer, Helmholtz observed :—** If the string is 
struck with a sharp-edged metallic hammer which rebounds 
instantly, only the one single point struck is directly set in 
motion. Immediately after the blow the remainder of the 
string is at rest. It does not move until a wave of deflexion 
rises and runs backwards and forwards over the string ” (loc. 
cit. p. 75.) In order that these conditions may be realized, 
it is clear that the impact must last for only a very small 
fraction of the period of the string. It was found by 
Kaufmann that the time of contact was always comparable 
with the period of the string, and he therefore rejected the 
theory without further consideration. As, however, this 
theory ix stil] quoted in most of the standard text-books, it 
would appear that Kaufmann’s observation has been over- 
looked. In the present paper (Pl. lII. figs. 1 & 2) it will 
he seen that, although the time of coutact (r) is less than 
in any of Kaufmann's experiments, it is still comparable with 
the period (8) of the string. For example, in fig. 1 we see 
that 7/0 is of the order one-seventh, so that the transverse 
disturbanee has during the impact travelled a distance of 


* Das, Proc. Indian Assoc, for the Cultivation of Science, vol. vii. 


pts. i. & li. pp. 13-20 (1921). » 
t Raman & Banerji, Proc. Roy. Soc. vol. xcvii. A, pp. 99-110 (1920). 
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about 90 cm. towards the farther bridge, and has travelled 
the short distance of 12 cm. to the nearer bridge more than 
seven times, involving three reflexions at the hammer. 

In considering this theory of Helmholtz, it is sometimes 
supposed that in an actual experiment the hammer strikes 
and rebounds, leaving a small wrinkle on the string at the 
struck place. It is helpful to consider the order of magni- 
tude of the quantities invoived. Ona string 100 em. long, 
tuned to a frequency of 128 vibns. per sec., the velocity of 
propagation of transverse waves is 12,800 cm. per sec., 
whilst the initial hammer velocity usually employed in 
experiments on the struck string lies between 100 and 500 
cm. per sec. It is clear that this * wrinkle” supposition 
implies that not only is the time of contact negligibly small 
compared with the free period of the string, but also that 
the initial velocity of the hammer is greater than the speed 
of propagation of transverse disturbances along the string. 
The actual form of the string in the neighbourhood of the 
struck point is shown in Pl. III. figs. 3 & 4. These are 
instantaneous photographs of the hammer and string, taken 
during the impact. | Fig. 3 shows a metallic hammer of very 
small breadth at the place of contact, whilst fig. 4 shows a 
felt-covered hammer in contact over a distance of about 
1:2 cm. A pin was stuck in the felt hammer-head so that 
it was approximately perpendicular to the direction of 
approach of the hammer. The string, when at rest, passes 
through the two pin points shown at the top of the figure. 
On the actual film from which fig. 3 was taken the bridges 
are shown, and from these the undisplaced position of the 
string is readily obtained *. 

Helmholtz elsewhere ‘loc. cit. Appendix v.) states that the 
hammer must. be immediately withdrawn. In this respect a 
recent paper by 5. Hayashi f is of interest, asa spring device 
for withdrawing the hammer is there described. The 
shortest time of contact shown in the reproduced displace- 
ment-time photographs is, however, of the order one-third 
of the period of the string; that is, longer than in a number 
of the experiments described in Kaufmann's paper or in the 


* To study experimentally the fornia assumed by vibrating strings, 
both loaded and unloaded, when excited by various means, the method 
of instantaneous photography has been used. ‘The experimental details, 
together with the results obtained, will be published later. The two 
figures given in this paper are typical examples of the photographs of 
the struck string during the impact. 

* N. Hayashi, Kyoto Coll. Sci. Mem. vi. pp. 165-169 (March 1923). 


Phil. Mag. S. 6. Vol. 47. No. 219. March 1921. 2Q 
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present paper. There are no other recorded experiments in 
which any device for withdrawing the hammer has been 
used. 

We may therefore conclude that this theory is inapplicable 
to the experimental results so far published. 


HELMHOLYTZ’s THEORY FOR THE ELAsTIC HAMMER. 


In order to treat the problem of a string struck with a 
felt- covered hammer, Helmholtz (lov. cit. Appendix v.) 
observed that * the elastic pad yields to the blow at first and 
then recovers itself, so that while the hammer is in contact 
with the string, the motion is capable of extending over a 
considerable length ..... Observing that the string moves 
but very slightly from its position of rest, and that the 
elastic pad of the hammer is ver y vielding and admits of 
much compression, we may simplify the matematica] theory, 
by assuming the pressure exerted by the hammer during the 
blow which it gives to the string to be P= A sin gt T 
where i variabile time, Feio of contact, and A is a 
constant which may be seen to be the value of the pressure 
when t=7/2. With the aid of an additional assumption as 
to the time of contact, Helmholtz obtains finally an 
expression giving the amplitude of the partials in the tone 
of the fr eely vibrating string. 

Kaufmann rejected this theory because he concluded that 
(i.) the elasticity of the hammer is a negligible factor com- 
pared with the tension of the string in causing the rebound 
of the hammer, and (11.) (7/0) > (aJi) ) whilst Helmholtz had 

assumed that (rf) < (ald) It is clear, however, that the 
original assumption of the pressure law is not explicitly 
dependent on either of these two assumptions, and the 
purpose of the remainder of the present paper is a recon- 
sideration of this Helmholtz theory, with the omission of the 
two assumptions which are in conflict with Kaufmann’s 
experimental work. Since the displacement-time curve of 
the struck point can be so conveniently obtained bv the 
photographie method due to A. Rats and O. Kr igar- Menzel ju? 
we proceed to derive from the Helmholtz pressure Jos 
expressions for quantities whose magnitude can be readily 
determined from such a curve. 


* A. Rafs and O., hrigar-Menzel, Wied. Ann. vol. xliv. p. 623 
(1891). 
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THEORY, 
sVotation :— 
l| — length of string (in em.). 
a — distance of struck point from nearer bridge (in cm.). 
bh — distance of struck point from farther bridge (in em.). 
y=variable displacement of struck point reckoned 
positive in the direction of the approaching 
hammer (in em.). 
y1— displacement of struck point at the instant of separ- 
ation of hammer and string (in em.). 
Ja maximum displacement of struck point (in em.). 
r=distance between string and axis of rotation of 
hammer (in em.). 
0 — free period of fundamental tone of string (in sec.). 
T — duration of impact (in sec.). 
f=variable time reckoned from the instant of the 
beginning of the impact (in sec.). 
(, time taken for y to reach its maximum value (in 
sec.). 
1 rg initial velocity of hammer (in em, per sec.). 
rz velocity of hammer at instant of separation of 
hammer and string (in em. per sec.). 
p linear density of string (in gm. per em.). 
m = mass of hammer (see following note). 
M = mass of string =pl (in gm.). 


The actual hammer under consideration may be regarded 
as a compound pendulum. By the term ©“ mass of vannes? 
is meant the mass in gm. of a particle equimomental with 
the hammer and distant r from tlie axis of rotation of the 
pendulum; that is, the moment of inertia of the pendulum 
about its axis of rotation is na. We assume that the motion 
takes place in one plane passing through the string. l'or 
the foree on the hammer we may write 


d'y rt 
m jj =—Å sin 3225120 (1) 
(O<t<r) 
Hence 
dy 
dt li ACO. ot 
us dt. m'o T 


It will be noted that we have put dy/dt=r, when /—0. 
If this be regarded as an assumption, it can be seen to be 
clearly justifiable by an examination of the experimentally 


20 2 
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obtained displacement-time curves accompanying this paper. 
Integrating, we have 


dy _ A T at 
=m +) (cos 1). eo e X2) 


(O</<r) 

By putting t=7/2 in equation (1), we see that the Helmholtz 
constant A is the value of the force exerted by the hammer 
on the string when £— 7/2. As this quantity is not readily 
determined by experiment. we may eliminate it from the 
equations by introducing a new quantity—the velocity of 
rebonnd (v) of the hammer which has not hitherto been 
considered in the study of the struck string. It may be 
noted in passing that the writer hopes to study the energy 
aspect of the general problem by the aid of this quantity, 
since in the ideal case the energy absorbed by the vibrating 
system is 4m(r?—7r?). By putting t=r in equation (2), we 


find 


2Ar K 
r= nm amn? e (3) 
mT . : 
or A = 94 (to -R v) . . . . . e (3 a) 


Hence equation (2) may be rewritten thus : 


l 1 t 
EA = J [o v) + (ro— v) Cos jd ES (2 a) 
(0«t«r) | 


Integrating again and putting in the condition that y=0 
when t=0, we have 


I : T E mi 
y= i | (rot yet = (%—?v) Ed ] » . (4) 
(O<t<7) 
By putting ¢=7 in this equation, we see that the displace- 


ment of the struck point at the instant of separation of 
hammer and string is given by 


T ~ 
m= (rot v). ie uu es at dw GD) 


When the string under considerable tension is struck by 
a light hammer near one of the bridges, the actual displace- : 
ments of the struck point are so small that it is almost 
useless to attempt to measure any but the maximum value 
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(y2) of the displacement. Observing that the hammer is 
then instantaneously at rest, we obtain the time (é,) for y to 
reach its maximum value from equation (2«) by putting 
_dy/dt=0. Hence 


T Up te . 
ie {r= comi (Ee) } . cae © 


Putting this value in equation (4), we obtain 


T _, (tote en mene 
n= d (o tr) |r- Cos ety] + 2./ — vvo f . (7) 


By use of a planimeter the area between the curve and 
the axis of time may be conveniently measured, and is 
given by | 

i LLic £ 
PEG mt ; 
| ydt= 5 HEUS za Qv v) (cos ; -1)| . (8) 
e 0 ^ = = 

In the special case when ¢ reaches its maximum value 

of 7r, we have 


: [1 1 | 
{ y dt zT E (vo +t) + = (o=o) | "EC 


We proceed to compare these results with those derived 
from Kaufmann’s theory. 


COMPARISON WITH KAUFMANN’S THEORY FOR A STRING 
STRUCK AT THE MIp-PoINt. 


The Kaufmann equations * for this case, which, it may be 
noted, hold only if the time of contact is less than one period 
of the string, run as follows :— 

iM t 


yond ia (e " 2 "PT (10) 


/ 
(o « , « 3) 


-— N^ = s nes t 1 m m m 
1 T L E (53^ xu) aM |». 4M J? 
(35) | 20. . (21) 
T 1 1 m d 55 
_=. ; m " ; ; 2 
gata Mhita" ). (12) 


* There are some printer's errors on p. 68% of Kaufmann's paper, and 
both forms of the final equation are given wrongly. Equation (11), as 
here given, will be found to agree with kaufinann's own numerical 
calculations. 
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Differentiating (10) and (11) each once with respect to 
time, we obtain | 


dy m ei | 
PEL WES dc dex oed dli») 
(0<, Ze :) 
dy a ; AM occ wt ` l m )- m 
dt TE m [2e i *( (2 i 4M 4M 


(3<6<!) Hey . (14) 


Combining equations (14) and (12), we obtain the velocity 
of rebound of the hammer : 

2M | 

= (1 + : € m ) 

t= = 2vge E . © è œ (15) 


The pressure law can be derived from equations (13) 
and (14) by differentiating each once more with respect to 
time and then multiplying by the mass of the hammer : 


q^y 4M, = pa ` 
Mae =—ty g e d EE (15) 
TT 
2M iM t "m 
nE Lannig e > (Q- o) 4M, d UE 
n ae o m 


E < : « 1) 2M o 1 m an a 
2 0 Jy m E 05n 
E (^ 9^ 2d ix pos bh 07) 


The displacement (5;) of the struck point at the instant 
of separation of hammer and string is found from equations 
n q 


(11) and (12) to be 


E l7 
j^ y [e (I+, baat . o. (18) 


The time taken for y to reach its maximum value (y;) is 
found by equating the right-hand side of equation (14) to 
zero. Whence 


lm fac 
=$ (1+ m ). o 9) 


( 1 74) 
m M Tue HT at . . (20) 


IH ence 
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The area contained between the curve and the axis of time 
is the sum of two parts which have to be determined 
separately from equations (10) and (11). We have from 
equation (10) 


Qn./ - E 
=o iL t+ M ‘—1)], (21) 


and from equation (11) 
4M. t 


( 9 2M ye " P 
Jotne" | te id ‘+ 1) 
i : fa 
ere m m 
Gan E dt a, de } 
Ó m? p oM -U 4M t ) 
=e $y eS m (2 e ie att Jj 
2M . 2M AM £ 
, mhM ay mI,- mw, m'am 
+9 { le (zs 1) an (« f IM 


m ON \ 5 
~ 14M t— 3) } . . . (22) 


Fig. 1. 


c» dum 


Displacement (y) in cms. 


O (07 0:23 0:35 0-47 0:59 0-71 
Ratio t/e. 


Theoretical displacement-time curves for the struck point. 
M48; m—44; 0—1/128; rO=O745 v, 215; v=—149; lJaz 8. 
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COMPARISON WITH KAUFMANN’S THEORY FOR A STRING 
STRUCK NEAR ONE END. 
Kaufmann’s equations for this case run thus :— 


| Mt 
camem ry T uo 'g 
u = e 


M/,l M 
t b DEn ape 
(» Sp s ;) m s.) 


= ©- tante —. ' >. (24) 
0 
Nu | 2! 4M | 


( H m ;) no My 


The approximations used by Kaufmann have already been 
noted in the introduction to this paper, and the quantity m, 
is defined thus: my=m+pa/3—that is, to the mass of the 
hammer (m) is added the mass of a particle which, i£ placed 
on the struck point, would be equimomental with the shorter 
piece of string (of length a) so far as rotations about the 
nearer bridge are concerned. It will be recalled that 
Kaufmann assumes that this shorter piece of the string 
remains uncurved during the period of impact. 

We proceed, as before, to derive from these equations the 
special quantities required. 

At the instant of separation of hammer and string we 


have 
M/ i x 
a A , .  tan-! VG A W, 
a as E " " 
to 0 e mo (:! m) a My , ( 95 ) 
A= | 
From equation (23) we have 
Mt 
dy | pee i { M ( 4! M 
dt 7 M,,l M my \ a m 
t h ^ (4 bum 
(0 a i) MmMo\ d my 


dS [ə 8 "d 


M. Ty T Un 2 
T mo r nta mc Mo . . . (26) 
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Hence the velocity of rebound is given by 


J? a G- 
T omo i M funes M E ‘i 
"X GL ^ gno -2i A (27) 


The time (t) taken for y to reac ‘+h its maximum value is 
found from equation (26) to be 


Da 0 " tci [wr / X! M/I MY -»)]- (28) 


M No 
M (1; — 


Hence the maximum displacement (y2) of the struck point 
is given by 


VS e 


I Se d My ww JO GEL D. M n T m 
Jam vg og mya mo 


41M °° 2. . (29) 


The pressure law is obtained from equation (26) : 


"m 
Es duo 2M eye i x M NEL 
oae T M l M n) m a 
E D Sen 
my\ «nm 


ft H a n M 
ASIE d V EP v FRE i n 
t a! M 
x e| J "I Da . . (30) 


Fin: ‘ity the area between the curve and the axis of time 
is found from equation (23) by integrating by parts and 
solving for the desired integral, whence 


T RN Pam, M, ( a M 

{ pose /M i MN UM nio p^ m) 
jj a/ Mo "a Mo 

(o<4<, 


Mt 


ze m8 M n f t mee 2 
My 2 0 n na 


M f t - | (3 
əl 
+ VETEN EY. P 1 0 tga | zi An m "2 


602 On the Helmholtz Theories of the Struck String. 


The comparison of the theorctically and experimentally 
determined quantities will be given in the second part of 


the paper. 


Displacement (y! in cms. 


Ratic t /e. 


Theoretical displacement-time curves for the struck point. 
Mz204; m=495; m=506; 021/41 ; 7/0 — (64 ; v, 2325; 
v= —224; llazs9. 
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College, Nottingham, and the Department of Scientific and 
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Underwood, B.Sc., for kindly verifying the mathematics. 
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Hence the velocity of rebound is given by 


/ M ( M 
M j = Hio a ~ ma, 
T ng ZA Gi an E; n M 
m, z qe ( ) i) 


The time (t) taken for y to reach its maximum value is 
found from equation (26) to be 


0 -— Pe /X(4t M/,/_ My JJ 
= M al xy" M N nio m (28) 
o 
Hence the maximum displacement (y2) of the struck point 
is given by 


V= — re 


tan~! my sU (M^ 
Ais VEG WOO 
Ya lo 4 l M^ l l (29) 


The pressure law is obtained from equation (26) : 


M t 
T oma 0 


Py 2M eve 


d ( - =") 
moge = Pa "(a l my d 
mA e =M) 

t n M; l 
SR E% " s V a mo 

t t MAR | 

OS | 5 a wa 30 

x cos PE a =s (3 ) 


Finally the area between the curve and the axis of time 
is found from equation (23) by integrating by parts and 
solving for the desired integral, whence 


( "o Pam, VAI AN Ium 
" gates / M 1 L MY MY 4/M m mio 


t b ' 
(o «| « ?) N Mo a m 


Mt | l 
T m i) aS 
E sin t 0 ^en a 2 
M ft l M jal T 
" J X! i " di le M -3 p 
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The comparison of the theoretically and experimentally 
determined quantities will be given in the second part of 
the paper. 


ro 


Displacement (y' in cms. 
® 


Q 
o 


oa 


0-2 


Ratio t /e. 


Theoretical displacement-time curves for the struck point. 
Mz2)94; m=495; m=506; 01/47; r/0=064; ty =325 ; 


v= —2324; Vay. 
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Experimental Displacement-Time Curve. Wedge-shaped metallic hammer, 
m/M=0°27 ; l/a= 20. 


Experiment Displacement-Time Carve. Broad felt-covered ha umer. 
m/M —0:27 ; lJa — 96. 
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LIV. The Potential Grradient in the Sodium-Potassinm 
Vapour Arc Lamp. By E. H. Newnan, DSe, ALCS, 
Professor of Physics, University College, Exeter * 


1. Introduction i 


SODIUM-POTASSIUM vapour are lamp similar in 
principle to the more familiar mereury vapour lamp 
" has been previously described by the author t. This lamp 
works with a relatively small applied potential difference, — 
the are can be struck with 30 volts, —and when once the are 
has been started the fall of potential between the terminals 
is only 10 volts with a current of Lamp. This potential 
difference is very small when compared with the carbon arc, 
and is less than that required to operate the mercury arc 
except the low voltage are in mercury vapour, which aets on 
a different principle. 

The relative intensity of the potassium and sodium lines 
emitted when the alloy lamp is working varies in different 
parts of the tube. The potassium lines are brightest near 
the anode. At the cathode the subordinate lines of sodium 
are the most intense. 

The theoretical value of the resonance potential of sodium 
vapour is 2:10 volts, and electrons of this energy produce the 
D lines. Electrons having a velocity corresponding to 
5°13 volts are able to ionize sodium vapour and cause it to 
emit all the tae including those of the subordinate series. 
The resonance potential of potassium vapour is 1:60 volts, 
while the ionization potential is 4°33 volts. In a mixture of 
sodium and potassium vapours, as the : acce lerating potential 
is increased the 7699, 7665 doublet of potassium should 
appear first, then the 5806, 5890 doublet of sodium, followed 
by the subordinate series lines of potassium and sodium 
respectively: It would thus appear that as the potassium 
lines are brightest near the anode of the lamp, the fall of 
potential at this terminal is less than at the cathode. Low 
voltage arcs in metallic vapours suggest that it is possible to 
eject ‘the electron to Infinity From the : 2p ring, for these ares 
operate at a potential below the ionization ‘potential. The 
energy necessary to eject the electron from this orbit will 
certainly be less than that required if the electron is in the 
1:5 S orbit. The transfer to the 2p ring may be obtained by 


* Communicated bv the Author. 
T Phil. Mag. vol. xliv. Nov. 1922. 
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means of the energy obtained from the bombardment by 
electrons having energy equal to tlie resonance potential, or 
by the absorption of radiation Ac from adjacent atoms which 
are in the partially ionized condition. Atoms of metallic 
vapours seem to permit of the radiant energy, liberated by 
each electron impact which results in radiation, to be passed 
on from atom to atom, and this multiphes the fraction of 
atoms which are in the abnormal or partially ionized condition. 
The greater part of the radiation emitted when the electrons 
fall from the 2p to the 1:5 S ring will escape from the tube, 
but some of it may be taken up by neighbouring atoms. 
This absorption etfect will increase with the vapour pressure, 
and with an increase in the density of the bombarding 
electrons. In the alloy vapour lamp the conditions are such 
that tlie ionization is produced mainly by this * cumulative 
action." 

When the electrical discharge passes through gases at 
low pressure the cathode and anode falls of potential depend 
on tlie nature of the electrodes, and they fall to comparatively 
low values for the strongly positive alkali metals. Mey * 
has shown that the alloy 'of sodium and potassium, used as 
the cathode, has a smaller cathode fall in most gases than 
that of any metal, so it is to be expected that tlie potential 
difference between the terminals in the alloy lamp would be 
small. 

In the investigation of the distribution of electron force 
along the arc of the lamp the probe method was employed. 
The potential acquired by a platinum wire placed in various 
positions along the line of discharge was measured, and if it 
is assumed that the potential of the wire is the same as that 
of the vapour with which it is in contact, we get from these 
observations a means of determining the distribution of the 
electric force along the lamp. For such a method to be 
successful the secondary probe electrode must take up the 
potential of the vapour with which it is in contact. To 
enable it to do so there must be a plentiful supply of both 
positive and negative ions in the gas to give up their charges 
to the wire, and thus raise or lower the potential of the wire 


to equality with the surrounding vapour. IJn the arc 
discharge there is a copious supply of ions of both signs, so 


the assumption that the secondary electrode does acquire the 
potential of the vapour with which it is in contact seems to 
be justified. 


* Verh. Deutsch. Physik. Gesel. v. p. 72 (1902). 
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2. Feperiments. 

The form of lamp used is shown in fig. 1. A quartz tube 
was bent to the shape shown in order that both electrodes 
should consist of the allov,—two parts by weight of sodium, 
and one of potassium. Connexion. was made with these 


Fig. 1. 


electrodes hy aluminium wires sealed into the quartz with 
sealing-wax. Providing tbe current was not greater than 
2 amps. the wax did not soften. The tube, which was about 
10 em. long and ] cm. in diameter, had four side tubes each 
3 em. long for the insertion of the probe electrode. The 
latter consisted of a platinum wire sealed into a glass stopper 
with 3 mm. of wire protruding from the end inside the lamp. 
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As very little external heating is required to start the arc, 
the ends of these side tubes remained cool and so the vacuum 
was maintained. [t was arranged that the platinum wire 
should reach the axis of the main tube. The alloy was 
introduced into the lamp at A, and after the apparatus had 
been well exhausted the surface of the alloy was made clear 
by passing an electrical discharge through the tube, the film 
of oxide disintegrating and dissolving in the allov. By 
tilting the tube some of the allov could then be run into the 
part B without fouling the length of the tube. The amount 
of alloy in € could be adjusted so that the surface was about 
3 mm.—as measured by a cathetometer—from the probe 
electrode inserted at A. The total length measured along 
the axis of the lamp between the surfaces of the two alloy 
terminals was & em. 

The electrode C was connected to one pair of quadrants of 
à Dolezalek electrometer, and the probe electrode to the 
other pair of quadrants, the needle of the electrometer being 
maintained at 100 volts. The current through the lamp was 
kept constant by mens of an adjust: able resistance placed in 
series, Tt was found that with ihis shape of lamp the are 
did not wander, and so the current remained constant onee 
the temperature of the lamp reached a steady value. The 
are was struck by connecting one. terminal to a small 
Induction coil and passing a momentary discharge, although 
sometimes the are would strike automatically with an applied 
potential difference of 50 volts by slightly heating the cathode. 
The side tube D was situated rather more than half Wav 
along the lamp. At first C was made the cathode and the 
potential difference between it and the probe, inserted in 
the four side tubes, was determined. The current was then 
reversed and € was the anode. The potential difference 
between it and the four positions of the probe was again 
determined, In. this way the uncertainty. of obtaining 
correct measurements near B was avoided. 


3. Evrperimental Hesults. 


The results obtained for the potential gradient along the 
lamp are shown in Table T. 
These results show that the potential gradient alone the 
are column is uniform, and therefore, as shown by Poissou’s 
Bu | i 
law = a = — 4rp, there cannot be a preponderance of ions of 


one sign or the other in it. The cathode fall—3:8 volts—is 
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greater than the anode fall—2°5 volts,—but both are small 
compared with the results for other metal electrodes. 


TABLE ]. 


Potential difference between terminals 12:0 volts. 
Current in lamp 1:5 amp. 


Distance © Corresponding Distance Corresponding 
from cathode. | Potential. from anode. Potential. 
GP CE FOU EUST hd [o 

cathode. 0 volts. anode, 120 volts. 

3 mm. | 398 , 3 mm. 99 ,, 

Eo x | à: 
1s » oU ae | 18 ih) e 9” 

| 

o3. a i 61 , o2 , T2 4 
4R ,, ric qM JS , 5:9 


Unfortunately the current through the lamp cannot be in- 
creased much more than 2 amp. as ‘the heat developed causes a 
brown deposit on the quartz to appear, and this interferes 
with the steady working of the lamp. It was found, however, 
that for currents between 1 and 2 amp. both the cathode and 
anode falls of potential decreased slightly with increasing 
current. This is probably due to the inerease in the yapour 
density. 

The wave form of the current was investigated with 
Duddell’s permanent magnet type of oscillograph. The 
vibrator was specially stretched so that it was able to follow 
any variation in the current up to 500 per second. The 
resulting curves were photographed by means of a falling 
plate camera, the speed. of the plate at the instant of 
photographing being about 400 em. per second. The vibrator, 
in series with a high non-induetive resistance, was placed 1 in 
shunt with the main current. The resulting oseillograms 
were straight lines showing that the current was very 
steady. The potentials me: isured were therefore the actual 
potentials at the different parts of the lamp and not average 
potentials, 

The small potential difference between the terminals of 
the lamp when the are is passing depends on the photo- 
electric effect exhibited by the alloy. Ina vacuum such as 
is present in the lamp, the negative corpuscles are projected 
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with sufficient energy to make their way against a smal 
retarding force. The electrons near the surface of the alloy 
ionize the vapour, even though the electric field is so weak 
that the kinetic energy given by it to the electrons is too 
small to make them act as ionizers. W arburg * has shown 
that the presence of minute traces of oxygen in gases such 
as bydrogen or nitrogen produces a great diminution in the 
current from a negative point, which seems to indicate that 
oxygen has a great tendency to collect round the carriers of 
the negative charge, and either makes them less efficient as 
ionizers, or else makes them move more slowly in the electric 
field. > It is probable too that oxygen increases the difficulty 
of getting the electrons from the point into the gas, as 
Warburg has shown that the presence of a trace of oxy gen 
produces a large increase in ilis cathode fall of potential in 
vacuum tubes. All traces of oxygen are of course removed 
in the lamp by the sodium-potassium alloy, and this fact 
causes the potential gradient along the lamp to be small. 

The photoelectric effect produces the same effect, although 
in a smaller degree, as the emission of electrons from the 
incandescent filament in low voltage ares. With such ares 
it is always found that the str iking potential difference is 
always greater than that required to maintain the are, and 
this is so with the alloy vapour lamp. 


4. Summary. 


1. The potential gradient along the arc of a vapour lamp 
using the liquid alloy of sodium and potassium as terminals 
nda been investigated. 

2. The cathode fall of potential is greater than the anode 
fall, but both are small compared with results for other metal 
terminals. The potential gradient along the arc column is 
uniform. 

3. The small potential difference between the terminals of 
the lamp when it is working is explained by the photo- 
electric effect exhibited by the alloy. 


* Ann, der Phys. xi. p. 295 (1900). 
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LV. On the Anomalous Behaviour of a Vibration Galvano- 
meter. Dy E. V. ArvtLETON, M.A., D.Sc., Cavendish 


Laboratory, Cambridge *. 


HERE is in use in the Advanced Practical Physics 
class at the Cavendish Laboratory a vibration gal- 
vanometer which, for quantitative work, has been found to 
exhibit certain peculiarities in that one of two possible 
deflexions is ob:ainable for a single value of the current 
passing through the galvanometer coil. The particular 
deflexion obtained in any case is dependent on the method 
bv which the current is made to approach its final value. 
From time to time students f in the class have been asked 
to investigate experimentally the relation between the 
amplitude of oscillation of tbe suspended system and 
the frequency and amplitude of the alternating current 
passing through the instrument. The present paper deals 
with some of the results of these investigations, to which 
I have added an approximate theoretical treatment which 
seems to account for the salient features of the phenomenon. 
The instrument is of the Drysdale-Tinsley type, being in 
principle very similar to a Kelvin Mirror-galvanometer. 
The vibratory system is a suspension piece carrying a light 
mirror, to which is attached a small magnet of soft charcoal 
iron, the whole being suspended between the poles of a 
horse-shoe magnet. The natural period of the suspended 
system is controlled by means of a movable magnetic shunt 
on the permanent magnet. The exciting current passes 
through a fixed coil, the planeof which is parallel to the zero 
position of the suspended magnet. 

If the position of the magnetic shunt is kept fixed, and 
thus the naturai frequency of the suspended system kept 
constant, there are three variables to be considered, namelv, 
the oscillatory amplitude A of the galvanometer, and the 
magnitude and angular frequency (I and. p respectively) of 
the alternating current through the coil. Accordingly, the 
characteristic relations are given by plane curves showing 
the variation of the amplitude A with the current I for 
different values of the angular frequency p, or by curves 

* Communicated by the Author. 

t In this connexion I should like specially to mention Mr. R, W. 


Scholtield, of Trinity College, who was the first student to get a com- 
plete set of experimental results. His curves are reproduced in this 


paper. 
Phil, Mag. S. 6. Vol. 47. No. 279. March 1924. 2 R. 
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showing the variation of amplitude with angular frequency 
for different values of constant current. The corresponding 
two sets of curves are illustrated in figures 1 and 2. 

The data for the curves of fig. 1 were obtained by direct 
experiment, while those for fig. 2 were obtained indirectly 
from experimental values such as those exhibited in fig. 1. 


Fig. 1. 
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Showing relation between galvanometer current and galvanometer 
deflexion for different values of impressed frequency. 


In obtaining the relation between the galvanometer 
deflexion and galvanometer current for a fixed impressed 
frequency cases of oscillation-hysteresis were obtained. 
This phepomenon is illustrated by the hysteresis loops in the 
curves in fig. lL. A typical example of this is redrawn in 
fig. 3. 

In obtaining the data for this type of curve the current in 
the galvanometer circuit was introduced from an alternating- 
current source by means of a small air-core transformer with 
variable coupling, so that the galvanometer-current amplitude 
was continuously variable. Qn increasing the current 
amplitude from zero the galvanometer deflexion increased 
until conditions represented by the point F were reached, 
when the deflexion suddenly increased to the value indicated 
by B. For further increase of current the representative 
point of the diagram moved along the curve BC. On now 
reducing the current, the larger deflexion indicated by BD 
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Showing relation between impressed frequency and galvanometer 
deflexion for different values of galvanometer current. 


Fig. 3. 
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was maintained, until at conditions represented by D the 
amplitude suddenly fell to the lower value indicated by 
E. In other words, when the galvanometer current was 
increased from zero and then decreased again, the re- 
presentative point traced the path OEFBCBDEO in 
fig. 3. 

Between the two stable values of the galvanometer 
amplitude indicated by EF and DB there is a kind of 
* threshold? amplitude indicated by the broken line DF. 
Its physical existence is not easily realized, but I have 
found the following method useful in explaining the matter 
to students. Let us suppose that the galvanometer is 
maintaining the higher amplitude indicated by a point 
on DB when the galvanometer circuit is opened for a 
moment, cutting off the current supply. The amplitude 
falls rapidly, but if the circuit is quickly closed again the 
original amplitude is finally regained. If, however, the 
experiment is repeated, and the circuit is kept open long 
enough to allow the amplitude to fall just below the critical 
value indicated by the appropriate point on DF, the final 
amplitude attained, when the current flows again, is that 
indicated by a point on EF. After a few trials the appro- 
priate amplitudes for the critical “ threshold ? values of DF 
may be approximately obtained in this way. 

It is obvious from the curve of fig. 3 that for the region 
in which oscillation-hysteresis is found there are three 
possible oscillatory amplitudes of the suspended system of 
the galvanometer for one value of the current through the 
coil. Two of these amplitudes (represented by DB and EF) 
are stable, while the intermediate value (represented by DI) 
is unstable. It is also clear that this phenomenon is due, in 
some way, to the existence of some non-linear property or 
properties in the galvanometer system, but it is not obvious 
from figs. 1 & 3 whether such non-linearity is to he assumed 
in the terms representing the frictional and damping forces 
or in the terms associated with the restitution forces. The 
resonance curves o£ fig. 2, however, immediately suggest an 
alteration of the natural frequency of the galvanometer 
system with amplitude, and one is thus led to try to explain 
the phenomenon as a case of forced vibrations in an oscil- 
latory system, the restoring force of which is not proportional 
to the displacement. A consideration of the design of the 
galvanometer shows that such non-linear forces are certainly 
to be expected. In this connexion there are three possible 
effects which tend to destroy the proportionality between 


Behaviour of a Vibration Galranometer. 613 


restoring couple and deflexion. These may be enumerated 
as follows :— 

(1) The pole-strength of the soft-iron magnet will not be 
independent of amplitude, but will decrease with 
increasing amplitude. Apart from hysteresis, its 
magnitude will be proportional to cos@, where 6 
is the angle of deflexion *. 

(2) The restoring couple, apart from the inconstancy of 
pole-strength, will be proportional to sin @ and not 
to 6. 


(3) Since the pole-pieces of the permanent magnet. are 
not very large, the magnetic field is most probably 
not homogeneous, beinz weaker at the sides of the 
gap than in the middle. 


Al of these effects aet in the same way—that is to say, 
they tend to make the restoring force proportionally smaller 
the larger the angular deflexion. Bearing this in mind, we 
are at once led to suggest as a first approximation for the 
equation of motion of the rm 


K^ (Aw ae +0126) =G1, . . (1) 
where 


K is the moment of inertia of the suspended system, 

R the resistance of the galvanometer.and circuit, 

e the restoring couple per unit (small) angular dis- 
placement, 

I the current through the galvanometer coil, 

t the time, 


and A, D, G, and X are constants depending on the size and 
dimensions of the suspension, and on the magnitude and con- 
figuration of the magnetic field. l'or the experiment we are 
considering, I is sinusoidal (II, sin pt), while It is PONE 


We may theretore write (1) as d ieee are M 
3 i n j tu ts 
+2x P 3 o*0(1—2X 6?) = Kw? sin pt, . . (2) 
t 
where 
A B c GT, 


on 


KEKERE uL K' 


* [t may here be noted that the variation of the pole-strength with 
amplitude will have an effect on the “frictional” terms, in that the 
electromagnetic damping will not be strictly proportional to the angular 
velocity of the system. 


and Ew = 
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Equation (2) will therefore be taken as the representative 
differential equation of motion of the galvanometer suspen- 
sion, and we now proceed with its approximate solution. 

Since we are interested only in the final amplitude of the 
Forced vibration, we may neglect the transient terms repre- 
senting the free vibration and adopt as a trial solution 


0—asinptt-bcospt, . . . . . (3) 


where a and b are unknown functions of the time. From 
the physical nature of the problem we may expect the 
growth or decay of the amplitude to vary slowly compared 
with the oscillation itself. In other words, we may assume 
that 

da | 

di 54 
and 

db 


di << pb. 


Hence the second differential coefficients of a and b with 
respect to time will be neglected. We thus have 


dð da. dl 
(p T qi Sn PU ap cos pt + 7 cos pt —dpsin pt, . (4) 
and | 
dU oda db . o : 
" =2 a? cos pt — ap? sin pt — ? di p sin pt —bp? cos pt. (5) 


[n considering the non-linear term involving 0* we may, 
as a first approximation, neglect the influence of the har- 
monies on the fundamental and retain only those terms 
involving the angular frequency p. We thus have 


0* = 3a? sin pt + 3a°b cos pt + 2a? sin pt + 10? cos pt. . (6) 
dO WO 
dt’ dt?’ 
(6) in (2) and equating separately the terms involving 
sin pt and cos pt, we have 


On substituting for and 0? from (4), (5), and 


2K m —2p i + a(w? — p?) — 2xpb — 3o*Xa(u? 4 07) = Ko’, | 
T +2p L + b(w? — p?) + 2epa— 3o? Xb(a? + b?) — 0. f 
dt dt l E E e 

. . e í 


——XÁ— oo o m ë G G o aa Ga e p - me eee 
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But for stationary conditions, when a and b are constant, 
(7) becomes 


(w? — p?)a —2«pb — 3wa (a? + b?) = ve (8) 
(w — "b+ 2epa— $e*Xb (a? + 07) — 0. m 


Let us now make the substitutions 


) 
K e 
=a, 
and - 
1XAzg. 


In this way (5) becomes 
[(1—2?— 8(8 407) ]Ja—2ar0 — E, 
[1—2?— (a? +67) ]b+2ara=0. J 


Let us further write 


(9) 


y—a +t, 


where y is the square of the amplitude A for stationary 
conditions. In this way (9) becomes 


(L—.w?—By)?y + 4a%r?2y=E?, . . . (10) 


a cubic equation in y, the real roots of which give us the 
values of the possible stationary amplitudes. 

But the possible amplitudes are not necessarily stable. 
We must therefore determine the criteria of stability for 
each solution. In determining such criteria we may follow 
the ordinary methods of dynamics and, in considering the 
effect of a small change of amplitude due to some disturbing 
cause, investigate whether the amplitude tends to return to 
or depart further from its initial stationary value. Thus, 
let us suppose that the oscillatory system is disturbed so 
that a becomes «4- Aa and b becomes 6+Ab, where Aa 
and Ab are small. On making these substitutions in (7) and 
neglecting squares of small quantities, we have 


[24D + (1 —.c*?) — 38a? — Bb] Aa | 
-F [—25;D —2a« —284^]A0-—0, 
[2cD + 2ar—2Bub] Aa 
[24D + (1—.?) — Ba?--38b*]Ab=0, J 


(11) 


: l d . 
where D has been written for " Assuming Aa Fe"! 
Q € 
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and Ab=Ge™, we obtain a quadratic equation for m, 
namely, 


An? +Bm+C=0, . . . . . (12) 
where 
A= 4a? + 42", 
B=4a(1+.0?—2By), 
and 


C= (1 —.2?)? + tat? —485(1—.7) + 38"y?. 


Now, for the amplitudes a and b to be stable, the roots of 
the “equation for m must have a 1 negative real part. Thus 
for stability we must have 


A> 0, 
B>0 >$... (3) 
(*» 0. 


It is obvious that the first of these conditions is always 

satisfied, and it will be shown later that the second is 
always satisfied for the experimental conditions we are 
considering. But the third condition is sometimes not ful- 
filled for normal experimental conditions, indicating cases 
of possible but unstable amplitudes. 

In elucidating the various facts concerning the possible 
amplitudes and their stability, we shall find it convenient to 
think in terms of the ordinary resonance curve as exemplified 
in fig. 2. The variables z and y have been so chosen that 
the relation (10) plotted in the ordinary way gives us 
theoretical curves of this type. Before plotting such curves, 


and 


however, we may consider the value of the tangent 9s at 
various points. On differentiating (10) with respect to «, 
we have 
oY - Mori w—2a?—By) —— 
~ (1— ?)? + dary — 48y(1— 2°) T3857 
or 


where 
D-4zy(1—2—22* — 8y), 


and, as previously, 


Cz (1—1) + 402.0? —48y (1— x?) 3825. 
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We may further note that C —3C,Us, where 


TT $ |^» 193243539. 
(yee) tJ 17 1777. — gy, 


aud 
(seres edd os A es c — By 
2 3 (1— = ° 


Thus for the series of resonance curves mentioned above, 
the following general summary may be made :— 


(a) The tangents of the resonance cusves are horizontal 
for points on the curve D=0. 


(L) The tangents of the curves are vertical at points on the 
two curves C, 20 and C,=0. 


(c) An amplitude value is stable only when C>0 and 
B>0 


These points may further be illustrated by fig. 4, in which 
the curves D=0, C,=0, (,=0. and B=0 are drawn for 
the resonance region, where æ ix approximately equal to 
unity. 

The values of the ordinates for the curve B=0 are much 
larger than the corresponding ordinates of the other curves. 
This is indicated by the break in the axis of y By. With 
the aid of this diagram we may examine the stability of the 
various solutions. In doing this it is convenient to divide 
the diagram into regions, as numbered in the figure, and 
tabulate the data as follows :— 


| Region, | DB. | C; Ony O j B ee ca 
REA EI ICE eee FUE: 
2. S + + = Ns + | Unstable. | zs 
yore ux gei ere aUos QUNM ae ETE 
uo m ERENES AU E 
| a —— =f = ol pe x Unstahle: E 


The regions of instability indicated by this table have been 
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shown shaded in fig. 4. The unstable region above the curve 
B —0 is never reached in actual practice. 


Fig. 4. 
N 
W'S 
> $2 0-95 
, ' 
> 7 
Ó 
LX 0-2 
l : 
0-1 s 
D=0 
— x ' X=] 


A complete series of theoretical resonance curves are shown 
in fig. 5. These were drawn using equation (10). The 
points of horizontal tangent (D=0) and the points of 
vertical tangent (€ — 0) are also shown. In accordance with 
the results of the table the amplitudes indicated by the dotted 
lines are unstable. 
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Fig. 5. 


x= | 


—a X 
Showing theoretical resonance-curves. 
It wiil be seen that the theoretical curves of this figure are 
of a type similar to the experimental curves shown in fig. 2. 
Cambridge, August 1928. 


(.Vote.— While this paper was in course of communication, 
a paper by F. Waibel appeared in the Annalen der Physik, 
lxxi. p. 3, no. 19 (1923), in which a case of oscillation- 
hysteresis in a’ vibration-galvanometer is recorded, but no 
theorv of the behaviour is given.) 


GEOLOGICAL SOCIETY. 
‘Continued from p. 480. | 
January 9th, 1924.--Prof. A. C. Seward, Se. D., F.R.S., 
President, in the Chair 
THE following communications were read : — 
1. ‘The Geological Structure of the Clevedon—Portishead 
Area (Somerset). By Prof. Sidney Hugh Revnolds, M.A., Se.D., 
F.G.5., and Edward Greenly, D.Sc., F.G.S. 


The area described is, in the main, a prominent ridge some 
4 miles long, forming the extreme north-western portion of Somerset 
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and extending between the small towns of Clevedon and Portishead. 
It is one of a number of similar ridges in Northern Somerset 
composed of Carboniferous Limestone alone, or of Carboniferous 
Limestone and Old Red Sandstone, but differs from all the others 
in that it trends north-east and south-west, instead of east and 
west. 

The main part of tliis ridge is of very simple structure, con- 
sisting of Old Red Sandstone overlain by Carboniferous Limestone 
(K, Z, and C beds) dipping south-eastwards at an angle which 
averages about 35? to 40°. These rocks form the north-western 
limb of a svnelinal fold, the south-eastern limb of which is seen 
only im a series of isolated exposures at Clevedon, at Weston Big 
Wood, and at Portishead. At Weston Big Wood, where the rocks 
of the south- eastern limb are vertical or slightly overfolded, nothing 
below Z, is seen; but at Portishead a south- westerly piteh in the 
axis of the fold brings the lowest Carboniferous "and Old Red 
Sandstone to the surface, the rocks being (as at Weston Big Wood) 
usually vertical or slightly overfolded. At the Clevedon "end the 
infold pitches north- “eastwards, and beds as high as the Coal 
Measures are involved. 

The folding along the dominant north-east and south-west axis 
was accompanied by overthrusting from the south-east, which 
caused Caninia Oolite (C,) to be driven over the Coal Measures 
and the Z beds over the Caninia Oolite at Bella Vista, Clevedon : 
while Dial Hill, Clevedon, consists of an overthrust outlier of 
steeply inclined C beds resting partly on C beds, but mainly on 
Z beds, and Fore Hill, Portishead, one of gently dipping Z beds 
resting upon vertical Old Red Sandstone. At both ends of the are: 
there are further complications, leading in each case to a partial 
resumption of the east-and-west strike. 

At Portishead the transverse disturbance seems to take the form 
of a northward thrusting of the main body of the ridge over the 
cast-and-west striking rocks of the Eastwood Ridge. 

At the Clevedon end the transverse disturbance has also the 
form of a northward overthrust, the members of the north-east 
and south-west series being again driven over the east-and-west 
series; but here one cf the major thrust-planes of the north-east 
and south-west series appears to be involved in the disturbance, 
and doubled back on itself at the Hill Road Crag, Clevedon. 


2. ‘The Avonian of the Tytherington--Tortworth-Wickwar 
Ridge (Gloucestershire). By Frederick Stretton Wallis, Ph.D., 
F.G.S. 

The author describes and maps, iù terms of Vaughan's system of 
zonal nomenclature, the northern portion of the horseshoe-shaped 
ridge of Avonian rocks which partly surrounds the synelinal basin 
ef the Bristol Coaltield. The chief points of interest may be 
summarized as follows :—— 

(1) The recognition of all zones, with the exception of the 


Dibunophyllum Zone. 
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(2) The great expansion and fossiliferous character of the ‘Sub- 
Oolite ' bed as compared wth that exhibited in the type- 
section of the Avon. 

(3) The early incoming of ‘Millstone Grit’ conditions at the 
top of S, adds a further link to the accumulated evidence 
regarding the entrance of this sandy phase at progres- 
sively lower horizons north of Bristol. 


3. *The Avonian of the Western Mendips, from the Cheddar- 
Valley Railway to the Sea, west of Bream Down.” By Miss Agnes 
Elizabeth Bamber, M.Sc. 

Comparison is made between the Avonian of the Western 
Mendiys, and (a) the Avon section and (b) the Burrington Combe 
section. The outerops of the Carboniferous Limestone zones have 
been mapped, the zonal notation of the late Dr. Vaughan being 
utilized. Levels from K, to N, are exposed in the area. The 
lithological and paleontologic: al characters are described. 

The usefulness of the application of Vaughan's zonal notation 
to Carboniferous Limestone outside the Bristol area has been 
again proved. The conclusions arrived at by Principal T. F. Sibly, 
and stated in his Mendip paper, have been confirmed. With the 
exception of the C, to N, beds, the lithological sequence in the 
Western Mendips is essentially similar to that of the Avon section. 
Mod iola-phase conditions m N, extended to the Western Mendips, 
but were not completely established there. The divergence from 
C,-$, conditions of the Avon oe is slightly less in the Western 
Mendips than at Burrington. K., B, and Z,. hitherto unrecorded 
from the area, are exposed, an sp. and Sprrtferina 
(probably an early form of juseulpta) have been recorded from low 
in y, and Cyathophyllum 0 from the lowest beds of C.. 


January 23rd.—Prof. A. C. Seward, Sc.D., F.R.S., 
President, in the Chiiir. 


The following communication was read :— 


‘On a Recently Discovered Brececia-Bed underlying Nechells 
(Birmingham), and its Relations to the Red Rocks of the District. 
By Prof. William S. Boulton, D.Se., F.G.S 

A recent boring for water at. Nechells bom (Birmingham ) 
has revealed an “unexpected succession of rocks, which appear 
to have an important bearing on the problem of the * Permian’ of 
the Midlands and its relation to the Carboniferous and Trias. 

The cores from the boring are described im detail, and it is 
shown that here the Keuper Sandstone (272 feet thick) rests 
unconformably upon a coarse breecia. (Nechells Breccia) 350 feet 
thick, which in turn. rests unconformably on Hamstead Beds 
(Caleareous Conglomerate Group). 

The Breccia consists of angular fragments and lumps, up to a 
foot or more across, derived for the greater part from. Cambrian 
quartzite and sandy limestone with some decomposed voleanie 
rocks; and in the lower portion, the fragments are calcareous 
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sandstone of the type of the underlying Hamstead Beds. Thin 
beds of mar] and sandstone are interbedded with the Breccia. 

Fossils, belonging to the horizon just below the Olenellus 
Limestone at Comley (Shropshire) and to the horizon of the 
Hyolithus Beds at the top of the Hartshill Quartzite of Nun- 
eaton, have been collected from lumps of the sandy limestone 
in the Breccia. 

The extension of the Nechells Breccia underneath other parts of 
the Birmingham area is discussed, and evidence is adduced to show 
that the Bunter Beds on the west of Nechells thin out against the 
rising bank of Breccia ; also that the Nechells Breccia was derived 
from an old land-surface very near Birmingham, probably on the 
south-east. 

The relations of the Nechells Breccia to those of Hopwas and 
Clent are then dealt with, and evidence put forward for an uncon- 
formity at the base of the Clent Breccia. The foregoing are 
grouped with the Leicestershire Breccias described by Dr. H. T. 
Brown in 1889, with the Polesworth Breccia of North Warwickshire, 
and with that found in the Burcot Boring near Bromsgrove. 

Thus breccias occur at intervals in a belt 40 miles long from 
north-east to south-west, all, so far as known, unconformable to 
the beds below them, and to the Trias above. Generally speaking, 
the material of these breccias was derived from roeks which in- 
crease in age from north to south. 

The correlation of the marls with fine breccias in the Warley 
area, 3 to 4 miles west of Birmingham (which are apparently con- 
formable to the Calcareous Conglomer: ate Group below, and were 
regarded by Mr. Wickham King in 1899 as the equivalent of the 
Clent Breccia on the south), is left in doubt until such further 
evidence is discovered as will show whether they are older than the 
Clent Breeeias, and not separated from the underlving beds by a 
time-break ; or whether thev represent deposits in water- basins 
contemporaneous with the accumulation of the Clent Breccias. 

The Breccia Group (Manor House and Tower Hill sub-groups 
of Mr. W.H. Hardaker), in the Hamstead Quarry Series, described 
by him in 1912, is shown not to exist as such, but to be part 
of the Caleareous Conglomerate Group. 

Instances are given of Midland breccias of Triassic age, and 
the ditficulty of discriminating in some cases between original 
Permian breecias and basement Triassic deposits made up of 
their derived material is considered. 

The classification of the pre-Triassie Red Rocks of the Midlands 
recently adopted by the Geological Survey is discussed, and the 
following grouping is suggested :— 


(3) Clent Beds (Breccias of Clent, Northfield. Nechells, Hopwas. ete.). 
(Unconformity) 


(2) Corley Beds (the Culeareous Conglomerate Group. with. in the mean- 
time. the Warley nnd. Kingswinford Marls and intercalated fine 
breccias of South Staffordshire, and the Tile Hill Marls and Sand- 
stones of Warwickshire). 

(1) Keele Beds, 
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The age of the Corley Beds, which follow conformably upon the 
Keele, is still uncertain, and may eventually prove to be Permian ; 
but the author agrees with the Geological Survey that (for the 
present) it is convenient to group them with the Carboniferous. The 
evidence now brought forward points unmistakably to the Permian 
age of the Clent Beds, in which the Nechells Breccia is included. 


February 6th.— Prof. A. C. Seward, Sc.D., F.R.S., 
President, in the Chair. 


The following communication was read :— 


‘The Upper Towy Drainage-System. By Prof. Owen Thomas 
Jones, M.A., D.Sc., F.G.S. 

'The paper gives an account of the physical and main geological 
features of the upper part of the Towy drainage-system. The 
Hoors of the Towy valley and of its principal tributaries (the 
Camddwr and Pysgotwr) were levelled, in order to obtain data for 
constructing their longitudinal profiles. A few levels were also 
determined in the upper valley of the Cothi, which formerly 
entered the Towy valley many miles above its present mouth. 

The Towy valley, for about 8 miles from the source, is fairly 
wide, and the opposing spurs, which usually are gently convex, are 
set well apart; the longitudinal profile is concave, and the lower 
ends of the tributary vallevs are graded with the main valley. 
The features are those of a fully mature drainage-system. Above 
Fanog (83 miles) the floor of the valley is trenched by a narrow 
ravine, which develops into a deep glen gradually widening down- 
stream. Between Rhandirmwyn (15 miles) and Llandovery 
(22 miles) the valley presents once more a mature appearance, 
which it retains as far as its mouth (56 miles) below Carmarthen. 
The whole longitudinal profile thus consists of two concave 
portions, in each of which the gradient diminishes progressively 
downstream, separated by a short stretch with high and irregular 
gradient. 

The upper part of the valley is attributed to a former period of 
base-levelling. This was followed by a rejuvenation of the 
drainage-svstem due to an uplift of the area. The present valley 
between Rhandirmwyn and the mouth was eroded in consequence 
of that rejuvenation, and is base-levelled or graded in relation to 
the existing sea-level. The upper or Fanog base-level, as it 
is termed, to which the upper part of the valley conforms, now 
stands much above the present sea-level. A formula was sought 
and found to which the profile above Fanog conforms ; also the 
height of the Fanog base-level at the present mouth of the Towv 
was determined by calculation from the formula, and by comparison 
with the profile and gradient of the valley below Llandovery. 
These determinations show a difference of approximately 400 feet 
between the former and the existing base-levels. 

The tributary valleys afford confirmation of the results obtained 
in the main valley. About half a mile above Nant Stalwyn 
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(9 miles) there 1s a well-marked drop or step in the rock-floor of 
the Towy valley. Below this step the tributary valleys hang 
above the main valley-tloor, the discordance increasing downstream. 
The association of a rock-step with hanging valleys below is often 
regarded as evidence of Glacial erosion with overdeepening of the 
main valley: but, in this locality, there 1s conclusive evidence that 
the hanging tributaries are pre-Glacial. -The most probable 
explanation of these features is that they are due to a still earlier 
uplift of the region, followed by rejuvenation of the valley up to 
the roek-step. This suggestion is borne out by the features of the 
tributary valleys for many miles downstream. 

The part of the valley abeve the rock-step was, therefore, eroded 
in relation to a base-level older than the Fanog base-level. "This, 
which is termed the Nant Stalwyn base-level, is estimated 
to stand at present nearly 600 feet above the level of the sea. 

The investigation has also thrown light on past changes in the 
drainage-svstem, and may ultimately help to solve the problem of 
the age and sonen of the great plateau ii Central Wales. 


LVII. Z7ntelliyence and Miscellaneous Articles. 
INCREASE OF INERTIA OF BODIES VIBRATING IN A LIQUID, 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


N the December number of the Philosophical Magazine there 
appears a note by N. C. Krishnaiyar, M.A., on the ** Increase 
of Inertia of Bodies Vibrating in a Liquid." 

His paper deals only with experiments on the increase of inertia 
of a sphere; and I think it may be of interest to mention some 
approximate values that I have been able to obtain experimentally 
for the increase of inertia of a marine propeller vibrating under 
water. The experiments have been carried out in two ways:— 
(1) By obtaining a curve of the amplitude of a forced vibration, 
and so determining the natural frequency of the system of engine, 
shafting, and propeller: the inertia of all other parts being known, 
it is easy to calculate the propeller inertia. (2) If a forced 
vibration is caused by the engine, the propeller inertia may be 
determined from the position of the node of forced vibration. 

Experiments on the above lines have shown that the value of 
the inertia. factor varies, with different shapes of propeller blade, 
from 2 to about 4. A knowledge of the value of the inertia 
factor is, of course, necessary before a calculation can be made of 
the natural frequeucy of torsional vibration of a marine-engine 
shafting ; and with this object in view, I hope shortly to be able to 
carry out further experiments on the influence of the shape of a 
body on its inertia factor when vibrating in water. 


9 Bentinck Crescent, Yours faithfully, 
Neweastle-on-Tvne, 


Dec. 19, 1923. JAMES CALDERWOOD. 
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LVII. Vulve-generated Oscillations in Coupled Circuits. By 
E. Tayor Jones, DSe., P Inst.P., Professor of Phystes 
in the University College of North Wales, Bangor *. 


[Plate 1V.] 


l. HE present paper is mainly concerned with certain 

phenomena which occur when a high-tension trans- 
former, an induction coil, or other coupled system in which 
the secondary circuit possesses considerable electrostatic 
capacity, is switched into a circuit in which oscillations of 
audible frequency are generated by a triode valve. 

The diagram. in fig. lshows one of the arrangements of 
apparatus employed in the experiments, A and "B are the 
generating coils, connected in the anode and grid circuits 
resp eetively , Ci is the primary condenser, O, a current oscil- 
lograph, H a hot wire ammeter, T the transformer T. or 
induction coil which may be shortcireuited by the key K. 
O, is an electrostatic osciilograph connected with the secon- 
dary terminals of the transformer. The deflexion shown by 
O, is proportional to the current flowing through the instru- 
ment, that of Og to the square of the difference of potential 
at Ns terminals. In most of the experiments four 15-watt 
transmitting valves were uzed in parallel, with anode voltage 

* (‘ommunicated by the Author, 


t The high-tension transformer used in these experiments was kindly 
supplied by the Cox-Cavendish Electrical Company. 


Phil. Mag. S. 6. Vol. 47. No. 280. 4dApri1924. 25 
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400, the anode current ranging up to 100 milliamperes. 
The shortcircuiting key K consisted of a mercury dipper 
interrupter actuated by the rotating mirror used with the 
oscillographs. 

The oscillatory system thus consists of two coupled circuits 
of which the primary includes the coil A, the condenser C, 
the ammeter and oscillograph O,, and the primary coil of 
the transformer. The capacity in the secondary circuit 
includes that of the oscillograph O, and spark-gap elec- 
trodes, and the distributed capacity of the coil, and may be 
increased by the addition of a variable condenser connected 


Fig. 1. 


iif -- 


to the secondary terminals. This system possesses two fre- 
quencies of oscillation which depend upon the inductances 
and capacities and upon the coupling of the two circuits. 
The coupling is less than that of the transformer alone in 
the ratio of L}, the self-inductance of the primary coil, to 
Li + La, the total self-inductance in the primary circuit. 
Instead of the connexions shown in fig. 1 the condenser and 
transformer, with the ammeter and oscillograph, may be 
connected between the points D and X, in which case the 
coupling is further reduced owing to the addition of 
the coil B to the primary cireuit. 

The oscillation may be rendered audible by means of a 
telephone connected with a loop of wire loosely coupled with 


coil A. 
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The following are the effects which we shall consider :— 


1. When the system is oscillating with the transformer 
in circuit one note only is usually heard in the tele- 
phone, not two notes simultaneously as might be 
expected. A similar effect is also observed in other 
coupled systems, electrical and mechanical (e. g. the 
singing arc with coupled circuits, and reed pipes), 
which are maintained in oscillation, but as far as the 
writer is aware this effect has not hitherto been satis- 
factorily explained *. 

2. If the system is oscillating with the key K closed and 
the transformer is then thrown into the circuit, the 
pitch of the telephone note may rise, or fall, or it 
may undergo no change. These various results may 
be produced by suitably adjusting the capacity of the 
condenser C;. 

3. In the secondary circuit the potential produced at un- 
shorteircuiting is generally much higher than that 
generated afterwards by the alternating current 
flowing in the transformer. In fact the valve may 
be unable to maintain any oscillation with the trans- 
former in circuit (as for instance when the capacity 
C, is too great), and there may still be a high potential 
generated at the secondary terminals when the trans- 
former is switched in. 


Some of these effects are illustrated by the current 
oscillograms reproduced in figs. 2-8 (Pl. IV), Fig. 2 
is a typical curve showing the effect of throwing the 
transformer into circuit. In this case the pitch rose by 
about a major third at unshortcircuiting, and the sound 
was at the same time reduced in intensity as is indicated 
by the small amplitude of the maintained oscillations in 
the latter part of the curve T. Fig. 3 shows a similar 
effect but with a greater rise of pitch (in this case a 
minor sixth) at the introduction of the transformer. In 


* A similar preference for one or other of the two vibrations of a 
coupled system may also he observed in the case of damped vibrations, 
This has been considered by M. Wien (Ann. der Physik, lxi. p. 162, 
1897) from the point of view of the difference of the damping coetlicients 
of the two component vibrations. In some respects, however, Wien's* 
conclusions with regard to the damping are not in agreement with those 
arrived at later by Drude (Ann. der Physik, xiii. p. S12, 1904). Wien 
does not consider the case of maintained vibrations. 

+ The movement in all the oscillograms is from right to left. The 
lower curve indicates time intervals, each wave representing 1/768 


second. 
282 
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these two cases no spark appeared at the secondary ter- 
minals either at unshortcircuiting or afterwards. If the 
gap is reduced so as to allow a spark to appear at uushort- 
circuiting the amplitude of the curve falls much more rapidly 
to a smaller value, and afterwards declines slowly to its final 
value, as shown in fig. 4 (8:3 mm. spark). With a shorter 
gap (3*4 mm.) the final steady state is reached sooner, the 
shorter spark evidently taking more energy from the sys «tem 
(fig. 5). If the gap is still further reduced (or the current 
increased) so that sparking takes place freely under the 
maintained alternating current flowing in the transformer, 
the curve is as shown in fig. 6. It appears that each spark 
has the effect of reducing "the amplitude of the oscillation, 
and that some time is required for it to recover and grow 
again to the value needed for a repetition of the discharge. 

If the oscillograph, instead of being in the condenser 
circuit, is connected in the transformer primary circuit, as 
at Z (fig. 1), the instrument will of course show only the 
current flowing after the key K is opened (fig. 7). 

The curve of fig. 8 was taken with an “induction coil 
substituted for the transformer. On this occasion the 
condenser C, (2:63 mfd.) with the induction coil and 
oscillograph were connected between D and X (fig. 1). 
The curve indicates a fall of pitch of about a semitone at 
unshorteirceuiting. Fig. 9 (Pl. IV.) shows the beginning of 
a train of oscillations (condenser, coil, and oscillograph 
between D and Y as in fig. 1) produced by closing a contact 
maker in the grid circuit. 

It will be seen that all these curves show a single oscilla- 
tion of increasing, diminishing, or constant amplitude when 
the transformer or induction coil is in cireuit and not 
sparking, and that there is no evidence of a periodic fluctua- 
tion of amplitude such as might be expected in a svstem 
possessing two frequencies of oscillation. 

We will now proceed to consider the reasons for the 
peculiar changes of pitch at unshortcircuiting, and for 
the almost complete absence of any trace of one or other 
of the two component oscillations of the system, both in the 
telephone sound and in the current oscillograph curves. 


9. The Apparent Selj- Inductance and Resistance of the 
Primary Coil of a Transformer. 


In the first place it is necessary to consider certain points 
in the theory of the transformer regarded as a coupled 
system having electrostatic capacity in thie secondary circuit, 


nn ee 
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to the primary of which an alternating potential of given 
frequency and constant amplitude is ‘applied. Since the 
secondary capacity is in part distributed over the coil, and 
in consequence the current in the secondary wire varies 
along its length, we shall fafter Drude *) employ a symbol 
(43) to represent the current in the central winding of the 
secondary coil, and shall denote by Ig, the coefficient of 
induction of the primary on the secondary, by Ly, that 
of the secondary on the primary. The E. M.F. applied to 
the primary terminals having frequency p/2v and ampli- 
tude E, the equations for ‘the primary and secondary 
cur rents are 


ls P +R, = Ee, . 2. (1) 
d di ^ 
L. + La, + Role + V 9 = 0, ° . (2) 


where V, is the potential at the secondary terminals. Also, 
if C5 is the secondary capacity, 
. 1 d V. 


ly = G: di ° s o e . . (3) 


Assuming that in the forced oscillation 7, and ig vary as 
e't, and eliminating /; and Vs, we arrive after reduction at 
the equation for 4, 


E + Ri, = 2A E et, DP (4) 
where 
= Lala? C1 — == "LC. i; z 
L — Li+ (1—p! LC)? + Rh,’ 2042) 2 . e (3) 
4 2 
EEUU AK es EIC 


(1— p! LC? + REC? 


Introducing the coupling of the transformer k? 
(2Lj4Lji/Lib, and denoting *L,C,, the ratio of the 
squares of the applied frequency and the natural frequency 
of the secondary circuit when oscillating alone, by /, and 


* Ann. a. Physik, xiit. p. 517 (1904). 

t These expressions may be deduced from those given in Professor 
Gray's * Absolute Measurements in Electricity and Magnetism,’ pp. 251, 
952 (1921), for the more general case in w hich there is capacity in both 
primary and secondary circuits, 
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the quantity (i) LC; by A, we find for L and R the 
3 


expressions 


0—f/) XLI 
mra 
R = R, 1+ ASPA . E oœ (8) 


L and R may be called respectively the “apparent self- 
inductance” and the “apparent resistance” of the primary 
coil of the transformer. They are the self-inductance and 


L= L [14+ 0205) EE 


resistance which a single coil would require to have in order 
to allow, under the action of the applied E.M.F. Ecos pt, 
a current à; to pass identical in amplitude and phase with 
the primary current of the transformer. The apparent im- 
pedance of the primary coil is v /i? + 75?, aud the angle 
by which the primary current is behind the applied E.M.F. 
in phase is tan^! Lp[R. 

It appears from the expression (7) that Z is equal to In 
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when the applied E.M.F. is varying infinitely slowly ( f=0), 


and again in the case of resonance (/—1). For infinitely 
rapid variations ( f») L is equal to I4(1— 42). 

The manner of variation of L with the applied frequency 
may be illustrated by a numerical case. For the induction 
coil used in the present experiments the coupling 4? was 0:768, 
and in certain circumstances X was 00051417. These values 
being assumed, the variation of the ratio L/L, with f is 
shown in fiz. 10, curve I. It will be seen from this curve 
that as the applied frequency increases from zero, L/L, in- 
creases from unity to a maximum of 6°16 at /— 0:93, then 
rapidly diminishes and becomes zero at a value of f slightly 
greater than unity (1:00676). Between this value of f and 
4281, L is negative, the greatest negative value being 
4547L, at f=1:08. With further increase of f, L/L, 
becomes and remains positive, slowly approaching its final 
value 0:232. 

The form of the curve in the neighbourhood of the 
resonance point (f=1) depends greatly upon the value of 
the coefficient A, which is proportional to the square of the 
resistance of the secondary circuit. If R; be regarded as 
the effective resistance of the secondary, as determined from 
the damping of its oscillation when the primary is on open 
circuit, the value of A may vary considerably with the con- 
ditions of the experiment. Curve II. in fig. 10 shows the 
variation of L/L, when X is 0:174, a value determined for 
the same induction coil in different circumstances. In this 
case /, is negative between the values 1:338 and 3:222 of f, 
but the variation of L is now much smaller and more gradual 
near the resonance point. The greatest positive value of 
L/L, is 1:761 at f=0°7, the greatest negative value 0:163 
at /—l 7. The effect of increasing the resistance of the 
secondary circuit is to diminish the range of variation of L, 
and also to diminish the range of frequencies over which 
L is negative. 

It X is increased beyond a certain point the L/L, curve 
fails to intersect the horizontal axis, and Z can no longer 
have negative values. The limiting value of X may be found - 
by equating to zero the expression for Z given in (7). The 
coupling k being always less than unity, the conditions that 
the equation for f should have real positive roots are 


AFR v AX. V s v os v (9) 
and Atk? 2 .. .. . .(10) 

The greatest value of X that satisfies these conditions is 
| A-2—E€—3Vl1-8.. . . . . (41) 
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With k°=0°768, this gives 0:2686 as the greatest value of X 
which allows L to become zero. At this value of X the 
L/l4 curve touches the horizontal axis at the point 


F= ty V1- £2. 


If the resistance of the secondary circuit is so small that X 
is negligible the expression (7) reduces to 


_ er | 
L-L(117.. 2... (212) 


which becomes infinite with change of sign at the resonance 
point, and changes sign again at /— 1/(1— &?). 

According to (7) the effect of an increase of the coupling 
is in general to increase the variation of L, and also to 
increase the range of frequencies over which Z is negative. 
By (11) it also increases the maximum value of X which 
allows L to change sign. | 

In the valve experiment the rise of pitch sometimes heard 
in the telephone when the transformer is unshortcircuited 
is accounted for by the fact that the apparent self-inductance 
of the transformer primary is negative at certain frequencies. 
If the frequency with the transformer in cireuit lies within 
the range over which Z is negative the frequency will in- 
crease because of the diminution of selt-inductance of the 
whole oscillatory circuit when the transformer is introduced. 

In one experiment, in which the connexions were as in 
fig. 1, the pitch of the note was observed to fall slightly 
(L positive) when the induction coil was switched in if the 
capacity C, was less than about 0:19 mfd.; at this value 
the piteh was the same whether the coil was in circuit or 
not, indicating that L was zero. If C; was between 0:19 
and 0:302 mfd. the pitch rose at unshortcircuiting (L nega- 
tive), the rise of pitch at the latter value being about a 
semitone. The selt-inductance of coil A in this experiment 
was 0:086 henry, so that a rise of pitch of a semitone indi- 
cates the addition to the circuit of a self-inductance of about 
— 0:01 henry. When ©, was further slightly increased the 
pitch fell at the introduction of the coil by about the same 
interval, indicating a positive value for L, but it was noticed 
that the diminution of intensity of the sound at unshort- 
circuiting was considerably greater now than when Z was 
negative. The current flowing in the oscillatory circuit 
was therefore considerably reduced in these circumstances, 
that is, just after L changed from a negative to a positive 
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value *. At still greater values of C, a fall of pitch similar 
in amount was heard when the coil was thrown into circuit. 

If C, is increased from a small value with the induction 
coil always in circuit, the pitch falls gradually until a certain 
stage 1s reached at which a fall o£ a full tone oecurs very 
rapidly. With about 0:9 mfd. in circuit this fall of pitch 
can be produced by as smalla change as 0:002 nifd. in the 
value of C. With further increase of C, the pitch gradually 
falls. The experiment may be varied by first adjusting Ci 
nearly to the critical value, when a slight change of the fila- 
ment current produces the sudden change of pitch. A change 
in the filament current alters the current in the oscillatory 
circuit, and theretore also the inductances of the induction- 
coil circuits. Probably this effect is more marked in the 
secondary than in the primary, since the latter circuit con- 
tains also considerable air-core inductance. In this way a 
very gradual variation of the tuning of the circuits can be 
effected. Occasionally the two notes, separated by a finite 
interval, were heard together in the telephone when the 
filament current was adjusted to a certain value. 

In another experiment, with a different pair of generating 
coils and with the condensers and induction coil connected 
to the point X (fig. 1), matters proceeded rather differently 
when C, was varied. At 0:55 mtd., with the induction coil 
in circuit, a clear note was heard iu the telephone, and the 
change of pitch at shortcireuiting indicated that L was nega- 
tive. At 1:56 mfd. the note was abont a perfect fifth lower 
in pitch, and at this value L was positive. But no note at 
all was heard with the inductance coil in circuit if C, was 
between these two values. It appears therefore that, in 
addition to the break of continuitv in the variation of fre- 
quency which occurs when C; is gradually increased, there 
may also be an interval in the sequence of values of tlie 
capacity at which oscillations are audibly produced by the 
system. These effects will be considered later from another 
point of view, in connexion with the frequencies of the whole 
oscillatory circuit regarded as a coupled system. 

When the high-tension transformer was substituted for 
the induction coil the rise of pitch at unshortcircuiting could 
be made much greater. Thus with La=0-086 henry and 
C,=3°5 mtd. the rise of pitch was about a minor sixth 
(see fig. 3), indicating an apparent self-inductance of about 


* [n the circumstances of this experiment the core of the induction 
coll was ina state well below that of maximum inductance, so that a 
diminution of current was accompanied by a diminution of L. 


- 


634 Prof. E. Taylor Jones on Valve-generated 


— 0:052 henry. The value of the coefficient X for the trans- 
former in the cireumstances of this experiment was about 
0:52. It may be found from the period and decrement of 
the oscillation of the secondary circuit with the primary 
open. Such oscillations may be produced by means of a 
battery and interrupter (without condenser) in the primary 
circuit. An oscillation of this kind (as shown by the electro- 
static oscillograph) is given in fig. 11 (Pl. IV.), but the form 
of the curve, and in particular the ratio of the periods of the 
two half-waves which appear in it, varied considerably with 
the current used in starting the oscillations, as might be ex- 
pected owing to. the very variable inductance of a coil 
provided with a closed iron core. If the above value be 
assumed for X it follows from condition (9) that the coupling 
of the transformer circuits must be at least as great 
as 0:92. 

With the valves and coils used in these experiments it was 
not found possible to reduce the frequency sufticiently to pro- 
duce with the transformer a discontinuity of pitch similar to 
that observed with the coil. 

The experiments may be modified by connecting a variable 
condenser to the secondary terminals of the transformer. 
If C$ is increased, both X and f increase, and the effect is 
somewhat similar to that of diminishing Cj. The primary 
capacity being kept constant, if C, is small the apparent 
inductance of the transformer is negative, if C, is large L is 
positive. Ata certain value of the secondary capacity no 
change of pitch occurs when the transformer is short- 
circuited. 

Turning now to the apparent resistance of the primary 
coil as given by (8), the variation of F/R, with fis shown 
in fig. 12 for the two numerical cases of fig. 10, the value of 
R,/L, being taken as 149 in both cases. Curve I. is the 
curve for the smaller secondary resistance. In this case 
the ratio R/R, is unity at very low frequency, 2:109 at very 
high frequency, and has a sharp maximum of 216°3 (not 
shown in the diagram) at a frequency slightly greater than 
the resonance value. In curve II., calculated for the higher 
secondary resistance, tlie variation is much more gradual, 
the maximum being about 41:6 at f 1:1, but the region of 
high apparent resistance extends to frequencies differing 
more widely from the resonance value. The fact that the 
apparent resistance of the primary coil of a transformer may 
be very great at and near the resonance frequency is of 
fundamental importance in connexion with the question, to 
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be discussed later, of the maintenance of the oscillations of 
the whole coupled system. 


3. Energy Relations. 

It is of interest to consider the energy relations of the 
transformer system in connexion with the apparent induc- 
tance and resistance of the primary. Since L is sometimes 
negative it is clear that the expression 1/4? cannot represent 
the electrokinetio energy of the transformer circuits, or 
the total energy of the circuits, both of which quantities are 
always positive. Tosimplify the matter we will suppose that 
Li;— La = M, and in the first place neglect the resistances. 

Equation (4) may now be written 

pu = Ecosp, . .. . . (13) 
and by (2) and (3) 
ly = c JL (14) 
The electrokinetic energy of the primary coil is therefore 


lá(Lj;4Mi)- 43,2 ( PT zie 


by (12). =dhbi? .. ... . (15 
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The electrostatic energy in the secondary circuit expressed 
in terms of the primary current is 


5 1 kT, : . . M 
PROV? =g OUT . o. . Q0) 


where ty is the maximum value of the primary current. 

Substituting from (14) and (16) in the expression for the 
total energy of the transformer circuits, we find after re- 
duction 


P Lj Mh + 3 Lai 4 V 


= lLu +- iu ü-rpy Ta . . e (17) 


The second term on the right-hand side of (17) represents 
the electrostatic energy in the secondary circuit at the 
moment when the primary current is zero, and it is then 
the total energy of the transformer system. 

From (15) and (17) we see that the expression }Li,? may 
be regarded as representing (1) the electrokinetic energy of 
the primary coil of the transformer, (2) the increase of the 
total energy of the transformer circuits during the growth of 
the primary current from 0 to i. Both of these statements 
are consistent with the result that by (13) the work done on 
the system by the applied E. M.F. during the growth of the 
primary current from 0 to ġ is à Li". 

Now bringing in the resistances we will calculate the 
total energy dissi p: ated in the transformer circuits during 
one period T of the forced oscillation. If t be measured 
from a moment at which the primary current is zero, the 
expression for this current may be written 


i = Asin pt. 


The energy dissipated in the primary circuit is 
T 
"T - 
R dt = Ris T; 
0 


i, being the R.M.S. primary current. 
The secondary current is given by 


" Mp es 
L-— 
l3 = (ü ly i| yis c (pt — y), 
R 79] 
where tan y — T5 
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The energy dissipated in the secondary circuit during 
one period is therefore 


T TRE L LoC? pA? 
«9 4 1122] 

f, Rai aa (1—7) XJ 
=|" kate 

UFA 


Consequently the total energy dissipated in one period is 


| 2 
3 ° 


T : 
( (li? Dis) dt = R ii + ts T 
e 0 


a—yy RAF 
= RigT. .... by (8). 


The expression Ri’ therefore represents the mean rate of 
dissipation of energy in both circuits of the transformer 
during the forced oscillations. It also represents the mean 

rate at which work must be done on the system by the applied 

E.M.F. in order to maintain the oscillations. If Ris very 
ereat, as it may be when the frequency is near the resonance 
value, itis clear that a valve, to which energy is supplied at a 
limited rate, may for this reason fail to maintain oscillations 
of appreciable amplitude in the transformer, 


4. The Oscillatory Circuit as a Coupled System. 


In considering the action of the transformer we have 
regarded this portion of the oscillatory circuit as executing 
forced oscillations under the action of an applied E.M. F. 
of frequency n (—p/2m). When we deal with the whole 
oscillatory circuit, however, we must regard » as a natural 
frequency, since it is determined almost entirely by the 
constants of the circuit. 

The system possesses two natural frequencies of oscillation 
given (if resistances are neglected) by the well-known 
equation 


uod sb. d x He. 
Smee = IR GG LAC, 


/ ( "UU S y +R? bb i das 
EV AC, Lat, LC, Tp 8) 
where /, is the self-induetance of the primary circuit, Li+ La, 


and K? is the coupling of the two circuits forming the whole 


system, i. e. " 
K: = Babi ae ore 
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If L,C./1,C, be denoted bv m, the ratios of the squares of 
the frequencies of these oscillations to the square of the 
frequency of the secondary circuit when oscillating alone 
are given by 


f = iC, = s ko (n nd REO! 
Ja = Ama L,C; = K la Y (m1 + ER} | 


.. . (09) 


The manner in which /, and 7, vary with m is illustrated 
by tlie two curves in fig. 13, which represent values calculated 


Fig. 13. 


from (19) for the particular case K*—0:26, the coupling 
found for one of the arrangements used in the present expe- 
riments. The curves show that f; and /5 continually increase 
as m increases from zero. At first fj increases rapidly, after- 
wards more slowly, gradually approaching unity, but only 
attaining this value when m becomes infinite. On the other 
E l p^ 

kand, f; begins at the value 1:3514 (i. ^ 3— ge) and in- 
creases to infinity as m indefinitely increases. 

It appears therefore that the system (supposed to have 
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resistances too sinall to affect the frequencies appreciably) 
never oscillates with a frequency lying between the values 
1/27VL,C, (the resonance frequency of the transformer) 
and 1/2m V L,U,(1 — K?), but that the frequency may have 
any value lying outside these limits". Also the resonance 
frequency ( /— 1) only appears when m is very great, e. g. 
when C,=0, that is, when the primary is on open circuit. 
It follows also that i£ the system oscillates with a frequency 
less than the resonance frequency of the transformer (f< 1), 
this oscillation must be the slower of the two oscillations 
of the system; if the observed frequency is greater than 
the resonance value (f>1) this must be the more rapid 
component. 

What happens in the valve experiment described on 
p. 633 is that when €, is increased from a small value 
(m diminishing) the note heard at first is the higher note 
of the system, but at a certain value of m not far from unity 
the note suddenly changes into the lower component and 
there is a sudden tall of pitch determined by the ratio of the 
two values of f for the value of m at which the change 
takes place. 

It remains to be explained, however, why the two notes 
are not generally produced together, and why the lower note 
is heard when m is small (C, large), the higher note when 
m is large. For this purpose it is necessary to know the 
values of /?, the apparent resistance of the transformer 
primary for various corresponding values of /j and fg. 
Taking again the two numerical cases of figs. 10 and 12, 
the values of /¢ were calculated for the f} and f} corre- 
sponding to various values of m as shown in fig. 13. The 
results are shown in fig. 14, in which the full-line curves 
refer to the smaller secondary resistance (A —0:005147 ). 
In fig. 14 curve I, shows values of /¢/R, for the oscillati n 
of lower frequency (nj) of the system, curve I, for the 
higher frequency (na). The curves extend over the range 
m=0 to m=4. It will be seen that when m is small 
the apparent resistance of the transformer primary is 
greater for the higher frequency than for the lower; when 
m is large R is greater for the lower frequency. The 
curves intersect at a value of m slightly greater. than 1, 
and the values of Jè nre varying rapidly at the point of 


* [t may be noticed that the range f=] to f=1;(1— K?) is also that 
over which the apparent self inductance of the whole oscillatory circuit 
(excluding thecondenser C,) is negative. This follows from equation (12) 
on substitution of K? for À*. 
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intersection. Thus at m-Ll the apparent resistance is 
negrly 40 per cent. greater for the lower frequency com- 
ponent than for the higher; at m=0°9 the apparent 
resistance 1s greater for the more rapid component in 
about the same ratio. At values of m more remote from 
unity the values o£. 7? for the two oscillations of the system 
differ much more. Thus at à 2 1:5, KR is 375 times as great 
for the slower oscillation as for the more rapid ; at mz 05, 
R is over five times as great for the quicker component as 
for the slower. At the point of intersection the two equal 
values of X are each about 5:2 I4. 


100 


i NN 
60 


The broken line curves IL, II; in fig. 14 refer to the 
other numerical case (X20:174). These curves present 
simitar features; when m is small the apparent resistance 
is much greater for the quicker component, when m is 
large it is much smaller tor this component. The point 
of intersection of the curves II,, II, occurs at a value of m 
slightly greater than 1:2, the equal values of X being about 
18:51. It appears that the value of m at which the 
apparent resistance of the transformer primary is the same 
for the two oscillations of the system is rather greater 
than unity, its excess above this value increasing with the 
resistance of the secondary coil. 

When we remember that the condition for maintenance 
of valve oscillations depends upon the resistance of the 
oscillatory circuit — the addition of a few ohms to this 
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circuit is in some cases sufficient to stop the oscillations 
altogether,—it is easy to understand from the curves of 
fig. 14 why only one oscillation is usually maintained at a 
time, not both together, and why the slower component 
is the favoured one if m is small, the other if m is 
large *. 

If the two oscillations of the system are ever maintained 
simultaneously this can only occur when the two values 
of R are equal or nearly so, that is, at the point of inter- 
section of the curves,f and then only if the value of R 
at the intersection is not too great. If R is too great at 
the intersection no oscillations may be produced in appre- 
ciable intensity unless m is either considerably smaller or 
considerably greater than unity. 

Since the frequency ratio n/n, of a system having given 
coupling is smallest when m-1, we may conclude that 
the two oscillations of the system can only be maintained 
simultaneously when the ratio of their frequencies is nearly 
at its minimum. 

In former papersi the writer has shown that similar 
effects are produced when a pair of coupled oscillatory 
circuits are associated with a singing arc. In this arrange- 
ment also one note only is, as a rule, produced, this being 
the lower note of the system if m has less than a certain 
value (not far from unity), and the higher note if m is 
greater than the critical value. In certain cases both 
notes may be produced simultaneously (loc. cit. p. 719), 
accompanied by their difference-tone, which is unusually 
prominent in these circumstances. 

An examination of the curves of fig. 13 shows that if 
the telephone note undergoes no change of pitch when the 
transformer is switched into the circuit of fig. 1, this can 


* It is well known that a valve fails to generate oscillations if the 
gelf-inductauce in the primary circuit exceeds a certain value depending 
upon the other constants of the circuit. Lt might therefore be thought 
that the extinetion of one of the component oscillations is due to the 
increase of L near the resonance point (see tig. 10). This supposition 
would, however, not account for the facts. For if L is large and 
positive, f must be less than 1, and the frequency must consequently be 
that of the slower component (see fig. 13). If the increased apparent 
seif-inductance of the transformer primary were the cause of the 
extinction of one of the notes, this would always be the lower note, 

+ It is assumed that R, is not extremely small. 

f Phil. May. Jan. 1909, p. 41; Nov. 1909, p. 713 (with M. Owen); 
Oct. 1910, p. 660 (with D. 1. Roberts). 


Phil. Mag. Ser. 6. Vol. 47. No. 280. April 1924. 2T 


642 Prof. E. Taylor Jones on Valve-generated 


only happen if the frequency before admission of the trans- 
former is identical with that of the quicker component of 
the vibration afterwards, since L is zero only at values 
of f greater than unity. It can also be easily verified, if 
resistances are neglected, that the condition L=0, i. e. 


E 
HE 0, 


is consistent with the condition that the frequency 
1/24 L,U; should be equal to the greater of the two 
frequencies (n) given by equation (18). 

The explanation given above of the absence of one or 
other of the two component vibrations of the system applies 
only to the steady state some time after unshortcircuiting 
when the amplitude has become constant. In the period of 
transition following the introduction of the transformer, 
however,. while the system is accommodating itself to its 
new conditions, there is evidence that the two components 
often exist together. This matter we will now proceed 
to consider. 


9. Transient Effects of throwing the Transformer into 
Circuit. 


We will suppose that the transformer is unshortcircuited 
at a moment when the condenser C, is at its maximum 
potential. At this instant there is no current or potential 
in the secondary circuit, and the conditions are very similar 
to those existing in the Tesla coil, which is excited by 
charging the condenser to a certain initial potential V, and 
allowing it to discharge through the primary coil. 

Neglecting for the present the action of the valve in 
maintaining (or reducing the damping of) one or other 
of the two oscillations, we should expect that two damped 
oscillations are set going, the potential at the secondary 
terminals being given by the expression * 


TiC, V, -kıt 9 
KO IG + KOL p> 12 008 (2mnt te) 


—e-*st cos (Dmna 4-e3)), . . (20) 
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* Drude, l. c. p. 539. 


— o D 2 ~ 
" - ——————————M— A G o db d - 
Ten a a OOO a 060 ee «6-2 oL ee eee | eee 


Oscillations in Coupled Circuits. 643 
where kou (A35. 8). 
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and 7, is the resistance of the whole primary circuit. 

According to (20) the two components of the wave of 
secondary potential have equal initial amplitudes and 
different damping factors. In the primary circuit also 
we should expect the wave-forms of potential and current 
to consist of two components having damping factors k 
and A, and different initial amplitudes. It can be shown 
that the initial amplitudes of the components in the 
primary current variation are 


sine; = —-- 
No n 
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Fig. 15 (Pl. IV.) is an example of the curves shown by 
the electrostatic oscillograph, connected to the secondary 
terminals as in fig. 1, when the key K was opened. In this 
experiment tlie induction coil was used in place of the 
transformer owing to its greater suitability for inductance 
measurements. The periodic variations of amplitude in the 
curve of fig. 15 show clearly that two oscillations ditfering 
in frequency are present in the wave of secondary potential 
following the admission of S MEHR coil into the circuit. 

212 
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The wave form shows considerable variations however, de- 
pending upon the phase of the previously existing oscillation 
at which the induction ceil is switched in. If contact is 
broken at K at a moment when current is flowing into the 
condenser, a spark appears at the interrupter and the ampli- 
tude of the curve is small. The amplitude is greatest when 
contact is broken at a moment of maximum potential in C, 
and when consequently no spark appears at K. The curve 
shown in fig. 15 was the curve of greatest amplitude among 
twenty photographs obtained with a certain combination of 
coils and condensers, all taken with the same current 
(indicated by a hot-wire ammeter) flowing in the condenser 
circuit before admission of the induction coil. 

The constants of the circuits were determined for about 
the mean currents flowing in the circuits during the decay 
of the oscillations *, and found to be as follows :—- 


lC, = 6728.107* c.g.s., L,0, = 1:014.107* c.g.s. 
La = 4*0 henries, K? 2 0:26. 
vil = 384, R,/L, = 1310. 
Calculated from these numerical values, the frequencies 
of the system are, by (18), 
n, = 441°7, n; = 806°7, 
and the expression (20) for the secondary potential becomes 
V, = 95:5 Vy e7383 cos (1590008 + 1:2)? 
—95:5V,e-79! cos (290400t—3'55)°, . . (22) 


Fig. 16. 


In fig. 16 is shown the curve representing values of 
V,2/V calculated from (22) for various values of ¢, the 
time in seconds after admission of the induction coil. The 


* Methods for determining the constants are given in * The Theory of 
the Induction Coil,’ Chap. VII. (1921). 
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curve indicates a maximum potential of 96°4V, at the second 

peak, but the relative heights of the successive peaks in this 

agr do not agree well with those of the photograph in 
g. 15. 

For comparison, the curve was also calculated without 
allowance for damping (4,=4,=0). This undamped curve 
is shown in fig. 17. f indicates a much higher maximum 
potential, viz. 185°7V,, and a very different relation among 
the successive peaks. 


t.sec. 


It is clear that fig. 17 indicates too high a maximum 
potential since it neglects damping altogether, while the 
maximum in fig. 16 is too small since it takes no account of 
the action of the valve in tending to maintain the more rapid 
oscillation. In the circumstances of the experiment the valve 
was unable to maintain this oscillation at a constant amplitude, 
but it considerably reduced its decrement. 

The best plan that suggested itself at this stage was to 
determine the decrement k, of the rapid component directly 
from the curve of primary current (similar to fig. 3), since 
tbis cürve apparently showed a single damped oscillation of 
frequency n} When this curve was carefully examined 
it indicated a frequency 807:4, which agrees satisfactorily 
with the calculated value of n, stated above (806:7); but 
its decrement showed considerable irregularity which may 
have been due to a slower superposed oscillation of small 
amplitude. 

By (21) the ratio of the initial amplitudes of the slow and 
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rapid components in the primary current wave is 


n° Am?n," 1,0, —1 
ng? l—4m?nyuuCy 


In the present case this fraction is equal to 0:248, so that 
the initial amplitude of the slower component in the primary 
current is only about a quarter of that of the rapid component, 
while its decrement is considerably the greater of the two. 
The observed irregularities in the decrement of the current 
curve were, however, not quite so great as might be expected 
to arise from a superposed oscillation of frequency 441:7, 
damping factor 383, and initial amplitude one quarter of that 
of the rapid component. 

Tbe mean decrement determined from the first two periods 
of the current curve, covering the time occupied by the first 
group of waves in fig. 17, was 105. With this value of k, 
employed in the calculation (instead of 761) and all other 
coefficients as in (22), the calculated curve becomes that 
sbown in fig. 18. The agreement with the photographed 


curve of fig. 15 is now much closer, though the damping of 
the rapid component in fig. 18 is stillirather overestimated. 

The maximum potential indicated in fig. 18 is 140°3V,, 
V, being the maximum potential of the primary condenser 
in the oscillations preceding the admission of the induction 
coil. 

Now the smallest R.M.S. current which was observed 
to give at unshortcircuiting a 1 em. spark between two 
metal spheres of 2 cm. diameter connected with the 
secondary terminals was 1:57 amperes. Also the frequency 
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of the preceding oscillations was 753°6, and the capacity of 
the primary condenser 2°17 mfd. Consequently the value 
of V, in this experiment was 


__157%2.10° 
0 — Der 57536. 2°17 


= 216 volts. 
The calculated maximum secondary potential is therefore 
Vom = 140:3 x 216 
= 30300 volts, 


which does not fall far short of the generally accepted value 
of 31000 volts required to spark across a 1 cm. gap of this 
kind. . 

It may be concluded that the method here adopted of sub- 
stituting the observed damping coefficient fy of the quicker 
component, for the calculated value, in the expression for V, 
derived from the theory of the Tesla coil leads to a value for 
the maximum secondary potential at unshortcircuiting which 
agrees satisfactorily with experiment. 

The effect of the valve in this experiment therefore appears 
to be, while leaving the damping of the slower component 
oscillation unaltered, to reduce considerably that of the more 
rapid component. In this wav the valveraises the maximum 
secondary potential from 96'4V,, the value which it would 
have if. both oscillations were subject to their own natural 
damping, to 140:3Ve. The valve therefore serves the double 
purpose of first raising the primary condenser to a certain 
potential, and then increasing the ratio in which this potential 
is transformed in the secondary circuit. | 

The highest potential which it has been found possible 
to produce by the method of unshoricircuiting with the 
apparatus used in these experiments was 43000 volts. 
Probably much higher potentials can be attained by this 
method with more powerful valves. 


Bangor, January 1924. 
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LIX. The Fluorescence of ZEsculin Solutions. 
By Miss M. B. Kearney, M.A.* 


[Plate V.] 


1. Introduction. 


CONSIDERABLE amount of work has been done 

recently on the fluorescence of organic solutions and 
the destruction of their fluorescent power by light. Perrin f 
has presented the view that the emission of fluorescence by 
organic substances is due to the flashes of exploded mole- 
cules: thus a molecule, having once emitted fluorescent 
light, has completely lost its power of fluorescence. 

Wood t, working on the transformation of fluorescent 
solutions by concentrated sunlight, was unable to obtain 
satisfactory confirmation of Perrin's theory. He found that 
a solution of rhodamine could be transformed without the 
emission of fluorescence by maintaining it at a temperature 
of 100°C. 

Pringsheim $ carried out some experiments with fluore- 
scein and eosin in various solvents aud obtained results not 
capable of explanation by Perrin's hypothesis. He found 
that lowering of the temperature to —180? C., while retard- 
ing the photochemical action, had no influence on the 
intensity of the fluorescence. From theoretical considera- 
tions he regards Perrin's theory as unsatisfactory, since it 
places the fluorescence of organic solutionsin a class separate 
from all analogous phenomena. He does not give any 
definite hypothesis as to the cause of fluorescence, but 
suggests that the molecules are excited by the absorption 
of light ; from the excited state they either revert, with the 
emission of fluorescence, into the normal state or react 
chemically with other excited molecules and do not 
produce luminescence. 

Kautsky and Zocher|| have made observations on the 
luminescence of unsaturated silicon compounds which are 
in agreement with Pringsheim’s results, especially in regard 
to the dependence of the phenomenon on temperature. 


* Communicated by Professor J. C. McLennan, F.R.S. 

T J. Perrin, Ann. de Phys. (ix.), 10, pp. 133-159, Sept.-Oct. 1918. 
I R. W. Wood, Phil. Mag. pp. 757-765, April 1922. 

$ P. Pringsheim, Zetts. f. Phys. x. pp. 176-184 (1922). 

|| Kautsky and Zocher, Zeits. f. Phus. ix. pp. 267-284 (1922). 
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In a paper recently published by McLennan and Cale* 


are given the results of an investigation of the fluorescence 
of dilute aqueous solutions of :ssculin. The interesting 
point is brought out that an aqueous solution of :sculin can 
be made to fluoresce for a long time without destruction of its 
fluorescence when excited by light of suitable wave-length. 

In view of this work some further experiments have been 
made on the fluorescence of æscnlin solutions, with tlie hope 
of extending our knowledge of the subject. 


2. Apparatus and Method. 


The method of transforming and testing solutions of 
wsculin was similar to that used by McLennan and Cale. . 
Transformations were effected by exposure of the solutions 
to a quartz mercury arc lamp 35 cm. long and carrying . 
about 5 amps. Two solutions were soul) transformed 
simultaneously ; these were placed symmetrically with 
respect to the lamp at a distance of 4 cin. from its axis. 

A Nutting spectrophotometer was used to measure the 
intensity of the fluorescent light. The arrangement of the 
apparatus was as follows :—Light from a self-regulating 
carbon arc lamp, after passing through condensing lenses 
and a nickel oxide glass filter, was reflected downward by 
a mirror into two test-tubes, placed horizontally, which 
contained the fluorescent solutions. The fluorescent light 
passed through a slit and entered the openings of the 
photometer. 

The width of the slit used throughout the course of the 
experiments was 5 mm. On account of the reflexion of 
light from the curved surfaces of the tubes containing the 
solutions, the fluorescent intensity of 5 mm. thickness of 
solution in the central portion of the tube was measured. 
The solutions were sufficiently dilute to show no noticeable 
absorption at this depth. 

The standard solution was taken as 4 parts of wsculin to | 
100,000 parts of solvent by weight, and the intensity of the 
fluorescence emitted by a solution of strength 8/100,000,000 
could be measured. 


9. Experiments with Ultraviolet Light. 


To verify the above-mentioned result of McLennan and 
Cale, aqueous solutions of æsculin, of strength 4/100,000, 
were sealed in two evacuated test-tubes, one of quartz and 


* McLennan and Cale, Proc. Roy. Soc. London, A. cii. pp. 256-268 
(1922). 
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one of glass. These were exposed to the light of a glass 
mercury arc-lamp for 20 hours, and measurements of the 
fluorescent intensity were taken every half-hour. A solution 
of the same concentration 1n a similar evacuated and sealed 
glass test-tube was used for comparison; this was compared 
with a freshly prepared solution four times during the 
experiment, and was found to have the same intensity every 
time. At the end of 20 hours neither solution which 
had been exposed showed any decrease in its fluorescent 
intensity. 

This shows that none of the wave-lengths which are active 
in destroying the fluorescent power are transmitted bv glass, 
whereas some, at least, of those causing fluorescence are in 
this region. 

In a second experiment, solutions of sesculin in various 
solvents were exposed in evacuated and sealed quartz tubes 
to the light from a quartz mercury arc-lamp, and measure- 
ments were made of the fluorescent intensity at regular 
intervals during the exposure. The solvents used were 
water, ethyl alcohol; methyl alcohol, acetone, and glycerine ; 
the initial concentration in every case was the same as that 
of the standard solution. 

In sealing the quartz tubes after they were evacuated, 
precautions were taken to try to prevent ultraviolet light 
from the oxygen flame from penetrating the tubes and 
transforming. the solutions. There was, however, sufficient 
light from tlie flame to cause a partial and easily measurable 
transformation, since, during the first few seconds of ex- 
posure, the rate of transformation is greatest, In order to 
obtain the initial portions of the decay curves solutions were 
exposed in corked quartz tubes. 

Typical curves, showing the relation between intensity 
of fluorescence aid length of exposure are shown in 
figs. 1 and 2. 

Some characteristics of the curves noted are :— 

(a) The initial fluorescent intensity was less for solutions 
in organic solvents than for aqueous solutions of the same 
concentration. 

(L) For the first-mentioned solvents the initial portions of 
the decay curves showed a greater rate of transformation 
than that shown by the aqueous solution, whereas during 
the later part of the decay period the rate of transformation 
was less than that of an aqueous solution. 

(c) Solutions in organic solvents required a much longer 
time of exposure to become completely transformed than 
those in water. A solution of :esculin in ethyl] alcohol was 
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exposed for 18 hours before its fluorescence became too weak 
to be measured photometrically ; from fig. 14 it will be seen 
that the time of exposure for complete transformation of the 
same volume of aqueous solution was about 90 minutes. 

(d) With the glycerine solution there appears to be 
a diffusion effect not noticed with any of the other solutions. 


Fig. 1. 
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INTENSITY OF FLUORESCENCE. 


This is illustrated in fig. 2B. After exposure for any period 
the intensity of fluorescence was found to depend on whether 
the solution had been shaken or not before being tested ; the 
sume effect was obtained if the solution had been allowed to 
remain undisturbed for some time after exposure, and was 
probably due to the high coefficient of viscosity of glycerine. 


4. Experiments with Ozone. 


It has been noticed that aqueous solutions of æsculin are 
transformed by the passage of ozone through them, and that 
during the process of transformation an extremely faint 
bluish-white luminescence is emitted. 


INTENSITY OF FLUORESCENCE. — 
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In order to obtain, if possible, a photograph of the 
spectrum of this glow, concentrated solutions of æsculin in 
water, acetone, glycerine, ethyl, methyl, and propyl alcohols 
were transformed by ozone. For every solution the intensity 
of the glow was extremely faint compared with the fluorescence 
of the solution under the action of ultraviolet light, so that 


Fig. 2. 
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all observations had to be made in a darkened room. The 
following table gives roughly the relative intensities of the 
glows, distilled water being taken as the standard solvent :— 


Solvent. Intensity of Glow. 
Ethyl Alcohol ........................... 5 
Propyl Aleohol ... .................... b 
Methyl Alcohol ........................ 3 
Acetone cni s carom tes bestie atus vs 3 
Distilled Water ........................ 1 
Glycerine ...... ......... sees. SAX ELM n 
The glow was brightest when ozone was first passed 


through a fresh solution, and decreased in intensity with 
further bubbling of ozone through it. 
Ethyl alcohol was chosen as the most satisfactory solvent 


Fluorescence of zEsculin Solutions. 653 


with which to obtain the spectrum of the glow. A quartz 
tube was designed whereby a steady flow of fresh concen- 
trated solution was maintained past an inlet for ozonized 
oxygen. A quartz spectrograph and a photographic plate 
most sensitive to blue light were used, but continued 
exposure for 9 hours produced nothing on the plate. As 


Fig. 3. 
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the fluorescence spectrum was well brought out by a 
20 minutes’ exposure, the extreme faintness of the glow 
may be realized. 

Photometric measurements were made of the fluorescent 
intensity of various solutions after the passage of known 
quantities of ozone through them. Fig. 3 shows the curves 
obtained for water, ethyl alcohol, and acetone. For the 
other solvents the curves are similar. 

The intensity of the fluorescence of a glycerine solution 
was unattected bv the passage of ozone through it. Since 
no glow was produced in a glycerine solution, this would 
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seem to indicate that the glow is intimately associated with 
the decay of the fluorescent intensity. Another fact in 
support of this is that, during the initial rapid decay of the 
fluorescent intensity, the glow was brighter than it was 
when the rate of transformation had become small. 


9. Experiments with zEsculin Powder and at Low 
Temperature. 


It was thought that light might produce some effect on 
æsculin powder as well as on solutions. To test this, equal 
quantities (10 mgms.) of æsculin powder were spread evenly 
over the inner surfaces of evacuated quartz and glass tubes 
and were exposed to ultraviolet light for 50 hours. The 
tubes were then opened and the powder in each was 
dissolved in the same volume of distilled water. The 
fluorescent intensity of each solution was measured and 
sliowed no decrease with respect to the standard solution of 
the same concentration. 

A similar experiment was performed with ozone. Through 
10 mgms. of zsculin powder, 5 cubic feet of highly ozonized 
oxygen were passed. The solution prepared from this powder 
showed fluorescence equal to that of the standard solution. 

This investigation was carried out with the view to 
experimenting at low temperatures, powder being more 
suitable than solutions for such work. The negative result 
prevented further work with powder, since the presence of 
a solvent is evidently necessary for the transformation 
of molecules of æsculin by ultraviolet light and ozone. 

Since the freezing-point of pentane is below the tempera- 
ture of liquid air, a solution of æsculin in pentane was 
prepared and its fluorescence was studied. At room tem- 
perature, it fluoresced weakly ; on lowering the temperature 
to tliat of liquid air, no change was observed in the intensity 
of the fluorescence. Pentane itself, however, showed fluores- 
cence equal to that of the solution both at room and 
liquid-air temperatures. 


6. Absorption Spectra, 


Photographs of the absorption spectra of æsculin dissolved 
in glycerine and ethyl alcohol were obtained. Plate V.c 
and D show those obtained with glycerine solutions. The 
absorption spectra of fresh solutions of æsculin in glycerine 
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and ethyl alcohol had a band with maximum absorption 
at about A=3400A. This band was narrower and less 
intensely absorbed for the organic than for aqueous solu- 
tions. Since it is supposed that the emission of fluorescence 
is associated with this band, the less intense absorption of 
these wave-lenyths mity : account for the less intense fluores- 
cence emitted initially by organic solutions as compared with 
that of an aqueous solution. 

In the absorption spectra of transformed glycerine and 
ethyl alcohol solutions, however, there was a band with 
a maximum at about X=2700A, which was not present in 
that of an aqueous solution. 

Absorption spectra of solutions transformed by ultraviolet 
light were the same whether the transformation was effected 
in evacuated tubes or in contact with air. Solutions trans- 
formed with ozone have the same absorption spectra as those 
transformed by ultraviolet radiation. 


7. Protective Action of Transformed on Fresh Solutions. 


The absorption bands have been considered as indicating 
regions intimately related to the emission of fluorescence 
and the decay of the fluorescent intensity. In the absorp- 
tion spectrum of an aqueous solution, it is supposed that the 
wave-lengths in both the bands are active in exciting 
fluorescence, aud that those in the extreme ultraviolet band 
cause the decay of the fluorescent power as well. 

If this be a correct interpretation, it would be expected 
that a fresh solution could be shielded from the radiation 
causing decay by surrounding it with a completely trans- 
formed solution whieh would absorb the wave- -lengths in the 
ultraviolet hand. To test this, a quartz tube containing 
a fresh aqueous solution of esculin was suspended in a 
quartz flask filled with decayed solution. This system was 
exposed to ultraviolet light for six hours, tests of the fluores- 
cent intensity being made every hour. Care was taken to 
prevent any portion of the tube, except that containing the 
solution, from being exposed. It was found that the fluores- 
cence was just as intense after exposure as it was initiall 
During the exposure, the solution fluoresced brilliantly, due 
to the transmission of wave-lengths in the upper band. 

To make certain that this result was not due merely to 
the decreased intensity of the light after passing through 
a considerable thickness of solution, distilled water was 
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substituted for the decayed solution and the experiment was 
repeated. At the end of an hour, the fluorescent intensity 
had decreased noticeably and, after five hours’ exposure, it 
had fallen to about one-fourth its original value. 

Some further work should be done on the protective action 
of glycerine and alcoholic solutions to -ascertain whether the 
presence of the band at A=2700A causes any change in 
the shielding effect. 


8. Summary. 


1. The initial fluorescent intensity of a solution depends 
on the solvent used ; it is greater for aqueous solutions than 
for organic solutions of the same concentration. 

2. l'or solutions of equal concentration, the initial rate of 
transformation by ultraviolet light and ozone is greater for 
organic than for aqueous solutions, but organie solutions 
require a much longer exposure for complete transformation. 

3. The presence of a solvent is essential for the trans- 
formation of esculin; ultraviolet light and ozone produce 
no change in esculin powder. 

4. ]t has been verified that a solution can be made to 
fluoresce without being destroyed by exposing it either in 
an evacuated glass tube, or in a quartz tube surrounded by 
a transformed solution. In both cases, the extreme ultra- 
violet wave-lengths are cut off, showing that the decay of 
the fluorescent intensity is due to the wave-lengtlis in the 
extreme ultraviolet region. 


In conclusion, the writer wishes to express her sincere 
thanks to Professor J. C. McLennan for suggesting the 
problem and for his kindly interest, also to Mr. J. F. T. 
Young for his helpful suggestions. Thanks are due to the 
Honorary Advisory Council for Scientific and Industrial 
Research of Canada for the award of a Bursary by which 
the writer was enabled to carry out the investigation. 


The Physical Laboratory, 
University of Toronto. 
May 30th, 1923. 
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ABSORPTION SPECTRA OF ÆSCULIN SOLUTIONS. 
A. Aqueous solution unexposed, 
D. i s decayed. 
C. Glycerine  ,, unexposed. 
D. - sí deca ved. 
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LX. The Crystal Structure of Metallic Arsenic. By A. J. 
BRADLEY, M.Sv., Research Student in Physics, The Physical 
Laboratories, The University, Manchester *. 


l. Introductory, 


Ts metallic form of arsenic is described by Groth f. 

It has a density of 5727 (Bettendorf) or 5°71 
‘Petersen). It crystallizes in greyish crystals possessing 
the symmetry of the ditrigonal scalenohedral class (dihexa- 
gonal alternating) of the rhombohedral system. If the 
crystal be referred to hexagonal axes the axial ratio a :c is 
1:1:4025 (G. Hose). In this paper the three edges of the 
unit rhombohedron which meet in the trigonal axis will be 
taken as crystallographic axes. The angle 8 (100) : (010) 
= 04? 56' (G. Rose). This corresponds to an angle 
y = 84° 36' between the three axes, though by an arith- 
metical error Groth gives 85° 38'. "The crystals when 
obtained by sublimation often twin parallel to the (110) 
face. Cleavage occurs most readily parallel to the (111) 
face, but it may also occur parallel to the (110) face. 

Crystals of arsenic of this type are isomorphous with the 
corresponding crystals of antimony and bismuth. The struc- 
ture of the former has been determined by R. W. James 
and N. Tunstall f, and that of the latter by R. W. James $. 
The structures of both antimony and bismuth follow the 
same pattern, and from its resemblance to the other two 
elements arsenic was expected to have the same type of 
structure. 


2. Ewperimental Methods. 


The method adopted was that of the powder photograph. 
A Shearer X-ray tube with a copper anticathode was used, 
and the radiation so obtained was filtered through nickel 
foil. In this way a homogeneous beam of NK, copper 
radiation of wave-length 1:539 x 1678 em. was directed into 
the camera. This was cylindrical in shape with its axis 
vertical and its diameter was about one inch. The finely- 
powdered arsenic was made into a paste with fish-glue and 


* Communicated by Prof. W. L. Bragg, F.R.S. 
+ Chemische Kristallographie, i. Teil 19, 

f. Phil. Mag. xl. p. 253 (1920). 

$ Phil. May. xlii. p. 193 (1921). 
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mounted on a hair placed vertically at the centre of the 
camera. The thickness of the powder was about ‘1 mm. 
The beam of X-rays diverging from a gold slit about 
'] mm. wide entirely surrounded the powder. The film 
was fastened round the circumference of the camera by 
rubber bands and was exposed to the radiation for about 
45 minutes, the tube being run at 9 milliamperes and 
30000 volts. 

The film was measured by a travelling microscope and 
the figures so obtained are shown in Table I., Column I. 
s = distance measured on film between corresponding lines. 
These lines require to be corrected for a slight eccentricity 
in the position of the hair. The centre of the stick of 
powder was ‘2 mm. behind the axis of the camera, and 
therefore further away from the film than it should have 
been. This makes the measured values of s too great, the 
error being in each case + (4dOsin 20) mm., where Ó is 
the glancing angle of incidence. The corrected values 
for s are given in Column II. The diameter of the camera 
was 2:05 em. This must be corrected for the thickness of 
the film. The film used in these experiments was sensitized 
on both sides and was :20 mm. thick. On wrapping the 
film round the camera, one side is stretched and the other 
contracts. The celluloid is sufficiently elastic to flatten out 
again after development. It has been assumed that the 
amount of contraction on the inner side is exactly equal 
to the expansion on the outer side. "This is equivalent to 
assuming that the length of the centre of the film is 
invariable. The effective radius of the camera was taken 
as the distance from the centre of the powder to the centre 
of the film, and was ‘10 mm. more than the actual radius. 
The effective diameter D was therefore 2:57 cm. 

ð the glancing angle of incidence is given by 

: a(() — 7. o 
C= 421) x 360 21:111 s*. 
In Column V., 
d A _ *7695 


n  2sin@  sin@ ^" 


where d is the spacing of the atomic planes and z is the 
order of reflexion. A—1:539À is the wave-length of the 
radiation. 
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The factors used in these calculations were checked trom 
a photograph of rock-salt which gave a mean value of 


5:633 À for the side of a unit cube. The standard value 
ix 5628 A. The difference is less than 1 in 1000. 


3. General. Form of Arsenic Structure, 


The structure of antimony and bismuth can best be 
visualized as two interpenetrating face-centred rhombo- 
hedral lattices related to one another in almost the same 
way as the sodium and chlorine lattices in rock-salt. The 
lattices regarded in this way are almost cubic, but are 
however slightly elongated parallel to a trigonal axis, and 
one latiice is slightly displaced with respect to the other 
in a direction parallel to the trigonal asis. The spectra 
observed in the case of arsenic admit of a similar ex- 
planation. 

If the atoms of arsenic were arranged at the corners of a 
rhombohedron so that they lay on a simple rhombohedral 
lattice, we should have the simplest possible arrangement 
compatible with the crystallographic data. The unit cell 
would contain oae atom of arsenic. From the data of 
Groth it is possible to calculate the length of side of a unit 
rhomb of this tvpe. Taking the density of arsenic as 5°72, 
the length of side a = 2:805 A. From a and yall possible 


d 2 : 
values of - down to °830 A were calculated. Reflexions 
A 


were found corresponding to almost all these values, but in 
addition there were lines on the film corresponding to twice 
the normal spacings in the case of odd planes such as (111), 
(311). This is the type of spectra peculiar to a face-centred 
structure, the length of side of a unit rhomb being 2a and 
each rhomb containing four atoms. The value obtained for 
«a shows there are eight atoms of arsenic to each unit cell. 
The structure must consist of two interpenetrating face- 


centred rhombohedral lattices. All values of f for such a 
/ 


system were calculated and compared with the observed 
values in Coluiun V. They were found to be on an average 
(2 per cent. higher than the experimental values. The 
calculated values are given in Column VI., after allowing 
for this difference. The density as determined from X-ray 
data is 5°75, a 2: (09. 
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The agreement between Columns V. and VI. proves the 
nature of the -pace lattices of which the arsenic structure is 
built up, but throws no light on their mutual relationship. 
That thev can only be displaced from a position of 
coincidence by a movement along the trigonal axis follows 
from considerations of symmetry. The dios symmetrical 
arrangement would make the displacement exactly one-half 
ot the length of the diagonal of the rhombohedral cell con- 
taining eight atoms of arsenic. This arrangement constitutes 
the simple rhombohedral structure which has already been 
shown to be impossible, since the spacing of planes with odd 
indices is doubled. The amount of displacement trom this 
simple arrangement can only be determined from a con- 
sideration of the relative intensities of reflexion from the 

'arious planes of the crystal. 

The intensity of reflexion from one lattice of arsenic orlv 
can be calculated as follows. For this purpose we must 
assume the validity of some empirical expression which will 
vive the total intensity of ae for any one set of planes. 
In the case of rock-salt, W. H. Br: agre * found that the 
intensity of retlexion falls M a proximately with the square 
of the sine of the glancing angle, this relation including the 
progressive decrease in intensity of reflexion from each atom 
due to the distribution of its electrons. The intensity is 
further reduced by the effects of thermal agitation, but these 
only come into play in the case of ver Y closely spaced planes. 
If we assume that the same law holds for arsenic and that 
tlie effect of thermal agitation in reducing the reflexion at 
large angles is negligible, we obtain the following expression 
for the intensity of reflexion trom any plane (Akl) reflecting 
radiation at an angle 6: 


_ NA 


"aun?" 


where A is a constant, being a function of the scattering 
power of arsenic, and N is the number of faces cor responding 
to the form {Akl}. 

To obtain the combined effect of the two lattices allowance 
must be made for the phase difference between reflexions 
from atoms of different lattices. This phase difference is not 
the same for different planes, but it can easily be calculated 
for each case. 

The arrangement of atoms in the 111 planes is represented 
in fie. 1. It the atoms were arranged on a simple rhombo- 


* W. IL Bragg, Phil. Mag. xxvii. p. 881 (May 1914). 
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hedral lattice the spacing would be AB. The displacement 
of the plane of atoms from B to C doubles the spacing, which 
is now AD (di). There are three repetitions of AD as we 
pass along the diagonal of a unit cell from A to E, so that 
AE-3AD. Let the ratio of BC to AE be x. Then 
BC EL. è AD z3.diyy. 


Fig. 1. 

' ' | 
q " i 
i i t 
' 1 
t ' | 
i l | 
' I | 
i l | 
’ ! l 

i | 
t j ! 
' l i 
! ! l 
[| | i 

A Bc D E 


The phase difference between A and D is 2» for a nth 
order reflexion. The phase difference between A and C 
will be Zuv(l4- 3v). As æ increases, up to a certain limit 
the pairs of planes will approach closer together. If » is 
odd, the phase ditference increases from an “odd number of 
half-wave leneths to an even number, and the intensity 
of reflexion increases. If n is even the reverse is the case, 
and the intensity falls off. 

The arrangement of atoms in the 100 planes is shown in 
hz. 2. Only half the atoms in each plane of the simple 
structure are displaced. The displacement of half the atoms 
in plane A to D does not affect the unit spacing of the 
planes. The spacing between opposite faces of the unit 
cell (diow) is now AC, but there is no reflexion corresponding 
to this distance. The first reflexion will correspond to the 
spacing AB(day). Ax before, the distance AD =rAC = zd 10, 
The phase difference between A and (' is 2nm for a nth order 
reflexion, but as B is exactly half way between A and C 
there will only be even order reflexions. The phase difference 
between A and D is 2nza. In this case, as æ increases the 
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phase difference increases and the intensity lessens until it 
ultimately falls to zero. 
All planes helong to either Class I. (Planes like (111)) or 
Class II. (Planes like (100)). The general formula for any 
| Fig. 2. 


plane Akl can be obtained as follows. Taking the crvstallo- 
graphic axes as Cartesian axes, the positions of the atoms 
composing the structure may be represented thus :— 


m,n,p m+arthentett,pt+rtt 
m+4,n+4, p mtetln+r41, ptr4h 
m,n+4, p+4 m+ae+4,n+r41, pt+e41 
m+4,n, pth m+e+1,ntatid, p+e4-1 

where m, n, p are integers and æ is the displacement of the 
second lattice from the simple rhombohedron. as a fraction 
of the length of the long diagonal of the unit rhombohedron, 
which contains eight atoms of arsenic. 

If z,y;2; be any point on the second lattice, its distance d 
from a plane A4 of the first lattice which passes through the 
origin is given bv 

d z he En l)d ay 
where d(,,,is the distance between planes (Akl) passing 
through the atoms m, n, ps mt I,nt+l1, p+1, ete. 

The distance between corresponding planes of the two 
lattices will therefore be 

d= (h(a+4)+h(at+5) tilet) dyz 

zc (h+k + Ddy 
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If £3373 be any point on the first lattice, its distance d 
from any plane Akl of the same lattice passing through the 
origin is given by 


d'— (heat kyt ladyt 


where d,,, has the same meaning as before. 

Bv giving 25ys:5 different integral values we find that the 
distance between neighbouring planes dj is given by d zd; 
for planes with odd indices (111, 311), d, — àd;,,; for planes 
with mixed indices (100, 210). If there is a phase difference 
2ra between waves reflected from neighbouring planes of 
the same lattice, r being an integer, reflexion will occur. 
Thus in the case of planes with mixed indices, d,,,; represents 


a phase difference 4» and only even order reflexions will 
occur. With this proviso d;,, always represents a phase 
difference 2na, where n is an integer representing the order 
of reflexion. 

The spacing d will therefore represent a phase-lag 
(c3) E 02». If we adopt the usual convention and 
incorporate the factor n in the indices AA as has been done 
in Column VII., the phase-lag becomes (x+ 4) h+k 027. 
This expression gives the phase difference between waves 
reflected from corresponding planes of different lattices. 
The amplitudes of the two waves are equal, so the total effect 
will be proportional to 


[24-2 cos (r+ 3) (h - E 4-0)2m ]. 
The total intensity of reflexion I will be given by 


NA , 

I= ^* an [2+ 2 cos Ge 1)(ÀA 4 k 4 D 2r]. . e (1) 

sin?@ Eus | 

The constant A can be omitted for comparative purposes. 

From this expression I was calculated for different planes 
and for various values of x from 0 to *015. 


4. Evaluation of the Indeterminate Parameter x. 


From equation (1) it follows that if z—0, the phase factor is 
zero if (h+A4+40)is odd and is equal to 4 if (h+4+/) is even. 
These are minimum and maximum values respectivelv,.and 
as æ increases the values will change periodically. 

For every value of x between 0 and 75 there is a different 
series of values for I, and in order to fix the most probable 
value of æ it is only necessary to find the best agreement 
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hetween the observed intensities of reflexion and the calcu- 
lated values of I. It is impossible to get absolute values of 
intensity by the photographie method, and comparative 
quantitative estimates of blackening are not easy to get 
photometrically, partly because of the difficulty of allowing 
tor the background of general radiation, and also because of 
the varying widths of the lines and the feebleness of some 
of them. It is, however, much easier to arrange the lines in 
order of intensity of blackening. The intensity of blackening 
was estimated by viewing the film through a low-power 
microscope illuminated from below so that the lines showed 
‘up as much as possible. The line that appeared darkest in 
comparison with its background after allowing for its width 
was marked 1. The next darkest was marked 2 and so on. 
The results of this comparison are shown in Column VIII. 
In order to test the validity of this method a comparison 
of the intensities of reflexion from rock-salt was made in 


this way. Assuming the law of the square of the cosecant 


to hold, we get in the case of rock-salt 
N(F,,+F 
[= l a for planes with even indices, 
s 
NE n — E o) 
I- TURCA, for planes with odd indices, 


where I, N have the same meanings as before, and Fy,, For 
are proportional to the number of electrons in the ions c£ 
sodium and chlorine respectively. On comparing the in- 
tensities of reflexion so calculated with those obtained 
experimentally for the first twelve lines, it was found that 
they fell off in precisely the same order. 

In the case of arsenic the intensities depend on the 
parameter à which may assume any value between certain 
limits. In order to guide us to an approximate value of «x 
we must consider the peculiarities of one or two lines on the 
film. Lines 311, 442 and 444 entirely disappear. For the 
first hne h+4+l=1, and the intensity of reflexion will be 
low for fairly small values of a, but not for medium or high 
values. Comparing this with 111 we again find a small 
reflexion showing æ to be small. The lines 442, 444 
disappear for 

2n +1 l 


icc 9 hpk+U 


where nis an integer. 
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The smallest values giving zero reflexions are «='05 and 
x=°15 for 442, and «=:0417 and e='125 for 444. The line 
200 is by fur the brightest on the film. æ must therefore 
be much less than 25, for which value the 200 reflexion 
disappears. The line 220 is the third strongest. It would 
disappear for »—:125 or :375. æ must therefore be con- 
siderably less than °125. A value in the neighbourhood of 
a= 04 or 2='05 will fit in with all these facts. 

Values of I were calculated for various values of æ in the 
neighbourhood of :05, and for each value of z a table was 
arranged giving the intensities in descending order of 
magnitude. Column IX. shows the order for #='0488. 
In the last column are given the difference between the 
calculated and observed orders in the case of each line. 
The arithmetic sum of these differences is 25. If a be given 
other values the divergency between observed and calculated 

values rapidly increases. This is shown in Table IT., where 
the total difference between observed and calculated orders 
of intensity is given for various values of 2. 


TABLE II. 


Displacement (4) ... "025. ‘04 -0425 ‘045 -:046 70415 :049 :0495 ‘05 “ODD 
‘Total error in 
Order of Intensity... 96 44 40 32 32 “7 25 297 31 388 


ge 
t2 


The data of Table II. are shown graphically i in fig. 3. 
There is a very well marked minimum of error in the region 
w='0485. This may therefore be taken as the most probable 
'alue of x. 

James aud Tunstall * expressed the value of the parameter 
as a fraction of the length of the diagonal of a rhombohedron 
containing onlv one UM of antimony or bismuth. In order 
to compare the value here obtained for arsenic with those 
found for tbe other two metals it must therefore be doubled. 
We then have the value ./—:097 as the ratio of displacement 
to length of diagonal of unit rhomb containing one atom of 
arsenic. The result is almost independent of the validity 
of the empirical law connecting the intensity with the sine of 
the glancing angle. This is true because those lines which 
increase or decrease in intensity with increase of æ are 
scattered over the film quite promiscuously. The substitution 
of another empirical law will therefore searcely alter that 
value of w which gives the best agreement betw een observed 


* Loc. cif. 


& 


Error. 


‘Total 
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and calculated orders of intensity, but will merely decrease 
or increase the total error for every value of alike. 
Actually, as the close agreement between Columns VIII. 
and IX. shows, the empirical law is very nearly true. 


Value of Parameter x 


9. Comparison of Arsenic, Antimony, and Bismuth. 


Each atom of arsenic has six nearest neighbours, three at 
a distance of 2-51x 1078 em. and three at 3:15 x 1078 em. 
The three nearest lie in a plane (111) perpendicular to the 
trigonal axis and close to the parallel plane containing 
the first atom. The other three also lie in a plane perpendi- 
cular to the trigonal axis, but on the other side of the first 
atom and much farther away. In this way the whole 
structure is divided into double sets of planes separated by 
quite wide gaps from the next set. Cleavage naturally occurs 
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parallel to these planes (111). Table III. compares this and 
other properties in the case of the three elements. 


TAnLE III. 


As Sb. Bi. 
[e] o [*] 
Edge of Unit Rhomb 2c... 5°60 A 6:20 A 6:56 A 
Parameter pL NEN 097 ‘074 "052 
o o o 
Longer Atomic Distance S154 3:37 A SATA 
[e] 
Shorter , 2e.  2901À 287 A 3114 


The structure of arsenic, like that of antimony and bismuth, 
is a Sohneke point system. The two face-centred lattices of 
which it is composed are actually simple rhombohedral 
lattices of axial ratio 2°805 and length of edge of rhomb 
4145x107" em. The structure is thus a special case of 
Sohneke’s Point System No. 22—Das Zusammengesctzte 
Rhombocdersystem. This simplifies to a system of point- 
pairs *,in which each point is at the centre of gravity of 
three of the original points. The two points of each pair 
are vertically above one another and are separated by a 
fraction 4+. of the distance between successive pairs, 

In fig. 4 the plain circles represent atoms lying on a single 
lattice. If this be regarded as a face-centred lattice the 
rhombohedron A BCDEF is the unit. In this case A B= 5-604. 
There are four atoms of the first lattice to each unit rhomb 
and four of the second lattice (represented by shaded circles). 
The smaller and more acute rhombohedron AGHDJK is the 
unit cel] of the structure regarding it as composed of two 
simple rhombohedral lattices. It contains only one atom of 
each lattice. AG=4145A. The points LMNS of the 
second lattice correspond to the points AGKK of the first, 
and A and L constitute a point pair. 


Summary. 


The structure of metallic arsenic was found by the analysis 
of an X-ray spectrograph of the powdered material. The 
general form of the structure was the same as that of 
antimony and bismuth which had already been elucidated. 

Measurements of the film agreed well with calculations 
made from the crystallographic data. The structure consists 
of two interpenetrating rhombohedral space lattices which 

* Sohneke, Futwickelung einer. Theorie der Kristallstruhtur, 187], 


p. 131. 
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together form a Sohncke point-svstem. In order to find the 
relationship between the two lattices it was necessary to 
evaluate the parameter œ which fixes their relative position. 
For this purpose a comparison was made of the relative 
intensities of all lines on the film, and these were arranged 


in descending order of intensity. The intensity of reflexion 
at any reflecting angle was calculated from a general formula 
for various values of x, and for each value the neues one were 
arranged in order of intensity. “On comparing these orders 
with ‘that actually observed, one value of z was chosen as 
giving the best agreement. This parameter was found to be 
greater than for éither antimony or bismuth. Finally, several 
properties of the three elements were tabulated. In all cases 
antimony was found to be intermediate in character between 
arsenic and bismuth. 
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LXI. On the Mean Distance between neighbouring Molecules 
in a Fluid, By C. V. Raman*®, 


1. /ntroduction. 


N connexion with the theory of the scattering of X-rays 
in fluids developed by the author and Dr. Ramanathan 
in a recent paper T, it was found that the evaluation of the 
results required a knowledge of the mean distance between 
neighbouring molecules in a fluid. On reviewing the liter- 
ature of molecular theory, it was found that the problem of 
finding this distance had been attempted, but not in an 
entirely adequate or satisfactory manner t. It is proposed, 
in this paper, to consider the question and it will be found 
that the discussion raises some points of interest in relation 
to the kinetic theory of fluids. 


Ideal Gases. 


The theory of dimensions suggests that the mean distance 
A between neighbouring molecules could be expressed. in 
terms of the number x of the molecules per unit volume of 
the fluid by a formula of the type £47! *? ZA, where k is a 
pure number. IE we could postulate that the molecular 
centres occupy the corners of a cubical space-lattice, then 
obviously F=1. Actually, however, in a fluid, the arrange- 
ments of the molecules cannot be so deünite, and $ must, 


* Communicated by the Author. 
t Proceedings of the Indian Assn. for the Cultvn. of Science, vol. viii. 
part 2 (1923). 


t P. Hertz, Wath. Annalen, lxvii p. 357 (190023); R. Gans, Physi- 
kalische Zeitschrift, xxiii. p. 109 (1922). 
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therefore, in general. differ from unity. For the case of an 
ideal gas, in which the distribution of the molecules is 
absolutely chaotic, X may be evaluated in a perfectly 
rigorous manner. Consider any specified molecule A. and 
denote by P(r)dr the probability that the nearest neighbour 
of A lies at a distance between r and r+dr fron it. Then 
the mean distance X between A and its nearest neighbour is 
obtained by averaging, thus :— 


r={ r Pdr oo. .... (0 


e 0 


P(r)dr may be evaluated very simply by the use of Boltz- 
mann’s principle. Tie work W required to evacuate a 
spherical volume of radius r 15 pdr=4 3m. n. RT. The 
probability that a sphere of radius r surrounding A contains 
no other molecules is therefore e-W BT, that is e743, The 
ditferential of this quantity with respect to r and wid a 
minus sign prefixed is obviousiv that probability that the 
nearest neighbour of A lies at a distance between r and 
r+drfromit. Hence P(r)drzei!?rn, darren dr. 
Multiplying this by r and integrating, we have 


r=(- SO AI WAP de uoo 42) 


eo 


Writing e=4 3am", this may be evaluated thus 


5 M( a 3 N3 S eu oe 
mI 13 e77 de= =r ^ 
A= ii) | vi e77 da (4...) r(;) 3250in 


e 
£. X5 xe Gb ae "9) 

The same result is obtained by Hertz and by Gans in 
a different way (loc. «if. ). 

Án approximate 'alue of X may be obtained very simply 
as follows :—The probability that a molecule will be found 
at a distance between r and r+dr from molecule A is 
Jmn. dr. For small values of r we may, without serious 
error, take the probability of just one inolecule being found 
M a sphere of radius r drawn round A as centre 


wv e 
to be simply | Sore? no dr. The mean distance between A 
0 


and its neighbour is the radius of the sphere for which 
this probability is unity. Thus Xzr, where 4 Mrz. 


3 yS 1. ; 
Hence A-(, ) z0:6247!?, which does not differ very 
T : ` 


greatly from the accurate value given above. 
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3. Lhe Case of Dense Fluids. 


The preceding discussion makes it clear that for the same 
density a chaotic distribution of the molecules gives a 
considerably smaller value for the mean distance between 
neighbours than a regular ordering in space. According to 
the thermodynamic theory of density fluctuations in fluids 
developed by Smoluchowski and Einstein, a highly com- 
pressible fluid, e. g., a gas, exhibits greater relative fluctu- 
ations of density—that is, greater irregularities in the 
space-arrangement of the molecules—than a relatively in- 
compressible one, e. g., a liquid at ordinary temperatures and 
pressures, and the study of the scattering of light and of 
X-ravs in fluids fully substantiates this. Hence, it is seen 
that. in the formula A= k . n7 !?, k should have a larger value 
for the liquid than for the gaseous state; it may indeed be 
expected that the value of £ in liquids approaches pretty 
closely the value unity characteristic of a cubical ordering in 
space. 

For dense fluids, as in gases, we have 


= | r P(r) d». 
e 0 
The problem is to find the form of the function P(r). Ifc 
be the diameter of a molecule, P(r) obviously vanishes when 
r « c, hence we may write 


=| rro de... s s AY 


Let W(r) denote the work required to create a spherical 
cavity of radius r with the molecule A at its centre. W (v) 
vanishes when r—ce. Applying Boltzmann’s principle, we 


have, as before, P(r) dr=e—W-8T , W'(r)/RT . dr, and 
oo Wr 

r=( ree Wr) quede. s s (0) 
If we denote the pressure per unit area on the wall of the 
cavity by RT¢(7), then 

Wr dr 4m? . RTe(r) . dr, 

and | 

r=| e AN se ae 4mró(r)dr. . . . (6) 


The total pressure 477?.$(r) . RT on the surface of the 
spherical cavity is obviously due to, (a) the impact of 
Phil. Mag. X. 6. Vol. 47. No. 280. April 1924. 2 X 
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the molecules outside the cavity on its boundary, and (b) 
the resultant of the attractions of the molecules outside the 
cavity on each other and on the molecule at its centre ; Ina 
dense fluid, owing to the proximity of the molecules, these 
attractions may be very considerable, as is well known. To 
enable X to be evaluated, we may as a first approximation 
take $(r) to be equal to a constant P. We then write 
ez. 


AL e ime0-68*9 (dq8.d^D.dr.. . . (4) 


e 97 


Putting 4 37,3. = £ and 4/3ra?. P=n, we have 
Amel ret). pete. | @ 
=e" rie fdE=(— ) e'l s 

Es do ds 
e? 


mo. | Bet 2... (9 


The sinplest way of evaluating (5)and (9) is bv graphical 
and mechanieal integration. ‘The figure gives a graph of 


T 
Ordirates a-e Use 7 acd Abscssm are E 


Graph of £12 c—€ as a function of £. 


the function under integration between £—0 and £—6, from 
which it is seen that, except for very small values of the 
argument, the trend of the curve is practically exponential. 
When 7=0, the integral is simply T(4/2). 

For small values of 7, the integral is best determined by 
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finding the integral N 3e- dE from the graph by aid of a 


planimeter and subtracting it from (4/3). For large values 
of 5, the integral may be found directly from a graph of the 
exponential p: irt of the curve drawn ona suitable scale. The 
table gives the values of X thus determined for different 
values of 7 :— 


Table of Mean Distances. 


nu | 
dr 3, 00 102 os 06 08 10 20 


———— 


‘A, O1:3,,,/0-554! 0 618. 0:663 0:698 


p 
| A 
i i in a iint ie i ee 

| | | | : | 
E o 1170 pu 134 128 pos 113 | 109 VOR Lor 1-06) 


i 


For an ideal gas, ®=n, and we have from the table 
AzQO554xn t? as already found. It is also seen that for 
increasing values of ®, A diminishes at first rather rapidly 
and later “quite slowly as to approach the same value as the 
molecular diameter ø. How closely the mean distance 
between neighbouring molecules tends to approach the 
molecular diameter depends on the value of 9, ?.e., on 
®(r) RT, which is the pressure per unit area on the walls of 
a spherical cavity of radius r surrounding a specitied mole- 
cule. As already remarked, the pressure is determined by 
the molecular impacts and also-by the molecular attractions, 
cand, in view of the uncertainty regarding the actual laws of 
attraction between molecules in the immediate vicinity of 
each other, any estimate of the magnitude of P is necessarily 
provisional. [n any case, we are probably not very wide of 
the mark in taking P to be generally of the same order of 
magnitude as n, the number of molecules per unit of volume. 
If this assumption be justifiable, n is comparable with 
4/3203 . n, that is, with eight times the space occupied by 
the molecular spheres in unit volume: the second horizontal 
row of figures would give approximately the value of «, where 
X-—k.n-55, For a closely packed assemblage of spheres, 
we know independently that v. = ,/ 2 and 4/370? n= 

=592, and that Ax’ = 1:123, and also that A/e = 1:00. 
"These values agree with the corresponding figures given 
tin the table to within a few per cent. 


2X2 
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4. An Alternative Method. 


The problem may also be dealt with by the aid of Boltz- 
mann's Distribution Law. In an ideal gas, the probability 
that a molecule will be found within the space between two 
contiguous concentric spheres of radii v and r- dr respec- 
tively is 4ar7?.n dr. In a dense fluid, the probability in 
question is the same, if the centre of the spheres be an 
arbitrarily chosen geometrical point. If, however, the centre 
be the instantaneous position of some specified molecule, its 
presence must influence the distribution of molecules in 
its immediate neighbourhood. Let (7) be the work ne- 
cessary to bring two molecules from infinity to a distance 

r upart. Then the probability of their being found at a 
distance 7 apart is less than the probability of their being 
out of range of each other's action in the ratio eT WRT, 
Thus we are led to modify the expression 4m7?.n.dr and 
write it in the form dar? ny(r) dr, where y(r) as a first 
Approximation may be taken to be e~¥” FT; from the nature 
of the case it is clear that when r<o, y(r) vanishes, and 
that for large values of r, y(r) becomes unity. 

Considering now a particular molecule, let P(r) dr be the 
probability that the distance between it and its nearest. 
neighbour is between r and r+dr. Then the probability 
that there are no molecules at a distance between O and + 


from it is i- Po) dr. The probability that there is a 
0 


molecule between 7 and + dr distant from it is 4m1? . n. y(r), 
where x(») is a function of x depending on the intermolecular 
forces and the density of the fluid as remarked above. We 
may take the probabilitv that the nearest molecule lies 
between r and r+dr to be equal to the product of the 
probabilities that there are no molecules between 0 and r, 
and that there is one molecule between 7 and r+dr. There- 
fore f 
i= ( P(x) dr]4mnr*y (7) dr P(r) dr. 


e 0 


This is the equation from which we may determine P(r). 
Differentiating with re~pect to r, we have 


i "ul E =— ee darnr?y(r) 
dr 7 lT. nx(r) E lm " ny(r) E X * 
Integrating again, we have 


WD. 
- mur*Xir)dr 
P(r)24v2.nmy(r) .e + X constant. 
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The value of the constant of integration is evidently 1, as, 
when ris small, P(r)-4m»^x(r). It follows that 


`r 
-\ Adanr=Xir) de 
d . dr, 


T 
a=] dornr*y (1) . 
ac 
It will be noticed that the expression is of the same general 
form as that obtained previously, and the numerical discussion 
proceeds on identical lines. 

If we make the special assumption that the molecular 
centres are distributed more or less uniformly in available 
space, even in the immediate neighbourhood of the specitied 
molecule under consideration, then x(r)— 1 and 


d e-m) darn LaL dr. . . (10) 


We have already discussed the evaluation of this integral 
(see (7) above). As in the case of an ideal gas, values of X 
agreeing pretty closely with those given by the complete 
formula may be obtained in the following way. The available 
space for the centres of other molecules within a sphere 
of radius r round the centre of a specified molecule is 
ijWr(r'—se). The probability of a molecule being found 
within this space is 4/3mrn .(r!—6?). The particular value 
of r for which this probability is unity gives the niean 
distance A between neighbouring molecules. Thus 


13 
4/3an(X\°—o*)=1 and =h h, +a) zw ED) 


For small values of the density, this gives X— 0:62 . 47! ? and 
for great values of the density X=oa. The following table 
shows how closely the values of X obtained from formule (10) 
and (11) agree with each other: 


Comparison between (10) and (11). 


| ; DVD BRENT NM 
4/3ru.0°. 00 02 04 06 !U8 10 [20 30 140 50 [5-92 
MD : 


D 


(10) 0554 0-618 0:66: 0 698) 0735. 0763| 0-880 0970 LOT 112 117 
Axn! s, l | i 
(11) 0:620 0:659 0:594 0725 0:754 0:781 0-894 0-984: 1-06 1°13) 1:18 


—— - ee ES 


t 


! i 
dO æ P70 145 134 1-28 123/113 109 , 08 1-07] 1-06, 
a ! | 
(1) » P82 p52 138 Lon 126 114 109 108 L06 L04. 

| | 


678 = Mean Distance between Molecules in a Fluid. 


It will be noted that the rough formula gives practically 
the-same values for X as the ‘more elaborate calculation. 


5. Remarks on Gans's Paper. 


Finally, a few words will not be out of place regarding 
the treatment of the problem by R. Gans in the paper 
already cited. He takes the molecules to be spheres of 
diameter ø and takes the probability that two molecules 
will be found at a specified distance » apart to be given by 
the expression 


b A S(^Y coss (5) a... 
Amr? . ndr IMEEM +0°287(,,) TM 


8 
ae 
where <== TUO. 
V 3 


This expression, as is well known, was obtained by Boltz- 
mann, Happel, and others on the assumption that 7 is 
practically identical with ø, that is for two molecules in 
collision, and is inapplicable when >ø. Gans also ignores 
the effect of the van der Waal’s attractive or cohesive torces 
on the relative position of the molecules in space. That this 
is not justifiable is, prima facie, clear from Boltzmann's 
Distribution Law ; that the ordering of the molecules in the 
space occupied by a fluid is not determined merely by its 
density as contemplated by Gans is made sufficiently evident 
by the facts regarding the scattering of light in liquids and 
in vapours, and especially by the phenomenon of the 
opalescence which develops as the critical temperature is 
approached. The discussion given in the foregoing puges 
indicates that the theory of density-fluctuations in fluids and 
the problem of the mean distance between neighbouring 
molecules are closely related to each other. 


6. Summary and Conclusion. 


(«) The paper considers the problem of determining the 
mean distance in question by two distinct methods. In the 
first, Boltzmann's thermodynamic principle of Entropy- 
Probability is applied, and the chance that the nearest 
neighbour of a given molecule is situated at a specified 
distance from it is expressed in terms of the work done in 
creating a spherical cavity round the molecule in question. 
In the second. method, Boltzmann's Distribution Law for 
the molecular positions in space is employed. Expressions 


m ———— PT! —— 


Certain Types of Elastic Stress. 679 


for the mean distance which are formally analogous are given 
by the two methods. | 

(b) The mean distance X between neighbouring molecules 
is given by the formula k.n”, where a is the number ot 
molecules in unit volume and & is a fraction which varies 
from 0:554 for an ideal gas up to 112 for the closest packing. 
The value of & for actual liquids may range from about 0€ 
to 1:0. For dense fluids, X is of the same order of quantities 
as the molecular diameter, but may be 10 per cent. to 20 per 
cent. greater. : 

(c) Tolerably accurate values of À may be obtained by a 
very simple mathematical treatinent. 

The author's thanks are due to Mr. N. C. Mazumdar for 
assistance in the numerical calculations. 


Calcutta, 
October 10, 1923. 


LXII. Certain Types of Elastic Stress which are peculiarly 
related to each of the several Curvilinear Orthogonal 
Coordinate Systems. By R. E. GWYTHER, J/.A.* 


l^ a paper f dealing with the Stress Equations referred 
to general orthogonal coordinates, I have shown that 
the six elements of stress can be expressed in either of 
two forms (the -torm and the y-form) in terms of three 
general and arbitrary functions. 

In this paper I propose to make use of the values of 
the stresses ip the @-form to investigate the conditions 
under which, when the stresses are elastic, the components 
of the displacement can be expressed in terms of the same 
three functions as the stresses, and to continue the diseussion 
in the simpler of the cases concerned. 

1. The values of S, T, U given in the paper just icferred to 
are :— 

ee 9*8, , Oh. hohs Cid 

N= ihe ye t Vs ot ^ OS) On 

oh, hh, dh à, 

T (^ = n) , 

On hy à oc 

T= hihs Òh 90, 
hs o€ ob 

U= hiha 9^3 90, 


N T. ` 
h; OE Oy 


2... (D 


as far as , and its differential coefficients are concerned. 


* Communicated by the Author. 
+ Phil. Mag. September 1925, p. 481. 
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The values are ultimately to be completed by a process of 
eyelien interchange, so as to include the terms in 0, and 6;. 

riting the components of the displacement as u, v. w, 
the necessary conditions include 


m pP he Qe) | h, d if oh, 
S = na = n l; o» T 

m — , d Is Ou) gin xo 
dci M ETC 


e hy GI.) mad i 
U =n =r ha DE ta às , . + (2) 


There is only one case in which these conditions can 
be satisfied absolutely, which is when 


6, = 0 = 0; = ¢, 


Taa 2uv = h, oe jue = hs OP. . (3) 


and 


Pnu = 


In the general case, which will be contingent, the mode 
in which the differential coefficients of the 6’s enter the 
vilues of the components of the displacement are fairly 
obvious, and must reduce to those in (3), when the 6s 
are all made equal. 


We therefore shall write in the most general case : 
2nu = hy, d (98:7 0) (6 05) n (0 06) 
2nv = hy È (0+ 6,—6,) B6, 8) — 8,6, 09) 


2nw = ha Z (0, +6, — 83) + ¥2(42 — 83) —91(83 — 1), : (+) 


in which a cyclical symmetry is effected. 
On a ae = first of the conditions (2) becomes 
= (Fy 9 E 9 (8, —0;) -(her 2 gh, n 01) 
lg hy On 9b hs T ot) 
pus - Oh. Ò (6; — 8.) = (=; 2 Ohs3\ mA -8) 
liz ha aot, On he hs On ot 
1 hB), l òy) 
(Tag ap OTi d 
1 Oy.) _ ] 31,8, " 
h Qu hj? ot POP 


(03— 


— a= ee ee ee - 
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The other two equations of condition may be written down 
by a process of cyclical interchange. 


2. The three conditions for elastic equilibrium which 
I shall select for preliminary consideration are no doubt 
simpler than the remaining three, and my next step will be 
to simplify the form of the conditions expressed in (5) 
bv the selection of values for the six arbitrary constants 
contained in them. The selection decided upon must find 
its support in the sequel. 

The choice made is that the coefficients of 9(81— 650€, 
0(0,—0,)/09, and of similar terms in the other equations 
shall be made null ; that is, I make 


B = 2h. eh | = 2 he Òl | NS PLI oh. ; 
per ee ay suce SEE 
253 Oly hy Òl h oh; 
My = — —- - 9 = —2 wd gp — * 6 
Uns wr Cle reg ee eee c Rx 


The first of the conditions (5) thus becomes 


1 Oh; ð i Òl Q 
ore 27 n) 6 9s) 
1 d/h? dy o fh? Oly 
io at IZ — 8) +73 EV $c) 60) 


GR) S penu n 


By the use of Lamé's Identities, quoted in the paper 
previously referred to, this may be written 


dhs Ò m oh. Ò oA OE Oly 7 
2( I ae aE ay) 67 02- ios ot s 
"E i QU. y OU T Oh; h Ohh, 
+ Ugat “an det he Bn BE Ma On OC 


Ah, Dha Mdh Dha | 
hidn DE A; 0€ On Í 


with two homologous equations. 

These give relations between the differences of the three 
functions on which the stress-system depends and the parti- 
cular orthogonal coordinate system to which the stress-system 
is referred. 


(8, — 0.) = 0, . . $ (8) 
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The components of the displacement, as far as terms in 6, 
are concerned, are from (4) 


2uu = -m9 42d ^ Ola, 2 S 0,, 


he oE Ta OE 
` = 09, E hs oh, 
Pnv = rom E 0,, 
2nw = piy hs Qf Bis se ee & ee a 9) 


"et Ah et 


and it is in this form that they will be used later. 
Tlie general statement of these components I shall make 


in the form 
re) 6.+0:— h, Oh, 


Dine == ee : = 
Dnu hihzhs5g lile fini 3E (85 -- 0, — 03) 
af Oh. 
um o ARS — 0:3), 
with two homologous expressions for 24v and 2n. 
-—u 


3. There remain three other conditions necessary for 
elastic equilibrium, which may conveniently be stated in 
the form 

P—Q =2n(e—f), R-P = 2n(g—e), 
with 
PQR = (8m—n) (e+/'4 9). 
The values of P and Q obtained in my previous paper, as 
far as the function 6; is concerned, are : 
o hè Oh. Oh: 6 
aay ere oE dË d 
078, ha” à; 96, ji: ho? Oh OO, 
os h; o£ o£ hs On di 
hs? d, Oh; 00; 
2: =F ) 
hy 0c oc at 
49 (s Q^, -(2 S Oh, 43 h Oh. gh; ta. 
Udy oF bh? OS MDY GE hy On On 
ox x A) 
The value of R ean be obtained from that of Q by 
exchanging ha and hg, n and £, while retaining 4, and E. 

All the values can then be completed by a general cyclical 

interchange. 


P= 


Q 2-1 
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The value of e is given 

Qu dts Ol he dh y 

dE hy Fr du ot" 

and there are homologous expressions for f and g, in which 
we are to substitute for u, v, w from (9). 


Thus we find 


e= hx 


oh PLI oh, oh? hs 96, 
2ne = ~ 1,29 a -(^5; '— “ho OE —2 A OF OF 
hë Oly DO, _ Maë dn BB 
. = òn à» ı 08 ot 
i hy? ha h? hls h òh h? a dh 
Yes LA DE b ls o£ (i. DE hë ar) o£ 
hy Gh, hj? oh Oh: hs Òh hs? òh? | 
(e Sen Se) og tel dn) taD 
Inf = hg 076, br E «(195-2 gl” Oh, 00, hs? Òh 90, 
om | he OF OF òn “hi on] On fy OF OF 
EY hg gh l» Òh | ha? Aly\ Òh: 
"Ea d oy b. à — hj On) On 
F (is 9^, | h? 2 eH i n p 
hs? OE h, ha E lillo 
2 he? 2079, M? dh, 30, | hy Òh: 961 , (IS 0m. 2h ew) 96, 
4nd = du ot us dE dE js ði d 3° h et 4 


22 ( : : ha gh, hj w) S a 
et eT. Oe AD OL) OC 
. hi? ahs Oh. Oh. hs Oh, à ) (12 
QR OF. ot duh 07 on J ) 


as far as @, is concerned. 

Combining these values with those given for P, Q, R in 
(10), and using Lamé’s Identities, the simplifications are 
notable, and we find 


la” TA TH YR 
a pe vec E) #P (BE) 
ha? oh au (s 
uU (Se 1 " iy la 
cretam S) p 


n5 (Se) 2232) F- 
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whence 
sd | t QV. hg asy 
Q—R—2n( /— y) 20,1 '' Ae tole 


ke oh, h? (& 23] 1 13 
E (sz EF qt ( 
Dv completing P—Q—2n(e—f) so as to include terms 
in 6, and 0,, we find 
2 d òh d o. B 
V (0, — 0) - 4(01 — 0.) yen DE 


9; V ?(0hs 
-&j) (is E (S7) 
$206.02 i a. re (3) $= 
with homologous CN . (14) 
4. The last condition to be satisfied is 
P+Q4+K = (8m—nj(e+ft+y). 
We find from (11) that 


TRE -— ae 
= — V? (0, 4-0, 4-03) + RES (i, 7 wi * (3 p 
se uis ot) 
"(is Se a7 A on Par 
~ (72 eo eae 
-. Be ant IF OE og) (OM) 


Be ak *-— he eo ak Sa, dg Be. ae, SCS) 
where 
= he? Oh, EL CU) hs Oh, Ole _ h? oh, Oh. 
| hy On? 2 On?  h à» Om lh» On On 
hs? al, he? (gh > A6 9^, ois | ha ahi gh 
jog "Pio (Se) Thay at at th, BC DE 
lit Bla Bh 
hohe OE o£ 
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or 
E hy? Dha hoh oh, A? (OM? 
~~ Ve DIETE M? VOE 
a? dls | a Oly Dhs Mn’ (22 *_ fy? dhs is) 
hs OE T hy DE OE Ag NOE) hys OF OF S” 
by Lame’s Identities. | 
By adding these two values is found the value of 2A, in 


the form presenting itself in the next paragraph. 
The expressions for A, and As are homologous to that 


for À,. 
Similarly, we find from (12): 
2n(e +r-Hg) 


_ = ò h, d0, o / h, 06; 
= V0, + 02+ Oa) huh | Seah ^ t$ o) 
0 (hs 043 
+ Seine BE) 
" v IT o hj Oh, rs) G —6,) 
Br ot hy On On i 
h dls 0 h? Oh, Ò 
ST aE NM M o em : ) —g. 
tels dn On Ie OF ae) 63) 
MITTERET 
+27, Stat" he BE oc) CTA 
— 44,0, —4A4,0, —4A.0;. (16), 
The condition which we seek therefore becomes 


(3m + n) V?(0, + 0; 4-01) 


= on [ne aes 98) «(i on) ^ie riso] 
- (ie BE SEK, àv 6-9 
- (ar nm i. ot ac) 799 
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with similar expressions for 2A, and 2A;, 


we shall find 
2 A10, +240: - 24:0; 
_y hit Bla Bling g at Da Blog, y y In? Da Vag 
Rahs òE o£ ' hihz On òn hih: OF OF : 
| + B,(0,— 0,) + B.(0,— 0,) + B;(0; — 02), 
for substitution in (17) if desired. 


B 


0+2 


5. For a complete exposition, it would be necessary to 
employ the expressions for u, v, t given in (4) to find e, f,g, 
and repeat the procedure in sections 3 and 4,—the constants 
taking finally values selected from 
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As the results would meet contingencies, they would be 
valuable, but the process would be lengthy, and I have 
confined myself to one instance only, in which, however, 
the general method is fully exemplified. 

The interest in general problems in orthogonal coordinate 
systems turns ultimately upon their application to tle 
simpler of such svstems, and I conclude by considering 
a few cases by the method of this paper. In all such 
eases T shall retain the coordinates & 7, € in the sense of the 
coordinates of the system. 
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Y. The cylindrical polar system. 
In this case we have 


h =l, h =} h = 1, 
so that a, is the only remaining constant. 
The equations (5) reduce to 


(«.-2) 9(01—0,) _ 0, (at; OO) i, 


The case which I have considered and to which equations 
(14) and (17) apply is when a,—2/£ and the condition 


becomes 
9(0,— 6,) = 
07 
There is another case which I have not considered when 
25 — —2/E and the condition becomes 
9(0, — 92) = () 
ot : 


II. The conjugate cylindric system. 
In this case 
hy =h =h =A, h; = 1, 


and B, and a, are the only remaining constants. 
The equations (5) now reduce to 
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az= TŽ and then the condition is 
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Alternatively, if either ecu or a, =2 ‘or we have 
9(0,— 0.) 
—0, 0,— 
Oh 


Eoi Dung wee” this twthesolo cóndition? 
òn o£ 


otherwise 0, — 0, is a function either of £ or of 7. 


III. The spherical polar system. 
Here we have 


je le We ; | 
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and a», «z, and 9; are the remaining constants. 
The equations (5) become 
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The values we are to take for a», «3, 83 are: 
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whence 
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In the ease we lave considered, the upper signs are to be 
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taken and the conditions become 


9(0,—0)  ,  90(8,—0) _ 
= S 0, ar m 0, 
aa 2) cot a (8,— 6) = 0. 


None of the other cases have been considered. 

We may describe the conditions (5) as expressing the 
antecedent condition that the characteristics of the stress 
system and of the coordinate system are not such as exclude 
the possibility of the elastic displacement being expressed in 
terms of the same three functions as the stress, the final 
conditions being expressed in (14) and (17). 


LXIII. Lhe Emission from an Incandescent Platinum Wire 
in Aire By Prof. A. M. TYNDALL, DSe, and G. C. 
GRINDLEY, B. Se. (Bristol) *. 


LU is well known that the mobility of the normal ions 

produced by the usual ionizing agencies in fairly dry 
dust-free air at atmospheric pressure is of the order of 
1:8 emn./sec.[volt/em. for negative and 1:4 for positive ions. 
An apparent exception to this was found by MeClelland f 
in the case of ions from an incandescent wire, an arc, or a 
flame. In his experiments an air current. carried the ions 
into a metal tube, in whielitheir mobility was determined 
by a method which Rutherford had used in the case of ions 
produced by uranium. 

In the case of an incandescent wire, with which the- 
present paper is concerned, McClelland found that the ionic 
mobility was small compared with that produced by X-rays, 
and that the hotter the wire the smaller was the mobility. 
Further the mobility, which was of the order of 0:01 to 
“003 cm.[sec., decreased with inerease of distance from the 
source. McClelland concluded that each ion picked up 
molecules and formed a cluster which grew in size with age, 
Again, Rutherford ¢ made observations on the current 
between two plates, one of which was red hot; he concluded 
that the mobility of the positive ions from platinum may 

* Communicated by the Authors, 


*t McClelland, Proc. Camb. Phil. Soc. x. p. 241 (1899), 
] Rutherford, Phys. Rev. xiit. p. 321 (1901). 
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vary within wide limits, its average value decreasing witb 
increasing distance between the plates. 

On general grounds it seemed probable that McClelland 
was dealing with a mixture of different types of ion, the 
relative proportions of which changed with time. For 
instance, several writers have referred to the particles of 
sputtered metal as nuclei to which some ions would attach 
themselves. The purpose of the following experiments was 
to obtain more definite information on the whole subject by 
means of mobility measurements. l 

Two types of apparatus were used : the first was suggested 
by an experiment of Nolan * (though differing from it in 
several respects), and is referred to below as the Box 
Method ; the second was McClelland’s original method with 
modifications. 


Bo.r Method. 
A sketch of the apparatus is given in fig. 1. 
Fig. 1. 


ni" p dx E cpm ditio ios utt 
€ 


Eart 


A and D, the former in two parts, are brass sheets forming 
the top and bottom of a rectangular box 72 in. long and 10 in. 
wide. Except for the insertion of a glass window for obser- 
vational purposes, the sides of the box were of ebonite about 
2 in. deep. "f" is an incandescent platinum filament set 
up in a small side chamber placed on A over a slit S,. 
` A stream of dry dust-free air is sent through the Lox. 
v electric fields of the appropriate sign and strength, ions 


* Nolan, Proc, Roy. Irish Acad. xxxv. p. 38 (1920), 
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of either sign may be dragged from the vicinity of the wire 
down to S, ; those which drift into the air-stream may then 
be carried across it to the plate B. 

Now, if more than one group of ions is present, the paths 
of these groups will be different. For example, if the ions 
consist of two groups, one of normal mobility and one of 
. lower mobility, the first will travel along the dotted line ` 
striking B at the point P,; the second will travel further 
down the air-stream and strike B at P, (see fig. 1«). 


Fir. la. 


LUND CLONE: m 
m a 


If the upper lid of the box is arranged to slide, the points 
P, and P, may in turn be made to coincide with the slit S, 
in B. To detect the ions an insulated plate C, electro- 
slatically shielded and connected to an electrometer, is placed 
under Sj. A small subsidiary field between B and C ensures 
that the ions arriving at S, are recorded by the electro- 
meter. 

Owing to diffusion and self-repulsion the stream of ions - 
increases in width as it travels across the box. It was there- 
fore necessary to obtain the rate of deflexion of the electro- 
meter needle for various positions in the neighbourhood of P, 
and to deduce the position of S, for maximum deflexion 
graphically. The analysis of spread for different voltages 
suggested that the effect was mainly due to diffusion, but 
that self-repulsion became appreciable when the current 
across the box was large. Diffusion may be cut down by 
rising the voltage between A and B, thus lessening the 
time spent by the ions in crossing the box. This, however, 
lessens the displacement of the ionic stream bv the air- 
current, and cannot therefore bo carried beyond a certain 
limit. Preliminary experiments led us to adopt voltages 
ranging from 30 to 300 volts across the box and an 
ionization current sufficiently small to make mutual repulsion 
negligible. 

For maximum resolving power the slits S, and Sj must be 
very narrow when, however, the number of ions passing 
through them is too small for measurement. Since the 


2Y2 
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resolving power was already limited by diffusion, we have 
remained satisfied with a width of slit of 4 mm. which was 
adopted early in the work after a few preliminary experi- 
ments. 

In order to minimize the effect of eddies near the slit S, 

and the loss of ions in passing through it, the slide in its 
immediate neighbourhood was made thinner than the rest of 
the box. The lower edges of the slit S, were bevelled off 
for the same reasons. 

The movement of S, was obtained by making A in two 
parts. The main fixed part contained a large rectangular 
opening, over which was placed a brass slide 48 in. x 7 in. con- 
taining the slit at its centre. A good sliding fit between the 
two parts was ensured by pressure from a number of fairly 
stout springs. When the air-stream passed through the box, 
a layer of vaseline around the edges of the slide made any 
sideway leak of air negligible. Guides were also provided. 

The chamber containing the hot filament “f” was made 
of plastic fire-cement, lined with mica. Copper hooks were 
inserted in opposite walls for supporting the wire horizontally 
and parallel to the slit. Platinum wire of S. W.G. 44 was 
used. The bottom of this chamber was a mica sheet, slotted 
over the slit S; and cemented to the brass slide; the top of 
the chamber was a thin aluminium sheet. The walls and 
top were made airtight, because any leak would have caused 
a flow of air from the main stream through the chamber. 

The electrode © under S, together with the electrometer, 
its key and connexions, were electrically shielded. The 
sensitivity of tle electrometer was usually about 70 to 
80 cm. per volt. 

During an experiment the following voltages were 
applied :—(a) duc genet the aluminium top "and the 
filament **f"; (b) “v between “f”? and 8,: (c) “V” 
between À and B : P (d) ** e" between S and C. 

The Atr-stream.—It was of course necessary to use a very 
steady stream of dry dust-free air. In fip. 1, R is a Keith 
Blackman rotary blower, rated at 700 revs. per minute, the 
speed at which it ran nest steadily. The air-stream that it 
furnished to the apparatus was varied by a serew-clip ĉi 
controlling an alternative escape, and by another clip eg in 
the main flow. T is a steadying chamber of about 2 c. ft. 

capacity ; “r?” is a pressure “regulator of the type used by 
Blackw ood *; F is an efficient dust-fiiter. 


The speed of the air-stream was measured by reading a 


* Blackwood, Phys. Rev. xvi. p. 87 (1020). 
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U-tube oil-gauge G placed across the filter, the gauge 
having previously been calibrated by a gas-meter temporarily 
inserted in the air-circuit. The readings of flow were 
usually steady to less than 1 per cent. 

D, is filled with sulphuric acid and D, with calcium 
chloride. E is a wooden airtight box which tended by its 
size and shape to produce even distribution and stream-line 
flow through the mobility box AB. 


Experimental Results. 
Nevative Ions.—Typical results are given in Curves I. 
The potential differences used in this case were : r=6, e, = 80, 
V =30, v,—6 volts. The heating current was kept constant 


Curves I. 


A and B hot Wire 
Cand D polonium, 
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s 6 7 
PosiTion of Suit, 
as nearly as possible by means of a microscope focussed on the 
ammeter needle, and a variable resistance. The air-current 
varied bv less than | per cent. 

'urve-I. A shows the distribution of current at B (due to 
the hot-wire ions) when no air was flowing. while curve I. B 
shows the corresponding distribution with the air-eurrent on. 
It ean readily be shown that if 5 4X is the velocity of the 
ions in a field X, “A” the height of the box, and “w?” the 
mean velocity of tlie stream-line air-flow, then, neglecting 
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the effect of the sides of the box, which was of considerable 
width, the displacement of the peak “/” is given by 


hw 

kX" 

In other words, when the conditions are kept constant, the 
displacement is inversely proportional to the mobility of 
the ions. 

The mean value of K deduced from a number of such 
curves was K—L71. But since the accuracy of the gas- 
meter was doubtful at the high speeds used in this case, ‘this 
number can only be reg: arded as a rough value. In order to 
ensure that its appr oximate avreement [with the known value 
for a normal air ion was not accidental, the hot filament was 
replaced by a sample of polonium arr anged to ionize the air 
in the chamber, but sbielded to prevent the direct entry of 

rays into the air-stream. The result was the curves I.C 
and I. D, showing in a striking manner the identity of the 
uiolilifies of the ions from the two sources. 

The increase in the values of the ordinates of the displaced 
distribution curve is characteristic of all the curves obtained. 
It seems reasonable to attribute it to slight eddies in the 
neighbourhood of the slits, carrying through them ions 
which would otherwise be caught by the sides of the slits. 

A detailed search was then made for ions of lower mobility, 
the difference of potential “ V " being raised to 144 volts for 
the purpose. The slide was moved 2:5 mm. at a time toa 
point at which an electrometer deflexion would have indicated 
a mobility of 0005 cm./see. Throughout the whole time, 
however, the electrometer was perfectly steady, The age of 
the ions entering the box was increased by reducing the 
voltage e from 80 to 30, with, however, the same result. 
This seems to prove conclusively that only normal ions were 
present. 

The apparent. diserepaney between this result and that of 
previous investigators receives, however, a simple explanation, 
Tf no larger particles are present, the electrons emitted from 
the hot filament will attach themselves to molecules and: 
hecome normal ions. In the absence of an electric field 
they will be carried upwards by the convection current set 
up by the hot wire. In our experiments the electric field 
applied was suflieient to reverse their motion and to pull 
them out of the hot stream down to the slit. Now, if either 
ions of low mobility or uncharged particles are emitted from 
the wire as well, these will also be carried upwards ; the 


l= 
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former will be pulled down to the box only by very stron 

tields, fields too strong to be applied conveniently ; ; the latter 
will be unaffected by any field. When the normal ions 
remain with such particles in the same stream, clustering 
will take place and the mobility of the ions will decrease 
with time, as McClelland found in his experiments. When 
the normal ions are rapidly removed downwards from the 
vicinity of the wire, as in the present work, they will 
‘preserve their identity and will alone be observed in the box. 

It was felt that some information on the nature of these 
nuclei might be obtained by inverting the hot filament 
chamber, placing it under S3, and allowing the nuclei as the 
result of convection to enter the main air-stream through S, 
and to pass across to the electrometer connexion C, now placed 
above 3 Since, in this case, C had to move with the slide, 
special spring connexions with the electrometer had to he 
arranged. 

The passage of the convection current across from the slit 
to the top of the box was clearly demonstrated by supplying 
some ammonium-chloride fumes to the chamber and watehing 
their deflexion down-streum. 


Owing to this convection current, the displacement of the 
ions by the air-stream was not inversely proportional to 
their mobility, as in the previous experiments. Some com- 
parative experiments with polonium ions and a convection 
current from a hot but not incandescent eureka coil gave us 
an empirical calibration, showing the variation of displace- 
ment with mobility for particular ralues of the air-stream, 
convection current, and voltage across the box. 

Fig. 2 shows the modification of the hot filament chamber 
which was made. X and Y are parallel plates, 2:5 em. 


CURRENT 
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apart, between which a potential of 400 volts could? be 
established at will. P, is a receptacle in which polonium 
could be placed so that a horizontal beam of a-rays would 
ionize the region around the hot filament f. P, is an 
alternative receptacle for introducing ions in the same way 
into the convectiog stream after it leaves the space between 
the plates and before it enters the main box through the 
slit S.. 

Three sets of observations were made of the distribution 
of the ionic stream crossing the box, curves II. showing the 
results obtained. 


Curves II. 


to [j 


Position oF 
uit 


Curve II. A.—Filament red hot, with no polonium and no 
field between X and Y. 

Curve II. B.—Filament red hot, with polonium in P, and 
no field. 

Curve II. C.—Filament red hot, with polonium in P, and 
field applied. The dotted curves refer to normal ions with 
and without the air-current. 

These curves are fully explained on the view that accom- 
panying the emission of normal ions there is an emission of 
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uncharged particles in large excess. Thus curve II. A shows 
only a small current reaching the electrometer, Mut to 
recombination of ions with one another. If, as in case 
large supply of normal ions is added at the filament, many 
of the uncharged particles will take up ions which, owing to 
their consequent decrease in mobility, will zeconbina' far 
more slowly, and will therefore enter the box in large 
numbers, as shown in curve II. B. The resolving power of 
the apparatus does not permit us to say if any “particular 
groups of ions were present, but the smoothness of the curve 
suggests the existence of a number of ions of all sizes from 
normal to those of mobility about 0-1, the majority in this 
particular experiment ranging around a mean value of about 
0:6 em./sec. 

It is quite possible that there were also ions of lower 
mobilitv; but owing to the eddies which were produced 
where the convection current struck the top of the box, these 
escaped detection. 

In case C the purpose of the field was to remove all normal. 
ions rapidly from the convection stream. Without any 
polonium it was then shown that no ions entered the box. 
Again, the presence of uncharged particles in the convection 
current was clearly demonstrated by supplying ions to it 
from P, just before it enters the box. Curve II. C shows the 
result. Clearly in this case anappreciable number of normal 
ions due to the polonium enter the box, while many others 
attach themselves to the particles which have probably been 
coagulating as they rise. The result is a big range of 
mobility from normal to less than 0-1. A smoothed curve 
is drawn through the points, because a repetition of the 
experiment showed that there was no special significance in 
the loeal variations. We have recently found that in the 
detection of uncharged particles from hot wires in dry air 
we have been anticipated by McClelland and McHenry * 
In the last section of a paper on nuclei produced in moist 
air bv ultra-violet light and other sources, they show that 
uncharged nuclei are driven off from metals by heat in air, 
whether dry or moist. Thev showed their presence hy 
passing them over uranium oxide when they combined with 
normal ions and became large ions, as indicated by the high 
voltage necessary tor a saturation current. 

Positive Jons.—Similar experiments were carried out with 
the positive ions emitted from a hot wire. Typical results 
are shown in curves III. for positive ions pulled downwards 


* Proc. Royal Dublin Soc. xvi. p. 252 (1921). 
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out of the convection stream, the notation being the same 
as that of curves I. for negative ions. 

Jomparison with curves I. shows that while the negative 
ions from polonium and from the hot wire are identical, this 
is not the case for positives. The wide spread of the positive 


Curves III. 
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ions from the hot wire suggests that they consist of a 
mixture of ions of various sizes ranging round a mean value 
of niobility of about 1*0 to 1:1 em.[sec. 

Attempts were made to analyse this distribution by 
repeating with different values of «vj, but the positive 
emission from a wire was found to be not steady enough to 
ensure reliable comparative results. 

Experiments with the inverted box were also carried out 
in the samé manner as with negative ions with similar con- 
clusions. In fact, the curves obtained are so similar to those 
in curves IT. that it seems unnecessary to reproduce them, 


The Second Method, 


MeClelland’s original mobility apparatus was modified to 
show results which confirmed those obtained above with 


negative ions. The positive emission was not steady enough 
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to use it satisfactorily. The arrangement is shown in fig. 3. 
The source of the ions, either hot wire or polonium, could be 
placed either in the receptacle A, as in the box method, or 
in the main stream at |j. The electrode E, insulated and 
connected to the electrometer, was suspended centrally in a 
long tube T, 74 cm. in diameter, the potential of which 
could be varied. The air-stream, dried and filtered, was 
driven through a gauze G up the tube T, carrying with it 
ions from either A or B. The vessel R was inserted to 
ensure uniform distribution of the ions by turbulence before 


Fig. 3. 
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they entered T. Preliminary experiments with tobacco 
smoke showed that for the nir-speeds used the flow in T 
near Ij was stream-line. 

Typical results are shown in curves IV., the curves A 
and B being for the hot wire at A and B respectively. 
Curve IV.A shows a saturation voltage at about 2*8 volts, 
which is about the right value for nor rmal negative ions for 
the dimensions used. Repeating the curve with polonium in 
A instead of the hot wire gave a curve with the bend at the 
same point within the limits of experimental error. The 
absence of any other ions suggested by the apparent hori- 
zontal character of curve IV. E beyond the bend was con- 
firmed by taking a series of readings alternating between 
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10 and 20 volts to eliminate possible fluctuations in air-speed 
or accumulator voltages. The table shows that the mean 
values are the same at both voltages. 


Curves IV. 
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Curve IV. B for the wire placed in the air-stream (plotted 
on a different voltage scale) shows no saturation below 
200 volts, which would eor respond to a mobility of about 
0:002. The general inference to be drawn from the curve, 
which is convex upwards from an early stage. is that one 
was dei le with a mixture of mobilities from, say, 0:1 to 
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less than 0°005. While the curves do not show any evidence 
of homogeneous groups of ions, it is doubtful whether, if 
such groups were present, the resolving power was high 


enough to separate them. ‘These results are in agreement 
with those of McClelland. 


Discussion and Conclusions. 


The conclusion to be drawn from the above experiments 
is that the hot filament emits electrons, positive ions, and a 
copious supply of uncharged particles. When removed 
from the vicinity of the particles, the electrons attach them- 
selves to molecules and become normal ions of mobility the 
same as that of negative ions produced by polonium. In 
the first method the mobility was measured within } of a 
second from birth and in the second method after 5 to 15 
seconds with the same results, showing tbat, removed from 
nuclei, the ** normal " ion retains its identity unchanged 
with age. 

The positive ions are complex. The approximate co- 
incidences of the left-hand side of the curves III. 0 and c 
strongly suggests that positive ions of mobility about 1:4 in 
air were given off from the hot wire; but there must also 
have been many ions present having mobilities from 20 to 
60 per cent. lower than this.  Hütterman * has shown that 
in vacuo a hot wire emits not only gaseous positive ions 
but positive atoms of the metal, and our curve might be 
accounted for in this wav. It is, however, a little doubtful 
whether a mobility of the order of 1:1 instead of the normal 
14 could be thit of foreign gaseous ions or of platinum 
atoms in air. Blane f has carried out some work which 
suggests that the mobility of the CO, ion measured in air is 
the same as that of an air ion. Similar results have been 
obtained by Wellisch t£. for ions of methyl iodide in an 
atmosphere of hydrogen. Again, [franck $ arrives at the 
same conclusion in the case of the positively-charged recoil 
atoms of thorium D. 

If we accept their results, we must conclude that the 
positive tons are emitted either as small metallic clusters or as 
atoms, many of which form clusters by the time they reach 
the box. The clusters, however, must be small compared 
with those we usually designate as large ions. 


* ][ütterman, Ann. d. Physik, lii. 8, p. 816 (1917). 

t Blane, Journal de Physique, vii. p. 825 (1999). 

t Wellisch, Proe. Roy. Soc. Ixxxii. p. 000 (1900). 

$ Franck, Deutsch. Phys. Gesell, Verh. Ni. 19, p. 397 (1909), 
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The wire when used for positive emission was only at dull 
red heat; the convection current from it was therefore less 
than when it was negative. A certain amount of clustering 
of ions with uncharged nuclei may possibly. therefore, have 
taken place before they were separated. The emission of 
the negative ion as an eleetron with high mobility, together 
with the greater convection current, would account for the 
absence of similar clustered ions in the results for negative 
discharge*. | 

The uncharged particles are presumably metallic clusters 
ranging in size from atoms to metallic dust. Left in asso- 
ciation with ions they take up charges and become large 
ions. No doubt they are responsible for the blackening of 
filament lamps. Removed from ions they coagulate with 
time like other particulate clouds. 


We are indebted to the Colston Research Society of the 
University of Bristol for a grant in aid of this research. 


Physics Department, 
University of Bristol. 
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LXIV. The Valency Bond. Electrovalence and Covalence. 
By X. H. C. Brices, P. c.f 


Lo GMUIR (Journ. Amer. Chem. Soe. xli. p. 868, 1919) 

distinguishes between two types of valency known as 
electrovalence and covalence. When atoms combine by 
electrovalence a transfer of one or more electrons takes 
place from the positive to the negative element, and the 
resulting ions are then held together by the general electro- 
static attraction as in potassium chloride K'Cl'. When 
atoms combine by covalence no electrons are transferred, 


* Jrikson has recently investigated the positive ions from hot platinum 
in air. An abstract of his work appears in the Physical Review 
(vol. xxi. p. 720, 1923). He finds that:—* During an interval of 
the order of 0°30 of a second the initial positive ion changes over into the 
normal positive ion of mobility 1:36 cm./sec./volt/em. Since in the 
initial stage and in the final stage as well, tlie mobilities are the same 
as for the positive ion produced m air by the alpha rays trom polonium, 
the conclusion is that the ions are identical.... . If the platinum is 
at a very high temperature and the ions are allowed to remain fora 
short time in the air which has left the platinum surface, they load 
up and form heavier ions.” 

It would, however, be premature to discuss the points of difference 
between his results and ours before a full account of his work appears. 

T Communicated by the Author. 
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hut two or more electrons are shared between the atoms in 


H 
combination, as in methane H:C:H,in which each hydrogen 
H 


atom shares two electrons with the carbon atom. 

With certain exceptions which are discussed below, electro- 
valence compounds correspond to strong electrolytes, and 
covalence compounds to non-eiectrolytes. Many previous 
writers have suggested different constitutions for strong elec- 
trolytes and non-electrolytes, but have generally regarded 
the two types of compound as the extremes of a series with 
an indefinite number of intermediate stages. Langmuir, 
however, appears to have gone much further than previous 
writers in the direction of making a clean cut between the 
two classes, and has thereby done a considerable service 
to chemical theory, because the idea of two distinct types 
hasattracted much attention and greatly stimulated chemical 
thought. 

There seems to be an increasing tendency on the part of 
chemists to accept the view that compounds can: thus be. 
divided into two distinct and independent classes, but in my 
opinion the case for two clearly defined and separate types 
has not been established. The present paper is therefore 
devoted to some aspects of this problem. 


l. T'he sharing of electrons, 


Consider a molecule of a strong electrolyte A' B' (an 
electrovalence compound) formed by the union of an atom 
of an alkali metal 1 with the halogen atom ZB, A giving up 
its solitary valency electron in order to complete the octet 
round D, the atom A thereby becoming a positive ion A’, 
and the atom Z a negative ion B'. 

For tlie sake of simplicity in reasoning, we will adopt the 
Lewis-Langmuir hypothesis that the eight electrons com- 
prising the completed octet of D’ are situated at the ce:ners 
of a cube, the nucleus of B being at the centre of the cul: , 
and we will make the further assumption that the cube is 
not distorted in the molecule A’ B’. 

As iu previous papers (Trans. Chem. Soc. exi. p. 253, 
1917. exv. p. 278, 1919; Phil. Mag. xlii. p. 448, 1921), 
we will adopt the view first put forward by Sir Oliver Lodge 
(t Nature, lxx. p. 176, 1904) that the electron and the 
positive charge when in combination are united by a bundle 
of a large number of lines of force, so that in a molecule any: 
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given electron or positive charge may be linked up to more 
than one positive charge or electron respectively. 

In the molecule 4' B' (fig. 1) we may regard the positive 
ion A’ as a sphere, because the positive charge is situated at 
the nucleus, and will therefore act on other ions as if it were 
distributed equally over the surface of a sphere the radius of 
which is the nearest distance to which a valency electron in 
the negative ion can approach the nucleus of 4. 


Fig. 1. 


Nucleus 


Nucleus 
of A of A, © 


In this diagram the white circles represent electrons and the black 

circles indicate nuclei. In order to avoid complication, only the 
c, nuclei of the positive jons .4° and A‘, are shown, all inner shells 
of electrons being ignored. The negative ion 7/ is represented 
by the cube of valency electrons with the nucleus at the centre, 
no inner shells of electrons being included. The negative ion B,' 
of the molecule A’, Bı’ is not shown in the diagram. 


In the ion D' we have a kernel with seven positive charges 
united to eight electrons. Each electron will therefore be 
Jinked to the kernel by a bundle of lines of force containing 
‘only seven-eighths of the number of lines present in a 
complete bundle. This will leave one-eighth of a complete 
bundle to pass from each electron in the octet of 77 to the 
nucleus of A’. The bundles of lines of force are represented 
diagrammatically in fig. 1 by single lines, the thick lines 
joining the electrons to the nucleus of D and the thin lines 
connecting tlie electrons to the nucleus of A. 

We see,therefore, that in the electrovalence compound A? £' 
the electrons are shared, but they are shared unequally, 
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whereas in the true covalence compound they are shared 
equally. Hence it follows that the difference between 
electrovalence and covalence is only a difference of degree, 
the electrons being shared equally in covalence compounds 
and unequally in electrovalence compounds, the more unequal 
the sharing the greater the polarity of the compound. If 
this is the. case, it 1s not possible to divide compounds into 
two sharply-defined classes, as unequal sharing may include 
any degree of sharing, from approximate equality to almost 
complete separation of the ions. 

The above reasoning still holds good if the cube is distorted 
or if the electrons are distributed around /3’ in some other 
way and not at the corners of a cube, the effect of such other 
arrangement being that the electrons will not all be shared 
in exactly the same manner, but taken altogether will still 
be unequally shared between A? and P. 


2. The crystal structure of strony electrolytes. 


Suppose a second molecule Aj B,' to be brought up against 
A B' so that the positive lon Ar is between. D, and the 
face efgh of the cube B'. The lines of force from the 
electrons e, f, y. and A will now have a tendency to attach 
themselves to the nucleus of cy, since this nucleus ls 
nearer to them than is the nucleus of 4A. If a number 
of molecules were thus joined up in a straight line, we 
should obtain a chain polymeride in which each i ion, positive 
or negative, would be symmetrically placed with regard to 
the two adjacent negative or positive ions respectively, and 
although the original individual molecules would still be 

resent, it would not be possible to distinguish them. 

Granted further a suitable relation between the linear 
dimensions of A` and B’, it should also be possible to group 
the molecules in such a way that an ion A° would be adjacent 
to each of the six faces of the cube B’, and similarly each 
ion A* would be surrounded by six cubes of /7'. We should 
thus obtain the simple cubic space lattice in which sodium 
chloride and most of the alkali halides crystallize. 

If we assume as above that the eight electrons around 2’ 
are situated at the corners of a cube, then in the simple cubic 
space lattice each electron of the octet of 5’ will be symme- 
trically placed with reference to the three separate ions of A' 
adjacent to the three cube faces which meet at the corner 
occupied by that electron. Instead, therefore, of one small 
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bundle of lines of force passing from each electron of B' as 
in the figure of the simple molecule, tlie small bundle will 
now be divided into three parts, each portion going to a 
different positive ion. The valency bond connecting the 
ions will now be very diffusely distributed, and it is easy 
to see why the solid acts as a conductor, because, whereas 
seven-eighths of the lines of force proceeding from each 
electron in the octet of B' pass to the nucleus of B’, the 
remainder are divided up between the nuclei of at least 
three positive ions. Consequently, when the appropriate 
electrical conditions are applied, B’ retains all the valency 
electrons and the erystal conducts as if it were built up of 
the ions A” and B'S 

The crystal structure of a strong electrolyte is often 
described as a space lattice of positive and negative ions ; 
and this statement is true, in virtue of the electrical con- 
ductivity of the crystal. Again, we may also imagine that 
when a body like potassium chloride crystallizes from 
aqueous solution, the crystal grows by accretion of individual 
ions. 

As a corollary to the statement that tlie erystal consists of 
a space lattice of positive and negative ions, the further con- 
clusion has been drawn that the crystal of a strong electrolyte 
does not contain molecules. This is clearly a false deduction, 
because we have seen above that we can derive the crystal 
structure by a process of polymerization of individual mole- 
cules, and this is in keeping with experience. As Caven 
(Nature, eviii. p. 210, 1921) has remarked, sodium 
chloride exists in the form of molecules at circa. 2000? C. 
When such a vapour of sodium chloride cools down and 
solidifies, it can scarcely be expected that each molecule 
will break up into individual ions before crystallization. 
The molecules will rather combine with each other, and thus 
form the erystal of the solid by polymerization as shown 
above. It therefore follows that the crystal of a strong 
electrolyte consists of one huge polymerized molecule, the 
size of which is only limited by the size of the crystal 
itselt. 

And although the erystal may be regarded in this way as 
being built of “polymerized molecules, it may equally well be 
regarded as a space lattice of positive and negative ions. 
Both points of view are correct, and are mutually com- 
plementary, not exclusive. 


V.B.—Attention may be drawn to the following analogies, 
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which may serve to illustrate the point of view indicated in 
this section :— 

(1) Ifa number of couples waltzing in a ball-room were 
to Join hands in a ring so that each gentleman 
had his partner on his right and another lady on 
his left, a stranger coming into the room would 
not be able to sort out the original couples, although 
they would still be there. In a crystal of sodium 
chloride formed by eondensation of the vapour, the 
original individual molecules are still present but 

cannot be identified, although the ions can be 
distinguished just as the individual dancers could 
be distinguished i in the ring. ' 

(2) A diamond crystal is usually regarded as being 
built up by the polymerization of carbon atoms. lf 
a more refined method of crystal analysis could be 
devised which would reveal the actual positions 
of the electrons just as X-ray analysis discloses 

the positions of the atoms, such a refined method 
would indicate that the diamond was built up of 
electrons and nuelei rather than of atoms. 


Compounds intermediate between strong electrolytes 
and non-electrolytes. 


The properties of aluminium chloride as recently in- 
vestizated by Biltz and Voigt (Zeitsch. anorg. und allem. 
Chemie, exxvi. p. 39, 1923) are of considerable interest 
for the present (digeüssion. In the solid state aluminium 
chloride is a conductor, although with the low conductivity 
of e. 0:3 x 1078 reciprocal üluns- at a few degrees below the 
melting-point as compared with 3 x 1075 for silver nitrate. 
Just at the melting-point the conductivity of alumininm 
chloride vanishes, so that according to Biltz and Voigt 
solid aluminium chloride consists of a space lattice of ions, 
whereas the melted salt contains. molecules. We may 
equally well suppose that the solid is built up of polv- 
merized molecules, the valency forces being diffusely 
distributed as a result of the polymerization so that the 
solid is a conduetor because the electrons are mequally 
shared, whereas in the liquid either single or double 
molecules are present in which the electrons are. equally 
shared between the chlorine and the aluminium, and the 
liquid 13 therefore a non-conductor. 


242 
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Intermediate between the strong electrolytes and the 
purely non-polar compounds we have the great majority 
of the complex salts, most of which have some tendency 
to dissociation of the complex in solution. Taking the 
platinichlorides as an example, according to Langmuir we 
may regard these as electrovalence compounds, the chloride 
ion being held to the platinum ion by the general electro- 
static attraction, or alternatively as covalence compounds in 
which the platinum atom is surrounded by a disextet of 
electrons, two of which are shared by the platinum with 
each chlorine atom. If each pair of electrons is to be 
saturated thev cannot be shared equally, because for this 
purpose the platinum ion would require six positive charges, 
whereas it only actually possesses four. It is evident that 
the distinction between electrovalence and covalence be- 
comes very vague when the theory is applied to complex 
inorganic compounds. 


4. Lanamuir’s electrovalence formule for certain compounds 
with non-polar properties. 


There are a number of compounds with the general 
formula AB, which have the properties of non-polar sub- 
stances but which Langmuir regards as electrovalence 
compounds, because when the octets are completed round 
the atoms there are either too few or too many electrons 
to give an octet round A if A shares two electrons with 
each atom of B. 

In a former paper (Phil. Mag. xlit. p. 448, 1921) it was 
shown that octet formation may be regarded as a co- 
ordination of electrons, using the word co-ordination in 
the sense in which it is applied in Werner’s theory of 
complex salts. If we adopt this point of view, there does 
not appear to be any particular reason why a positively- 
charged atom should be able to share only eight electrons 
with negatively -charged atoms which have completed 
octets. On the contrary, in compounds of the formula 
AD, we should expect « to be 2, 3, 4, or 6, corresponding 
to the sharing of 4, 6, 8, or 12 electrons respectively. By 
adopting such electron co-ordination numbers for the 
atom <l, the various examples of non-polar compounds to 
which Langmuir has given electrovalence formulæ become 
covalenee compounds, as might be expected from their 
general physical and chemical properties. 
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With electron co-ordination number four we have the 
metal atoms in such organo-metallic compounds as mercury 
diethyl and zine diethyl, C4Hs: Zn: C,H;. Such a formula 
explains the poor conductivity of zine diethyl compared 
with the good conductivity of the sa't-like sodium ethyl 
(Hein, Zeitsech. Electrochem. xxviii. p. 469, 1922). 

The boron atom in boron triethvl provides an example of 
the electron co-ordination number six. Although boron 
triethyl is a non-conducting liquid with a low boiling- 
point, Langmuir gives it an electrovalence formula and 
explains the peculiarly non-polar properties by suggesting 
that the field is wholly internal. The best way to ensure 
such ‘an internal field would be to share two electrons 
equally between the boron atom and a carbon atom of 
each of the three groups, as this could be done without 
setting up strains in the non-polar ethyl radicles, and a 
purely non-polar molecule would thus be obtained. 

Carbon tetrachloride would be written as a covalence 
compound, the carbon atom having the electron co-ordination 
number eight, whereas Langmuir prefers an electrovalence 
formula to harmonize with the electrovalence formule given 
to sulphur hexafluoride etc. 

Sulphur hexafluoride is a tasteless and odourless gas, 
chemically as inert as nitrogen. Langmuir regards it as 
an electrovalence compound, with the field wholly internal. 
Sulphary] fluoride, also a tasteless and odourless gas, is 
regarded by Langmuir as a covalence compound, because 
a formula can be given to it bv the equation e =8n— 2p, 


the formula being written O—S—O. It should be re- 
; 

marked, however, that in this formula the sulphur is left 
with two positive charges and the oxvgen atoms have each 
a free negative charge. This formula suggests properties 
quite different from those of a tasteless and odourless gas. 
Tie difficulty vanishes completely, however, if we give 
both compounds a covalence formula in which the sulphur 
atom has an electron co-ordination number twelve, sharing 
a pair of electrons with each fluorine atom in SIs, and two 
pairs with each of the oxvgen atoms as well as one pair with 
each fluorine atom in SO,F,. 
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Lowry (‘Chemistry and Industry,’ xlii. p. 43, 1923) has 
recently suggested that hydrogen differs from other positive 
elements in that it is able to enter into various stages of 
combination from true covalence to strongly-marked electro- 
valence, and adopting Langmuir’s view, he further states 
that this is the reasen why there are strong and weak acids, 
strong and weak bases, but no weak salts. 

From the chemists’ point of view it is difficult to under- 
stand the statement that there are no weak salts, because in 
the series KCl, CdCls, CdI,, HgCl,, Hg(CN),, WF, we have 
a gradual diminution in polar properties from the strong 
electrolyte KCl to the non-polar gaseous WF, If we 
accept the view that electrovalence and covalence differ 
onlv in degree, the series presents no difficulty, and it is 
not necessary to introduce special explanations such as 
Langmuir brings forward, assuming the existence of 
» strong secondary valence forces" which prevent the 
electrolvtic dissociation of HgCl, and Hg(CN);. 

The reason why hydrogen prm non- electroly tes so much 
more readily than other ‘positive elements is doubtless due 
to the fact that the hvdrogen ion is a nucleus only. as 
suggested by Lowry. Other positive ions, in comparison 
-with the hydrogen nucleus, may be regarded as very large 

spheres with the positive charge distributed over the 
U. The conditions for the formation of non-polar 
compounds by such positive ions are strictly limited, as 
explained some years ago (Briggs, Trans. Chem. Soc. exv. 
p. 281, 1919), and this is the reason why most salts are 
strong electrolytes. 


6. Lowry s mired double bonds. 


In a recent paper (Trans. Chem. Soc. exxiii. p. 822, 1923) 
Lowry has suggested that the double bond in organic 
compounds usually. acts as if it contained one covalence 
and one electrovalence, and has shown that this theory 
an be successfully applied to many branches of organic 


+ M * 
chemistry. The formula for ethylene CH;—CH, obtained 
in this manner raises a question of some interest. Polar 
compounds generally have a tendency to polymerize, and 


+ 
a substance of the formula CH,— CH, might be expected 
to be a solid at the ordinary temperature. rather than a 
“monomolecular gas, 
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The difficulty can be avoided if Lowry's formula re- 
presents an active phase through which every molecule 
passes, but in which only a small proportion of the mole- 
cules exist at any given instant *. Such an active phase 
might arise by the distortion of the molecule due to thermal 
agitation or some other cause, two of the shared electrons 
in Langmuir's formula being taken away from one carbon 
atom as to leave only a single valeney bond. This is shown 
diagrammatically in fig. 2a, which represents the normal 


molecule as pictured by " Langmuir, and fig. E b, the distorted 


molecule corresponding to the formula CH,—CH,. The 
Fig. 2 a. Fig. 2 b. 


distorted molecule might be expected to swing back at once 
to the symmetrical form a; and it is not necessary to assume 
that the two internal electrons of the positive carbon atom 
come out to the surface in order to complete the octet. 
Similar considerations would apply to benzene, which is 
a truly non-polar compound according to Sir Joseph 
Thomson (Phil. Mag. xxvii. p. 764, 1914). 

If tlis view of Lowry's ethylene formula is accepted, 
it is clear that the difference between electrovalence and 
covalence is only a question of degree, due to the varying 
positions of the electrons. 


7. The magnetic theory of valency. 


In tlie preceding sections it has been assumed throughout 
that the valency forces are purely electrical. It was shown 
in section 1 that electrons are shared in electrovalence 
compounds (strong electrolytes), but that they are shared 
unequally. — Since electrons are shared equally in true. 
covalence compounds such as a molecule of oxygen in 
which both atoms are electrically neutral, it was suggested 


* In a more recent paper Lowry has expressed a similar view. 
(Trans. Chem. Soc. exxiii. p. 1866.) 


112 The Valeney Bond. 


that covalence corresponds to equal sharing of electrons 
and electrovalence to unequal sharing, the difference 
between electrovalence and covalence being therefore only 
a difference of degree. 

The actual relation between electrovalence and covalence, 
as these terms are used by Langmuir, does not appear, 
however, to be quite as simple as this, since Langmuir 
has given covalence formule to the complex ions in co- 
ordination compounds in which the electrons cannot be 
shared equally, as shown in section 3 above. 

Again, electrovalence compounds are usually regarded 
as strongly polar, and covalence compounds as non-polar ; 
but instances were given in section 4 in which Langmuir 
has sugvested electrovalence formule for non-polar com- 
pounds. It «as shown, however, that it is possible to give 
these compounds covalence formule by adopting the 
principle of the co-ordination of electrons. 

If the views of Oxley (Proc. Roy. Soc. A, xcviii. p. 204, 
1921) and Peirce (Phil. Mag. xlv. p. 317, 1923) and others 
are accepted, in electrovalence compounds tlie valeney forces 
are electrostatic, and in covalence compounds the valency 
is due to magnetic attraction between two electrons, the 
doublet occurring where electrons are “held in common " 
in Langmuir's theory of chemical combination. From this 
point of view there would be an actual difference of kind 
between electrovalence and covalence. It would then he 
necessary to explain the gradation in properties from strong 
electrolytes to non-electrolytes familiar to the chemist. 

Do these different degrees of polarity represent ditferent 
degrees of electrovalence ? and, if so, is it possible to have 
non-polar electrovalence compounds with equal electro- 
static sharing of electrons as well as non-polar covalence 
compounds due to magnetic attraction ? 

If there are two such types of non-polar compounds, 
by what tests can they be distinguished? If there are not 
two distinct types of non-polar compounds, what is the 
physical interpretation of the properties of weak electrolytes 
intermediate between strong electrolytes held together by 
electrostatic forces and non-electrolytes due to magnetic 
attraction ? 

The words electrovalence and covalence are coming into 
general use in chemical literature, and it is highly desirable 
from the chemist’s point of view that a precise physical 
definition should be given to these terms. 
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Addendum. 


The substance of this paper was given in the form of an 
address to the Priestley Club, Leeds, on March 13th, 1923. 
The paper was sent in for publication in June 1923, before 
the discussion on valency at Cambridge, arranged by the 
Faraday Society. ] 

In a paper published in 1923, Knorr (Zeitschrift pir 
anoryanische und allgemeine Chemie, exxix. p. 109) showed 
that if Bohr's theory is accepted and it is assumed that 
atoms combine by the sharing of electron orbits rather than 
by the sharing of electrons, then there is no clear distinction 
between electrovalence and covalence (“ Ionenbinduug und 
Atombindung ") (see also Fajans, JNaturwissenschaften, xi. 
p. 165, 1923). In this connexion it should be observed 
that “the sharing of electron orbits" and ‘the co- 
ordination of electron orbits” may be substituted in the 
above paper for the “sharing of electrons” and “the 
co-ordination of electrons” without affecting the general 
argument. | 


LXV. An Apparatus for Purijication of Radium Emanation. 
By Vicror F. Hess, PA. D.* 


ADIUM salts are so precious that handling of radium 
preparations in small, thin-walled glass tubes always 
involves a certain risk, Since radium itself does not emit any 
gamma rays of high penetrating power, while the emanation 
with its successive products gives off alpha, beta, and gamma 
rays, it is in most cases preferable to use “emanation tubes "— 
i. e. small glass tubes containing emanation instead of radium. 
The walls of these emanation tubes ean be made thin enough 
to allow the passage of alpha rays f. 

Mir William. Ramsay and F. Soddy i, Sir Ernest 
Rutherford $, A.  Debierne |, N. €. Lind f, William 
Duane **, and others have described apparatus by means of 

* Communicated by the Author. 

E. Rutherford and T. Royds, Phil. Mag. (6) xvii. p. 281 (1909). 

t W. Ramsay and F. Soddy, Proc. Roy. Soc. A, lxxiii. p. 846 (1904). 

$ E. Rutherford, Sitz. Ber. Wien. Akad. d. Wiss. vol. 117. p. 925 
(1108) ; & Phil. Mag. (6) xvi. p. 300 (1908), 

|. A. Debierne, Compt. Rend. vol, 148. p. 13264 (1909). 

€ S. C. Lind, Siz. Ber, Wien. Akad. d. Wiss, vol. 120. p. 1709 
(1911). Also R. E. Nvswander, S. C. Lind, and R. B. Moore, Astrophys. 
Journ. liv. p. 292 (1921). 

** W. Duane, Physical Review, (2) v. p. 311 (1915); Boston Med. 
and Surg. Journ. vol. 177. p. 757 (1917). 
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which it is possible to pump off practically all emanation 
produced in a given radium solution everv day and to 
remove the gaseous impurities. The purified emanation 
finally is sealed up in little glass tubes very much smaller 
than the tubes which contain the equivalent amount of radium 
in form of highly concentrated salts. Alb these devices or 
"emanation apparatus," as they are called commonly, have 
the advantage that the precious radium solution is 
permanently kept in a vault, safe from any damage, fire, or 
theft. 

These emanation apparatus are particularly advantageous 
or hospitals and similar institutions where radium work is 
done every dav. Within the limits of the amount of radium 
at disposal, the operator can produce tubes of almost any 
desired strength by subdividing the capillary glass tube in 
which the pur rified emanation finally i is sealed, One gram of 
radium in solution gives a daily output of about 160 
millicuries of emanation. Pumping off every day, the 
operator produces out of 1000 mg. of radium ‘about 1020 
milllicuries per week. In the following week, the tubes of the 
first week are still strong enough, so that the laboratory or 
hospital after a short time has a great number of emanation 
tubes of various strengths at disposal. 

In aqueous radium solutions together with emanation a 
number of other gases are formed continuously by the action 
of the radiations : large quantities of hydrogen, oxvgen. 
carbon dioxide, chlorine or bromine, and traces of organic 
vapours which are venerated by the action of emanation 
on stopcock grease. In addition, a very small amount of 
helium is produced by the radioactive decay 

The apparatus for purification or concentration of 
emanation are working on the principle of certain chemical 
reactions and physical ‘effects such as :— 


(a) Combination of H and O by sparking or by exposure 
to an incandescent filament. 

(b) Absorption of water-vapour bv P,O; or other chemicals. 

(c) Removal of excessive amounts of hydrogen by oxidation 
with a heated copper-oxide coil (W. Duane), or 

(d) Separation of emanation by imbedding the end of 
the capillary tube in liquid air (liquefaction of 
emanation), 

The principles (a), (b), and (c) are used in Duane’s 

ipn: UD c.) and in a similar improved apparatus of 


G. Failla * (Memorial Hospital, New York City), who 
* ‘Archives of Radiology and Electrotherapy' (June 1910). 
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designed special vacuum stopcocks with graphite instead 
of vacuum grease. 

For continvous use all these apparatus involve certain 
difficulties. They require skillful, well-trained operators. 
Whenever a break occurs in an elaborate apparatus, it 
can be repaired, as a rule, only by a professional glass-blower. 
Sometimes repairs are impossible, because the glass by the 
action of the rays becomes brittle and does not seal with 
fresh glass of the same sort. In order to avoid delays in 
case of breakage, G. Failla has adopted the principle of 
using a ‘twin apparatus" consisting of. two identical 
glass apparatus connected to the same radium solution. 

The apparatus which give a high-grade purification, such 
as Duane’s and Failla’s, cannot be used efficiently with much 
less than 500 mg. of radium in solution. 

The author intended to construct an apparatus for 
purification of radium emanation simpler and smaller than 
these elaborate machines primarily for the use of physical 
and chemical institutes, for small hospitals, and for the 
average radium practitioner who cannot afford to buy 
500 or 1000 mg. of radium. 

Fig. 1 shows the new apparatusin a vertical section. The 
heavy lines mark the class apparatus, which is mounted on a 
wooden board 70 em. high and 36 em. wide. The whole 
apparatus, together with “the radium solution (R), ean be 
kept in a safe cabinet of the usual size The apparatus 
is made in five parts, which can be detached and re-assembled 
within half-an-hour. In fig. 1 the joints (mercury-sealed) 
are marked with I, II, III, and IV. Cleaning of the 
apparatus by mechanical means (iron wire with cotton 
wound around) or liquids is therefore very easy. "This 
is important, since all glass apparatus in which mercury 
comes in contact with emanation are gradnally covered 
with layers of mercury compounds (chloride or bromide). 
Internal cleaning of Duane’s or Failla’s apparatus is not 
possible without cutting glass connexions and resealing, 
which sometimes causes serious difficulties, as mentioned 
above. 

The new apparatus is constructed in such a way that 
every Joint can be replaced by an exactly fitting spare joint. 
The radium solution itself is detachable, and its glass joint I 
(fig. 1) can be made to fit a second apparatus (“twin 
principle”). It is also possible to use several bulbs with 
radium solutions in connexion with one apparatus. 

The evacuation can be performed by any rotary pump 
giving a vacuum of at least 0:01. mm. mercury. The 
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“ ('enco-Hyvac" rotary pump (produced by the Central 
Scientific Co., Chicago), giving a primary vacuum of 
about (0-001 mm., was found very suitable. An additional 
deyice (shown in fig 1 (B) and discussed later) makes it 
possible to obtain in the apparatus a hundredfold better 
vacuum without using an additional pump. 


Fig 1. 


The apparatus is made of soft glass. The inside part of 
every stopcock is made of “pyrex” glass. It was found 
that sticking of these stopeocks never occurrel even when 
very little grease is used. 

In general, the use of ground-]oints and greased stopcocks 
was not avoided, as it was found that the volume of foreign 
gases was not increased perceptibly by the use of grease 
in these connexions. This seems to be contrary to the 
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experience of other observers. But in fact the emanation 
really is in contact but a very short time (about ten 
minutes) with most of the greased stopcocks and joints 
(like Nos. 9, 10, III and IV in fig. 1). Therefore the 
amount of organic vapours liberated by the action of the 
emanation is practically negligible. 

Only one stopcock is in permanent contact with emanation— 
No. 1 in the figure. If very high purity of emanation is 
desired, it is well to grease this stopcock with orthophosphoric 
acid very carefully once a week. The other communications 
have to be greased with good vacuum grease once a month 
when used daily. The radium solution (chloride or bromide 
in distilled water with barium chloride and a few drops of 
hvdrobromie or hydrochloric acid) is filled into R (fig. 1) 
through S, and this tube immediately afterwards sealed. If 
not more than 200 mg. of radium are used, the volume of R 
can be less than 30 c.c. The solution is surrounded by a 
beaker and a brass cylinder (mounted on the board) for 
protection. 

The apparatus is connected to the vacuum pump by means 
of the cocks Nos. 2 and 4 (see fig. 1) and two pieces of 
vacuum rubber hose with a U-shaped tube. H is a trap-flask. 
Stopeock No. 4 is used to suck the mercury back to its 
normal level above joint IT. 

The mercury bulb N has a volume of 360 c.c., while M con- 
tains 500 c.c. The small side bulbs A and C contain some 
pure P,0,; bulb D some KOH to absorb moisture and 
carbon dioxide. 

Between the stopcocks Nos. 9 and 10 is the explosion 
ehamber. Two platinum wires, leading to a small induction 
coll fed by two dry cells (3 volts), form a gap of 6 mm. 
The characterof the discharge gives a very good idea 
ahout the vacuum reached, and therefore it was found 
needless to use a McLeod manometer in addition. 

The apparatus is filled with mercury in M and the 
neighbouring tube to just above the joint IT. The levelling 
bulb P and the vacuum hose attached to cock No. 7 mnst be 
filled with mercury. Air bubbles have to be driven out 
carefully. 

The apparatus is so tight that within 24 hours no 
change in the character of the discharge in the explosion 
chamber (X-ray vacuum, green fluorescence of the glass 
walls) can be detected. | 

Before the experiment one or two little pieces of copper 
oxide in wire form (5 mm. long) are introduced in the end 
capillary tube at G and G’ (fig. 1), and one of them shaken. 
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down to the end which is slightly bent down. Inside the end- 
tube in E a granule of molten phosphorus pentoxide is 
placed for the final purification of the emanation. 

The radium solution, immediately after filling, contains 
some occluded air which has to be removed. This is done 
by evacuating the whole apparatus : as soon as stopcock No. 1 
is turned on, "the solution begins to boil. It is necessary to 
control this ‘boiling by closing the stopcock partly as soon 
as bubbles begin to spurt up too fast. When the solution 
has boiled twice for about 30 seconds and the apparatus has 
been again evacuated till good Rontgen vacuum is reached 
(indicated by green fluorescence in the explosion chamber) 
everything is ready for the first experiment. 

After a suitable period of accumulation of emanation—for 
instance, on the next day—the vacuum is tested first and if 
found satisfactor y theair-sack B (fig. 1) is used in the following 
way to improve the vacuum:—Stopcocks No. 8 and 4 are closed 
and Nos. 5 and Gare turned on slowly. The mercury is driven 
up in N by the atmospheric pressure, and stopped as soon 
as it reaches the branch. immediately below stopcock No. 11. 
Then this stopcock is closed. Most of the air residues 
which were in N and the vertical tube are now caught in 
the large tube B. Then the mercury is sucked back by the 
rotary pump after closing stopcock No. 5 and opening 
No. 4. Now the pressure is so low that no visible discharge 
ean pass the spark-gap. — Taking into account the ratio of the 
volume of the capillary tube EFG to the volume of the air- 

sack B, we find that a vacuum of about 000001. mm.. 
mereury is reached. 

Now “stopcock No. 10 is closed, and No. 1 turned on very 
slowly until the radium solution begins to boil; 30-50 
seconds! boiling is sufficient. Most of the emanation is now 
in the explosion chamber and in N. After closing stopeock 
No. 1, the emanation is pushed up from N into the explosion 
chamber by admitting air into M through stopcock No. 5. 
As soon as the mercury has filled N and touches the lower 
part of the stopeock No 9 this cock and No. 5 are closed, 
and the mercury sucked back by the rotary pump tiil the 
normal level above joint No. Il is reached. Now the 
solution is boiled a second time by opening stopeock No. 1 
for another 30 seconds, By this procedure the last traces of 
emanation are drawn into the bulb N. After closing No. 1 
again, these traces of emanation, together with the foreign 
gases, are pushed up into the explosion chamber until this is 
filled with mercury to its lower third. 
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The gases mixed with emanation contain much hydrogen 
and oxygen. A single spark of the induction coil between 
the electrodes causes a bright flash and combination of 
hydrogen with the equivalent amount of oxygen to water, 
which is largely deposited on the walls of the explosion 
chamber. 

Now stopcock No. 10 is opened (No. 11 remains closed). 
and by slowly turning cock No. 6 the mercury rises above 
the stopcock No. 10, leaving the water behind in the explosion 
chamber. As soon as the mercury reaches the joint No. IV, 
its further movement is stopped by shutting off cock No. 6. 
Now we have the emanation mixed with the excess of hy drogen, 
CO, water-vapour, helium, and traces of organic vapours. 
Hydrogen is removed by heating the tiny copper-oxide wires 
at G and G' subsequently from outside by a very small pointed 
gas flame. It is sufficient to heat these copper-oxide wires to 
dull red heat for about 2 minutes, in order to reduce the 
hydrogen. The water-vapour is absorbed by the granule of 
P.O, within the tube near E. Carbon dioxide can be removed 
by using a small granule of KOH within the end-tube at E in 
addition. But ordinarily this was found unnecessary. After 
heating, the eases are allowed to be in contact with the 
elisa for 5 minutes. Immediately after, the stopcock 
No. 6 is opened, and the mercury climbs uptowards the end of 
the capillary tube G. Tn order to have the emanation tube free 
from copper oxide, the pointed flame is applied at the very 
end of the tube until the glass collapses, and is drawn off 
together with the cop per-oxide wire sealed within. 

"When working with 100 mgs. of radium in solution every 
dav, the residual gases have a volume of about 30 cubic 
millimetres with 15 millieuries of emanation within, at a 
pressure of one-fifth of an atmesphere. 

Before sealing we can obtain further reduction of the 
volume by the use of the levelling bulb P (fig. 1), closing 
cock No. 6 and opening No. 7. It is not advisable, however. 
to lift P above coek No. 10, because in sealing off the end- 
tube the pressure inside is naturally increased, and a 
perforation of the heated thin-walled tube is possible, 

The final concentration in the end-tube is about one 
millicurie of emanation per cubic millimetre. This is 
sufficient for most purposes. 

Sealing off the end-tube is very easy: the tube is held 
with a forceps. and drawn off as soon as it collapses at the 
point where the flame is applied immediately above the level 
of the mercury. 

The makers of the apparatus provide 20-40 end-tubes 
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(like EFGG’) fitting to the same joint (No. IV in the 


figure), so that the apparatus can be operated about one vear 
before anv replacement of capillary tubes is necessary. 
New capillary end-tubes can be drawn out by any glass 
blower from the bent end E (see fig. 1). Thus the 20 or 40 
upper tubes EFG can be used for many years. 

In ease the purification process as described above is not 
sufficient for special experiments (for instance, spectral 
analysis), the liquid-air method can be applied in addition to 
the method described above, using the same apparatus. 

In this case the capillary end of the tube is bent down 
vertically, and immersed in a small Dewar beaker contain- 
ing liquid air. The mercury in EF is drawn back to E. 
A vertical side-tube, provided with a stopcock just above E, 
enables one to pump off all residual gases while the eman- 
ation in the end capillary tube is in the liquid state. Then 
the stopcock above E is closed, the liquid air removed, and 
the mercury pushed up towards the very end. This method 
gives the highest purification. 

. Ordinarily the concentration of 1 millicurie per enbic 
millimetre in the end-tube will suffice for physical, chemical, 
and medical application of radium emanation. 

Experiments with this apparatus were continued over a 
period of one year. The actual amount of emanation in the 
smell capillary tubes was in the average 93 per cent. of the 
total amount accumulated in the solution in a known 
period. 

The apparatus is made by the U.S. Radium Corporation. 


New York and Orange, N. J., U.S.A. 


I am much obliged to Dr. Edwin D. Leman, Chief 
Chemist of this firm, for many suggestions and valuable 
assistance in the course of the experiments. 


Summary. 


An apparatus is described which gives quick and efficient 
purification of radium emanation from foreign gases such as 
hydrogen, oxygen, carbon dioxide, ete., which are mixed with 
it in radium solutions. The process is based on a 
combination of known chemical reactions: the equivalent 
amounts of hydrogen and oxvgen are recombined by the 
electric spark; water-vapour and carbon dioxide are absorbed. 

The final purification is done by heating a small piece of 
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copper-oxide wire in the capillary tube from outside, thus 
reducing the excess of hydrogen. 
The apparatus is small enough to be kept in a TT together 
with the radium solution attached to it. Only one automatic 
vacuum pump is used. A special device enables one to 
increase the vacuum given by the pump about a hundred 
times. The apparatus is detachable, and can be cleaned 
inside without cutting any glass connexions. The process 
of purification of emanation takes about 15 minutes, and gives 
a final concentration of approximately one millicurie per 
cubic millimetre. Whenever higher concentration is required, 
liquid air has to be used in addition. The apparatus can be 
used with soiutions containing from 50 milligrams of 
radium upwards. 


LXVI. The Distribution of Collvidal Particles, 
By E. F. Burton, B.A., Ph.D., and J. E. Currie, M.A.* 


qus problem of the distribution of colloidal particles 
was first. brought into prominence by the work of 
Perrin f, which showed that for regions very near the 
surface of a given volume of solution the law of distribution 
of the particles is analogous to that regulating the distri- 
bution of molecules of gas in the atmosphere. Although 
the original experiments were carried out for distances up 
to only one-tenth of a millimetre, the impression that it 
holds for all distances has got abro ad. 

Theoretical considerations $ show that the law cannot hold 
for distances even of the order of a few centimetres. Actual 
experiments by Porter aud Hedges || and by one of us § 
have shown that the distribution is uniform to within an 
exceedingly short distance from the surface of the solution. 

In the paper referred to above § one type of the experi- 
ments described consisted in letting a sample of colloidal 
solution stand in a vertical tube for some two months, after 
which the concentrations at. different layers were measured. 
In private correspondence with various workers, criticism 
of this experiment was offered on account of the fact that 


* Communicated by the Authors. 

+ Perrin, ‘Atoms,’ tr. by IHammick (Constable) (1916). 

t See Svedberg, ‘Colloid Chemistry’ (Chem. Cat. Co., 1924), pp. 96- 
102. 

$ Burton & Bishop, Proc. Roy. Soc. A, vol. c. p. 414 (1922 

|| Porter & IIedges, Trans. Faraday Soc. vol. xviii. pt. 1, Oct. 1922. 
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rigid precautions were not taken to protect the tubes during 
the two months from changes of temperature and from 


light. 
Apparatus. 


In the following paper the record is given of similar 
experiments in which more elaborate care as to the protection 
of the tubes was taken. Four tubes (as illustrated in fig. 1) 


Fig. 1. 
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were filled respectively with samples of the following solu- 
tions: gamboge, arsenions sulphide, copper (Bredig), and 
silver (Bredig). All of the tubes were suspended so as to 
be immersed almost to the top in water contained in a large 
thermostat which was protected from external temperature 
changes by an air-gap and a space filled with felt (fig. 2). 
The thermostat was provided with a stirring paddle which 
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wis used from time to time. The tubes were left in this 
-water-bath for a period of four months, during which time 
there were no abrupt changes in temperature of the water ; 
during the period the temperature of the room gradually 
changed, due to the starting of the heating system in the 
building, through about 7° C., and caused a slow change in 
the temperature of the water of that amount. However, 
there were no abrupt changes in temperature which would 
give rise to convection currents. The tubes were kept in 
darkness up to the time samples were tested. 

The samples were drawn off by breaking the points a, b, c, 
d, e, f. g as the tube was raised from the water. In every 
case the small amount of sediment in the ends of a, b, e, ete. 
was allowed to run off before the sample was taken. 


Experimental Results. 


In the use of each of the above colloidal solutions each of 
the seven samples was treated as follows :— 

a. Two independent determinations of the concentrations 
were made. 

b. Tests were made of the electrical conductivity of the 
sample, the electrical mobility of the particles, 
and counts were made of the number of particles 

er c.c. | 

With regard to those tests made under (b), it would be a 
waste of space to record all the individual determinations of 
the various quantities ; but with each o£ the solutions, there 
was no indication of any change in any of these measured 
quantities for samples taken from various heignts. 

In Table J. there are recorded the results o£ the determi- 
nations of concentrations. 


TABLE I. 
| id OVES d E rad | oo 
| | | Ársenious | 
- , Average | Gamboge | Dis Copper Silver 
No, of aW NE 5 | Sulphide | ; 
| distance  ‘(mems. per (mgms, perímgms. per 
Layer. f E (mens, per ^ - : 
i from top. | 00 ce) — Pec y | OU c.c). j OO ee.) 
Fe E EN pese E em NUS 
| a | 
Los 85 cms. 257 1004 | 39 33 
3 SD ncs D os 267 ' 1095 ' 43 — 39 
EDI etes 455 n 26-8 10019 | 43 — 831 
1 i l 
pec ^ 695 , 26-5 1054 ^ — 42 36 
i, Naona ' 905 . 972 ]|080 ' 44 35 
Vb. scc BUE: | 260  — 1069 ! 43 35 
VIO uses 1325, | 256 i 1055 44 | 33 
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From these results there seems to be little room for doubt 
that the particles in these solutions are uniformly distributed 
and that this distribution is regulated by some mutual action 
of the particles. In spite of what has been written to the 
contrary, the possession of like electrical charges seems to 
offer the most straightforward explanation. It is usually 
assumed that the existence of the so-called Helmholtz layer 
leaves the combination, particle plus Helmholtz lavers, as 
an electrically neutral entity. However, the rational view 
of the Helmholtz double layer, in view of the accepted 
theory of electrolytie dissociation, is that close up to the 
particle (or on its surface) is:a layer of ions of one sign, 
while scattered about in a volume outside the particle is an 
atmosphere of liquid containing ions of both signs, but with 
those of sizn opposite to the charge on the particle in greater 
concentration than those of the other sign. This might 
result in the particle having an effective charge of one sign 
whieh might easily be the source of mutual repulsion 
between the particles. 


LXVII. On a Difusion Theory of Comets. By HEINRICH 
Macar, Ph.D., Professor of Physivs at the Technical 
TTigh School, Vienna *. 


li we introduce a bead of easily fusible glass (O) a few 

millimetres above the tip of the inner cone (K) of the 
flame of a Bunsen burner, a sharply-defined yellow space 
(ss!) of luminous sodium vapour is formed in the current of 
gas which is ascending vertically with large velocity at that 
point. This space envelops the bead, and broadens out 
in the higher parts of the flame, as seen in fig. 1. Pro- 
vided the gas-pressure is not too large, it can readily be 
calculated that the “critical velocity ” (Reynolds) will not 
be exceeded even in these parts of the flame, so that the flow 
remains laminar, and the sodium vapour developed from the 
bead is driven into the hot gas solely under the influence of 
diffusion. The fact that the vapour extends beneath the 
bead in the direction OA is proof of the high values of the 
coefficient of diffusion assumed at high temperatures, and at 
this point diffusion must he able to more than counter- 
balance the upward flow. 

H. A. Wilson f has shown how the coefficient of diffusion 


* Communicated by the Author. 
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of sodium vapour in the gas of the flame can be determined 
from measurements of the luminous figure ascending from 
the glass bead. In $1 his theory of the phenomenon will 
be briefly developed, and extended as far as seems necessary 
in view of the application in § 2. | 


Fig. 1. 
Z 


We shall assume that in the space with which we are 
concerned the flow of gas is everywhere parallel to the axis. 
This assumption is valid when we restrict ourselves to the 
central part of the flame above the cone, and can be tested 
by mixing particles of carbon with the gas, these becoming 
luminous in passing the cone of combustion and following 
the lines of flow of the gas. Our second assumption might 
appear more open to doubt. We shall assume that the same 
density of vapour exists everywhere along the boundary of 
the luminous space. In any case, the boundary is sufticiently 
sharp to enable us to assume that the density eradient at the 
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limit of visibility is still very large, particularly when we 
remember that the brightness increases slowly with the 
density of the vapour and the thickness of the radiating 
layer *. The limit of visibility must then also represent a 
surface of almost uniform vapour density. 


$1. In the theory of the conduction of heat we find an 
analogous problem to every problem in diffusion ; and for 
this reason it will be advisable to deal first with the problem 
in the conduction of heat which is analogous to our present 
problem. 

We suppose a medium flowing with constant velocity ¢ in, 
say, the direction of the positive z-axis. Furthermore, we 
shall suppose that a source of heat of invariable intensity is 
acting permanently at a definite point in the medium, this 
point being at rest as compared with the medium. For the 
purpose of simplicity let us consider this point to be situated 
at the origin of the stationary system of coordinates. In 
the course of time a stationary state would be established, 
and we have to calculate the form of the isothermal surfaces 
for this stationary state. In reality this requires the solution 
of the differential equation : 


- Lir DI DA a8 


dat t ay? t ou) 9: => 
Now we can reduce our present problem of heat conduction 
in the moving body to one in a stationary body, by imagining 
the permanent source of heat which is actually acting at the 
origin to be replaced by sources of heat that act instan- 
taneously at every point of the z-axis at different times. 
Each of these instantaneous sources of heat determines a 
distribution of temperature in the conducting medium, 
which is readily calculable for a definite time, and bv 
summation we obtain the solution of our problem. 
In a stationary medium we have the equation 
09  j,(079, 0'3, ay 
of which the following expression is a solution : 
PEN S rd 
3z pr e 4k*-t 
or, transforming the eoordinates, we have 
| C _ (ar-ED (Tn nmG-60 
s= us e 4^2t 


* Gouy, Ann. de chim. et de phys. (5) xvii. p. 1 (1879). 
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For a medium extending in all directions, this expression 
gives the existing temperature at any place x, y, :, at any 
time t, if a definite amount of heat has been instantaneously 
introduced at the position £, 9, £ at the time (—0. The 
constant ( is proportional to the instantaneous quantity of 
heat introduced. 

Let us‘now consider a point in the medium on the z-axis, 
and at a distance £ from ilio origin. As it passed the origin, 
heat was instantaneously introduced into this point, and the 
resulting distribution of temperature in the medium can be 
calculated trom the above by putting E=n=0, and C=ct. 
This gives 


E _ ety? +(z—6)2 Y | r?— 226 +¢2 
$— C e AKat _ © Le — ct 
Ü? {3:2 
( cr r? " c2é 
f o Lo T AKA 442 
= az’ eth? e Wt AM, 


If we integrate this from t=0 to =æ, we obtain the 
solution of the problem, at first in the form: 


c2 (n r2 ct d. z a r2 c-t 
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By the substitution of —-=.2, we arrive at a known 
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integral, namely, V 
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We thus have: 
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and finally, if for brevity we set the constant magnitude 


A'I T=À, 
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The isothermal surfaces are thus surfaces of rotation about 
the z-axis, since a definite temperature corresponds to every 
pair of values of = and x. 
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The following results are obtained from the discussion of 
the final equation 


qum nw ee HO 
r 
At the origin (r0), $-o ; 
along the positive z-axis (:=r), I= 2 
; A -£r 
along the negative z-axis (—:=r), 3— ee N ; and 


in the wy-plane (220), 3= A Qe RU 


If in the plane <=’, which is parallel to the xy-plane, a 
definite temperature exists at the distance r=?” from the 
origin, and the same temperature in the plane z—:" at the 
distance rz r", it follows from 


A Laer) = A 
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If we seek for points of equal temperature along the 
negative z-axis and in the «y-plane, and find them at the 
distances 7, and 7, from the origin (e. g. in the points 


A and D), we then have 


s [4 2 
Se EE 
1 


1 


l'a 
yc 
and kem = cé g de ce eo eo 9) 
log? 
ry 


If k is small and eis large, the values of,(='’— 2’) —("'—r’) 
1 
and (>, — 2) approach zero, or (r"—:z'")z(r' —:') =const. 


and r= 2», i. e. the isothermal surface approximates to the 
form of a paraboloid of rotation, the focus of which lies at 
the origin, and of which the parameter converges towards 
zero for c— «oc. The point of equal temperature lies at 
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infinity along the positive z-axis. If the velocity of flow 
diminishes, the distance of this point becomes finite, and, 
provided © remains the same, the lower part of the surface 
surrounding the origin becomes broader, Finally, for c=0, 
we have rz, and the isothermal surface becomes it 
sphere. 

The application of these considerations to the present 
phenomenon of diffusion is obvious. The isothermal surfaces 
correspond to surfaces of equal partial pressure or of equal 
density, and from what has been said above, equation (1) is 
nothing else than the equation of the surface which encloses 
the sodium vapour developed from the glass bead. The 
shape of this surface varies according to the velocity of flow 
of the gas. Could we reduce the velocity to zero, then the 
surfaces of equal density would be spheres surrounding the 
bead. The limit of visibility would be distant and badly 
defined, corresponding to the low density gradient at the 
boundary. " If, on the contrary, the velocity of flow were 
very great, the surface would take the form of a paraboloid 
of rotation, with the bead at its focus and with a well-defined 
boundary, especially in those parts near the bead which are 
advancing against the flow of the gas and where the density 
gradient ‘at the limit of visibility attains very high values. 
The edges of the luminous figure beyond the bead are, 
however, more and more diffuse, and in the direction of the 
positive z-axis the figure extends theoretically to infinity. 
Between these two limits there exist all the forms between 
sphere and paraboloid, each of these forms corresponding to a 
certain value of the velocity of flow, although, of course, not 
all of them can actually be observed in the flame of a Bunsen 
burner, since the flame strikes back into the tube if the 
velocity sinks below a certain fairly high value. 

We shall now give a calculation of the density gradient at 
each point of the surface of the luminous space, this gradient, 
taken normal to the surface, being a measure of the definite- 
ness of the limit of visibility. We have, generally, 


S7 V) 936 


Dy means of equation (1) we obtain, putting = = B, 


JE 
03 — _A Bos 
Qu op 


= J1—2B(1-4 Br)(:—r). 
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On the surface, 3 has a constant value K. Hence in the 
direction of the positive z-axis (:=7), 


On Do r? 
and in the direction of the negative z-axis (—: =r), 
03 A .sp K 


3,7 ae (1+ 2Br) = — * (1+ 2Br). 


In the zy-plane (220), 
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From this we can deduce that the distinctness of the 
edges and the definiteness of the limit of visibility are 
greatest in the parts of the surface nearest the bead, and 
that they diminish with the distance from it. 

The preceding theory was developed by the present writer, 
und a set of experiments carried out without knowledge of the 
previous work of H. A. Wilson. By using for mula (2) and 
measuring the velocity of flow of the flame vases above the 
cone bv a method due to Andrade *, values of 22 were 
obtained which agree very well with Lise given by Wilson. 
Becker f, however, disputes the accuracy of this method, and 
points out that measurements by Jessel and later by himself 
and Laub $, carried out by a photometric method, gave much 
smaller values (for sodium vapour 1'0 against 12 cm.?/sec.). 
It cannot be denied that there exists an uncertainty in the 
judgment of the light boundary of the luminous figure, and 
with velocities of How as are rendered necessary to keep the 
flame from striking back into the tube. and for values of 
|? « 5 cem.?/sec. the deviations from the paraboloid form are 
already so small that the measurements become very un- 
certain. But for values as high as 12 or even 20 cm.?/sec. 
(in coal-gas-air flames of highest temperature), one can 
measure mean deviations from the paraboloid in quite a sure 
way. So the discrepancy remains to be explained. 


Be 14+ 2Br4 2B = E V 1-4 2Br +2B?r. 


$2. Anvone who observes the phenomenon investigated 
above will be struck by the similarity it bears to the appearance 
* Ann. d. Phys. xxxvii. p. 380 (1912). 
t Phil. Mag. xxiv. p. $07 (1912). 
T Heidelberg, Akad. Ber. (1911). 
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of a comet in the neighbourhood of the sun. However 
doubtful it may seem in general to deduce innate relations 
from similarity, it is perhaps permissible briefly to indicate 
that this similarity might be more than simply a formal 
one, 

The nucleus of a comet contains carbon, and it has been 
shown by spectral analysis that, in consequence of heating 
bv the sun's rays, hydrides of carbon and carbon monoxide 
are developed from this carbon in the immediate neighbour- 
hood of the sun, and sometimes also sodium- and iron-vapour. 
But according to the work of Schwarzschild * and of Debye t 
it is impossible, leaving aside for the moment the case of 
resonance, that light-pressure exceeds the attraction of the 
sun for particles of such small diameter as molecules or 
atoms, even if they be assumed to he totally reflecting. On 
the contrary, radiation pressure is of negligible magnitude 
for particles of diameter so much smaller than the wave- 
lengths in which the sun emits its energy, and this in con- 
sequence of the diffraction of the light. In order to cope 
with this difficulty, it is well known that Arrhenius's theor Y 
of comets, which is based on radiation pressure, assumes that 
the gases ascending from the nucleus condense, and that it 
is the larger particles formed in this way which are acted ou 
bv light-pressure and which forin the tail of the comet. 
But in this case it is very difficult to understand why in the 
comets tail oftem the same characteristic gas spectrum is 
observed as is noted in the neighbourhood of the nucleus. 

However, quite recently, Megh Nad Saha ¢ has developed 
very remarkable ideas about the gases which are raised to 
immense heights in the solar atmosphere, and this work 
seems to make it clear w hv, in the first place, the elements 
are by no means arranged “according to their weights in the - 
atmosphere of the sun. From amongst the known clements, 
calcium is elevated to the greatest. height, in spite of its 
atomic weight, whilst on the other hand, light elements like 
boron and nitrogen are entirely absent in the solar spectrum. 
Saha explains this as due to the calcium atoms being strongly 
influenced by the light-pressure of the sun, in spite of their 
smallness, since at these high temperatures and low pressures 
the calcium becomes ionized by the emission of an electron, 
and is then rendered luminous by the solar radiation owing 
to resonance excitation, particularly when the wave-length 

* Schwarzschild, Sizgrber. d. Ahad. zu Miinchen, xxxi. p. 293 (1901). 


t Debye, Ann. d. Phys. xxx. p. 57 (1909). 
t Saha, Phil. Mag. xl. p. 809 (1920). 


732 Prof. H. Mache on a 


corresponding to resonance lies in the region of the maximum 
of radiation of the sun. Asa matter of fact, Schwarzschild’s 
calculations refer to small reflecting spheres, and an absorption 
of radiation such as occurs in the case of resonance can vive 
rise to a preponderance of light-pressure over gravitation 
even with particles of atomic magnitude, as has been noted 
previously by FitzGerald, Lebedew, and Debye. 

Is it not plausible to ‘assume that there is also gas in the 
sun's atmosphere which, for the same reason, ix acted upon 
by light-pressure with 'such great intensity that the gas 
permanently leaves the sun? The green line ascribed to 
the hypothetieal element coronium can be observed up to a 
height of 20 minutes from the edge of the sun, and the 
corona attains even to a distances of 6? to 7? , or several 
times the diameter of the sun. Pringsheim * has already 
remarked that in the case of the spectrum of the corona we 
might possibly be dealing with the fluorescence spectrum of 
a gas ; and in support of "this he mentions the “washed out’ 
nature of the main line in the inner corona, and in the case 
of the outer corona the appearance of ‘the continuous 
spectrum, which Lockyer deseribes as being crossed by 
numerous emission bands. From what we know about the 
fluorescence radiation of gases we may be concerned here 
with one and the same gas in the inner and outer corona, 
which is differently excited under different conditions 
(temperature, and admixture of foreign gases). Moreover. 
according to Saha’s theory it is not necessary that this 
coronal eas should be particularly light; it need only he 
capable of resonance in the part of the ‘solar spectrum which 
is rich in energy. 

Whatever views we may hold as to the question of the 
limits of an atmosphere, it must certainly be admitted that a 
gas that has once been raised to such enormous heights by 
radiation pressure ean also permanently leave the sun, for if 
the light-pressure is greater than the solar attraction it will 
remain greater, since both magnitudes and hence also their 
difference diminish with the square of the distance from the 
sun. Of course we are dealing here with extremely attenu- 
ated gas, the pressure of which, even in the corona, may lie 
fur below that which can be obtained at present with the 
best vacuum pumps. With increasing distance from the 
sun this degree of attenuation will diminish still further, so 
that the motion of the planets will not be influenced in the 
least. Even Seeliger’s theory of the zodiacal light, which 


* Pringsheim, * Physik der Sonne, p. 319. Leipzig (Teubner), 1910. 
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attempts to explain the empirical terms in the motion of the 
inner planets, would permit a mean density of the zodiacal 
cloud such as could be attained by our vacuum pumps. 
Nevertheless, the number of atoms per cubic centimetre will 
still amount to thousands, even at great distances from the 
sun. 

At the same time, one of the results of the high vacuum 
will be that the atoms, in consequence of the ‘large free 
paths, will receive very considerable velocities in the radial 
direction by virtue of the preponderance of the pressure of 
the light, just as in the case of the tons of a rarefied gas 
under the action of an eleetric field. This velocity will 
diminish slowly with increasing distance trom the sun, for 
although the propelling force falls off rapidly, the free paths 
increase at the same time as the rarefaction of the dispersed 
gas becomes greater. At present we can only say that the 
"maguitude of the velocity might be very large. If it be so 
large that the atomic ions become positive atomic rays, so 
that we should have to identify them with the positive ravs 
assumed by Vegard on the basis of the phenomena of the 
aurora, then of course the kinetic ideas here developed 
would have to be correspondingly modified, for in sucha 
case the action on the gas of the comet would no longer be 
that of a simple impact. 

It should be pointed out that the absence of the fluorescent 
light of the coronal gas, which on this view fills planetary 
space, could be explained by the enormous attenuation and 
bv the diminution of the excitation, which is inversely 
proportional to the square of the distance from the sum. 
At the same tine it is also possible that the almost con- 
tinuous band spectrum of the coronal gas is not separable 
from diffuse daylight or diffuse stellar light owing to its 
feeble intensity, and that the spectrum of the zodiacal light 
which is at present simply described as being continuous 
may yet prove to be in part a band spectrum like that of 
the outer corona. It has often been maintained that there 
are relations between the corona and the zodiacal light. 

When the comet enters this gas, which is streaming awav 
from the sun with large velocity, the gases developed from 
its nucleus gravitate of themselves towards tlie sun, since 
they will not be excited to resonance, or at least not 
sufficiently. According to the experiments of Lebedew, the 
radiation pressure of sunlight on the molecules of acety lene 
is a thousand times smaller than the gravitational action of 
the sun. We must assume that, apart from the nucleus, the 
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density of the comet gases is exceedingly small, but that 
their temperature is not inconsiderable, even when we are 
not inclined to interpret their luminosity as of purely 
thermal origin. The gases of the comet then diffuse with 
almost molecular ve slocity into the upward stream of gas 
driven from the sun by radiation pressure, and the whole 
process will take place essentially according to the same 
laws, although at extremely small partial pressures, as were 
obtained above in the case of the sodium vapour developed 
from the glass bead. We have first the development of a 
spherical envelope at great distance from the sun, then a 
lagging behind of the envelope with respect to the nucleus 
as the distance from the sun diminishes, and finally the 
development of a parabolic envelope with the nucleus at its 
focus, in which case the diameter of the fizure above the 
nucleus becomes smaller. These phases roughly represent 
the stages in the development of every large comet, and 
eor respond exactly with what we should expect if the stream- 
velovity and the density of the gas increases, into which the 
vapours developed from the nucleus ditfuse. The presence 
of a gas spectrum in the tail of the comet is then quite 
natural, 

But, in addition, all the other essential features of the 
phenomenon of comets can be readily interpreted. This 
applies to the angles included between the tail and the pro- 
longed radius vector in the plane of the orbit, and to its 
curvature from the proper-motion of the nucleus. Small 
angles which can also be included between the tail and the 
orbital plane are capable of interpretation from the fact that 
the emission of gas by the sun will be different according to 
direction and time, and the flow of. gas can also obtain small 
lateral components in virtue of the equalisation of density 
which takes placein planetary space. The torces of repulsion 
often ascribed to the nucleus, and the repeatedly observed 
phenomenon of concentric envelopes one within the other, 
are explicable from the gradient of partial pressure and the 
different value of this gradient for the individual gases which 
are developed from the nucleus. The sharp boundary of the 
advancing edge of the tail and the diffuse b; 'undarv of the 
edues of the tail behind the nneleus can be explained by the 
timeli higher density gradient in the former place. More- 
over, we can explain the three types of comet’s tails proposed 
by Bredichin that can be occasionally observed even 
simultaneously on one comet, on the bases of the ditferent 
velocity of the molecules and of diffusion of the gases 
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developed from the nucleus. Here, however, in contra- 
distinction to Bredicbin's view, we should have to assign 
Type I. (long and narrow tails) to the heavier gases and 
Type II. (short and broad tails) to the light gases, whereas 
jm II]. (feeble tails occurring only in the neighbourhood 
of perihelion and directed towards the sun) would, in 
accordance with the general view, have to be interpreted as 
a dust-cloud formed by the very violent removal of. the vas 
- of the nucleus and consisting of coarser solid particles 
which fall towards the sun. The presence of this dust 
corresponding to vigorous activity of the nucleus has been 
established by the detection of reflected sunlight in the 
heads of comets near the sun. Doubtless the particles con- 
stituting this dust will possess all possible magnitudes, and 
it must be admitted that particles of suitable magnitude, for 
which light-pressure exceeds gravitation, can also enter into 
the tails of Types I. and II., which are directed away from. 
the sun. But since here the luminous matter exists mainly 
in the state of gas, these particles will not decisively 
determine the form of these tails. 

Should these conceptions appear too purely mechanical, 
and, in particular, if the luminosity of comets should later » 
recognized as a purely electrical phenomenon, the view 
developed here would have to be modified, in the sense that 
the atomic ious which leave the sun are accelerated by light- 
pressure until they attain the velocity of atomic rays 
These rays then excite luminosity in. the molecules of the 
gaseous env elope of the comet through which they pass, and 
impart to them in addition a certain velocity in the direction 
of flight, which is distributed over the whole gas of the 
comet. and causes it to stream. Some time ago Vegard ^ 
endeavoured to explain the development and the gas nature 
of comets’ tails in this manner, on the assumption of radio- 
active processes in the sun, however, as the source of the 
atomic ravs. 

According to both views, it is not light-pressure, at least 
not direc tly, which acts on the gases of the comet, but the 
action takes place through the agency of matter which is 
transmitted with large velocity away from the sun. 


* Ann. d, Phys. xli. p. 641 (1913). 
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LXVIII. Table of Values of the Integral i K,(t)de. 
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By S. P. Owes, Royal Grammar School, Newcastle-on- Tyne *. 


HE following tables were constructed for the purpose 
of an investigation in which occurred the integral 


£ 
í K y(t de, 
(U 
the function K,(t) being the modified Bessel function of the 
second kind of order zero. 

Since no tables of this integral, nor of the modified 
Struve function, have been computed previouslv, it may be of 
interest to set such tables on record. 


r 
The integral V Ko(/)dt is expressible in the form f 
“0 


Lax} Lole) K(x) + Ly (2) Ky (n) r, 


) $ I e ($o)ntl 
where 4 40 = > FERENTL 
«n=O i P(n F 3) } 


LL, (v) is the derivate of L,(7), and K(x) is Macdonald’s 
form of the modified Bessel function of order unity. 

From these results the tables were computed with the 
help of seven-figure logarithm tables, and so they may be 
taken as accurate to five significant figures. 

When z is large Lax) €». I(x), where I7) is the modified 
Bessel function of the first kind, while 

X 


! z T 
EA Ro(t)dt— 5 . 
0 
The last formula is a special case of results quoted by 
Watson (loc. cit. p. 388). 


T 
v. Lx). L, (2). | K (idt. 
0 
0:023 0:01273296 0:6367046 0°1005627 
0:1 0:0637227 0:638143 0:3421645 
0:5 0°3272407 0690562 09271025 
1 0:710243 0863384 1-242509 
2 1:037433 1759380 1:473676 
3 464741 4:053232 1:539706 
4 11:13105 9°7 9822 1-560113 
5 2710592 2436484 1-567 387 
6 (1245 62:2126 1:569635 
ri 1658:5005 156:0532 1:570402 
8 4274932 390-884 1-570655 
Y 1093°516 1030:92 1:570747 
10 2815°652 2670°995 1-570779 
lk 128843 6048:87 1:570790 
12 18048: 84 1814125 1:57 


&* Communicated by Prof, G. N. Watson, F.R.S. 
T Cf. Watson, ‘Theory of Bessel Functions,’ 1922, p. 752. 
[ Ibid. p. 529. 
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LXIX. Electrical Properties of Helium. By J.S. TOWNSEND, 
M.A., Wykeham L’rofessor of Physics, Orford, and 8. P. 
McCatium, B.A., fhodes Scholar, Hertford College, 
Orrord *. 


Fg HE experiments on the photoelectric currents in helium 
between parallel plate electrodes, arranged in a manner 
to determine the rate of increase of the current with the 
distance between the plates, have shown that the electrons 
set free from the negative electrode by ultra-violet light 
acquire sufficient energy to ionize molecules by collision 
before any other process of ionization takes place to an 
extent which is appreciable in comparison with the effect of 
ionization by single collisions. | 

The principal evidence in support of this conclusion con- 
sists in the fact that for a certain range of distance bet« een 
the plates, when the electric force X and gas-pressure p are 
constant, the currents are in accurate agreement with the 
formula n=nye%, and the values of « as found experi- 
mentally are given in terms of. X and p by an equation cf 
the form a/p=f(X/p). 

Some interesting results with regard to the energy required 
to ionize a molecule, and the loss of energy of electrons in 
collisions with molecules which are not ionized, may be 
deduced from these experiments by simple calculations 
which do not involve the mean free patlis of the electrons. 

These results, however, are not in agreement with the 
properties of atomic models as indicated by the quantum 
theory which are considered by some physicists to be satis- 
factorily established by experiments arranged on the principle 
of Lenard's method of determining ionizing potentials where 
the electrons pass through two or more spaces between prids 
at various potentials. The experiments of this type have 
been interpreted as showing that. there is a series of critical 
potentials Vi, V}, &c. called resonance potentials, which 
represent the loss of energy of electrons when they collide 
with molecules with velocities exceeding the velocity corre- 
sponding to one of the resonance potentials. The resonance 
potentials correspond to wave-lengths in the ultra-violet 
spectrum, and when the radiation from the molecules falls 
on an electrode, electrons are set free. 

The resonance potentials are less than the ionizing 


* Communicated by the Authors. 


Phil. Mag. Ser. 6. Vol. 47. No. 280. April 1924. 3 DB 
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potential Vj, so that in cases where electrons are set free from 
a metal surface with a small velocity and make several 
collisions with molecules when they move under an electric 
force through a gas, they would lose their energy in pro- 
ducing resonance "effects before attaining the energy corre- 
spondiug to the ionizing potential. Under these circum- 
stances no appreciable number of molecules would be ionized 
by collisions. If this be a correct representation of the 
effects produced bv collisions, it would be necessary to 
assume that the increases in the current obtained by in- 
creasing the distance between the electrodes in the parallel 
plate experiments are due principally to electrons set free 
from the negative electrode by radiation from the molecules 
of the gas. “A formula for the rate of increase of the current 
with the distance between the plates which would arise from 
this process is easily obtained, and it gives values for tlie 
eurrents which differ by such large factors from those 
observed experimentally, that it is impossible to reconcile 
the radiation theory with the parallel plate experiments. 

Since widely different views are taken as to the effects 
produced by the collisions of electrons with molecules, it was 
considered desirable to investigate the conductivity of gases 
bv another method, in order to decide by direct experiment 
whether there are any additional electrons set free from tlie 
negative electrode by radiation from molecules of the gas, 
using potentials and gas-pressures as in the parallel plate 
experiments where the current increases with daner 
between the plates in accordance with the formula n= nge"? 

2. In order to show the ranges of forces and pressures to 
be adopted in this investigation, it is neces:ary to give the 
results of some experiments with the simple form of parallel 
plate apparatus which has hitherto been generally used. 
The electrodes were silver plates 6 cm. in diameter, and the 
conductivity was obtained by the action of ultra-violet light 
from an external spark-gap, which set free electrons from 
the negative electrode. The precautions taken to eliminate 
impurities were the same as those described in the accounts 
of other experiments with helium which were made in the 
laboratory. 

The results of the experiments with helium at four different 
pressures (19, 10, 6, and 4 millimetres) are given in Table I. 
In the experiments at each pressure the distance between 
the plates was increased in steps of one millimetre from 5 to 
10 millimetres, and the currents for the six different dis- 
tances were measured, using the same electric force of 
120 volts per centimetre. The first two lines of figures in 
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the table give the distances x between the plates in centi- 
metres and the potential V between the plates in volts. The 
currents i obtained experimentally are given in arbitrary 
units, taking 100 as the value of the current with the plates 
at 5 millimetres apart. The values of 2 were deduced from 
the ratios of the currents at the shorter distances, and the 
quantities me? are given immediately below the corre- 


sponding currents, the constant nge”? being taken as 100. 


TABLE I. 
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Allowing for an experimental error of about 2 per cent., 
it is seen that the currents are in agreement with the formula 
within certain ranges of potential. With the pressure 
19 millimetres, the ratio N/p being 6:31, the agreement 
extends up to a potential of 120 volts. The range diminishes 
with the pressure, as shown by the figures in the last column 
where the values of ? are much greater than the quantities 
aye’ with the pressures 10, 6, 4 millimetres. At the lowest 
pressure, 4 millimetres, where the ratio N/p is 30, the limit 
of the range of potential where the currents are in agree- 
ment with the formula is between 96 and 108 volts, but 
there is no abrupt change to indicate the exact limit of the 
range. 
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3. These experiments have been interpreted as showing 
that the increase of the conductivity of the gas with the 
distance between tlie plates is due to ionization of molecules 
of the gas by the collisions of electrons when tle currents 
increase witl the distance in accordance with the formula 
. n,€7*, and that there is no appreciable effect due to any 
other process of ionization under these circumstances. 

With larger distances between the plates, where the rate 
of increase of the current with the distance exceeds the rate 
of increase of the quantity me"7, some additional process of 
ionization begins to produce an appreciable effect. This 
effect may be due to ionization of molecules by the collisions 
of positive ions, or to electrons set free from the negative 
electrode by the impacts of positive ions, or to electrons set 
free from the electrode by radiation from molecules of the 
gas. For the purpose of this investigation it is not necessary 
to decide whieh of these processes is the most important. 
They have some features in common which make it possible 
to obtain direct experimental evidence in support of this 
theory by measuring the currents obtained in a modified 
form of apparatus with two parallel plates. 

4. The method of investigation which has been adopted 
for this purpose, involves the measurement of the currents to 
the two plate electrodes A and B (shown in fig. 1). The 
electrodes were 8:8 cm. in diameter and were plated with 
silver. <A short filament F of fine platinum wire was set u 
between them at a fixed distance (a) from the lower plate A. 
The upper plate B was mounted on an axle with a micro- 
meter screw so that it was possible to adjust the distance x 
between the two plates to any length from 10 to 18 milli- 
metres. The distance a of the filament from the lower plate 
was 7 millimetres. The filament was supported by two fine 
silver wires (as shown in fig. 2), which also lay in the plane 
at 7 millimetres from the lower plate. 

The insulators were of glass, and are shaded in the diagram 
(fig. 1) to distinguish them from the metal parts which were 
made of silver-plated brass. The apparatus was enclosed in 
a glass cylinder, cemented to the metal base M and to the 
top cover-plate N. The brass ring R, was fixed to the base 
by four short brass rods, two of which, P, and P}, are shown 
in the diagram. Four longer rods formed continuations of 
the short rods to carry the rings Ry and R3, from which thev 
were insulated by sleeves of glass tubing. The sleeves fitted 
the rods and passed through holes in the rings. The rings 


Ee 


R, and R; were held in position parallel to the ring R, bv 
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wider glass sleeves ground to exact lengths. The upper 
parts of the brass rods and the clamping screws were 
covered with glass tubing to prevent any discharge which 
might pass from the rods to the upper parts of the apparatus, 
as in some of the experiments the potential of the upper 
parts was 130 volts. 
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The plate A rested on two insulating plate-glass strips 
G, G, clamped to the plate and the lower ring R4. 

The brass plate L with the micrometer thread was clamped 
to the two insulating plate-glass strips G; G4, which were 
fixed to the upper ring Rg. 

The ring R; was connected to the cover plate N, and was 
maintained by a battery of cells at the potential to which 
the upper plate B wag charged. With this arrangement, 
when the plate B was insulated the charge did not tend to 
leak over the surface of the glass insulators. 

The micrometer screw carrying the plate B was rotated 
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by the axle D resting on a flat bearing in the cover-plate, 
and the bearing was made air-tight with tap-grease. 

The connexion to the plate A was made through a long 
glass capillary tube T4 ground to fit a tapered brass socket 
in the base, and was made air-tight by cement on the 
outside. 

The connexion to the plate B was made in a similar 
manner through the cover-plate N by the capillary tube Tg. 

The ring R, was split along the diameter through the 
rods P, and P,,as shown in fig. 2. Two silver wires, S; and 


Se, were stretched tightly between the ends of the sections at 
seven millimetres apart, and the platinum filament F was 
soldered to the silvered wires. The connexions to the 
sections of the ring were made through the wires F; and F, 
which carried the heating current. These wires passed 
through insulating glass tubing fitted into sockets in the 
base, as shown in fig. 1. 

9. In each experiment the lower plate A was at zero 
potential, the filament was maintained at a potential V by 
a battery of small accumulators, and the upper plate B was 
charged to the potential V.r/a. A uniform electric force X 
was thus established in the field between the two plates, 
except in a small space near the filament and the silver 
wires where the uniformity of the field of force is disturbed 
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by the surface distribution on the wires. There is no appre- 
clable change in the distribution of the electric force near 
the filament when the distance « is changed from . to x, 
and the potential of the upper plate changed from Vz,/a to 
Vasa. The latter potentials were carefully adjusted with 
a potentiometer, as it was found that there was a large 
change in the number of electrons passing from the filament 
to the lower plate A due to a small change in the potential 
ot B. The investigation of the properties of the conductivity 
considered in section 3 depends on measurements of the ratio 
of the currents to the plates A and B, and is not affected by 
small errors in the adjustment of the potential of the plate B. 
It is, however, of advantage to adjust these potentials accu- 
rately, in order to represent the currents by continuous 
curves in terms of the potential V. 

The filament was heated to a dull red by a battery of 
large accumulators, and the current was maintained for a 
considerable time until the electron emission became con- 
stant. The fall of potential between the terminals leading 
to the filiment was about a quarter of a volt, so that no 
appreciable error is introduced in taking the potential of the 
filament and the wires supporting it as being at the potential 
V of the centre of the filament. 

The currents to the plates were found by a zero method 
with au induction balance, so that when the plates were 
insulated their potentials did not change by more than a 
small fraction of a volt while the currents which they 
received through the gas were being measured. A sensitive 
quadrant-electrometer was used as the indicator in connexion 
with the balance, and small emission currents from the 
filament were used in order to avoid any disturbance of the 
field by the charges of the electrons or positive ions in the 
space between the plates. The relative values of the currents 
obtained with different forces were, in all cases, inde- 
peudent of the intensity of the filament emission. 

6. When the potentials V and Va/a of the filament and 
the upper plate are negative, a stream of electrons flows to 
the lower plate and, with large potentials, the upper plate 
receives a positive current. The currents flowing to the 
two plates were measured with a constant filament emission 
and a constant distance of 12 millimetres between the plates 
for different fields of force obtained by altering the potentials 
of the filament and upper plate, the potential of the latter 
being adjusted to 12 V/7 when the filament was at the 
potential V. 

The currents obtained with helium at a pressure of 
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8 mm. are represented by the curves (fig. 3) in terms of the 
potential V of the filament, the ordinates of Curve I. being 
the negative currents through the vas to the lower plate, and 
the ordinates of Curve IL. the positive currents to the upper 
plate. The currents were obtained in the ordinary manner 
by making a series of observations of the quantities of 
electricity received by the plates in equal intervals of time. 
The induction balance was adapted to measure the charges 
received by the two plates during the same interval of time. 
The ratio of the two currents was thus obtained very ac- 
curately, since by this method there is no error due to 
fluctuations in the filament emission. The ratios thus found 
were in good agreemeut with the ratios of the ordinates of 
the two current electromotive force curves given in fig. 3. 


Curve [. shows that there is a small increase in the 
negative current to the lower plate as the potential V is 
increased from 10 to 20 volts, due to additional electrons 
from the filament, and a large increase due principally to 
some process of ionization in the gas with the larger forces 
from 20 to 40 volts. Curve II. leads to the same conclusion, 
as the positive current to theupper plate is very small (due to 
a small positive emission from the filament), while V is less 
than 20 volts, but inereases rapidly with the larger values 
ot V. 

7. The point to be decided is whether the increases in the 
currents obtained when V is increased from 20 to 40 volts 
can be attributed to any cause except the direct ionization 
by the collisions of electrons with molecules in the space 
between the filament and the lower plate. For example, let 
it be supposed that the electrons emitted from the filament 
excite radiation in colliding with molecules in the space 
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between the filament and the lower plate, and that this 
radiation sets free electrons from the upper plate. Let n, be 
the number of electrons emitted from the filament n the 
corresponding number set free from the upper plate by the 
radiation exeited by the electrons from the filament. The 
electrons thus set free from the upper plate also coilide with 
molecules, and by a similar process the number n becomes 
multiplied to rng, and the total effect corresponding to any 
value of V from 20 to 40 volts is represented by the ordinate 
of Curve II. (fig. 3). The action is now exactly similar 
to that observed in the simple case of parallel-plate electrodes 
when ultra-violet light from an external spark-gap falls on 
the negative electrode, and the experiments recorded in 
Table I. show that large increases in the factor r may be 
obtained when the electric force and gas-pressure are constant 
and the distance between the plates 1s increased. 

If the distance between the plates be increased from 12 to 
17:5 millimetres and the potential of the upper plate increased 
from 12 V/7 to 17:5 V/7 when the filament is at the potential 
V, the curves, fig. 2, would assume a different form. While 
the ordinates from V —10 to V=20 remain constant, the 
ordinates of both curves from V —20 to V —40 would be 
increased. The change to be expected may be found by 
considering the ordinate of Curve II. at the point corre- 
sponding to V —40. At tliis point the potential of the upper 
plate is 68°5 volts when ./—12 mm. and 100 volts when 
w=17'5 mm., thus the increase in distance involves an. 
increase of 31°5 volts in the potential difference between the 
plates. The ordinate of Curve II. would therefore be in- 
creased by a factor of 2 at least, since the experiments 
recorded in Table I. show that the current is increased from 
4 to 2i approximately when the distance between the plates 
is increased by an amount involving an increase of 24 volts 
in the potential difference between the plates. Thus the 
radiation hypothesis leads to a conclusion which differs 
widely from that indicated by the theory of ionization by 
collision. 

According to the latter theory, the increases in the current 
with tlie potential V are due to the ionization of molecules 
in the space between the filament and the lower plate, and 
the rate of inerease of the current with the potential would 
not be affected by increasing the distance between the plates, 
provided the totil potential difference between the plates 
does not exceed 100 volts and the pressure of the gas is 
above 3 millimetres. This limit of pressure is indicated by 
the third experiment in Table 1., where X/p=20, it the 
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ettect of the increase of temperature of the gas due to the 
filament be neglected. 

8. Experiments were therefore made with the apparatus 
shown in fig. 1, the distance between the plates being 
17:5 mm. instead of 12 mm., and it was found that with the 
gas at 6 mm. pressure the two curves representing the 
currents to the lower and upper plates with z—17:5 mm. 
were precisely the same as those given in fig. 3 for the 
distance z= 12. 

The experiments were repeated several times with gas thai 
had been used in the apparatus for some days and with a 
fresh supply of gas that had been kept for a few hours in a 
charcoal tube cooled with liquid air, and no change was 
observed in the rate of increase of the current to either plate 
with the potential V when the distance between the plates 
was changed from 12 to 17:5 millimetres, the maximum 
potential difference between the plates being 100 volts. 
These experiments were made with pressures of the gas from 
4 to 20 mm. 

Under these conditions, therefore, it must be concluded 
that there is no effect due to electrons set free from the 
negative electrode by radiation from molecules of the gas 
which is comparable with the effect of direct ionization by 
the collisions of electrons with molecules of the gus. 

It is also easily seen that the positive ions make no 
appreciable contribution to the conductivity in these experi- 
ments either by ionizing molecules of gus or by setting free 
electrons from the negative electrode, for in these processes 
of ionization the action would be increased by increasing 
the distance between the electrodes as in the case of 
radiation. 

9. The collision theory explained in section 3 receives 
further support when larger potential differences are used 
between the plates A and B (fig. 1). In the experiments 
with the photoelectric currents recorded in Table I. where 
the rate of increase of the current with the distance x exceeds 
the rate of increase of the quantity 2, e%7, the change in the 
mode of development of the current has been attributed to 
one of three processes. In the second experiment (Table I.), 
where the gas was at 10 millimetres pressure, the distance 
between the plates one centimetre, and the potential V =120 
volts, the effect of the additional process of ionization is shown 
by the divergence between the figures 615 and 566. 

In experiments of this type it has been found that the 
divergence from the formula obtained with a given potential 
difference V depends only on the ratio A/p. Thus if the 
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force were 60 volts per centimetre and the pressure 5 milli- 
metres, the current with a distance of 2 centimetres between 
the plates would exceed the corresponding quantity nye by 
the same factor 615 : 566. 

The experiments given in the table may therefore be 
taken as showing that with a potential difference between 
the plates of 96 volts there is no additional process of 
ionization at any pressure for which the ratio X/p is less 
than 30. With 120 volts there is a distinct effect when 
X/p=12, which becomes more marked as the ratio X/p 
increases. When X/p=30 a distinct additional effect is 
obtained with the potential 108 volts, as shown by the 
experiments with the gas at 4 millimetres pressure. 

Ín experiments with the arrangement of electrodes shown 
in fig. 1 where the filament is 7 millimetres from the lower 
plate, the electric force is 68°5 volts per centimetre when the 
potential of the filament is 48 volts, the upper plate being at 
82 volts when z—12 and at 120 volts when r=17°5. The 
above theory therefore shows that with z=12 millimetres 
and the gas-pressure above 2°3 millimetres, the increases in 
the currents to the electrodes obtained by increasing the 
potential of the filament from 10 to 48 volts are due to 
ionization by collision of electrons with molecules of the gas, 
no other process of ionization having an appreciable effect. 
With z=17°5 millimetres an additional process of ionization 
should be appreciable with the larger forces, and the effect 
should become more marked as the pressure is reduced. 

10. The results of the experiments with the larger forces 
are shown by the curves (figs. 4 & 5). With the gas at 
10 millimetres pressure and the plates 12 millimetres apart, 
the currents to the lower and upper plates (A and B, fig. 1) 
are given by the curves ¿i and j (fig. 4). With the gas at 
the same pressure and the plates 17:5 millimetres apart the 
currents are given by the curves 7’; and i’. The curve 2, 
coincides with the curve 7’; and i, with i’, for potentials of 
the filament less than 48 volts. With the filament at 55 
volts the currents corresponding to œ= 17:5 are greater than 
those for .&— 12. In these experiments (p=10 mm.) when 
V=48 volts, the value of X/p is 6:85 and the potential 
difference between the plates is 120 volts with #=17°5. 
The absence of any additional process of ionization up to this 
point is in agreement with the theory of tle photoelectric 
currents recorded in the first experiment (Table I.), where | 
X=120 volts per centimetre and p=19 millimetres, X/p 
being 673. 


448 Prof. J. S. Townsend and Mr. S. P. McCallum on 
Fig. 4. 


NEMNEMNNENENEENNF| 
me STA 
EE e ye 
PRR aes 
NNNNNNNERX yi 
Pata cee aes 
LII TITIDETTIS 
oe ee 
SER RMS ARR Le 

aes 


120 


ERNSKZMNNNN 
eh 
eae 
EEBERNEEEE/T 
se oe es a 
EENEEENENV/AN 
Sa ANN 
NEBMMENEXPAHN 
SOA 
sae cee 
Sheet 
CORE Coe 
ao ar 


O 
V 19 al 40 50 60 


120 


(00 


Llectrical Properties of Helium. 149 


The figures in Table I. indicate that all additional 
processes of ionization are absent up to a higher point with 
- smaller values of the ratio X/p. This was found to he the 
case with tle filament currents through the gas at 20 
millimetres pressure. The currents to the lower and upper 
plates for all potentials V of the filament up to 55 volts were. 
the same for the two distances between the plates c=12 and 
z=17°5 millimetres, the potential difference between the 
plates being 137 volts when z — 17:5 millimetres and V — 
55 volts. 

With pressures less than 10 millimetres the curves. 
representing the currents to the two plates for the two 
distances z—12 millimetres and z—17:5 millimetres are 
more divergent, and the divergence occurs with smaller 
values of V than is indicated by the curves (tig. 4). 

With the gas at 6 mm. pressure there was a distinct 
increase in the currents to both plates with the filament 
at 48 volts, due to changing x from 12 to 17:5 millimetres. 

With the gas at 4:3 mm. pressure the increase in the 
currents to the two plates due to changing x from 12 to. 
17:5 millimetres was much more marked. The values of ;, 
and i, corresponding to w=12, and 7’, and i; corresponding 
to ./— 17:5, are given by the curves (fig. 5). 

The experiments show that the additional process of 
ionization which causes the divergence between the curves 
(figs. 4 & 5) rises in importance us the value of X |p 
increases, in the same y as the values of the current? 
exceed the quantity nye?7 in the experiments with the photo-- 
electric currents recorded in Table I. 1t would be difficult 
to obtain evidence of an exact agreement between the two 
methods of indicating the points at which the additional 
process of ionization becomes appreciable, as this would 
involve an estimate of the rise of temperature of the gas due 
to the heated filament, and of the action of the wires 
supporting the filament in intercepting electrons and 
positive ions in the space between the plates. 

Itis of importance, however, to show that the rate at which 
molecules are ionized by the collisions of electrons is the same 
in the photoelectric and thermionic currents, but for this 
purpose it is better to consider the currents obtained with 
the heated filament when the electric force is reversed and 
the stream of electrons from the filament traverses different 
distances (a—a) through the gas to the upper plate B 
Se 1). 

. The preceding investigation does not indicate the 
ex Pa cause of the additional ionization, except that it cannot 
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be attributed to a photoelectric action of radiation from 
molecules of the gas of the type which has been suggested. If 
the molecules emit radiation in consequence of the collisions 
of electrons moving with velocities corresponding to a series 
of resonance potentials, Vj, Vo, &c., less than the ionizing 
potential V; but of the same order, the photoelectric effect of 
the radiation should rise and fall with the pressure when the 
electric force is constant approximately in the same manner 
as the quantity æ varies with pressure in the experiments 
given in Table I. These experiments show that « diminishes 
as the pressure is reduced from 6 to 4 millimetres, but the 
additional process of ionization which causes the currents to 
exceed the quantity mge% rises in importance. Since the 
effect increases continuously with the large values of the 
ratio X/p, it appears to be due to positive ions which become 
more active as their velocity increases, or to radiation 
excited hy collisions of electrons when moving with velocities 
much greater than that required to ionize molecules of the 
gas. 

The remarkable feature of this action is that it is so large 
in the monatomic gases. In helium it is appreciable in 
currents between parallel plates when the potential ditterence 
between the plates is 108 volts and the ratio N/p is 30. In 
hydrogen when the ratio X/p is 88, the corresponding effect 
does not become appreciable until the potential difference 
between the plates is 200 volts. 

It is probable that the action is due to positive ions which 
‘acquire more energy in helium than in hydrogen under the 
action of an electric force, as the loss of energy of the ions 
in collisions with molecules which are not ionized would be 
less in monatomic than in diatomie gases. The collisions of 
a positive ion with molecules which are not ionized may be 
supposed to resemble the collisions of a molecule (A) es 
had acquired a large energy of translation exceeding the 
energy of translation of the surrounding molecules. Jn 
monatomic gases the molecule (A) loses energy in collisions 
owing to the transfer of momentum, but in diatomic gases 
energy is lost both by the transfer ‘of momentum and the 
ug sion of energy of translation into energy of rotation. 

. In the papers deseribing the results of previous 
eb noL with helium, it has ‘been shown that the large 
effects due to ionization by the collisions of electrons with 
molecules cannot be explained ou the hypothesis that 
a molecule is “partially ionized” by one collision and 
‘complete ionization is obtained by a second collision. Also, 
with the photoelectric currents, the fact that the activity of 
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the electrons is independent of the intensity of the ultra- 
violet light from the external spark-zap indicates that this 
light does not affect the molecules of the gas. 

“It has however been suggested that even with light of 
small intensity the molecules may become “ partially ionized,” 
and the larve effects obtained by single impacts of electrons 
with molecules may be due to this cause. 

In view of this objection, it was considered desirable to find 
the activity of the electrons from measurements of the 
conductivity obtained by means of a heated filament, and to 
compare the result with the activity found in the experiments 
where electrons are set free from the negative electrode by 
ultra-violet light from an external spark-gap. The small 
currents suitable for this purpose are obtained when the 
filament is heated to a dull red so that there are no rays 
from the filament which can affect the molecules of the gas. 

Tt is difficult to find the rate at which molecules are 
ionized from a curve representing the current in terms of 
the potential difference between the electrodes such as 
Curve I. (fig. 3), since the increase of the current with the 
potential is due partly to additional electrons coming from 
the filament. This difficulty is avoided by reversing the 
electric force and measuring the currents of electrons to 
the upper plate B (fig. 1) when it is set at two different 
distances (.—a) aud (s,—4) from the filament. The 
temperature of the filament is affected by varying the 
distance between the plates so that it is necessary to 
measure the currents y; corresponding to different forces 
X with the upper plate at a fixed distance (,—a) from the 
filament, and after changing the distance to (.czj— 4a) and 
adjusting the temperature of the filament, to measure the 
currents y corresponding to the same electric forees. The 
currents y, with the plate B at 7 mm. from the filament are 
given by Curve I. (fig. 6) ; the currents y with the plate B 
10:5 mm. from the filament are given by Curve IL, the 
electric force X being in volts per “centimetre, and the gas- 
pressure 10°6 mm. 

The same ordinate yọ= 20 is taken to represent the current 
with the lowest force in each curve. The difference between 
the ordinates (y,.—y,) corresponding to a large force X 
represents the number of molecules 1onized in the space 
between the two planes x, and vg, and y, the number entering 
the space. Since the currents yı and yo. are obtained with 
the same electric foree X, the number of electrons coming 
from the filament is the same in each case. 

In moving under a uniform electric force through a gas 


152 Prof. J. S. Townsend and Mr. S. P. McUallum on 


the electrons do not attain a steady motion until they have 
traversed a certain distance from the filament. Experi- 
ments with photoelectric currents in helium show that the 
energy of the electrons increases up to a point where about 
half the electrons from the negative electrode have ionized 
molecules of the gas. After passing this point there is a 
slight decrease in the average energy of the electrons in the 
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stream, and the motion approaches a steady state after the 
stream has traversed a distance b from the electrode where X^ 
is about 45 or 50 volts when the ratio X[p is about 16 and the 
gas at 169 C. For distances from the negative electrodes 
greater than b the currents increase with the distance in 
accordance with the formula n,e**. 

In order to estimate the rate at which electrons ionize 
molecules, when the motion is steady, from the ratio of the 
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ordinates of the two curves (fig. 6) it is necessary that the 
potential difference between the filament and the plate B 
should exceed 45 volts. In order that this condition may be 
satisfied when the plate is 7 mm. from the filament the 
value of X should exceed 64 volts per centimetre. 

There is also an upper limit to the value of X depending 
on the potential ditference X x x between the two plates A and 
B (fig. 1). The curves (fig. 3) show that when the gas is at 
10 mm. pressure, the additional process of ionization con- 
tributes to the conductivity, when the potential ditterence 
X x 1:75 exceeds 125 volts. In order to avoid this effect 
when the electrens are moving to the upper plate and the 
distance between the plates is 17:5 millimetres, the electric 
force should not exceed 70 volts per centimetre. 

Hence in the curves (fig. 6), when the the electric force is 
between 64 and 70 volts per centimetre, the difference 
(yo — 1) of the ordinates corresponding to the same value of 
X represents the number of molecules ionized by electrons 
moving through the distance (.c, — à) equal to 3:5 millimetres, 
when the motion of the electrons is steady. At the points 
on the curves corresponding to X —67 (V,,=47 volts) the 
ratio of the ordinates y;/y;— 2:0, which shows that the 
number of electrons in the stream is exactly doubled in 
moving through the distance (.' —.7), where (z,—2,)X = 
35 x 67 = 23-4 volts. 

The gas in these experiments was at 10:6 millimetres 
pressure, but the average temperature was at least twice the 
normal in the space traversed by the stream of electrons 
from the filament to the upper plate. The value of X/p 
must therefore be taken to be about 14 in these experiments 
in order to compare the results with those obtained in a gas 
at 16? C. 

The photoelectric currents obtained in helium at about 
16? C, (given in Table I.) show that the quantity a does not 
change to any great extent when X/p varies from 12 to 
20, and at these points the photoelectric current is doubled 
in moving through the distance (z5—:2;), where (45 —.) X 
is about 23 or 24 volts. 

It is evident, therefore, that the action of electrons in 
ionizing molecules of helium when the gas is traversed by 
ultra-violet light does not differ appreciably from the action 
in the absence of ultra-violet light. 
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LXX. Some Dynamical Illustrations of the Pressure of 
Radiation and of Adiabatic Invariance. By T. H. 
HavELock; F.R.S.* : 


Introduction. 


1. TH E associated ideas of the pressure of vibrations and 

of certain adiabatic invariants suggest various pro- 
blems in simple dynamical systems with a moving constraint 
which are capable of exact solution. 

The first one considered is the small transverse vibration 
of a particle attached to a light string whose tension is 
assumed constant. One end of the stri: g is fixed ; while on 
tbe other side of the particle the string passes through a 
small hole in a plate which is made to move with uniform 
velocity v. The differential equation of motion can be solved 
completely in terms of generalized hypergeometric functions; 
here we require a solution for which the initial position and 
velocity of the particle have assigned values, and it is more 
convenient to work out directly an asymptotic expansion for 
such a solution as » converges to zero. If the plate is moved 
tbrough any finite distance, we may then calculate tlie final 
motion in terms of the initial motion to any required degree 
of accuracy ; in particular, if E is the energy of the motion 
and a the corresponding frequency, we may examine how 
the final value of E/» approximates to its initial value when 
v is made small. 

A special case of this problem is obtained by taking the 
constant length of string on one side of the particie to be 
infinite, or supposing the particle to move in smooth guides 
at right angles to the string. Here the complete solution 
involves more familiar Bessel functions, of which asymptotic 
expansions are available. This case is essentially the same 
as the so-called Rayleigh pendulum, and I find that a similar 
solution of the latter problem has been given recently by 
Krutkow and Fock f. 

Further interest attaches to the similar problems when the 
vibrating medium is a continuous uniform string. These 
include the well-known device by which Larmor illustrated 
the pressure of radiation. By considering incident and re- 
flected simple harmonic waves at a moving reflector, he 
obtained the pressure of radiation in the form 

stud 
P = eue eR, > . * . " " (1) 
* Communicated by the Author. 
T G. Krutkow and V. Fock, Zeit, für Phys. xiii. p. 195 (192.5). 
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where c is the wave velocity, v the velocity of the reflector, 
and eg the density of energy in front of the reflector ; it 
should be noted that p and e have in his analysis their 
average values for simple harmonic waves. 

Lvi-Civita * refers to the case when the string is of finite 
length, one end being fixed and the other passing through a 
moving plate; he remarks that it would not be ditticult to 
determine functions satisfying rigorously the nodal condition 
both at the fixed end and at the moving reflector. The 
solution is supplied in the following paper: it was, in fact, 
this remark which suggested the problems considered here. 
The solutions examined are those which reduce to simple 
harmonic vibrations when the velocity of the moving re- 
flector is made infinitesimal; they are used to calculate the 
pressure on the reflector and also to confirm the adiabatic 
invariance of E/n in these cases. 

Larmor's formula (1) is usually referred to as being valid 
for a non-dispersive medium in which the average density of 
energy in a simple harmonie wave is inversely proportional 
to the square of the wave-length. From this point of view 
it could be extended to other types of disturbance in such a 
medium by direct summation f. However, if we remove the 
restriction that we are dealing with average values of the 
pressure and of the energy density, it is easy to generalize 
the result completely from the equations of motion together 
with the kinematic condition for a travelling node. This is 
confirmed also by the properties of the general solution when 
there is a stationary node and a traveliing node. 

The same arguments apply equally to electromagnetic 
waves in free space when suitable conditions are chosen for 
the travelling node. 

It is desirable to specify clearly what is meant by the 
pressure of radiation. Calculations are generally made on 
the assumption of simple harmonie vibrations and average 
'alues are used, the pressure being usually deduced by an 
application of Lagrange’s dynamical equations in generalized 
coordinates. Here we consider in each ease an unlimited 
medium in which there is a disturbance, which cau be 
analysed into forward and backward waves, such that there 
is a fixed node and a node travelling away from it with 
uniform velocitv v; the pressure is defined as the rate of 
decrease of energy in the region between the two nodes 
divided by the velocity v. 

* T. Levi-Civita, Appendix to Sir Joseph Larmor's lecture on ** The 
Dynamics of Radiation," Inter. Math. Congress, Proc. 1. p. 217 (1912). 

t Ghosh and Sur, Phys. Rev. xviii. p. 380 (1921). 
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The actual apparatus for a moving reflector by which this 
pressure could be realized is of course quite another matter. 
For a string, a plate with a hole through which the string 
passes is sufficiently descriptive ; but it is no more than that— 
in fact, the resolved force on the plate due to the tension of 
the string is not in general equal to the pressure as calcu- 
lated. One may refer here to some rather artificial devices 
suggested by Poynting * by which one might imagine this 
pressure realized in certain cases, such as the motion of a 
plate through a gas or an elastic solid; incidentally, 
Poynting refers to the pitfalls which beset the subject, the 
two chiet being the definition of the pressure and the fact 
that when second-order terms are used for its calculation the 
original equations may no longer be valid and it may not be 
permissible to assume simple harmonic motion. In a recent 
elaborate study by Brillouin f. the distinction is carefully 
drawn between the pressure on an ideal reflector immersed 
in a coutinuous medium and the pressure on a reflector 
which bounds the medium; the conclusion seems to be 
drawn that most previous writers, with the exception of 
Lorentz, have failed to observe the distinction. 

However, we are not concerned specially with these con- 
siderations in what follows; the problems are comparatively 
simple dynamical cases in which the conditions are specified 
in the manner indicated, and assuming these conditions certain 
exact solutions of the equations of motion are investigated. 

In a last section some application is made to dispersive 
media, the example being a uniform string at constant 
tension in which each particle is attracted to its equilibrium 
position by a force proportional to displacement. From 
considerations of energy changes, it appears that the 
formula (1j for the pre-sure of radiation holds also in this 
case, when suitably interpreted. This is also confirmed for 
the partieular case of simple harmonie waves incident upon 
and reflected by a moving reflector ; further, when average 
values are considered, the connexion with group velocity and 
flow of energy is shown. 

For a fixed reflector it follows that the pressure is equal 
to the density of energy in front of the reflector. This is in 
apparent contradiction with the usual statement for a dis- 
persive medium. that the pressure is U/V times the energy 
density, where V is wave velocity and U is group velocity. 
The results are harmonized by noticing that in the latter 

* J. H. Poynting, Phil. Mag. ix. p. 393 (1005). 

t L. Brillouin, * La Theorie de Solides et les Quanta," Ann. Ecol. 
Norm. xxxvii. (1920). 
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expression the result only applies to simple harmonic waves 
and the energy density in question is the average value over 
the whole range of medium in front of the reflector ; the 
result obtained here is more general, and in it the energy 
density is that immediately in front of the reflector. 


Vibrations of a Particle. 


2. A particle P of mass m is attached to a light string 
APRX stretched at constant tension T; Risa plate with 
a small smooth hole through which the string passes. 


Fig. 1. 


If AG=a, and CR=b+rt, the equation of motion for 
smal] displacement y is, with the usual approximation, 


dy T | 
[] Ln clo. SEN ) . / — p) R . ` í 
(b et) ji Ee T pP eyed. . (2) 


If we take the energy at any instant to be 


E = iny-i (t taa): E (3) 


then from the definition already given, the pressure p of the 
vibrations upon the plate R is 


la o. y! 
p=- P=} ow 0... A) 


after using (2). To this order, the value is the same as the 
resolved force on the plate, namely T(1—cos PRC). The 
same result also follows if we use the Lagrange equations 
with the length CR as a generalized coordinate. No dis- 
crepancy arises in this case, since the moving constraint 
affects one of the parameters of the system without actin 
directly upon the coordinates of the particle. We shall see 
later that it is different when we take into account the inertia 
of the string. 


3. We require the solution of (2) when y and ¥ have given 
initial values and in a form suitable for small values of c but 
with ct finite. 
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If we put 
rcm(bRe)l: MaaT/mr?, . . . (5) 
the equation becomes 


dy a 1 " - 
"TT (1+) = 0 2... (8) 


The complete solution may be written in various alterna- 
tive forms ; for instance, 


j= AW au (Qik) + BW irig (—2ikc), . " (7) 


where A, B are arbitrary constants, and Wm, , is a confluent 
hypergeometric function. H.wever, it is more direct to 
obtuin from the differential equation (6) an asymptotic 
expansion of the required solution suitable for large values 
of the parameter £. 

We shall use accents to denote differentiation with respect 
to x; then if y and % are the initial values for equation (2), 
those for equation (6) are 

y= Yo? y = Ej V (am[/ T) ; forz= h/a = wy. . (^) 


Assume a solution of the form 


y= e™(dot F ips ). 00. s (9) 


where w, do, $,, ... are functions of x. Substitute in (6) and 
equate to zero the coefficients of 4°, k, k’, &75,... ; we then 
obtain the series of equations 


o? = 1] 4-27, D 
w pit 2w po = 0, | 
ito "hy + 210’ dy" + hy = 0, ` 
iw p+ 2ia'd, +, = 0, | 


(10) 


ee © 99 6» @ & e & 9 


Similarly, if we assume a solution 


y=e eH (yut eta soe ee J. (00D 


we obtain a set of equations like (10) with — instead of 
+i. The equations for w and the $'s and W's are differential 
equations of the first order which can be solved for the 
various functions step by step. 
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We now take the complete solution to be the sum of (9) 
and (11), and we have to satisfy the initial conditions (8). 
For this purpose we take, from the first two equations 


in (10), . 
w = í VW(l+a7').de, . . . . (12) 
and then the initial conditions give, for c=, 


hot Wo = Yo | 
TAN —1 : La "4 T " 
Po w Po Yov (am/T) | o. (13) 
Pat Yn = 0, | 
iw (hn — Y^) t$. TY. = 0, | 
for n=1, 2, 3,. 
These give the followiug values: 
polt) = 1yo— zijo V (am/T) / w(x), | 
d, (y) = iy (zo) | {æ Cr) P. $9 (14) 
Palo) =O; n22,92,.... 


with similar values for the y’s with the sign of i changed. 
. We can now integrate completely the subsidiary equa- 
tions (13), and obtain 


zz s Jo v (am/T) } f et (za) 1? 
Po Un x w (£o) lowe) 


= ] t dy (a ‘) pda w (x) | 
hi = oop he, po Go pi * 30 Gora) (ar Co) PB? 


a i gp! A— aon "e : ^ 
dr = ? (our) it |, fo" Grit jc; n= 2,38,..., . (15) 
together with similar equations for the W's. 

‘With these values the series (9) + (11) satisfies formally 
the conditions of the problem. Jt remains to be proved that 
it is the asymptotic expansion, for £ — x, of that integral 
of (6) which is determined by the initial values (8). It is 
unnecessary to work through the detailed analysis; the 
method consists in forming, by a suitable chain of approxi- 
mations, a convergent series for the required solution of (6) 
and showing that we obtain the previous formal solution by 
taking the asymptotic expansions of the terms in tle con- 
vergent series, It may suftice to refer * to the solution of a 


* J. Worn, Math. Ann. lii. pp. 271 and 540 (1399). 
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more general equation by this method, and to state that the 
formal solution is valid for positive values of xz; conse- 
quently, the corresponding solution of (2) is valid for ¢>0 
provided we have / » 0. 

It will be seen, from (15), that the expressions for the 
functions $ and qx soon become rather lengthy. Ultimately 
we shall onlv require œo and Wo, but the next two terms have 
also been calculated so that we may have tlie expressions for 
y and y up to terms in $`}; with the given conditions the 
series (9) - (11) leads to real series multiplied by cos kw 


and sin kw. 
Collecting the various results, we have 


1\ -4 1\: 
y~(i+_) { yo(1+=) cos kw 
, fam: 1y5. q 
+T) (1) LE. 


[45 (sr) (1+ 1 (1+ +y (CARY 
+L 84 (1+ x) O.c* (1 +r)? 

9 + ] 2r, + e) : 

Er os kw 


1 + 120+ 8r? I + 12.19 Boy 
- {ay (i+! Js d C 1+.2)3 Gesi (1 + ty) 3 ) 


pes (1 7) "(re D) sede] Ts... (16) 
“Vy | 


where r=(b+rt)/a; v=ba3 k#=aT/m? ; and 
w = (l +r} — zèll +r} —log {(1+2)!—a}} 
+log {(1+z}—zè}. (17) 


We may now write down ġ to the same order, but we shall 
record only the first terms: 


= 
Y (a) ~(1+5 + - EE (^g) (1+ E x cos kw 
— i+! E k: } . (18 


i. After this digression on the solution of the equation, 
which is perhaps of interest in itself, we may return to the 
dynamical problem. 

Before the time t=0 we suppose the plate R to be fixed 
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and the particle to be making simple harmonic vibrations of 
frequency no, where 


j @ ( ais 
Ho = ) * - + š 
1 n a OT} 
Then the plate is moved with uniform velocity r for a finite 


distance until the length b+ vt c and is stopped; after this 
time the particle vibrates with frequency 


S o3 - iG) 1,1! 
M m Q C , 

If v is small, so that & is large, the values of y and y when 
the plate is stopped are given by (16) and (18). It seems 
permissible to neglect any impulsive changes which might 
be supposed to occur at the starting and stopping of the 
plate, because of the idealized nature of the apparatus ; 
the string is such that its inertia may be neglected, and 
further, that its tension is instantaneously adjusted to the 
constant value T. 

.. With v small, we may take the first terms in (16) and (17), 
and we have for the energy after the displacement 


E = tmy? tTa + 74), 


1T aM | ~g{am ai á a\} 
- 3.) i Jo ( "IM us (1+ p) } i 
l1 lķẹ;1l1 , Hy 
= + ) ( + ) Ey. 
a oc/\a b 
Hence we have 
E/n—Egny. . . . . . . (a9) 
5. As a particular case of this problem, suppose the 
particle to move between smooth guides through © at right 
angles to CR; for small motions this is analytically similar 
to the Rayleigh pendulum, a simple pendulum swinging 


under gravity with the length altering at a uniform rate. 
The equation of motion, with the same notation as before, is 


d?y T = JA 
OH d ym 2 a a (20) 


The complete solution of this equation is 
Y = we {AJ ,(2he}) + BN,(2h27)}, . (21) 


where g=b 4 rt; (?=Time’. 
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We have also 
ý = vy' = kr {AJ (2k) + BN,(2kz*)}.  . (22) 
Using the formula 
Ji(.v)No(.t) —Jo(a)N, (x) = 2/ Ta, 


A = (m/e) Uc NR) Pj N (8B), 
B = (a/v) (065,J,(2k40) — key Jo (2k03)). . . (23) 
Suppose now that : 
y = Cosin (no+ ay), for t < 0, ) . (24) 
y =C sin (nt+a), fort > (e—b)fr, 


while for the intervening time, y is given by (21); in (24) 
we have no=kv/bi, n= kv/e. 
After a little reduction we obtain 


Csin {k(e—b)e i a] = d 4A], (2k) + BN, (2k) }, | 
C cos (k(c —b)c73 +a} = d {AJo (2k) + BNQ(248)).. (25) 


With v small so that the transformation is made slowly, we 
may use the first terms in the asymptotic expansions of the 
Bessel functions, namely 


V imu Jolu) ~ cos (u—dm) ; V iru No(u) ~ sin (u — d) ; 
V ru dJi (u) — sin (u—łr); M iru Ni (u) ~— cos («—17). 
From (23) we find 
A ~v (ark/b*)C, cos (240 = i — a). 


we have 


D — Ao (5/03) Cy sin (29— E -«) iow. (26) 


With a similar reduction (25) now gives 


| 2H e — t) tad. (21) 


Thus the change in the amplitude of the vibration by this 
slow transformation follows the law 
CC ~ (c/b), - & ww wo (28) 


and since the energy is proportional to the square of the 
amplitude and inversely proportional to the length of string, 
the adiabatic invariance of E/4 follows from this result. 


sin ( kle— tb c,,sin 
C L ( ) 4- a l — "m Cy 
COs ci Í b Cos 


V 
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Vibration of Uniform String. 


6. With T as the tension of the string and p the line 
density, the equation of motion is 


o? o? ; M 
Se = ela ce = Tp.. .. . (39) 


The density of energy per unit length is given by 
e = 4p(dy/dt)? -AT(0y/Oozy. . . . (30) 


Now suppose that the motion of the infinite string. is such 
that the origin O is a fixed node and the point R given by 
z-a4-vt is a node moving with uniform velocity v. The 
rate of increase of energy E in the portion OR of the 
string is 


) a+re Ya+et 
p = z e dx = vert | 9e da. . . (31) 
Ü 


After a partial integration, using (29) and (30) and the 
condition y=0 at 2. this leads to 


But the kinematic condition at the nodis node 1s 


Oy cio uo wu (23) 


+ 
IET Sa 


Hence we have 


er = bp ( + t?) By De) i 
à E/9t = "eg— pc^v (04/02) k = dup (i? = c?) (dy/dx) R 


If we think of the travelling node R as produced by an 
ideal perfect reflector moving with velocity v, the equivalent 
pressure of the vibrations at R is then 

1 oE Fv? | 
m 2. ew 5. . (MX 
P Ü o c 22 eR ( ) 

We notice incidentally that if we picture the reflector in 
this case as a plate with a small hole through which the 
string passes, the pressure p so calculated is less than 
the resolved statical tension of the string if we assume the 
string undisturbed beyond the plate ; jor the latter force, 
being 1T(90»/Qa JR i is equal to c'ey[(c? + v7). 

The result (34) is Larmor’s formula generalized, without 
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being confined to simple harmonic waves and average values 
of the quantities involved. 


7. The general solution of (29) is 
y= f(ct—z)-F(ctz), . . . . (35) 


and the boundary conditions are y=0 for e=0 and for 
&z/—a-4 vt. Hence the motion is given by 


y= f(ct—2) —J (ct dm. exo de OS (36) 
where / satisfies the functional equation 
tt (c—v)t—a] zs fi (c v)t-r a). "E: (34) 
We have now , 
er = pe [/?((c—v)t—aj +7'{ (e+ vital] 
2oc7(c? + v7) ., 
= pne *{(c—v)t—a}, 
(y 24) = e[ f7 i(ce- rta} (e )t aj] 
Qc/n i ! 
fer 4, | 
ed "di {(c—r)t—a}. 
Substituting in (32), we deduce again the result (34). 


8. We may examine some particular solutions of the 
functional equation (37). It is of the form 


flaunt B) =f (ny), ..... (M) 


where a=(e+r)/(e—v) and B=2ace/(e—r). 
If we write 


Tu) = $(&), J (au 8) = $(E- 1), l. 


(39) 
u= 4E),  au+8 = (E+), 
then (38) is replaced by the pair of difference equations 
eee sia - 
VG 1) 7 a£) = B. | 


Solutions of these are obtained by the ordinary rules for 
difference equations ; and so we arrive at solutions of (38) 
by eliminating £ from 


T) = e£), 


B 


| a 
w= Wb) =) + af), 


Pressure of Radiation and Adiabatic Invariance. 765 


where $ and y are arbitrary periodic functions of £ of unit 
period. In particular, if we take 


(E) = AsinZsmE, x(E) = —B/(1—«), 


where s is an integer, we have 


(uv) = Asin [2sm 2E 0-981]. (42) 


Returning now to (36), and replacing the values of a and 
B. we have a motion of the vibrating string such that there 
is u stationary node O at xv=0 and a travelling node R at 
v=atrt, namely 


log a 


EP log (14 (ct  à)/ca] 
y = Asin 2sm lon tese) ee) 


— Asin 2sm -7 


DEAN TE . . (43) 
VIDT caer j 
It may be easily verified that the limiting value of this 
expression for v—»0 is the ordinary case of steady 
vibrations, | 
. STU smet 
y = 2Asin cos- -. . . . . (44) 
a a | 
The expression (43) may be used to examine the motion 
of the string between O and R, assuming a and ¢ both. 
positive, for various ratios of v to c. 


9. It is unnecessary to repeat the calculation for the 
pressure of the vibrations at R, as the partieular case is 
included in the general formule of § 7. 

We shall not attempt to solve the general problem of the 
finite motion of the retlecting plate R, as was done in § 4 for 
the simple particle. It would mean starting with R fixed 
and the string performing some normal vibration ; ; the plate K 
would then be moved with uniform velocity through a certain 
distance and stopped. We should have to fit given initial 
conditions by a general solution, possibly made up of a series 
of expressions like (43). Further, we should have to con- 
sider the possibility of impulsive disturbances at the beginning 
and end of the motion, which would require a closer specifi-. 
"tion of the action of the plate ; it may be presumed that 
such disturbances would be narrow pulses emitted from R at 
a sudden change in velocity. We are concerned chiefly with. 
the results when v is small; and as (43) approximates then 
to a normal vibration, we shall calculate from it the change: 
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in the energy as the length of the string increases from 


a to b. 
Making use of the general formule in § 7, we have 


iy OL » 
By R, = — P0907 9) 4 [r'{(e—v)t—a} ]*dt, (45) 


where 


f) = Asin { 2emlog (1+ 7) [no go . (46) 


Putting a+ vrt=1, this gives 
oo 88°27? v?c?p f | 
(c— v*) {log (e v)/(e—v)}? 
M log {(e—r)l/ ca} 
s? | 2sqr ,—,———— 7 —— dl. 
J) cos | ST lo Tres (47) 


If 0 is the angle under the integral sign, and if a is written 
for log (c 4- v)/(c — v), the value of the integral is one-half of 


: z ; T i. - d l uin 26,— 20, X 


E,—E, = Á 


i pa dios 26,—1 q COS 206. | : 
Collecting the results, and — we have 
sag : . [2src, D "i 
p= E,=—stntctp| = — PLUIE log’) + «| í 


(48) 


Thus as c— 0, we have 
E,-E T eae 
b 77 Ba ~ s? T" c (3 2 e 
But, to the same approximation, we have from (44), 
SO. 
E,— s*z?c*p[a ; thus bE, — a E.. 


Since the frequency of a normal vibration is inversely pro- 
portional to the length of string, this is the required adiabatic 


invariance of Efn. 


Electromaynetic Waves. 


10. The preceding analysis can be applied directly to 
electrical vibrations in free space. We shall confine our 
attention to plane waves with wave fronts perpendicular 
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to Ox; if E and H are the electric and magnetic vectors, 
e = 4E? +4H?, 
and the equation for flow of energy is 
Qe Ò 
=— + = EE eR xw, 4 
Consider a disturbance for which the point O isa stationary 


node for E, and the point R a travelling node for E—vH/c : 
so that 


E — 0 for «=0; E--H — 0 for r=atvt. (50) 
Then the rate of increase of energy in the region OR is 
* ad et 2 
: edr = veg —c(EH)on = — 4v (1- = ) Hi, (51) 
0 


C 
since 


E 
er = (15 i) HE. 2s... (52) 


Hence, if this nodal condition is the boundary condition 
for an ideal perfect reflector in motion, the corresponding 
pressure of the vibrations is (c?— v?)eg/(c? + v?) ; this, of 
course, agrees with the usual calculation from electro- 
dynamic theory for the mechanical force on the reflector. 

If we have a fixed perfect conductor at the plane «=0 
and a moving perfect conductor at x=a+ vt, then plane 
disturbances in the region between them are given by 


E = r (ct— e) = (t+ 2), 
H = f (ct — 2) +r (ct +s), | 


where /' satisfies the functional equation 


(53) 


(c =r) f{(e—v)t—a} = (cc) fí(ete)ytta]. 


These satisfy the equations and the conditions (50). 
Referring back to equations (38)-(42), particular types of 
solution can be written down; for instance, we may take, 


in (53), 


f 1 ; log (1 + vufca) gas 
ms ym dup esl me D cM 
OE dL E E uus J . . (94) 


With the help of these solutions one might study in detail 
the problems of the previous sections; for instance, the 
change produced in a steady normal vibration between two 
fixed planes if one of the planes is moved with uniform 
veloeity through a finite distance and then stopped. 
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Dispersive Medium and Group Velocity. 


L1. Asa simple case of a dispersive medium we consider 
the transverse vibrations of a uniform string, at constant 
tension T, each particle of which is attracted to its equi- 
librium position by a force proportional to displacement *. 

The equation of motion is of the form 


OY 29 

on | Qc 
with -?=T/p; the energy density is 

e =pl t Ey? Hy); . . . . (50) 
while the flow of energy is given by 

or — 2( 19 84) =0 .... (B) 


If there is a stationary node at O, and a travelling node 
at R, so that 


€ 


4ny-0,. .. . (55) 


y t vy! = 0, for «=a+rt, 
then by the same process as before, from the rate of decrease 
of energy in OR, we find 
. > 9 2 
UN. c—v 2 
eB 2 wt i -—] $n 58) 
) -—A 0. C v ——, N CR. . . dec 
/ 5 p( ) Our € 3 (98) 

It appears that Larmor's expression has a still wider appli- 
cation in that it mey include dispersive media. We mav 
verify this conclusion for simple harmonic waves. 

Suppose there are forward and backward waves of equal 
amplitude and adjusted so that there is a node R travelling 
with velocity v ; there is now no stationary node. 

We have | 

y= sim «(Vie =w) — SIn Kə( Vat +v), © > (59) 
where the wave velocity V is given by _ 
KV =V (KC? +77), 2 aaa . (00) 

If we take the travelling node to be at cz vt, we have 

(2c? + 2) 4 gu = (PeH) mw . . (61) 


Thus the wave-length of the reflected wave is found from 


2 9 
n ( + v?) —2r(ei? Hn) (62) 
277 qp : : 
“The Propagation of Disturbances in Dispersive Media," Camb. 
Tracts, No. 17, p. 58 (1914). 
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There is no fixed node: but we may consider the rate of 
increase of energy between the fixed point O and the moving 
point R. It is 

9 (*" . Ov .Qu i 
E (du = re +T( òr) -t(: ) . ; 63 
su] cerea us. [etus Lect 499) 


The last term represents the rate of work o£ the tension at O 
upon the medium outside the range OR ; and therefore, as 
before, we consider the equivalent pressure of radiation at lt 


to he given bv 
Z T ( ay \ 
—p € en t v IJt i e. . e . 


From (56), (59), and (62), if we write 


(64) 


Ks(Vo— v)t =«a,(Vitvjt=a, . . . (05) 


we obtain 


eg = lp(c + c) (vo s)? cos? a 

2402 

teur ; T 

-2 (- n? (ec — v(xep + n?) cos?a, (66) 

C — u)" ‘ 

. !, 4r ” * * j s ~ ` 

(5 3r) = (a yp? (n —v(e) +n”): eosta. (61) 
U R Co — > = 

Hence the equivalent pressure is 
2 9%) 9 em e? . 
p — 35 feu? — t («jc + wey COM a = y SR: (68) 
Ct = cc -- it 


It will be noticed that the pressure is proportional to 
(U,—v)9?, where U, is the group velocity of the incident 
wave ; for 

(kV) — Ke? 


U= us 


X mts T . . . (51 
As (x2? 4p ty (62) 


But the connexion with group velocity is more direct when 
we consider the streams of energy in the incident and re- 
flected waves. It must be remembered that in such a 
treatment we are dealing with average values; for instance, 
group velocity fora simple harmonie train is the average 
rate of flow of energy. Larmor's method of obtaining his 
formula for the uniform non-dispersive string was to con- 
sider the rate of increase of energy as due on the average to 
the streams of energy through the travelling node; thus it 


Phil. Mao. S. 6. Vol. 47. No. 280. April 1924. 5 D 
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was given by es(c-- v) — ej (c— v), with e; and e; as the average 
energy densities in the two wave-trains. D. 

In the present dispersive case, we should have by a similar 
argument for average values 


p-- eU) atod9t.. eo. (80) 


But we have gc Lo(ehei 40°). oon ab oe (T1) 


From (62), (69), (70), and (71) after a little reduction, 
we get 


2\h12 =.) 


p-al IK —vc(e t ROME... (Q2). 


— 7! 


which is just the average value of the previous expression (68). 
In the same way we may remove an apparent discrepancy. 
It follows from (68) with v=0 that p=er; that is, the pres- 
sure of radiation on a stationary reflector is equal to the 
energy density in front of the reflector. On the other hand, 
the usual statement, originally made by Rayleigh * and since 
elaborated by others, is that for a dispersive medium 


paye. ees 45 e xo UO) 


From the introduction of group velocity it is obvious that 
in (73) we are dealing only with simple harmonic waves and 
with average values; in fact, e is not the energy density 
immediately in front of the reflector, but is the average 
density for simple waves over the whole range of the medium 
in front of the reflector. Now for a reflector at rest, the 
reflected wave has the same wave-length as the incident, so 
from (11) ! 


e = plet) .... . (14) 


where the average is with respect to time and position. 
Further, immediately in front of the reflector, for e—U, 
from (66) 
PR = pic, e e . . e . (79) 


where the average with respect to time is taken. 


* Rayleigh, Phil. Mag. 1902, or * Scientifie Papers,’ v. p. 47. 


LS 
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Since from (60) and (69) 
U/V = kd + n?), 


it follows that (73) is consistent with (68) for v=0. It is, 
however, only a particular case, for average values; the 
more general statement is that the pressure is equal to 
the energy density immediately in front of the stationary 
reflector. 


Whether these results are peculiar to the special medium 
studied here must be left for further investigation, as well 
as some interesting questions which arise when the velocity 
of the reflector is greater than the group velocity of the 
incident waves or even greater than the velocity of the front 
of a limited disturbance. 


Summary. 


The paper contains a study of the solution of the following 
type of problem, with various applications: the small trans- 
verse vibrations of a string stretched at constant tension, one 
end being fixed and the other passing through a small hole 
in a plate which moves along the string with uniform 
velocity v. 

1. With a single particle attached to a light string, the 
equation of motion is solved and an asymptotic expansion 
found when v is small; this is applied to the adiabatic 
‘invariance of Ejn, where E is energy and n frequency. 
A particular case corresponds to the Rayleigh pendulum. 

2. With a uniform string, solutions are found which give 
a stationary node and a travelling node, and similar applica- 
tions are made. 

The pressure of radiation at a moving reflector is examined 
and the formula p= (c? — v)e/(c? + $?) is generalized. 

3. Similar solutions are indicated for plane electromag- 
netic waves between fixed and moving planes which are 
perfect reflectors. 

4. When the string is endowed with a certain dispersive 
property, the pressure of radiation is found to obey the same 
general formula, and the relation of this to the usu4l formule 
involving group velocity is shown, 
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LAAT. The Relation between the Refractivities and the Sizes 
of the Atoms of Certain Elements. By J. E. Car rRROP, 
BiA.( Cantab.), B.Sc.( Lond.) *. 


I. Introduction. 


HE relation between the refractivities and the utomic 
weights of certain elements has been investigated by 
Cuthbertson t, who found that the values of (uy —1) x 108, 


where 4, is the refractive index for sodium light, were for 


the elements of a vertical column of the Periodic Table 


proportional to integers. 


l'or example, in the case of the inert gases the following 
results were obtained :— 


Element. (Hy - D x10. Ratio. 
He ius pits "T 34:0 l 
ING ET 68*7 2 
EU MEER 2827] 8 
EE occ cases xus 12773 12 
NON dud Li Marte 702-0 20 


The same ratios were approximately obtained for Groups V... 
VI., and VII., although in certain cases the discrepancy from 
this whole number relation was as much as 8-17 per cent. 

(uy —1) x 10® was seen to increase with atomic weight in 
anv vertical column, and to decrease with atomic weight in a 
horizontal row. 

Le Bas $ has also investigated the regularities of these 
elements, and has given tables of combined atomic refrac- 
tivities and of atomic volumes, but the atomic volumes given 
do not agree with those of Stefan Meyer $. In some cases 
mean values were given, as the atomic volume depends. 
on the condition of the substance. 

The following is the table of atomic volumes as given by 


Le Bas :— 


C. N. OQ. F. 
14:3 12:0 14 6:2 
NI. P. N. Cl. 
3070 270 2:5 21:0 
Br. 

20:0 

T. 

oro 


* Communicate d by Pr ‘of, C. H. Leen, D. Nc. a F.R.S. 
t Science Progress, No. 10, iii. p. 283 (Oct. 1908). 
1 ‘ Nature,’ eviii, Pegi? (Oct. Won. 

$ Sommerfeld, * Atomic Structure,” 1022. 
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For I, N, and S, mean values were taken. 
ne following was his table of combined atomic refrac- 
tivities, where the Formula for refractivity wasof the Lorentz 


p'—1 A 
form ;— ^" M M where A is the atomic weight and 
D ae 
p the density :— 
C. N. O. F. 
3:36 2:38 1:48 0:67 
Si. P. S. Cl. 
SU TTO 079 5:96 
As. Ne. Br 
10:50 r89 8°79 
I. 
13°87 


From thes2 data Le Bas found differences in the atomic 
refractivities which correspond to differences in the atomic 
volumes. Plotting atomic refractivities against atomic 
volumes he found an approximately linear relation. 

He therefore concluded that the atomic refractivities were 

roportional to the atomic volumes, and also stated that the 
former were roughly proportional to the valencies in any 
horizontal row of the Periodic Table. Little mention was 
made of the inert gases as fitting into this scheme, because of 
course the combining values of the atomic refractivities are 
derived from compounds. 


II. Relation between Refractivity and Atomic Size. 


The aim of the present paper is to show that there is an 
intimate connexion between the refractivities and atomic 
sizes of a number of gases and vapours. The atomic sizes 
or volumes are calculated from the results of Prof. W. L. 
Bragg *, and the term size is employed so that there is no 
confusion with the usual meaning of atomic volume as 
employed by Meyer. 

Professor Bragg gave a comprehensive list of atomic 
diameters, and when these are plotted against the atomic 
numbers, curves showing periodicity similar to those of 
Meyer's are obtained. In the 4th edition of their * X-rays 
and Crystal Structure’ the authors, W. H. & W. L. Bragg, 
prefer the term “combination radius” and emphasize 
the limitations of the meaning of *atomie diameter." The 
diameters of the atoms of the inert gases could not, of 
course, be measured from experiments on crystal structure, 


* W. L. Bragg, Phil. Mag. xl. p. 169 (1920). 
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but could be inferred from the positions of these elements 
~ in the table. As no value for „phosphorus was given, 
this has been estimated as 1:03 A for the purposes of 
the present paper. It cannot be very different from 
those of sulphur, chlorine, and argon in the same row of 
the Periodic Table. We therefore take the mean of 
S 1:02 A, Cl 1:05 A, and Ar 1:095 A, and use 1:03 A for 
phosphorus. A!l the other values used in the following 
tables are those given in Prof. Bragg’s paper. 

The refractivities are those from which Cuthbertson 
derived his simple ratios, and they may be found in his 
original paper. | 


III. Data and Results. 


The elements examined fall in the following part of the 
Periodic Table :— 


Groups I.. 

No.of row. IL,I1L,1V. V. VI. VII. VIII. O. 
TE 1H A ae is ux 2 He 
U t oases ee TN 80 9F " 10 Ne 
MEE" 15 P 16$ 17 CI pa 18 Ar 
e ay ee wavs — m ee ters — 
ir 5. 93As 345e  35Br 86 Kr 

NEL eee eee = us == eee = 
ir cre a - 52 Te 531 P" 54 Xe 


The various quantities are set out in the following tables. 
The atomic radius is in Ángstróm units, 107? metre, the 
volume in cubic Angstrom units, and pp refers to sodium 


light :— 


Element. At. radius r. : rr". (a — 1) x 10". ref./vol, 
Q 
Ne Les aaea 0:650 A 1:150 687 99°71 
AT ees 1:025 ,. 4:519 2837 62°87 
KE. tm 1:175 ,. 6:800 4273 62:83 
AIRE ]:35U0 ,, 16:310 1020 68:11 
Milton ee eeeasiuss 63:38 
Results for Column VII. 
Element. At. radius r. E wr. (uy — D X10". ref./vol. 
e) 
| a PEANN 067 A 1-261 195-0 1546 
es en 1:05 ,. 4:852 768-0 158:3 
BP ous 1:19, 1:060 1125:0 159°3 
Logxsm 140 ])1:50 — 1020(07)-2050(/)* 1670-2144 


Mean of first 3... 1574 


* Results of Hurion for violet and red light. 


p 
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Results for Column VI. 


Element, — At. radius r. H zr’. (pQe-1)x10*. — ref/vol. 
NNNM 065 A 1152 2:02 294:5 
S... 102. 4:445 1101-0 247-6 
So see 17, 6711 1565-0 233-2 
We REN 1-33 ., 9-860 2495:0 253-0 

Mean... see 949.1 
Results for Column V. 

Element. At. radius r. I nr, (i, — 1) 10°. ref./vol. 

a mm 0°65 A 1:152 2971 3979 
Poss 1:03 ,. 4577 1212-0 264-8 
As ree 1-26 , 9:383 15520 18511 


Mean of first 2... 26]:4 


[o] 4 10 
ATOMIC VOLUME IN CUBIC ANGSTROM UNITS ($rR’). 


Curves showing the relation between refractivity and 
atomic volume. 


ut 
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It will be seen that in most cases the ratio of refractivity 
to the volume is constant in any vertical column, with 
considerable accuracy. 

Arsenic does not seem to fit in the scheme at all well. In 
the diagram the refractivities and atomic sizes (volumes) are 
plotted, and give straight lines with slight discrepancies for 
xenon, iodine, and tellurium. In spite of these it is reasonable 
to conclude that the refractivities of the elementsin a vertical 
column of the Periodic Table are proportional to the atomic 
volumes, but that the constant of proportionality is different 
from column to column. 

It is interesting to see how the ratios of the atomic 
volumes accord with the simple whole number of Cuthbertson 
and with the actual ratio of the refractivities. 

In the following tables we therefore take the first member 
as 2, and express the others on this basis :— 


Column Q. 


Ratio of Ratio of Cuthbertson’s 
Klement. volumes. relractivities, number. 

N T PENA 9 2 2 

Pe LER TD 8:20 8 

KPan 11:82 12:44 12 

RT ES 11:03 20:42 20 
Column VII. 

| ENTER N 2 2 2 

UL. iesus TTO 158 8 

BE ere 11:12 11:254 12 

| zie 15:24 19:69-21:03 20 
Column VI. 

p qe 2 2 2 

NS aien icc ce S15 8 

x QR NR 11-65 11:58 12 

i NU 11:12 1847 20) 
Column V. 

h per ES 2 2 2 

[D resvacddedus 104 YIG 8 

BR od EIU 10515 I2 


There is 


very fair agreement between the ratios of 
the volumes and the ratios of the refractivities of the first 
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three members of a column, but the agreement for xenon, 
iodine, tellurium, and arsenic is not so good. A possible 
explanation of an approximately whole number relation such 
as the one suggested by Cuthbertson, is that the atomic 
radii of elements towards the end of a period tend to a 
minimum and have approximately the same value. There 
remains the difficulty, however, that the ratios ref./vol. are 
not the same for all columns. 


IV. Suggested Explanation of Discrepancies. 


A small error in the radius produces a much larger error 
in the volume. Thus an increase of only 4 per cent. in the 
"dius of xenon and iodine and of 1'2 per cent. in that of 
tellurium would give excellent agreement with the numbers 
derived from the refractivities of these elements. Bragy’s 
values are for crystals, and it is possible that in the state of 
gas or vapour the radii are slightly larger than the values 
occurring in crystals. Thus, for example, Schwenden wein *, 
employing the dynamic model of A. Landé, finds a radius 
for iodine of 1:432 A, which is larger than Bragg's value by 
about the amount demanded. a 

This value gives a volume of 12:30 cubic Angstróm units, 
retractivity e 459-7. 166*7 (instead of 157-4 for 

volume 
tlie other elements of the column), and a value corresponding 
to Cuthbertson’s 20 of 19°51. 

Other methods of determining atomic diameters such as 
those of Rankine from viscosity measurements, of Richards 
from compressibilities, and of Landés work on atomic 
structure give larger values than those given by Bragg, but 
the ratios for a column are much the same, as the following 
table, in which Cl is taken as unity, shows :— 


a value for 


Rankine, — Richards, Landé, at. Davy, Bragg, 

Element. — viscosity. compressibility. structure, X-rays. crystal. 
CL. uu l'0 1-0 1:0 10 . 10 
Br .. lil 1:07 1:12 1:11 1:13 
I. 1:32 1-21 1:25 1°27 1:33 


Thus estimates of the ratios of the radii by various 
observers differ by as much as 5 per cent. in some cases— 
that is, by something of the order of the discrepancies found 
in the present paper. 


* Quoted by Grimm, Zei/s, f. Phys. Chem. xcvi, p. 372 (Oct, 1921). 
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V. Values of the Constans for Columns. 


The constants expressing the quotients of the refractivities 
by the volumes for the various columns of the Periodic Table 
may be conveniently summarized by the use of a formula due 
to Mosotti*. ‘Treating the atoms of a gas as pertectly 
conducting spheres, Mosotti found that :— 


K em l = tr Na, 


where K is the dielectric capacity, N is the number of atoms 
per c.c., and ø is the diameter of an atom. 
This leads to a formula for the refractivity given by 


p-l= q Not =0°79No?. 


If, therefore, a formula p — 1 = K No’, where K isa constant 
for a given column, be employed, K is found to bave the 
following values if N be taken as 2:705 x 10!» 


Group...... V. VI. VII. O. 
507 4°68 3°04 1:23 


The atoms of the inert gases provide the nearest approacli 
to the Mosotti relation, and presumably to perfectly con- 
ducting spheres. 

So far no simple law has been found for these numbers. 
Le Bas concluded that for the elements of a row the com- 
bined atomic refractivities were roughly proportional to the 
corresponding valencies. No such rule appears to hold for 
the nu nbers found, and it would be useful and interesting 
if these could be explained. 


Abstract, 


The refractivities of fifteen elements for sodium light have 
been plotted against the corresponding atomic volumes, 
calculated from the estimates of atomic diameters given by 
Prof. W. L. Bragg from his work on ervstal structure. The 
elements of a vertical column of the Periodic Table when 
plotted on a graph fall upon a straight line, showing that 
the refractivity is proportional to the atomic volume, but the 


refractivity 


ratio . decreases from left to right, i. e. in the 


volume 


direction of the decreasing valency. That the refractivities 
of the elements in the last four columns bear approximately 


* Jeans’s * Electricity and Magnetism,’ 4th ed. p. 130. 
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the same ratio to one auother as noticed by Cuthbertson 
may possibly be explained bv the fact that the atomic radii 
towards the end of a period have approximately the same 
refractivity 


value. The different constants obtained for 
volume 


for the various columns remain to be explained. 
East London College, 
Feb. 1924. 


LXXII. On a Supposed Limitation of the Second Law of 
Thermodynamics. 


To the Editors of the Philosophical Magazine. 

GENTLEMEN ,— 

I the January number of the Phil. Mag. for this year 

(p. 152) Witmer shows by a detailed analysis the fallacy 
existing in Fairbourne's proof of a limitation of the Second 
Law of Thermodynamics *. The idea was that vessels of 
certain shapes immersed in a gas, where the mean free path 
is large in comparison with the dimensions of the vessel, 
might cause a motion of the gas to take place in one pre- 
ponderating direction. Witmer shows that this would not 
occur for the vessels dealt with by Fairbourne by working 
out in detail the paths of the reflected gas molecules. It 
seems worth while, however, to point out that the same may 
he proved generally for a vessel of any shape whatever by 
means of the following simple considerations. 

Suppose we are dealing with a vessel of arbitrary shape 
and containing an arbitrary number of apertures A, B, C, ete. 
In the steady state the number of molecules éntering the 
vesscl in a given time must, on the average, be the same as 
the number leaving during the same period, This must be 
true whether the vessel creates a general stream of gas in 
one direction cr not. A necessary consequence of this is 
that any gas molecule which enters the vessel from outside 
must emerge through one of the apertures after a finite 
number of collisions with the walls of the vessel ; moreover, 
any path leading from A to B will be reversible and will 
serve to conduct molecules from B to A. We shall suppose 
the walls of the vessel to be smooth but otherwise of arbitrary 
curvature. Any element dS of the interior surface may 
therefore be considered as plane when its magnitude is 
decreased indefinitely. If now molecules contained within 
an elementary convergent or divergent bundle bounded by 


* Phil. Mag. (6) xliii. p. 1047 (1922). 
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the solid angle dQ be incident on dS then, after reflexion, 
these molecules will be contained within an elementary 
bundle bounded by the same solid angle dQ; for, if 0 be 
the angle between the normal to dS and the direction of 
incidence of the bundle, we should have dQ = sin 0 d0 d$, 
where @ denotes the azimuth. After reflexion the element 
of solid angle would be d0'= sin 0' 46' d$! 240, since, by 


k^ 
P d 
AH 
" A 
f N 
Pd 
f d 
eae 
nN C 
NS 
Z =- ` 
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the laws of retlexion, 09—60', $—4'. The angular aperture 


therefore of such an elementary bundle will not be altered 
by reflexion. This will hold for any elementary bundle of 
molecules crossing an element of cross-section dS of an 
aperture A and entering the vessel. Such a bundle emerging 
atter a finite number of collisions from some other aperture, 
B say, will be bounded by the same solid angle. If the 
directions of motion of molecules outside the vessel are 
uniformly distributed in all directions, then the number of 
molecules the directions of motion of which are contained in 
a beam of given solid angle will be proportional to that solid 
angle, and one direction of motion will be just as probable 
as the opposite one. 

It follows from this that no resultant motion of the gas 
molecules will occur in any of these elementary bundles, 
since the number of molecules entering the beam at B and 
moving to A will be the same, in any given time, as the 
number entering at A and moving to B. We may divide 
up each aperture into elements of cross-section, and the above 
considerations will apply to every bundle passing through 
one of these elements of area. It follows, therefore, that if 
the directions of the gas molecules outside any vessel are 
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distributed uniformly in all directions, then the same will 
hold in the steady state for any region in the interior of the 
vessel, since none of the bundles passing through an element 
of volume at the point under consideration will contribute 
anything to the motion of the gas as a whole. The above 
argument may eusily be extended to the case where singu- 
larities oceur in the surface such as sharp edges or points, 
and so the result is perfectly general. 

In conclusion I wish to thank Prof. Richardson for kindly 
reading this note over before publication. 


Physics Laboratory, J. W. FISHER. 
King’s College, London. 


LXXIII. Notices respecting New Books. 
The Theory of Relativity: Three Lectures for Chemists. By Erwin 
FREUNDLICH, Director of the Einstein Tower. Translated by 


H. L. Brose, with an Introduction by Viscount HALDANE. 
(Pp. xii+98.) (London: Methuen & Co., 1924. Price 5s. net.) 


The Foundations of Einstein's Theory of Gravitation, By ERWIN 
FREUNDLICH. Translated by H. L. Brose, with a Preface by 
ALBERT EINSTEIN and an Introduction by H. H. Turner. 
(Pp. xvi4- 140.) (London: Methuen & Co., 1924. Price 6s. net.) 


[^ the preface to the second of these volumes, Prof. Einstein 

states that **the author has succeeded in rendering the 
fundamental ideas of the theory accessible to all who are to some 
extent conversant with the methods of reasoning of the exact 
sciences. The relations of the problem to mathematics, to the 
theorv of knowledge, physics and astronomy are expounded in 
a fascinating style. and the depth of thought of Riemann, a 
mathematician so far in advance of his time, has in particular 
received warm appreciation.” This is as complete and accurate 
a summary of the volume as it is possible to give in a brief 
compass. The English translation was first published in 1919 
hy the Cambridge University Press, The new edition is 
translated from the revised and enlarged German edition and 
contains, in addition, a number of notes by the author containing 
references to original literature and amplifying various points in 
the argument. Notes by the translator, entitled ** On the Theory 
of Relativitv " and ** Some Aspects of Relativity: the Third 
Test" are also included. 

The other volume under review covers somewhat similar ground, 
in briefer fashion, and omitting practically the whole account of 
the work of Riemann. It consists of three lectures delivered to 
a German Chemical Society, though the name of the Society and 
the dates of delivery are nowhere stated. 

In both volumes special stress is laid on the fundamental 
importance for the generalized theory of the equality of inertial 
aud gravitational mass. In many elementary expositions of the 
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theory, sufficient prominence is not given to this remarkable 
relationship. 

Both volumes can be confidently recommended as providing 
brief, accurate and clearly expressed accounts of the ideas at the 
basis of relativity. The translations are in general good, though 
in the first volume, p. 35, ‘ constellation” is employed in an 
unusual manner and it does not conduce to clarity to refer to 
the two components of a double star as the “ star” and the 
* central body." On p. 37, * the relative motion of the telescope 
to the star” should read “.... to the light from the star.” 


The Theory of Determinants in the Historical Order of Development. 
Vol. IV. The Period 1880 to 1900. By Sir Tuomas MUIR, 
D.Sc., LL.D., F.R.S., C.M.G., formerly Superintendent- 
General of Education in Cape Colony. (Pp. xxxi+508.) 
(London: Macmillan & Co., 1923. Price 40s. net.) 


Tuis volume completes Sir Thomas Muir's monumental account 
of the historical development of the theory of determinants up to 
the vear 1900. The first volume appeared as long ago as 1905 
and the concluding volume has been passed through the press 
since the author’s retirement. He is to be congratulated upon 
the successful completion of the task upon which he embarked 
many years ago. It originated in his discovery, when engaged 
upon his * Treatise on the Theory of Determinants,’ that much 
inaccurate statement prevailed in regard to the authorship and 
history of various theorems dealing with determinants. He 
therefore resolved to set about collecting the titles of all the 
writings which had appeured on the theory up to the end of 1850. 
This date was later extended to 1900. 

The concluding volume follows the same general plan as the 
preceding volumes which have been reviewed in these pages, a 
plan which is well known to students of the subject. For 
purposes of reference the work is unique and as such it demands a 
place on the shelves of every scientific library. It is complete, 
as far as the author's extensive investigations can make it, in the 
sense that no paper which has contributed anything new to the 
theory is excluded. To each paper, the author has added an 
illuminating commentary. The mathematician can take up any 
one of these four volumes and open it at any page, and is sure to 
find something to interest him. 

The completion of Sir Thomas Muir's work has long been looked 
forward to. ‘The advances of nearly a quarter of a century since 
1900 are, however, not dealt with in these volumes. Isit too 
much to hope that some other enthusiastic student of the subject 
will take up the task where Sir Thomas Muir has left it? 


Relativity and Gravitation, By T. Percy Nunn, M.A., D.Sc. 
Professor of Education in the University of London. (Pp. 167 
with 10 figures.) (London: University of London Press, 
1923. Price 6s. net.) 

Turis work is intended to fill a gap between those books dealing 

with the Theory of Relativity which treat it from the popular 
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aspect and demand little or no mathematical equipment on the 
part of the reader aud the advanced works which presuppose & 
somewhat extensive knowledge of mathematics. The standard ot 
mathematical knowledge demanded of the reader is that of the 
B.Sc. pass degree and, wherever necessary, the mathematical 
demonstrations are given with suflicient detail for such a reader 
to pass without difficulty from step to step. The greatest 
diffieulty which this class of reader is likely to find is in the 
assimilation of the basic ideas of the tensor calculus and, this 
subject not having been included in his course of studies, he 
finds its manipulation somewhat difficult. The author has 
therefore eased the way by establishing the “three crucial 
phenomena " without employing the tensor calculus. The 
method consists in determining the coefficients in the expression 
for ds? by consideration of their Galilean values, their values 
at infinity, and the value of the gravitational potential. Thus the 
phenomena which have attracted the interest of the ‘educated 
world’ are discussed in an easy way, the tensor calculus being 
developed subsequently. 

We are of the opinion that the author has achieved his 
purpose with considerable success. For the person with little 
mathematical training or for those whose mathematics are rusty 
from long disuse, we cannot recommend anv volume as more 
suitable for explaining the foundations of the theory and the 
principal results which follow from it, 
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LXXIV. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY, 
i Continued from p. 624. ] 


February 27th, 1924.--Prof. W. W. Watts, Se. D., F.R.S., 
Vice-President, in the Chair 
THE foilowing communication was read :— 
‘Age and Origin of the Lough Neagh Clays. By William 
Bourke Wright, B.A., F.G.S. 

The problem of the age and origin of the Lough Neagh Clivs is 
of old standing. They have, by most geologists, been doubtfully 
referred to the Phocene. Lack of exposure and the apparent 
absence of fossils precluded any exact determination of age. In 
1918 a deep bore penetrated them from top to bottom, and 
smoothed out nearly all difficulties. Careful examination of the 
cores has enabled the author to draw the following conclusions :— 
(1) The series has a thickness of over 1000 feet, and is sub- 

divisible into :— 
(a) Upper Clays and Sands. 
(5) Middle Shales, 
(c) Lower Clays and Sands. 
(2) The age is Older Tertiary, not Pliocene. This is established 
by the presence of Sequoia couttsie Heer and three species 
of Dewalquea. 
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(3) The series has suffered about the same amount of folding and 
faulting as the basaltic lavas upon which it rests. 

(+) A prolonged period of weathering separated the last out- 
pouring of lava and the deposition. of the clays. 

(5) The result of this weathering has been the production of about 
70 feet of lithomarge, which, being widely distributed over 
the eatehinent-areas of the tributary rivers, supplied. the 
kaolin for the formation of the clays. 

(G) The presence of abundant quartz-sand shows that the river- 
basins extended beyond the basaltic area. 

(7) The Upper Basalt Lavas of Antrim «and the underlying 
Interbasaltie Zone of Weathering, with its contained rhyo- 
litie lavas, are preserved at least locally beneath the Lough 
Neagh Beds. 

A mechanism can be suggested to account for the relatively 
iron-free nature of the sediments. As it is clear that the clays 
have been largely derived from the denudation of lithomarge, it is 
thought that the composition of the latter affords a clue. Litho- 
marge is largely a mixture of crystalline kaolin with colloidal iron 
and some bauxite; and it is regarded as probable that the iron, on 
account of its fine state of subdivision, remained in suspension in 
the lake, and was carried. off over the outlet, while the coarser 
kaolin was deposited. 


LXXV. Jutelligence and Miscellaneous Articles. 
INTERNATIONAL CONFERENCE ON APPLIED MECHANICS. 


N International Conference on Applied Mechanies will be 
A held at Delft, Holland, on April 22nd to 26th. Two of 
these days will be assigned to sessions in which original commu- 
nications will be re: id in the following sections :—(i.) Rational 
Mechanics : (1.) The Theory of Elasticity ; (ii.) Hydro- and 
Aero-dynamics (including Aeronautics). Two other days will be 
devoted to General Meetings for reviewing and discussing the 
following subjects :—()) Graphical and numerical. methods of 
solving differential equations ; (2) Experimental methods of 
solving stress problems; (3) Stress problems in plastie media ; 
(4) The theory of rupture; (5) The physical aspects of non- 
elastic deformations : (6) Friction and lubrication; (7) Motions 
in rotating fluids; (5) Stability of fluid motions; (9) Wave- 
motion ; (10) The motion of a fluid in the boundary laver along 
the surface of solids: (11) The turbulence in the oceans and in 
the atmosphere ; (12) The dynamics of the atmosphere. 

Intending visitors are requested to communicate with one of the 
following nieml ers of the Executive Committee :— 


Prof. C. B. Biezeno, 
Prof. J. M. BURGERS, 
Prof. J. A. SCHOUTEN, 
Laboratorium voor Avro- en Hydrodynamica 
des Fee oniseche Heagesehool, 
Nieuwe Laan 76, 
Delft. 
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LXXVI. The Quantum Theory of Radiation. 
By N. Bour, H. A. Kramers, and J. C. SLATER *. 


Introduction. 


I^ the attempts to give a theoretical interpretation of the 

mechanism of interaction between radiation and matter, 
two apparently contradictory aspects of this mechanism have 
been disclosed. On the one hand, the phenomena of inter- 
ference, on which the action of all optical instruments essen- 
tially depends, claim an aspect of continuity of the same 
character as that involved in the wave theory of light, espe- 
cially developed on the basis of the laws of classical electro- 
dynamies. On the other hand, the exchange of energy and 
momentum between matter and radiation, on which the 
observation of optical phenomena ultimately depends, claims 
essentially discontinuous features. These have even led to 
the introduction of the theory of light-quanta, which in its 
most extreme form denies the wave constitution of light. 
At the present state of science it does not seem possible to 
avoid the formal character of the quantum theory which 1s 
shown by the fact that the interpretation of atomic phe- 
nomena does not involve a description of the mechanism of 
the discontinuous processes, which in the quantum theory 
of spectra are designated as transitions between stationary 
states of the atom. On the correspondence principle it seems 


* Communicated by the Authors. 
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nevertheless possible, as it will be attempted to show in 
this paper, to arrive at a consistent description of optical 
phenomena by connecting the discontinuous effects occurring 
in atoms with the continuous radiation field in a somewhat 
different manner from what is usually done. The essentially 
new assumption introduced in § 2 that the atom, even before 
a process of transition between two stationary states takes 
place, is capable of communication with distant atoms 
through a virtual radiation field, is due to Slater*. Origin- 
ally his endeavour was in this way to obtain a harmony 
between the physical pictures of the electrodynamical theory 
of light and the theory of light-quanta by coupling transi- 
tions of emission and absorption of communicating atoms 
together in pairs. It was pointed out by Kramers, however, 
that instead of suggesting an intimate coupling between 
these processes, the idea just mentioned leads rather to the 
assumption of a greater independence between transition 
processes in distant atoms than hitherto perceived. The 
present paper is the result of a mutual discussion between 
the authors concerning the possible importance of these 
assumptions for the elaboration of the quantum theorv, and 
may in various respects be considered as a supplement to 
the first part of a recent treatise by Bohr, dealing with the 
principles of the quantum theory, in which several of the 
problems dealt with here are treated more fully t. 


$ 1. Principles of the Quantum Theory. 


The electromagnetic theory of light not only gives a 
wonderfully adequate picture of the propagation of radiation 
through free space, but has also to a wide extent shown 
itself adapted for the interpretation of the phenomena con- 
nected with the interaction of radiation and matter. Thus 
a general description of the phenomena of emission, absorp- 
tion, refraction, scattering, and dispersion of light may be 
obtained on the assumption that theatoms contain electrified 
partieles which can perform harmonie oscillations round 
positions of stable equilibrium, and which will exchange 
energy and momentum with the radiation fields according 
to the classical laws of electrodynamics. On the other 


* J.C. Slater, ‘ Nature, March Ist, 1924, p. 307. 

tN. Bohr, Zeitschr. für Phys. xii. p. 117 (1923). An English 
translation has recently appeared in the Publications of the Cambridge 
Philosophical Society under the title: “On the application of the 
Quantum Theory to atomic structure, I.: The fundamental postulates 
of the quantum theory.” This treatise, which also contains more detailed 
references to the literature, will in the following be quoted as “ P. Q.T.” 
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hand, it is well known that these phenomena exhibit a 
number of features which are contradictory to the conse- 
quences of the classical electrodynamical theory. The first 
phenomenon where such contradictions were firmly estab- 
lished was the law of temperature radiation. Starting from 
the classical conception of emission and absorption of “radia- 
tion by a particle performing harmonic oscillations, Planck 
found that, in order to obtain agreement with the experi- 
ments on temperature r radiation, it was necessary to intro- 
duce the auxiliary assumption that in a statistical distribution 
only certain states of the oscillating particles have to be 
taken into account. For these distinguished states the 
energy was found to be equal to a multiple of the quantum 
hw, where w is the natural frequency of the oscillator and A 
isa universal constant. Independent of radiation phenomena, 
this result obtained, as Einstein pointed out, a direct support 
from experiments on tle specific heat of solids. At the 
same time, this author put forward his well-known theory of 

 light-quanta," according to which radiation should not be 
propagated through space as continuous trains of waves in 
the classical theory of light, but as entities, each of which 
contains the energy hv, concentrated: in a minute volume, 
where A is Planck’s constant and v the quantity which in 
the classical pieture is described as the number of waves 
passing in unit time. Although the great heuristic value of 
this hypothesis is shown by the confirmation of Einstein's 
predictions concerning the photoelectric phenomenon, still 
the theory of light-quanta can obviously not he considered 
as a satisfactory solution of the problem of light propaga- 
tion. This is clear even from the fact that the radiation 
“ frequency " y appearing in the theory is defined by experi- 
ments on interference phenomena which apparently demand 
for their interpretation a wave constitution of light. 

In spite of the fundamental difficulties involved in the 
ideas of the quantum theory, it has nevertheless been possible 
to a certain extent to apply these conceptions, combined 
with information on the structure of the atom derived from 
other sources, to the interpretation of the results of in- 
vestigations of the emission and absorption spectra of the 
elements. This interpretation is based on the fundamental 
postulate: that an atom possesses a number of distinguished 
states, the so-called ** stationary states," which are supposed 
to possess a remarkable stability, for which no interpreta- 
tion can be derived from the concepts of classical electro- 
dynamics. This stability comes to light in the circumstance 
that any change of the state of the atom must consist of a 
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complete process of transition from one of these stationary 
states to another. The postulate obtains a connexion with 
optical phenomena through the further assumption that when 
a transition between two stationary states is accompanied by 
emission of radiation, this consists of a train of harmonic 
waves, whose frequency is given by the relation 


hy Z E, — E,, " . . . . . (1) 


where E, and E, are the values of the energy of the atom in 
the initial and in the final state of the process respectively. 
Inversely it is assumed that the reversed process of tran- 
sition can take place by illumination with light with this 
same frequeneyv. The applicability of these assumptions to 
the interpretation of the spectra of the elements 1s essentially 
due to the fact that it has been found possible in many cases 
to fix the energy in the stationary states of an isolated atom 
by means of simple rules referring to motions which with a 
high approximation obey the or dinar v laws of electrodynamics 
(P. Q.T., Ch. I., $2). The concepts of this theory, however, 
do not allow us to describe the details of the ‘mechanism 
underlying the process of transition. between the various 
stationary states. 

At the present state of science it seems necessary, as 
regards the occurrence of transition processes, to content 
ourselves with considerations of probability. Such con- 
siderations have been introduced by Einstein *, who has 
shown how a remarkably simple deduction of Planck’s law 
of temperature radiation can be obtained by assuming that. 
an atom in a given stationary state may possess a certain 
probability of a “spontaneous” transition in unit time to 
a stationary state of smaller energy content, and that in 
addition an atom, by illumination with external radiation 
of suitable frequeney, may acquire a certain probability of 
performing an “induced” transition to another stationary 
state with higher or smaller energy content. In connexion 
with the conditions of thermal equilibrium between radiation 
and matter, Einstein further arrived at the conclusion that 
the exchange of energy by the transition process is accom- 
panied by an exchange of momentum of the amount. Av/e. 
just as would be the case if the transition were ¢ accompanied 
bv the starting or stopping of a small entity moving with 
the velocity of light ¢ and containing the energy Ayr. 
He concluded that the direction of this momentum for 
the induced transitions is the same as the direction of 


* A. Einstein, Physikalische Zeitschrift, xviii. p. 121 (1917). 


the Quantum Theory of Radiation. 789 


propagation of the illuminating light-waves, but that for 
the spontaneous transitions the direction of the impulse is 
distributed according to probability laws. These results, 
which were considered as an argument for ascribing a 
certain physical reality to the theory of light-quanta, lave 
recently found an important application in explaining the 
remarkable phenomena of the change of wave-length of 
radiation seattered hy free electrons brought to light by 
A. H. Compton's * investigation on X-ray Scattering. The 
application of probability considerations to the problem of 
temperature equilibrium between free electrons and radia- 
tion suggested by this discovery has recently been successfully 
treated. m Pauli f, and the formal analogy of his results 
with the laws governing transition processes between station- 
ary states of atoms has heen emphasized by Einstein and 
Ehrenfest 1. 

In spite of the fundamental departure of the quantum 
theory of atomic processes from a picture based on the 
ordinary concepts of electrodynamies, the former must in a 
certain sense ultimately appear as a natural generalization of 
the latter. This is evident from the condition that in the 
limit, where we consider processes which depend on the 
statistical behaviour of a large number of atoms, and which 
involve stationary states where the difference between neigh- 
bouring stationary states is comparatively little, the classical 
theory “leads to conclusions in agreement with the experi- 
ments. In the case of emission and absor ption of spectral 
lines, this connexion between the two theories has led to 
the establishment of the * correspondence principle," which 
postulates a general conjugation of each of the various 
possible transitions between stationary states with one of the 
harmonie oscillation components in which the electrical 
moment of the atom, considered as a function of the time, 
ean be resolved (P. Q. T., Ch. IL, $2). This principle has 
afforded a basis for an estimation of probabilities of tran- 
sition, and thereby for bringing the problem of intensities 
and polarization of speetr: al lines in close connexion with 
the motion of the electrons in tlie atom. 

The correspondence principle has led to comparing the re- 
action of an atom on a field of radiation with the reaction on 
such a field which, according to the classical theory of electro- 
dynamics, should be expected from a set of * virtual " harmonic 

* A. H. Compton, Phys. Rev. xxi. p. 483 (1923). See also P. Debye, 
Dhystkalische Zeitschrift, xxiv. p. 161 (1925). 


T W. Pauli, Zeitschrift für Phys. xvii. p. 272 (1922). 
I A. linstein and P. Ehrenfest, Zeitschr. fir Phys. xiv. p. 801(1923), 
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oscillators with frequencies equal to those determined by the 
equation (1) for the various bcd transitions between sta- 
tionary states ( P.Q. T., Cb. ITI., $ 3). Sucha picture has been 
used by Ladenburg * in an attempt i connect the experimental 
results on dispersion quantitatively with considerations on 
the probability of transitions between stationary states. 
Also in the phenomenon of interaction between free elec- 
trons and radiation, the possibility of applying similar con- 
siderations is suggested by the analogy, emphasized by 
Compton, between the change of wave- length of the scattered 
rays and the classical Doppler effect of radiation from a 
moving source. 

Although the correspondence principle makes it possible 
through the estimation of probabilities of transition to draw 
conclusions about the mean time which an atom remains in 
a given stationary state, great difficulties have been involved 
in the problem of the time-interval in which emission of 
radiation connected with the transition takes place. In fact, 
together with other well-known paradoxes of tlie quantum 
theory, the latter difficulty has strengthened the doubt, 
expressed from various sidest, whether the detailed interpre- 
tation of the interaction between matter and radiation can be 
given at all in terms of a causal description in space and 
time of the kind hitherto used for the interpretation of 

natural phenomena (P. Q. T., Ch. ITI, $1). Without in 
any way removing the form al character of the theorv, it 
nevertheless appears, as mentioned in the introduction, that 
a definiteadvance as regards the interpretation of the observ- 
able radiation phenomena may be made bv connecting these 
phenomena with the stationarv states and the transitions 
between them in a wav somewhat different from that hitherto 


followed. 


$2. Radiation and Transition Processes. 


We will assume that a given atom in a certain stationary 
state will communicate continually with other atoms through 
a time-spatial mechanism which is virtually equivalent with 
the field of radiation which on the classical theory would 
originate from the virtual harmonic ocillators corresponding 
with the various possible transitions to other stationary 
states. Further, we will assume that the occurrence of 

* R. Ladenburg, Zeitschr. für Phys. iv. p. 451 (1921). See also 
It. Ladenburg and P. Reiche, Neturiissenschetten, xi. p. 584 (1923). 

t Such a view has perhaps for the first time been clearly expressed by 


S W. Richardson, ‘The Electron Theory of Matter,’ 2nd edition, p. 507, 
Cambridge 1916, 
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transition processes for the given atom itself, as well as for 
the other atoms with which it is in mutual communication, 
is connected with this mechanism by probability laws which 
are analogous to those which in Einstein's theory hold for 
the induced transitions between stationary states when illu- 
minated by radiation. On the one hand, the transitions which 
in this theory are designated as spontaneous are, on our view, 
considered as induced by the virtual field of radiation which 
is connected with the virtual harmonic oscillators conjugated 
with the motion of the atom itself. On the other hand, the 
induced transitions ot Einstein's theory occur in consequence 
of the virtual radiation in the surrounding space due to 
other atoms. l 

While these assumptions do not involve any change in the 
connexion between the structure of the atom and the fre- 
quency, intensity, and polarization of the spectral lines de- 
rived by means of the relation (1) and of the correspondence 
principle, they lead to a picture as regards the time-spatial 
occurrence of the various transition processes on B the 
observations of the optical phenomena ultimately depend 
which in an essential respect differs from the usual concepts. 
In fact, the occurrence of a certain transition in a given 
atom will depend on the initial stationary state of this atom 
itself and on the states of the atoms with which it is in 
communication through the virtual radiation field, but not 
on the occurrence of transition processes in the latter atoms. 

On the one hand it will be seen that our view, in the limit 
where successive stationary states differ only little from each 
other, leads to a connexion between the virtual radiation field 
and the motion of the particles in the atom which gradually 
merges into that claimed by the classical radiation theory. 
In fact neither the motion nor the constitution of the 
radiation field will in this limit undergo essential changes 
through the transitions between stationary states. As 
regards the occurrence of transitions, which is the essential 
feature of the quantum theory, we abandon on the other 
hand any attempt at a causal connexion between the transi- 
tions in distant atoms, and especially a direct application of 
the principles of conservation of energy and momentum, 
so characteristie for the classical theories. The application 
of these principles to the interaction between individual 
atomic systems is, on our view, limited to interactions which 
take place when the atoms are so close that the forces 
which would be connected with the radiation field on the 
classical theory are small compared with the conservative 
parts of the fields of force originating from the electric 
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charges in the atom. Interactions of this type, which may 
be termed “collisions,” offer, as is well known, remarkable 
illustrations of the stability of stationary states postulated in 
the quantum theory. In fact, ananalysis of the experimental 
results based on the theory of conservation of energy and 
momentum is in agreement with the view that the colliding 
atoms before as well as after the process will always find 
themselves in stationary states (P. Q. T., Ch. I., $4)*. By 
interaction between atoms at greater distances from each 
other, where according to the classical theory of radiation 
there would be no question of simultaneous mutual action, we 
shall assume an independence of the individual transition pro- 
cesses, which stands in striking contrast to the classical claim 
of conservation of energy and momentum. Thus we assume 
that an induced transition in an atom is not directly caused 
by a transition in a distant atom for which the energy 
difference between the initial and the final stationary state is 
the same. On the contrary, an atom which has contributed 
to the induction of a certain transition in a distant atom 
through the virtual radiation field conjugated with the 
virtual harmonic oscillator corresponding with one of the 
possible transitions to other stationary states, may nevertheless 
itself ultimately perform another of these transitions. 

At present there is unfortunately no experimental evidence 
at hand which allows to test these ideas, but it may be 
emphasized that the degree of independence of the transition 
processes assumed here would seem the only consistent way 
of describing the interaction between radiation and atoms 


* These considerations hold obviously only in so far as the radiation 
connected with the collisions can be neglected. Although in many 
cases the energy of this radiation is very small, its occurrence might be 
of essential importance. ‘This has been emphasized by Franck in con- 
nexion with the explanation of Ramsauer’s important results regarding 
collisions between atoms and slow electrons (dan. d. Phys. lxiv. p. 513, 
lxvi. p. 646 (1922)), from which it seems to follow that in certain cases 
the electron can pass freely through the atom, without being influenced 
bvits presence. In fact, if in these ** collisions" a change in the motion 
of the electron actually took place, the classical theory would involve so 
large a radiation, that a rational conjugation of the radiation with the 
possible transition processes, as claimed by the correspondence principle, 
could hardly be established (compare F. Huud, Zs. für Phys. xiii. p. 241, 
1923). On the view presented in this paper, such an explanation might 
on the one hand be regarded as the more natural, since the origin of ra- 
diation is not directly sought in the occurrence of transitions but in the 
motion of the electron. On the other hand, it must be remembered that 
we are here dealing with a case where, on account of the large magnitude 
of the classical reaction of radiation, the theory does not allow a sharp 
distinction between stationary motion and transition processes. 
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by a theory involving probability considerations. This in- 
dependence reduces not only conservation of energy to a 
statistical law, but also conservation of momentum. Just as 
we assume that any transition process induced by radiation 
is accompanied by a change of energy of the atom of the 
amount Av, we shall assume, following Einstein, that any 
such process is also accompanied by a change of momentum 
of the atom of an amount Av/c. If the transition is induced 
by virtual radiation fields from distant atoms, the direction 
of this momentum is the same as that of the wave propagation 
in this virtual field. In case of a transition by its own 
virtual radiation, we shall naturally assume that the change 
of momentum is "distributed according to probability jaws in 
such a way that changes of mome ntum due to the transitions 
in other atoms are statistically compensated for any direction 
in space. 

The cause of the observed statistical conservation of energy 
and momentum we shall not seek in any departure from the 
electrodynamie theorv of light as regards the laws of propa- 

gation of radiation in free space, but in tlie peculiarities of 
tlie interaction between the virtual field of radiation and the 
illuminated atoms. In fact, weshall assume that these atoms 
will act as secondary sources of virtual wave radiation 
which interferes with the incident radiation. If the frequency 
of the incident waves coincides closely with the frequency of 
one of the virtual harmonie oscillators corresponding to the 
various possible transitions, the amplitudes of the secondary 
waves will be especially large, and these waves will possess 
such phase relations with the incident waves that they will 
diminish or augment the intensity of the virtual radiation 
field, and thereby weaken or strengthen its power of inducing 
iransi nons] in other atoms. Whether itis a diminishing or an 
augmentation of the intensity which takes place, will depend 
on whether the virtual harmonic oscillator, which is called 
into play by the incident radiation, corresponds with a 
transition by which the energy of the atom is increased or 
diminished respectively. ]t will be seen that. tliis-view is 
closely related to the ideas which Jed Einstein to introduce 
probabilities of two kinds of induced transitions between 
stationary states corresponding with an inerease or decrease 
of the energy of the atom respectively, In spite of the 
time-spatial “Separation of the processes of absorption and 
emission of radiation characteristic for the quantum theory, 
we may nevertheless expect, on our view, a far-reaching 
analogy with the classical theory of electrodynamics as 
regards the interaction of the virtual radiation field and the 
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virtual harmonic oscillators conjugated with the motion of 
the atom. It seems actually possible, guided by this analogy, 
to establish a consistent and fairly complete description of 
the general optical phenomena accompanying the propagation 
of light through a material medium, which accounts at the 
same time for the close connexion of these phenomena with 
the spectra of the atoms of the medium. 


$3. Capacity of Interference of Spectral Lines. 


Before we enter more closely on the general problem of the 
reaction of atoms on a virtual radiation field, responsible 
for the phenomena accompanying the propagation of light 
through material media, we shall here briefly consider the 
properties of the field originating from a single atom, as far 
as they are connected with the capacity of “interference of 
light from one and the same source. The constitution of this 
field must obviously not be sought in the peculiarities of the 
transition processes themselves, the duration of which we shall 
assume at any rate not to be large compared with the period 
of the corresponding harmonic component in the motion of 
the atom. These processes will, on our view, simply mark 
the termination of tlie time-interval in which the atom will 
be able to communicate with other atoms through the corre- 
sponding virtual oscillator. An upper limit of the capacity 
of interference, however, will clearly be given by tlie mean 
time interval in which the atom remains in the stationary 
state. representing the initial state of the transition. under 
consideration, The estimation of the time of duration of 
states based on the correspondence principle has obtained a 
general confirmation from the well-known beautiful expe- 
riments on the duration of the luminosity of high speed 
atoms emerging from a luminescent discharge into a high 
"cuum, (Compare P. Q. T., Ch. II., $ 4.) On the present 
point of view these exper iments obtain a very simple inter- 
pretation, In fact it will be seen that on ‘this view the 
variation of the luminosity along the path of the atoms will 
not depend on the peculiarity of the transitions, but only on 
the relative nuniber of atoms in the various stationary states 
in the different parts of the path. If all the emerging atoms 
have the same speed and are initially in the same state, we 
must thus expect that for any spectral line conjugated with 
a transition. from this state the Juminosity will decrease 
exponentially along the path at one and the same rate, At 
present the experimental material at hand is hardly sufficient 
to test these considerations. 
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When we ask for the capacity of interference of spectral 
lines, determined by optical apparatus, the mean time of 
duration of the stationary states will certainly constitute an 
upper limit for this eapacity, butit must be remembered that 
the sharpness of a given spectral line which is due to the 
statistical result of the action from a large number of atoms 
will depend not only on the lengths of the individual wave 
trains terminated by the transition processes, but clearly 
also on any uncertainty in the definition of the frequency of 
these waves. In view of the way this frequency through 
relation (1) is related to the energy in the stationary states, 
it is of interest to note that the above-mentioned upper limit 
of capacity of interference may be brouglit in close connexion 
with the limit of definition of the motion and of the energy 
in the stationary states. In fact, the postulate of the 
stability of stationary states imposes an a priori limit to 
the accuracy with which the motion in these states can be 
described by means of classical electrodynamics, a limit 
which on our picture is directly involved in the assumption 
that the virtual radiation field is not accompanied by a con- 
tinuous change in the motion of the atom, but only acts by 
its induction of transitions involving finite changes of the 
energy and the momentum of the atom (P. Q. T., Ch. II., § 4). 
In the limiting region where the motions in the two stationary 
states involved in the transition process differ only compa- 
ratively little from each other, the upper limit of capacity of 
interference of the individual wave trains colncides with the 
limit of definition of the frequency of the radiation deter- 
mined by (1), if the influence of the lack of definition of the 
energy in the two states is treated as independent errors. In 
the zeneral case where the motions in these states may differ 
considerably from each other, the upper limit of the capacity 
of interference of the wave trains is closely related with the 
definition of the motion in the stationary state which forms 
the starting point of the transition process. Also here we 
may. however ,expeet that the observable sharpness of the 
spectral lines will be determined accor ding to relation 
(1) by adding the effect of any possible lack of definition 
of the ene rev in the sto tionary state terminating the 
transition process to the effect of the lack of defimtion 
in the starting state in a similar way as independent 
errors. Just this influence of the lack of definition of both 
stationary states on the sharpness of a spectral line makes 
it possible to ensure the reciprocity w hich will exist between 
the constitution of a line when appearing in an emission and 
in an ebsorption spectrum, and w hich is claimed hy the 


796 Prof. Bohr, Dr. Kramers, and Mr. Slater on 


condition for thermal equilibrium expressed by Kirchhoff'slaw. 
In this connexion it may be remembered how the apparent 
deviations from this law exhibited by the remarkable differ- 
ence often shown by the structure of the emission and the ab- 
sorption spectra of an element as regards the number of lines 
present are directly accounted for on the quantum theory 
when account is taken of the difference in the statistical dis- 
tributions of the atoms over the various stationary states 
under different external conditions. 
A probiem closely related to the sharpness of spectral lines 
originating from atoms under constant external conditions, 
is the problem of the spectrum to be expected from atoms 
‘under the influence of external forces which vary considerably 
within a time-interval of the same order of magnitude as the 
mean duration of the stationary states. Such a problem is met 
with in certain of the experiments by Stark on the influence 
of electric fields on spectral lines. In these experiments the 
emitting atoms move with large velocities, and the time- 
intervals in which they pass between two points where the 
intensity of the electric field differs very much, are only a 
small fraction of the mean time of duration of the stationary 
states connected with the investigated spectral lines. Never- 
theless Stark found that, except for a Doppler effect of the 
usual kind, the radi: ation from the moving atoms was in- 
fluenced by the electric field at any point of the path in the 
same way as the radiation from resting atoms subject to the 
constant action of the field at this point. While, as empha- 
sized hy various authors*, the interpretation of this result 
obviously presents diffieulty on the usual quantum theory 
deseription of the connexion between radiation and transition 
processes, it is clear that Stark’s resulis are in conformity 
with the picture adopted in this paper. In fact, during the 
passing of the atoms through the field, the motion in the 
stationary states changes in a continuous way, and in conse- 
quence also the virtual harmonic oscillators corresponding 
with the possible transitions, The effect of the virtual 
radiation field originating from the moving atoms will there- 
fore not be different from that which would occur if the 
atoms along their whole path had moved in a field of constant 
intensity, at any rate if—as in Stark's experiments— the 
radiation originating from the other parts of their paths is 
prevented from reaching those parts of the apparatus on 
which the observation of the phenomenon depends. In a 


* Compare K. Forsterling, Zeitschr. für Phys. x. p. 387 (1922), 
A. J. Dempster, Astrophys. Journ. lvii. p. 193 (1923). 
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problem of this kind it will also be scen how a far reaching 
reciprocity in the observable phenomena of emission and 
absorption is ensured on account of the symmetry exhibited 
by our picture as regards the coupling of the radiation 
field with the transition proceses in the one or in the other 
direction, 


§ 4. Quantum Theory of Spectra and Optical Phenomena. 


Although on the quantum theory the observation of the 
optical phenomena ultimately depends on discontinuous 
transition processes, an sadequate interpretation of these 
phenomena must, as already emphasized i in the introduction, 
nevertheless involve an element of continuity similar to that 
exhibited by the classical electrodynamical theory of the 
propagi ation of light through material media. — On this 
theory the phenomena of reflexion, refraction, and dispersion 
are attributed to a scattering of light by the atom due to tlie 
forced vibration in the individual electric particles, set. up 
bv the electromagnetic forces of the radiation field. The 
postulate of the stability of stationary states might at first 
sight seem to involve a fundamental difficulty on this point. 
The contrast, however, was to a certain extent bridged over 
by tlie correspondence principle, which, as mentioned in $ 1, 
led to comparing the reaction of an atom on a radiation field 
with the scattering which, according to the classical theory, 
would arise from a set of virtual harmonic oscillators con- 
jugated with the various possible transitions. It must still be 
remembered that the analogy between the classical theory 
and the quantum theory as formulated through the corre- 
spondence principle is of an essentially formal character, 
which is especially illustrated by the fact that on the quantum 
theory the absorption and emission of radiation are coupled 
to different processes of transition, and thereby to different 

virtual oscillators. Just this point, however, which is so 
essential for the interpretation of the experimental results on 
emission and absorption spectra, seems to afford a guidance 
as regards the way in which the scattering phenomena are 
related with the ¢ activity of the virtual oscillators concerning 
emission and absorption of radiation, In a later paper it is 
hoped to show how on the present view a quantitative 
theory of dispersion resembling Ladenbure’s theory can be 
established *. Here we shall contine ourselves to emphasizing 
once more the continuous character of the optical phenomena, 


Note added during the proof, ‘The outline of such a theory is brietly 
described by Kramers in a letter to * Nature’ published in April. 
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which seemingly does not permit an interpretation based on a 
simple causal connexion with transition processes in the pro- 
pagating medium. 

An instructive example of these considerations is offered 
by the experiments on absorption spectra. In fact, the 
pronounced absorption by monatomic vapours for light of 
frequencies coinciding with certain lines in the emission 
spectra of the atoms strictly cannot be said, as often done for 
brevity, to be caused by the transition processes which take 
place in the atoms of the vapour induced by wave trains 
in the incident radiation possessing the frequencies of the 
absorption lines. The appearance of these lines in the spectro- 
scope is due to the decrease of the intensity of the incident 
waves in consequence of the peculiarities of the secondary 
spherical wavelets set up by each of the illuminated atoms, 
while the induced transitions appear only as an -accom- 
panying effect by which a statistical conservation of energy 
is ensured. The presence of the secondary coherent wave- 
trains is at the same time responsible for the anomalous 
dispersion connected with the absorption lines, and is espe- 
cially clearly shown by the phenomenon, discovered by 
Wood*, of selective reflexion from the wall of a vessel con- 
taining metallic vapour under sufficiently high pressure. The 
occurrence of induced transitions between ‘stationary states 
is on the other hand directly observed in the fluorescent 
radiation, which for an essential part originates from the 
presence ‘of a small number of atoms which through the 
illumination have been transferred to a stationary state of 
higher energy. As is well known, the fluorescent radiation 
can be suppressed through the admixture of foreign gases. 
As regards the part played by atoms in the higher stationarv 
states this phenomenon is explained by collisions which 
cause a considerable increase of the probability of the atoms 
to return into their normal state. At the same time any 
part of the fluorescent radiation due to the coherent, wavelets 
will, through the admixture of foreign gases, just as the 
phenomena ol absorption, dispersion, anil reflexion, undergo 
such changes as can be brought in connexion with a 
broadening. of the spectral lines. It will be seen that a 
view on absor ption phenomena differing essentially from 
that just deseribed can hardly be maintained, if it can be 
shown that the selective absorption of spectral lines is a 
phenomenon qualitatively independent of the intensity of the 

* R. W. Wood, Phil. Mag. xxiii. p. 689 (1915). 

t See for instance Chr. l'üchtbauer and G. Joos, Physik. Zeitschr, 
xxiii. p. 73 (1922). 
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source of radiation, ina similar way to what has already been 
found to be the case for the usual phenomena of reflexion 
and refraction, whose transitions in the medium do not occur 
to a similar extent (compare P. Q. T., Ch. III., § 3). 
Another interesting example is offered by the theory of 
the scattering of light by free electrons. As has been 
shown by Compton by means of reflexion of X-rays from 
crystals, this scattering is accompanied by a change of fre- 
quency, different in different directions, and corresponding 
with the constitution of the radiation which on the classical 
theory would be emitted by an imaginary moving source. 
As mentioned, Compton has reached a formal interpretation 
of this effect on the theory of light-quanta by assuming that 
the electron may take up a quantum of the incident light 
and simultaneously re-emit a light-quantum in some other 
direction. By this process the electron acquires a velocity 
in a certain direction, which is determined, just as the 
frequency of the re-emitted light, by the laws of conservation 
of energy and momentum, an energy of Av and a momentum 
hv[c being ascribed to each light-quantum. In contrast to 
this picture, the scattering of tlie radiation by the electrons 
is, on our view, considered as a continuous phenomenon to 
which each of the illuminated electrons contributes through 
the emission of coherent secondary wavelets. Thereby the 
incident virtual radiation gives rise to a reaction from each 
electron, similar to that to be expected on the classical theory 
from an electron moving with a velocity coinciding with that 
of the above-mentioned imaginary source and performing 
forced oscillations under the influence of the radiation field. 
That in this case the virtual oscillator moves*with a velocity 
different from that of the illuminated electrons themselves 
is certainly a feature strikingly unfamiliar to the classical 
conceptions. In view of the fundamental departures from 
the classical space-time description, involved in the very 
idea of virtual oscillators, it seems at the present state of 
science hardly justifiable to reject a formal interpretation as 
that under consideration as inadequate. On the contrary, 
such an interpretation seems unavoidable in order to account 
for the effects observed, the description of which involves 
the wave-concept of radiation in an essential wav. At tlie 
same time, however, we shall assume, just as in Compton's 
theory, that the illuminated electron possesses a certain 
probability of taking up in unit time a finite amount of 
momentum in any given direction. Dy this effect, which 
in the quantum theory takes the place of the continuous 
transfer of momentum to tlie electrons which on the classical 
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theory would accompany a scattering of radiation of the 
type described, a statistical conservation of momentum is 
secured in a way quite analogous to the statistical conser- 
vation of energy in the phenomena of absorption of light 
discussed above. In fact, the laws of probability for the 
exchange of momentum by interaction of free electrons and 
radiation. derived by Pauli are essentially analogous to the 
laws governing transition processes between well-defined 
states of an atomic system. Especially the considerations 
of Einstein and Ehrenfest, referred to in § 1, are suited to 
bring ont this analogy. 

A problem similar to that of the scattering of light by 
free electrons is presented by the scattering of light by an 
atom, even in the case where the frequency of the radiation 
is not large enough to induce transitions by which an elec- 
tron is wholly removed from the atom. In fact, in order to 
secure statistical conservation of momentum, we must, as 
emphasized by various authors", assume the occurrence of 
transition processes by which the momentum of the scattering 
atom changes by finite amounts without, however, the relative 
motion of the particles of the atom being changed, as in 
transition processes of the usual type considered in the 
spectral theory. It will also be seen, on our picture, that 
transition processes of the type mentioned will be closely 
connected with the scattering phenomena, in a way analogous 
with the connexion of the spectral phenomena with the trans- 
itien processes by which the internal motion of the atom 
undergoes a change. Due to the large mass of the atomic 
nucleus the velocity change which the atom undergoes by 
these transitions is so small, that it will not have a per- 
ceptible effect on the energy of the atom and the frequency 
of the scattered radiation. Nevertheless, it is of principal 
importance that the transference of momentum is a discon- 
tinuous process, while the scattering itself is an essentially 
continuous phenomenon, in which all the illuminated atoms 
take part, independent of the intensity of the incident light. 


Ths diseontinuous changes in momentum of the atoms, 


however, are the cause of the observable reactions on the 
atoms deseribed as radiation pressure. This view fuifils 
clearly the conditions for thermal equilibrium between a 
(virtual) radiation field and a reflecting surface, derived by 
Einsteint and considered as an argument for the light- 


LI . e 
quantum theory, At the same time it needs hardly he 


* W. Pauli, loc. cit; A. Smekal, Natiricissenschaften, xi, p. 875 (1923). 
f A. Einstein, Phys. Zeitschr. x. p. 817 (1909). 
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emphasized that it is also consistent with the apparent 
continuity exhibited by actual observations on radiation 
pressure. In fact, if we consider a solid, a change of 
Av/e in its total momentum will be totally imperceptible, 
and for visible light even vanishingly small compared with 
the irregular changes of this momentum of a body in thermal 
equilibrium with the surroundings. In the discussion of the 
actual experiments it may, however, be noted at the same 
time, that the frequeney of the occurrence of such processes 
mav often be so large that the problem arises whether the 
time Involved in the transitions themselves ean be neglected, 
or. in other words, whether the limit has been rénolied inside 
which the formulation of the principles of the quantum theory 
can be maintained (compare P. Q. T., Ch. IL, 85). 

The last considerations may illustrate how our picture of 
optical phenomena offers a natural connexion with the 
ordinary continuous description of macroscopic phenomena 
for the interpretation of which Maxwells theory has shown 
itself so wonderfully adapted. The advant: ape in this 
respect of the present formulation of the principles of the 
quantam theory over the usual representation of this theory 
will perhaps be still more clearly illustrated if we consider 
the phenomenon of emission of electromagnetic Wivas, sav 
from an antenna as used in wireless telegraphy. In this 

‘ase no adequate deseription of the phenomenon is offered on 
the picture of emission of radiation during separate succes- 
sive transition processes between um: winar V stationary states 
of the antenna. In fact, when the smallness of the energy 
changes by the transitions, and the magnitude or the 
energy radiation from the antenna per unit time, are taken 
into account, it will be seen that the duration of the indi- 
vidual transition processes can only be an exceedingly small 
fraction of the period of oscillation of the electricity in the 
antenna, so that there would be no justification in describing 
the result of one of these processes as the emission of a train 
of waves of this period. On the present view, however, we 
will describe the action of the oscillation of the electricity in 
the antenna as producing a (virtual) radiation field. which 
through probability laws again induces changes in the motion 
of the electrons which may be regarded as continuous. In 
fact, even if a distinction between different ener gv steps hv 
could be kept upright, the size of these steps orl d be quite 
negligible compared with the energy associated with the 
antenna. [t will in this connexion be observed that the 
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emphasizing of the “ virtual” character of the radiation 
field, which at the present state of science seeins so essential 
for an adequate description of atomic phenomena, auto- 
matically loses its importance in a limiting case like that 
just considered, where the field, as regards its observable 
interaction with matter, is endowed with all the attributes of 
an electromagnetic field in classical electrodynamics. 


Institute for Theoretical Physics, Copenhagen, 
January 1924. 


LXXVII. The Effect of an Electrie Current on the Motion of 


Mercury Globules in Dilute Sulphuric Acid, and its Bearing 
on the Problem of the Electrolytic Double Layer. By 
J. E. P. Wacstarr, M.A., Fellow of St. John's College, 
Cambridge, Lecturer in Physics at the University 0) Leeds * 


Introduction. 


| was pointed out to me in 1920 by Professor R. Whidding- 

ton that when small globules of mercury are injected 
into a tube of sulphuric acid, inclined at a small angle to the 
horizontal, the globules can be made to move up “the tube 
against gravity on sending a current in a particular direction 
through the acid. During the last two years I have made a 
detailed study of the motion of these mercury globules, and 
the results obtained and the conclusions reached to date 
seem of sufficient importance and general interest to quU 
their publication. 


Apparatus and Method. 


The tube AB (fig. 1) used for these experiments has an 
overall length of 50 cm. approximately and an internal 
diameter 0°35 em. It is fitted with three side tubes D, E, 
and F of approximately the same diameter. "The tubes 
D and E are supplied with electrodes of stiff platinum foil, 
which are brought into communieation with the external 
circuit by sealing them into thin glass tubes containing 
mercury. The drops are formed at the end of a fine capillary 
tube N in hydrostatie communication with a reservoir G, 
the level of the mercury in which is kept constant, and they 
enter the apparatus through the tube F. As determinations 
of the masses of the mercury drops have to be made from 
time to time, it is convenient to have a metal ring at P for 


* Communicated by the Author. 
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supporting the dish used to collect the drops. The U-piece 
C, which is initially filled with mercury, serves as a re- 
ceptacle for the globules at the end of their course. At the 
beginning of each experiment, the mercury ejected into the 
beaker L is emptied back into G and used over again. In 
order to obtain consistent readings, it has been found necessary 
during the experiments to renew the acid continuously. 
This is best arranged by allowing a very slow stream of acid 
(1 drop per sec.) to enter at E and leave at R, the rates 
of inflow and outflow being carefully regulated until the 
level of the liquid in the tube shows no variation with time. 
' Fig. 1. 


c 


The apparatus is mounted on a substantial wooden board, 
which can turn about a horizontal axis so as to tilt the tube 
to any desired extent. When a current is passed through 
the acid from D to E, the globules are observed to rise up 
the tube and fall into B ; with a current in the opposite 
direction the drops move down the tube. The general 
characteristics of the motion may be summarized thus :— 

The velocity of a drop remains constant during its progress 
from S to B, and ean thus be measured by the time taken 
to move over a given length of the tube. For a given 
potential difference between D and E, the velocity varies 
with the radius of the drop in aecordance with the Stokes- 
Ladenburg law of viscosity. 

Moreover, the velocity is a linear function of the potential 
difference between the ends of the tube. In confirmation of 


3h 2 


E 
k 


804 Mr. Wagstaff: Lect of an Electric Current on the 


this, it is interesting to notice that the globules show no 
tendency to travel up the tube under the action of an 
alternating current. 

When the electrolyte is replaced by a non-conducting 
liquid, the motion of a mercury drop under gravity is 
unaffected by a potential difference applied between D and E. 
Mechanical forees, such as arise when a conducting sphere 
is placed in an electrostatie field, can therefore be neglected 
in any theoretical considerations of this phenomenon. 

Ina prelimin: iry set of observations, three determinations 
of the variation of velocity with potential difference have 
been made for two different tubes. Each velocity quoted 
in the following short table is the mean of twelve obser- 
vations, | 


TABLE I. 
Moe a | 
Distance /. | Inelination 0 Radius of Potential | Cacia 
between of tube to | d 28 | diflerence V i of ds : V I sin 0. 
electrodes, horizontal. | Vp between electrodes. | ops 
em. | cm. Volts. | Cni;sec. 
— — | a 11 ee m Wo ee -o oe — À — e 
| 41 10:75 
l | 50 12°97 
i 4 i > yee 
~~ . va) Bled ava. : ) 
1 sin-!:0266 o ORTSA | de | m WE 11:2 
| RI 240 
: 100 306 | 
oU ad» 
40 0 56 
| | 5l 13: 
47 ain-!:92201 | 1208 61 © 169 125 
| | 69:5 00 9026 
| | SU E 
| | | lows 27-28 
| | ! 60 | TH 
i l | TO | 1076 
69 sin 7! 04554 0691 | SO DH 10-4 
| TT |o ]n16 
| | 100 15:93 
| 


The numbers given in columns 4 and 5 indicate a linear 
relationship Diu een V and v (see fig. 2). If V is the value 


gs 2 


of V corresponding to v=0 (extrapolated from tlie appro- 


priate curve), the values of the quantity V//sin@ are 
approximately constant for the three experiments (column 6, 
Table I.) 

In order to study in greater detail the effect of the size 
of globule, a more comprehensive set of observations is now 
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undertaken, the tilt 0 of the tube being maintained constant 
throughout the series. The applied potential difference 1s 
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varied from 20 to 50 volts in steps of 5 volts. The results 
are given below (Table II.). 

In fig. 3 the numbers given in columns 2and 3 are plotted 
and, as before, v is seen to be a linear function of V. The 
slope of the line increases uniformly as the size of the drop 
diminishes. Also the lines have a common point of inter- 
section at v0, V=15°5 volts. At this voltage, the force 
in the direction SB exactly balances the resolved part of 
the weight for any size of drop. For voltages greater than 
this, drops of all sizes are urged upwards; for smaller 
voltages the drops move downwards. 


Theory. 


According to the theory of Nernst*, whenametal comes into 
contact with a solution, a transference of ions takes place in 
accordance with the respective osmotic and solution pressures. 
If the circuit is not completed, this transference of ions will 
produce a P.D. at the contact of the metal and solution, 
which will increase as the transference of ions continues 
until a limit is reached at which further transference is 
prevented. In the case of a mercury drop in contact with 
sulphuric acid, the mercury ions in solution pass to the drop 
since the solution pressure of the mercury is extremely small 


* Nernst, Zeitschr. Phys. Chem. iv. p. 129 (1889). 
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TABLE II. 
Sulphuric Acid N/10. 


Distance l between electrodes=47 cm. 


Inclination @ of tube to horizontal =sin~!-02173. 


Po me 
| Radius a of Potential difference V Velocity v of 
| drop. between electrodes. drop. 
| em. a Volts. em. /sec. 
| 20 | > | 
| 9; | 3506 — | 
29:5 | 5:117 | 
| 1072 330 674 | 
40 | 8-91 | 
45°5 10°85 | 
50 12:69 | 
19 1:430 | 
95 3:16 
2: 5 4-74 i 
: 345 6:35 
Dem 38 | 7-95 
45 9:97 
49 11:29 
25 (Repeat) | 3:16 
| 18 | 115 
i 25 3°48 
| 29°5 4:80 
| 09055 345 6:19 
| | 38 7-63 
445 9°76 
| | 50 11:95 | 
| 20 +> | 
25 3 042 | 
| 2055 3:36 | 
| ae 379 6 261 
ies | 40 T67 
| 455 9°78 | 
| 25 (Repeat) 3:042 | 
— —— —— — SERE GMAT d — | 
| | 19 | -> 
| 25 | 2-021 | 
| A EU | 63 | 
ora DIS 
| ‘06662 40 | BaT | 
| i 455 THD 
| 50 8604 
| 2075 (Repeat) 415 | 


—> indicates a distinct upward tendency difficult to measure. 
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and is less than the osmotic pressure for even a very dilute 
solution. The mercury thus becomes positively charged, and 


Fig. 3. 
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the whole of the charge so accumulated is derived from ions 
originally in solution. This positively-charged conductor 
repels positive ions and attracts an outer shell of negative 
ions to form what is to all intents and purposes a small 
spherical condenser of molecular thickness, the difference in 


Fig. 4. 


potential between the plates of which constitutes the contact 
potential difference Vy. Let AB (fig. 4) representa spherical 
drop of mercury of radius « surrounded by a concentric 
outer shell (radius a+d) of negative ions. d is thus the 
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thickness of the doublelayer. Let p represent the gradient 


of the externally applied potential, z being measured from 


the positive electrode. If the gradient is uniform, A =V 
where V is the P.D. between the electrodes distance l apart. 
The mechanical force per unit area of a charged conductor 
is 2ra? along the direction of the normal, where o is the 
density of the charge. 
The difference of potential between E and F (fig. 4) 


oV 
= V+ àz d cos o= Q'C=drog . d, 
where oy is the density of charge at E, and C—«?'d. The 
mechanical force, resolved along Oz, on a sector of the 
sphere making an angle $ with the axis Oz is given by 


V PER 
F,= (v. + 2i d cos $) 2qr«? sin $ cos $ do; 8md?. 
Similarly, for the symmetrically situated points E', F', 


inog d— V,— ov d cos $, 


Qu 
and the force F, on the corresponding sector resolved along 
O.c is given by 
P-.—(VQ— Je d cos $) 27u* sin $ cos $ do/8rd. 


eV, 


. oV. ; 
F-E- "d hae sin $ cos? $ dd, 


and the total foree on the sphere in the direction Oz due to 
the charge on its surface 


(VS OV? "T 4 
ae 3. | sin $ cos? ddd, 
«V, ÒV 
Bd Qu! 
where Vy and V are expressed in E.S.U.. If Vo and V are 
given in volts, the total foree becomes 
Bd x 9x 108 * aa^ 


Motion of Mercury Globulesin Dilute Sulphuric Acid. 809 


The resultant force along Oz acting on the sphere is 


v 
3Bdx 9 x 10! 
and for steady motion ‘this is a measure of the force ot 
viscosity which, for small velocities, can be written pro- 
portional to v. 
Therefore 


aVV 
3d .(x 9 x 10 
When V=15-5 volts, v20; 
therefore 


trra3(p — X)q sin 6, 


—$-4(p—X)gsin8—xv. . . (1) 


a? V, 15:5 
Ald x 9 x 10! 
Substituting in (1), 


V—155= 


=trui(p—Alysin@. . . . (2) 


16:5«v 


oo + € (9) 


where y is the slope of the appropriate line in fiv. 3. The 
quantity æ is not in this case numerically equal to bapa x 
(1+2-4u/R), where p is the coefficient of viscosity of the 
acid and R the inner radius of the tube, since the drop is not 
moving along the axis of the tube but in close proximity 
with the boundary, and also the motion may include rotation 
as well as a simple translation. Equation (3) clearly demon- 
strates a linear relationship between v and V, and also 
indicates that tan Jr increases as a diminishes. 

Returning to equation (2), which expresses the condition 
for equilibrium of the drop, d can be calculated for given 
values of a, l, and 8. 

In fact. 


ju | Lza(p—2AX)g sin 0 x 9 x. 10!— 1:01 x 1073 em., 


when 


a='1072 cem., M = 155/47 volts per em., sind. = ‘02173, 


and Vy (the contact difference of potential) is 1 volt 
(see Table IT.). 

The theory thus givesa value for d of molecular dimensions 
which can be taken as confirmatory of the validity of the 
: argument presented. 
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Again, since for equilibrium x is independent of a 


(see fig. 3), adj V , is independent of a and equal numerically 
to 1:059 X 107? on substitution in equation (2). 

If E is the electrostatic charge on either plate of the 
small spherical condenser previously defined, - 


E= CV, a! Vd atVud x 3 x 107, 
where Vo is in volts. 
Therefore E —210/3:267 E.S.U., 
c«wl0U[$58, . , , , qq 


where e is the electronic charge. The experiments indicate, 
therefore, that the charge on the drop is directly pro- 
portional to the cube of the radius, and for a drop of known 
size the magnitude of the charge can be calculated. If N is 
the number of mercury atoms in a surface layer of atomic 
thickness for a drop of radius a, 


N — 4na*|(AV)*5— 1-49 x 101842. 


(AV) being the volume of a mercury atom. 


Therefore B/N —ae/2-321, 
and for a drop of radius 1072 cm., 
E/N — e[21:65, 


č. e. the equilibrium state requires one mercury jon in the 
outermost layer to 22 atoms of the mercury surface. 

These experimental facts receive theoretical verification as 
follows :— | 

Consider a solution containing positively- and negatively- 
charged ions and neutral molecules. Let B (fig. 5) at any 
point of the solution he a positively-charged ion of mass 
large compared with the other ions when it can be regarded 
as fixed. We wish to find the condition that a negative 
ion A shall recombine with B, i, e, shall describe a closed 
orbit round DB. It will be assumed that the process of re- 
combination is not due to the direct collision hetween ions, 
but rather to collisions between ions and neutral molecules, 
If such a collision between A and a neutral molecule occurs 
at D (BD=r), the condition that the subsequent motion 
of A shall be confined to closed orbits round B is that the 
energy (mve7/2) possessed by A after the collision is less than 
the work required to remove A to an infinite distance. It 
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will be assumed that at each collision of A with a neutral 
molecule the previous history is wiped out, and the ion 
starts out with an amount of energy appropriate at the 


Fig. 5. 


temperature 6. Thus A will describe a closed orbit 
round B if 


mi*|2 — 3£0[2 = efr, 
i. e. re[3k0. 


Thus, if an ion collides with a neutral molecule within a 
sphere of radius r=e?/3/6, the ion is retained by B. Ifan 
imaginary sphere of radius a is drawn surrounding B, aud r 
is written equal to Bu, then 


9 


B= —i3k6-w[it8. 


a 


The negative charge associated with the assemblage of 
ions in the sphere of radius r captured by B is given by 
tmr? (—ne), where n is the concentration of the negative ions 
per unit volume. "This charge must be identical with —e, 
as the charge +e is only able to reunite with one ion bearing 
the same charge. 
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Therefore e—Ámr?ne/3, 
w M 
=, | 
nee (azro) i 
where w=e7/a. 
Put E =4mane]3, ...... (9) 
then e—E(Qw[|ik05. . . . . . . (6) 


E is the quantitv of positive charge associated with the 
positive ions contained within a small spherical drop of the 
solution of radius a (fig. 5), and these are in pressure 
equilibrium with the surrounding liquid. If, now, the 
solution within the sphere a is removed, and a drop of 
mercury of the same radius is substituted, a charge E 
symmetrically distributed over the mercury surface will 
. produce the same electrical effects in the external solution, 
and therefore will prevent the free passage of mercury ions 
from the solution to the drop. E is thus tke charge on the 
mercury surface when equilibrium is established, and it will 
be noticed from (5) that E is proportional to à? as predicted 
from the experimental data. 

Further, write E— «Vd, where Vy is expressed in E.S.U.; 
then | 


dV dB ues. ue hoo oe 160) 


so that the constancy of the quantity ad/V, follows at once 
from this point of view. Moreover, since it has been found 
experimentally that 


V (volts)/«d = 10*/1:089, 
equation (7) gives us 
5340 = (è x 10°/1°089 x 3 x 10?)1*, 
Taking e — 48x 107! E, S.U., and @=289° A, 


k—1:0x 10715 eve degree. 


The agreement with the accepted value of £ (1:3 x 107! 
erg degree) is therefore excellent. 
The charge 


LS (348) NU PE a3 x 10*/31 26 


on substituting for $ and e, and is seen to be in close agree- 
ment with the value quoted in (4). 
Equation (5) gives for the concentration of the mercury 
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ions in solution, n —1:53 x 105/e.c. at 0 — 289? A, and 


Volume occupied by mercury ion = 9-9 x 107 at 289° A. 
Volume oecupied by water molecule 
The theory thus indicates that the mercury ions in solution 
constitute a very small percentage of the total number of 
molecules present per unit volume. 
It has been assumed earlier in the discussion that the 
energy mi7/2 of a mercury ion is a measure of the temperature, 


reo ede Ag 3. 


Also it is clear that the charge E on tho surface of a 
mercury drop of radius a. suspe nded in the solution, is 
stationary when no ion possessing energy 340/2 is able to 
penetrate the double laver a radial distance d, so that 


3 L0 < a Fedja’ 


for equilibrium. where æ is a constant. Also E= =eV, d, 
so that Vo= 340 22e, or Vo is the same for drops of all sizes. 
Hence, since ad, Vo is constant, the thickness of the electrolytic 
layer is inv ersely proportional to the radius of the drop. This 
result must follow, since the electrostatie field of a uniformly 
charged spherical conductor is inversely proportional to 7? ; 
a small positively-charged drop is therefore able to attract a 
much larger cluster of negative ions. The size of d is of 
course limited both as to its maximum and its minimum 
"lues bv further considerations. The lower limit is fixed 
by the ultimate size of tlie negative ion, and the upper limit 
by the consideration that, on account of thermal agitation, 
large clusters are liable to be broken up, the outer layers 
heing brushed off by the impacts of other molecules. 

In. conclusion, returning to equation (6) and substituting 

ea for ic, Eds again proportional to «à. 
E is large when w ds small in comparison with 46. 
This happens when either @ is large or a is jarge; thus 
high temp-rature and large drops assist the formation of 
the eleetrolvtie laver. 

At normal temperatures, on the other hand, w is much 
greater than 40 tor sufficiently. small values of a. The 
formation oË the electrolytic double laver thus becomes 
inereasingly ditheult as the radius of the drop is decreased, 
In the case of a drop of the dimensions of a mercury ion 
(107* em.). for example, the charge necessary for the 
formation of the double laver is given by 


- 


E-601x107«(ctte electronic charge) : 
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the non-existence of an electrolytic double layer in the case 
of drops of atomic size is thus at once explained in terms of 
the atomicity of electric charge. A critical diameter can be 
defined, below which no danble layer exists. This critical 
dianaetet 1 is viven by the equation 


w \> 
E=e=e|( iro ; 


w/250 — 1, 
e/a=3k/2, 
or a=40uu. 


Thus for drops of radius less than 40up the double layer 
is absent. Working with thin films, Riicker and Reinold * 
found there are never : nny parts of the film with a thickness 
anywhere between 1l2um and something between 45 and 
Vp : : films whose thieknesses are within this range are 
unstable. The two problems may not be unassociated. 

Further experiments are in progress, and will form the 
subject of a subsequent paper. 


University of Leeds, 
Jan. Ist, 1924. 


Note added Jan. 28th, 1924. 


A simple explanation of the working of a capillary electro- 
meter of the Lippmann pattern can also be given on much the 
same lines as the above. When a small potential difference 
V is applied to the electrodes of a Lippmann capillary 
electrometer it will be assumed, provided no electrolysis of 
the solution ensues, that the whole of such impressed potential 
difference is concentrated in a layer of molecular thickness 
adjoining the mercury surface. In view of the small solution 
pressure of mercury ions such an assumption does not seem 
unreasonable. 

An electrolytic double layer of thickness d and potential 
difference V-+ Vo, V, being the natural contact potential 
difference between the mercury and the solution, is thus 
established in the solution. The density of charge o on the 
inner shell of this laver is given bv 4ra? o= (V + Voja? Jd 
for a tube of radius a, and the pull F, on the surface in the 
direction of the axis of the tube is 


F; = 2a? =at V + Vu) "sd". 


# Rücker & Reinold, Phil. Trans. claxvii. pt. ii. p. 627 (1886). 
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Similarly the density o, of the negative charge on the outer 
shell is given by 4ar(a+d)?o,=(V + Vy)a?/d, and the pull F, 
on this surface along the axis of the tube is 


F= —a'uV + Vosa. 
The net pull on the layer along the axis is 
F,4+F,=(V + Vo)’a/4d. 


Again suppose that when the system has attained the 
equilibrium state, the meniseus 1s at a distance X along the 
tube, the origin of coordinates being chosen at the point of 
intersection of the axis of the capillary with the level of the 
mercury in the reservoir. X is defined bv the condition that 
for a further advance 6X of the meniscus along the tube, the 
virtual work is zero. 

7 2 
e. M "s dX —3maT, cos p ÒX —ma?(p—X)uX sin 0 6X 20 


(L.) 
T, and $ being the surface tension and ang!e of contact for 
the mercury-acid surface, p and X the densities of the 
mercury and acid respectively, and @ the inclination of the 
tube to the horizontal. When the externally applied 
potential V is zero, the value of X say X is defined by the 
equation 
Va 
4d 


This corresponds to the normal position of the mercury in 
the capillary. The change in position of the mercury-acid 
meniscus corresponding to an applied potential V is given by 


X—X=(V + V) — V9)Mmrad(p— X)g sin 6, 


— 924a T cos $—ma'(p—X)g XsinOÓ . (TL) 


which is a parabola giving a minimum value for X X = 
—Vj[4vrad(p—X)sin 80g, . . . (II) 


at V=—V,. The thread of mercury thus recedes to its 
minimum position when the applied potential difference 
just neutralizes the contact potential difference. If d be 
evaluated from ( IIL.) for an actual set of observations, it is 
of the order 1075 em. Finally, if the minimum value of 
X—X is independent of the radius of the capillary tube, 
ad;V, is constant as suggested by the experiments with the 
moving mercury globules. 
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LXXVIIT. The Adjustment of Observations. 
Dy NORMAN CAMPBELL, $c. /7.* 


Summary. 


1. PRorEsson LEpaEWwWonrH has recently suggested tlie 
use of medians, as an alternatfve to least squares n .), For 
reducing observations involving two variables, on aecount of 
their superior facility. Opportunity is therefore taken to 
press once more the claims o£ the method of zero sum (Z.8.), 
whieh is even simpler. 

2. The method is described again with special reference 
to two variables. 

3. Some more examples are given, including those of 
Prof. Edgeworth. | 

4. lt is urged again that there is no reason to believe that 
Z.S. is necessarily interior in accuracy to L.S., or 

5. If it is inferior, that the difference is significant. 

6. Some methods are discussed whereby it might be 
possible to decide experimentally whether Z. S. is inferior to 
L.S. Such applications of them as have been made do not 
indicate any difference between the two methods appreciable 
to experiment. 


1. Prof. Edgeworth's paper on “ the Use of Medians for 
reducing Observations " (Phil. Mag. xlvi. p. 1074, 1923), 
encourages me to press once more the claims of the method 
of Zero Sum (Z.3.) which was deseribed in Phil. Mag. 
xxxix. p. 177, 1320. For Prof. Edgeworth, while holding 
that the method of Least Squares (Las S.) is always the best 
of all, urges that in some cases the SAN, of medians 
may be employed on account of its greater convenience. 
Tf it is once admitted that convenience may even be a 
factor determining the choice of method, the claims of Z.S. 
are overwhelming ; in convenience it surpasses far all 
proposed arithmetical methods, and often even graphical 
methods. And vet, so far as I know, the method is not 
habitually used by anyone but myself. 


Perhaps it is permissible to deseribe the method onee 
more. confining attention this time to the form that it takes 
in the vast majority of physieal problems, when the nampar 
of variables and of constants to be determined is 2. In such 


* Communicated by the Author, 
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problems, measurements have been made on each of two 
magnitudes, x, y, which are known (or assumed) to be 
related by the linear equation 


y-actbr. . . . . . . . (10) 


A measurement of æ with its associated y constitutes a single 
observation. The problem is to find values of a and b which 
make the observations fit closely to the equation (1) ; it is 
solved by ZS. as follows : 

(1) Arrange the n observations. in the order of tho 
magnitude of that variable which is intention: ally changed in 
passing from one observation to another., If the equation 
(1) is of the form given, this magnitude will usually be a, 
and the observations are to be arranged in ascending or 
descending order of z. It is usually possible to enter the 
observations in this order in the note-book ; if this is done, 
the trouble ot writing them out again is saved, 

(2) Divide the observations centrally into two halves, the 
first half constituting one set, the second another. If n is 
is odd, halve the central observation and count one half in 
each set 

(3) In each seb add together all the s and all m 
pn the sums Xie, Xy rfor the first set, and Sow, Ley for 


the second. 
(4) Solve for a and b the two simultaneous equations 


n 


"S 
Nem 2 ath . NM 


The resulting values of a and b are those required. 

(5) The arithmetic is so simple that ** checks " other than 
repetition are seldom required. But if for any reason tlie 
residuals (¢. e., the difference between the observed ys and 
those calentita from (1) by the use of the deduced values of 

a and b) have to be computed, a check can be obtained by 
Benet that the sums of the residuals in each set must be 
accurately zero, except in so far as figures have been rounded 
off in computing. 

If the observations are arranged originally in the required 
order, itis quicker to find a and b arithmetically than by 
the usual graphical process. The ease of the method can be 
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realized from the fact that Ex. IV. below, involving 54 
observations, was worked out (apart from computing the 
residuals) during a train journey of 20 minutes, without the 
use of tables and writing on nothing but the margin of the 
printed page. 


3. A few examples may now be given. Of these, only 
one is in the least typical of normal physical problems, 
namely Example IV. ; it is chosen because it is so typical. 
The other three are those of which the figures are given by 
Prof. Edgeworth. They are included only to show that the 
method works and gives at least a good approximation in 
the most unlikely examples. In Examples II. & III., in the 
absence of the necessary information, the observations. for 
the purpose of division into sets, have been arranged in the 
order in which they are printed. Prof. Edgeworth's result 
has heen added to his own examples ; but, since the median 
method is not discussed here, it is omitted from Ex. IV., to 
which it is not easily applicable. In each example, the 
residuals and the sum of their squares are given for each 
method of reduction *. 


EXAMPLE I. 


Edgeworth's Ex. 1. 


L.S. a= 1" 84+ 0:039 ) —0:369 4- 0:025 
ZS. a—1789 b=0:3% 
Median a=1°745 b=0°368 
Residuals. 
L.S. Z.S. Median. 

+0:0347 +0:0757 +0:0676 

— 1) 0480 — 0040 —0:0233 

— 0:0479 —0:0614 — 0:0277 

—0: 0210 —0:0450 —0:0036 

--0:0980 +0°0737 4-0:1120 

xU Q:0158 0-015858 0:0184 


* Prof. Edgewortl's . and y correspond to my a and b, except as 
regards a factor common to both. "The conventional notation, whereby 
the constants æ and b are represented by x and y, symbols otherwise 
confined to variables, is confusing. The reason for it is, of course, that, 
for the purpose of the adjustment of observations, the constants are 
the unknowns to be determined. In. Example. Ll. 01669 is clearly a 
misprint for 1:609. 


—— m 
r— mda. «e. 
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ExAMPLE II. 


Edgeworth’s Ex. 3. 


L.S. a= 1:019 4- 0:332 4=0°0153 + 0:0203 
Z.S. a=0:776 b=0:0242 
Median, a=0°943 b=0°0182 
Residuals. 
L.S. Z.S. Median. 
— 940 — 893 — 916 
— 0:33 + 0:46 0 
+13:66 +1452 +1414 
— 6:39 — 604 — 6:26 
—21"7(1 — 36 05 — 80:53 
+27°87 +20:19 + 25°56 
+ 10°50 + 8:98 +10:05 
+1042 + 779 + 963 
xd 2083 2208 2102 


EXAMPLE III. 


Edgeworth's Ex. 5. 


LS. a= 9583-64 161 = 2144-34327 
Z.S. a = 255974 5-295004 
Median. a= 23400:6 h-—4851 
Residuals. 
L.S. Z.S. Median. 
418-07 + $19 452772 
+ 80:04 + 7300 --155:19 
— 51:96 — 62:09 — 2:16 
--16:28 — 32:08 + 21:87 
— 28°03 — 102°34 — (005 
+51:32 + 28:13 + 3831 
+99:73 + 90:29 + 317 
So 23144 29657 931461 
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EXAMPLE IV. 
Zwetsch, Zeit. f. Phys. xis. p. 407 (1923). 
L.S. a —0:0131135 4- 0:0000093 b —0-0000001^ 5 4- 0:000000023 


2.5. a=0:0131045 .. b= 000000200 
Residuals x 10$. 
L.S. Z.S. L.S. Z.S. L.S. 2.8. 
+36 +30 —38 —30 —02 401 
— 41 —47 +01. —0Ol —19 — 16 
416 +10 +00° 0l -12  —08 
—4]  -—4T —50  —5l +12 +16 
— 11 —17 —12 —13 +36 +39 
-99 -35 +09 +08 414 417 
+13 407 +41 +40 —16  -12 
—35 —81 +36 — +35 420 — 493 
+10 —04 +29 — 428 e9] — —1R 
+444 +40 +04 +05 -H — 53 
-05  —09 -27 26 +42 +48 
— 3) —39 —12 —]1 4-25 -+31 
+66 +62 +02 +03 —01 +05 
~18 -2 —44 43 +30 +36 
—0l —05 —10 — 09 -+20 +26 
+20 +16 —]9 —18 — 22 —16 
+48 +44 -- 20 --19 +29 +35 
+28 +25 —94 — 93 —20 —14 
Xo (LS) 4l740x10-1? — (Z8) 49982 x 10-'*. 


The examples confirm the results indicated by those given 
previously and by the numerous examples arising from my 
own experiments—namely, that the difference between the 
Z.S. and L.S. values never much exceeds the probable error 
of the latter, even though n is small, systematic error is 
suspected, and the conditions are generally unfavourable to 
agreement. Further, since a difference of as much as the 
p.e. may seem serious, it should be pointed out that this way 
of expressing the difference is misleading. In the Zwetsch 
example, which alone is typical of the method, though the 
difference between Z.S. and L.S. is about equal to the p.e. 
for both a and b, the difference in Xe? is less than 3 per cent., 
and the dermee in the “corrected refraction ” (which it is 
the object of the experiment to find) is very much less than 


the p.e. For this quantity L.S. gives 291:412- 0:39, while 
ZS. gives 29145. 


4. But though the differences between the values given by 
L.S: and Z.S. are small in these examples, and in all the 
very much greater number that I have examined, it is 
possible that they are sivnifiernt, If, as seems still to be 
believed generally, L.S. is more accurate than any other 
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method, it may be necessary sometimes, if not always, to 
face the greater amount of work which it entails. 

In the previous paper, and in my ‘Physics, Chs. xvi. 
and xvii, reasons have been given for thinking that the 
general belief is unfounded ; and I have little to add to what 
has been said already and nothing to subtract from it*. But 
I would venture to put the position again, It is not urged 
that L S. is wrong or that Z.S. is right; for I do not 
think that in the adjustinent of observations any method can 
be definitely right ; there is always a margin of uncertainty 
whic!:, from the very nature of the case, it is impossible to 
abolish. What I do maintain is that there is no reason 
to believe that L.S. is more often right than Z.S. Again, it 
is not denied that L.S. is a valid logical deduction from 
certain premisses—though mathematici ins do not seem wholly 
agreed from what premisses it is deducible. Given those 
premisses, L.S. is certainly right and Z.S. wrong. But 
I deny that there is any evidence that premisses from which 
L.S. can be deduced are true in the experimental sense. 

If propositions having any bearing on experiment are to 
be deduced from the premisses of a theory of error, those 
premisses must contain experimental conceptions, or ideas 
capable of interpretation in terms of experimental conceptions. 
Such conceptions are involved in the foundations of the 
orthodox theory of errors in two wavs. First, they are 
involved in the assertion that the ** most probable ”? value is 
the right value to take for experimental purposes. Those 
who have not inquired deeply into the matter are apt to 
Forget how very complex and difficult 1s this idea of ** most 
probable." It is introduced by the fundamental theorem of 
inverse probability, of which Bayes’s theorem is one form, 


* Note added in correction. I criticised certain of the well-known 
rules for adjustment according to the Method of L.S. on the ground 
that, in special cases, they led to absurd results. This criticism has 
offended greatly Dr. R. M. Stewart (Phil. Mag. xl. p. 217, 1920) and 
Mr. H. S. Uhler (J. Opt. Soc. Amer. vii. p. 1043, 1923). They admit 
that the rules quoted are not applicable to these cases ; but they maintain 
that it is not consistent with the principleson which the Method of L.S. 
is based so to apply them ; they give alternative rules based on those 
ps But these principles are precisely what I reject ; any rules 

ased on them are, for me, purely empirical ; and I can admit no error 
in comparing them, es empirical rules, with the rule, equally empirical, 
which I propose to take their place. If I have been guilty of error, it is 
merely in applying the term “ Method of L.S.” to the rules rather than 
to the principles on which they are professedly founded. The only im- 
portant question, namely whether the principles have any validity, these 
authors do not discuss; Dr. Stewart starts by assuming explicitly pre- 
ciselv those propositions which I am most concerned to deny. 
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Now, though this theorem is apparently accepted by all 
mathematicians who write on probability—for Without it the 


of the most prominent exponents of the subject appear to 
agree exactly Why it is true or exactly what it means. I do 
Dot propose to discuss it further here, but physicists, who 
are apt to accept ““mo-t probable” simply as Synonymous 
With * most nearly right,” ought to be warned that the 
matter js not nearly as simple as it appears at first sight. 
“perimental Conceptions are introduced again in the 
premisses, whatever form they may take, wiich Imply the 
Gaussian law of the distribution of errors. Of this law, no 
Irect proof has been or can be offered. t is known that in 
Many cases the distribution of the residuals is Very near to 
the Gaussian and in no ease widely ditferent fiom it. But 
it is admitted that the residuals are not the errors > and what 


we actually know jg always the residuals and not the errors, 

nd it must be insisted ‘once more that, by no possibility, 
can the true law be exactly Gaussian. Since all measuring 
instruments havea € step,” and since all observations have a 
least significant figure, the number of possible values within 
a given range is finite. The true law of distribution must 
be discontinuous, not continuous, That is an elementary 
fact which no amount of argument wil] alter ; the Gaussian 
Function ean at best be the continuous function which fits 
most nearly an essentially discontinuous series of points. 

ut it is by no means Certain that jt is even this. The 
existence of ‘the « decimal error ” in subdividing a division 
is wel] known nowadays, and its distribution is not even 
approximateiy Gaussian. Further, the more nearly the 
] observation; " represent rea] direct observations, unaltered 
Y Corrections or the taking of means, the more often (in my 
experience) is a deviation from the Gaussian distribution to 
€ Suspected. Example IV. is typical jn this respect. 
he followin table indicates that in the neighbourhood of 
zero error, the thance of an error does not decrease as 
rapidly with increase of its magnitude as the Gaussian law 
would predict; this feature is extremely frequent and is 
not unlikely on Seneral grounds :— 

Actual. Calculated, 


Number of residuals bet ween Oand 9 10 15 
10 , 19 13 18 

20 . 29 15 10:5 

30 , 39 6 7 

40 , 49 7 4°5 

o0 , 59 2 2 

60 , 69 ] ] 
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For all these reasons it seems to me ridiculous to pretend 
that L.S. is so firmly established as the one and only correct 
method that no other is worth serious consideration, except 
perhaps as a mere approximation. According to tlie theory 
of error on which L.S. is based, Z.S. must approach 
asymptotically to it as the number of observations is in- 
creased. When that number is comparatively small, the 
minor departures from the premisses on which the theory is 
based are likely to be most serious; it is then that the 
question between Z.S. and L.S. really arises, and it is then 
that the unique validity of L.S. is most doubtful. 

9. Again, even if it is admitted that L.S. must be in 
general somewhat nearer to the truth than Z.S., the question 
still remains whether the difference between the two is 
significant. Unless that question can be answered affirma- 
tively, there will be no justification for the greater labour 
involved in L.S. Assuming the Gaussian theory, it might 
be possible, though extremely difficult, to caleulate by how 
much the error of Z.S. in general exceeds that of L.S. But 
the result would tell us nothing about the relative merits of 
the methods, unless it could be shown that, in some possible 
experiment, the difference could be detected. And, if there 
is such an experiment, there is no need for argument; the 
matter will be settled in a manner beyond dispute. 

Accordingly, it will be well to consider what kind of 
experiment might give the decision desired. If it can be 
found, it is sure to be exceedingly complicated and laborious, 
for the inquiry must necessarily be statistical : the Gaussian 
theory does not predict that L.S. gives always the true value, 
or always a value nearer the truth thin any other method ; 
it predicts only that in general the result will be nearer the 
truth. But the labour ought not to beshirked. The immense 
mathematical structure of the Gaussian theory rests on a 
very slight experimental foundation; a few superficial | 
inquiries into the distribution of residuals is all the experi- 
mental evidence in its favour that i3 usually offered. It is 
time to divert attention from the elaboration of the super- 
structure to the strengrthening of the foundations. 

6. A decision would be possible if a and b were already 
known from some source of information independent of the 
observations. Such a condition is impossible to fulfil com- 
pletely and satisfactorily ; for reduction of observations by 
numerical computation is justifiable only when the observa- 
tions themselves are as accurate as possible; if anv known 
and avoidable source of error is present, it will almost 
always include some systematic error, which will not he 
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completely eliminated by any method of reduction. However, 
an approximation to the condition can be made. Suppose, 
for example, that we place a battery of E. M.F. E, in series 
with resistance R, an ammeter, a rheostat, and another source 
of potential, and read the current i flowing in the circuit 
together with the P.D. E between its ends. If r, and r; are 
the resistances of the batterv and ammeter, 


EE EET 4g) 


which is of the form (1), if a= E,yandb=R+7,+7,. E, and 
the resistances can be measured independently by potentio- 
meter and bridge methods of very great accuracy. The 
absolute values assigned to a and b will depend on the 
‘ulibrations of the voltmeter and ammeter, which are subject 
to errors of the same order as those of the calculated a and b ; 
but if Ey. R, are changed between successive experiments, 
the relative values are independent of calibration ; further, 
if they are changed by reversals of the cells composing 
E, aud by the combination in series or parallel of the 
resistances composing R (ry and rg being small and known 
approximately), no absolute measures are necessary for the 
comparison. 

This experiment has been carried out *, 15 comparisons 
being made. In 5 of them, the results of L.N. and Z.S. 
were practically indistinguishable. Of the remaining 10 
cases, ZS, was appreciably the more correct in 6, L.S. the 
more correct in 4. The comparison, if it displays any 
difference, is in favour of Z.S. It should be noted that, as 
the residuals showed, the errors were mainly “decimal,” 
and therefore not distributed according to the Gaussian law. 

À comparison of the same kind might be made in experi- 
ments directed to the determination of constants which are 
known theoretically. Thus observations by different methods 
of the value of 4 might be reduced by the two methods. 
The published results are not given in so much detail that 
the comparison can be made ; and, even if they were, the 
strong probability that different methods are affected by 
different systematic errors would make the comparison 
uncertain. 

7. Another possible method might he based on an exami- 
nation of the maximum residual. Quite apart from any 
theory of errors, it is often possible to estimate, from the 
nature of the measurement and of the instruments with 


* The experiments were made in. 1911; the complete records have 
been lost, but a summary of them was recovered recently. 


Adjustment of Observations. 825 


which it is made, the maximum error which can occur in 
taking an observation. Ifa reliable estimate of this maximum 
error p be made, and if any residual is found to exceed that 
error, then the value from which the residual is a difference 
'annot be the true value; the method of adjustment leading 
to that value must be false. 

Such a method, if it could be applied, would be unexcep- 
tionable. But I have never succeeded in making any 
distinction between L.S. and Z.S. by means of it. Since 
authors (rightly) do not usually publish enough details of 
their experimental methods to enable the maximum error to 
be ascertained by others, I have been perforce confined to 
my own experiments, none of which have made any pretence 
to the highest accuracy. I have always found that, if only 
those experimental errors are taken into account w hich arise 
from the measuring instruments and can therefore be 
definitely foreseen, the maximum residual is always greater 
than the maximum error, whichever method of adjustment 
is adopted. If, on the other hand, allowance is made (as it 
doubtless should be) for failures to realize exactly the 
conditions intended, and for mere mistakes in reading or 
entry, the possibilities of error are so numerous and so vague 
as to lead to a maximum much greater than any residual. 
The method is commended to those whose experiments are 
better adapted to the purpose; but since the difference 
between the maximum residuals of L.S. and ZS. is usually 
small, and not always in the same direction, the prospects of 
a decision by this method are not bright. 

8. There is a third possible method less satisfactory 
theoretically than either of these, but easier to apply. It is 
familiar to all experimenters that the accuracy of a numerical 
result cannot be increased indefinitely (as it could be if the 
simple Gaussian theory ot errors were true) by increasing 
the number of obser vations ; the accuracy, for the purpose 
of this statement, is judged by the dasree to which a 
repetition of the experiment leads to a repetition of the result. 
Suppose, then, that we make a number of determinations of 
the same « and b, each determination consisting of a con- 
siderable number of observations, reduce them both by L.S. 
and Z.N., and compare the degree of consistency given by 
the two methods of reductions. If one method of reduction 
gives notably better consistency than the other, there is some 
presumption in its favour. Nuch comparisons have been 
made, using measurements obtained in the ealibration of 
Pirani pressure gauges ; it should be noted that here there 
is known to be some slight svstematic error, since the relation 
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involved is not perfectly linear. Four series of- measure- 
ments were made on each of 7 gauges, each series consisting 
of from 22 to 26 observations. The maximum difference 
between two determinations for the same gauge, reduced bv 
the same method, expressed as a fraction of the mean probable 
error was, for the 7 gauges 


L.S.: 06, 1H, 17, 1:3, 1'8, 0 7, 175. 
Z.S.: 060,10, Lee. r1, 2:0, 00, 177. 


The comparison this time is slightly in favour of L.S., but 
can hardly be regarded as more significant than the contrary 
result in tlie first test. 

Such experimental tests of the efficiency of different 
methods of reducing observations are exceedingly tedious, 
and it is improbable that I shall have the opportunity of 
making many more of them. Anyone whois interested in the 
subject can easily continue them. In the meantime I would 
suggest that the onus of proof lies on those who would 
maintain that the superior accuracy of L.S justifies the very 
great additional labour which it requires. Once more, it is 
useless to produce elaborate mathematical arguments to prove 
that L.S. in general gives the more correct value ; if there 
is any physical significance in the statement that it is more 
correct, there must be some experimental test which will 
establish. the statement; the only way to establish the 
statement is to make that test. 


LXXIX. Relative Probabilities of the Transitions involved in 
the Balmer Series Lines of Hydrogen. By Frank C. Hovr*. 


I. Introduction. 


AC to the quantum theory, the factors of 
fundamental importance for the processes of emission 
and absorption are the probabilities of transition in unit 
time from one stationary state of tlie atom to another, as 
introduced by Einstein in his deduction of Planck’s law of 
temperature radiation. The correspondence principle of Bohr 
offers the possibility of connecting these probabilities with 
the properties of the motion of the atom, and thereby a basis 
for the estimation of the intensity of spectral line... In a 
previous paperf the general theory was briefly described, 


* Communicated by Prof. N. Bohr. 
t F. C. Hoyt, Phil. Mag. xlvi. p. 135 (1923). 
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and some calculations of the relative intensities of X-ray 
lincs were made on the basis of various plausible assump- 
tions as to the exact relations between these probabilities 
and the motion; but as yet, however, there do not exist 
sufficient experimental data for a sharp distinction between 
these assumptions in this way. In the case of optical 
emission spectra, the number of atoms present in the initial 
states of the transitions involved in the emission of different 
lines is a factor which is very uncertain under the ordinary 
methods of excitation. This difficulty was avoided in the 
case of X-ray spectra, where the initia! state is the same 
for a number of lines; but here the problem is greatly 
complicated by the complexity of the electronic motions. 
In optical absorption spectra we have to do, in many cases, 
with transitions from the same initial state of the atom, and 
it will be of particular interest to consider the lines of the 
Balmer series of hydrogen in this connexion, because here the 
motion may be completely treated on the basis of ordinary 
mechanics. To obtain direct absorption data of the necessary 
kind for these lines will perhaps present great difficulties ; 
but, as pointed out by Ladenburg *, it may be possible to 
establish a connexion between the relative dispersion effects 
of spectral lines and the quantities which determine their 
relative absorption. In fact, Ladenburg and Reiche f have 
been able to obtain in this way an estimate, from dispersion 
data, of the relative probabilities of spontaneous transitions 
for H, and Hg, which are in general agreement with the 
values indicated by a qualitative estimate based on the 
correspondence principle. It may therefore be of interest 
to make a comparison of the dispersion data with the values 
of these probabilities estimated on the various assumptions 
as to the quantitative application of the correspondence 
principle discussed in the previous paper. 


II. Caleulation of the Probabilities of Transition for the 
Components of the Balmer Lines of Hydrogen. 


On the correspondence principle the probabilities of 
transition may be estimated by a comparison of the rate 
of emission of energy bv a classical harmonic oscillator of 

. Li e ! *. 
frequency v and amplitude Q with the quantity Av A,, which 


represents this rate of emission on the quantum theorv. 


* R. Ladenburg, Zerts. für Phys. iv. p. 451 (1921). 
t Ladenburg & Reiche, Naturiisseuschaften, ix. p. 584 (1925). 
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This leads at once to the relation 


1 32m*^,..., 
An =i 3c Qv, . ` ; : n (1) 
where À, is the probability of spontaneous transition in unit 


time, and Q?»* may be considered as a kind of mean value of 
C?w', where w and C are the frequency and amplitude of the 
corresponding harmonic component. Fora multiply periodic 
system of degree of periodicity u, the frequency of the radia- 
tion emitted. by a transition between two stationary states 


for which 
I. =n, h 


I =n, h 


respeetively will, in fact, as pointed out by Kramers, be given 


by the formula 
1 
zi! w dr, 
0 


where X is an auxiliary variable defining an intermediate 
state by the relation 


LI," 4 A(I, —I,"). 


The following six methods of evaluating the mean value 
were briefly discussed in the previous paper :— 


Q? = f (y2dr, (A) 
Q= t CdA, (B) 
esq ul. low dk (C) 
()2y!= V Cy2atdr, (D) 
TR {’ Cd, (E) 


M 
log (Quy | betade X 


In the case of the hvdrogen atom these quantities may 
be evaluated by graphical integration from the well-known 
expression for the harmonie representation of a rotating 
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ellipse, and in Table I. are given the relative values of A’, 


for the fine-structure components of H, and He, the two first 
lines of the Balmer series, the letters at the head of the 
columns corresponding to the six methods of averaging 


TABLE J. 
Relative Values of A,,. 


Transition. | A. B. C. D. E. F. 


E : | SACO ICE - " 
"m m (d 1 1 i 
es a $91 4444820807414 AA 


a, 3,-2, ... .. O188 OIZ 00410 00847-00605 -000475 
odes. día SUDO B16 2371 C182 369 1% 
Pe ssa , Bh — -303 2:5 364 300 — 172 
8.4.2. uus | 0258 — -0144 — 00346 -00240 00270 — 00130 


| 


given above. From these values and the theoretical values 
of the statistical weights in the stationary states the proba- 


bility coefficients B, and B,, for the forced transitions may 
be readily found from Einstein's relations, 


" ' 
y” B, = y Bu. 


Here g' and g” are respectively the statistical weights of the 
stationary state of higher and lower energy. These weights 


are in the present case proportional to the subordinate 
quantum integers. 


III. Discussion of the Calculations. 


Unfortunately there exists at present. no fully adequate 
basis for a comparison of these calculated probabilities with. 
experiment. From measurements on the absorption of the 
Balmer lines such a comparison might, however, be made 
in the following way. IE N” is the average number of 
atoms per unit volume present in the state of lower energy, 
the rate of absorption of energy is given by the expression 


p,N” B. hy, 


where p, is the density of radiation of frequency v. We 
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thus have for the average coefficient of absorption ø for 
a given line 


Hn 
c —N"B,. hv, 


or, making use of Einstein's relation, 

, 3 
' € 

/ A, E 


. T 

N’ / 

g —i uu Su 
( Sap 


/ 


In Table IT. are given the relative values of o for the fine- 
structure components of H, and Hg computed from eq. (2) 


and from the values of A, in Table I. Now, in any ordinary 


experiment the components would hardly be separated, and 
it will be necessary to estimate the total absorption of the 


TABLE II. 


d 3 
" ; , ! € 
Relative Values of o/N" = 5, A, .*—, 
g OTV 
Transition. A. B. C. D. E. ` F. 
- | - a 
| 
dic uus 1 1 l 1 l 1 
ME ES 600 ‘592 ‘576 529 552 —— “579 
E PN "00627 -00449 :00137  -:00182  -0020?  -000158 
Bi Aya dues /151  -:1299  -0963  -0741 0686 “0421 
S miis C116 C164 149 -199 — 41 -0934 
By 44-2, uu 00350 -00195 -000469 -000325 -000364 -000176 


v, 2a,+a,+2a, 
^-58535—35—5;. 9099 6012 T53 TH 9°17 14:5 
0g 23, Fr B44-28, | 


three components of each line. Here we must take into 
account the relative number of atoms present in the different 
initial states. Under conditions of thermal equilibrium we 
should have 

N” = const. x q’e7@ AT, 


where e' is the energy and T the temperature. At sufficiently 
high temperatures the values of N” would thus be propor- 
tional to g" since the differences in energy are small, and 
there would be twice as many atoms in the 2, states as in 
the 2, states, the statistical weights. as above mentioned, 
being in this case proportional to the subordinate quentum 
integers. The values of the ratio o,/og given in tho last row 
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are calculated on this assumption. It may, however, be 
emphasized that if the excitation is not produced by thermal 
equilibrium but, for instance, by electron bombardment, the 
ratio of the number of atoms in the 2; and 2, states may be 
very different from that used in the calculation. 

The relative values of o could be found from measure- 
ments of the total absorption and compared with the values 
calculated by eq. (2), but such data do not exist for these 
hydrogen lines, and to obtain them might involve very 
great difficulties. However, as suggested by Ladenburg, 
the relative values of o@ may be obtainable from measure- 
ments on anomalous dispersion. In fact, according to the 
classical theory as ordinarily interpreted, the quantity ø is 


2 
, ; Te ; 
viven by the expression N . —, and the same expression 
m 


occurs in the classical dispersion formula. Ladenburg has 
therefore, in the paper mentioned in the Introduction, 
taken the view that the probabilities of transitions between 
stationary states, which on the quantum theory are respon- 
sible for the absorption, may be obtained from the course of 
the dispersion curve jn the neighbourhood of the absorption 
line. In this way he has, from his measurements on the 
dispersion of H, and Hg in luminous hydrogen, arrived at 
the value 4:5 for the relative absorption coetticient c,/cg as 
a mean of values lying between 3 and 6. 

The results in this table are seen to differ greatly for the 
different methods of averaging used, and dispersion data 
might theretore be of importance for an eventual choice 
between these methods. At present, however, the experi- 
mental data are hardly of suthcient accuracy to allow a 
definite choice. In this connexion it may be remembered 
that the experiments among other uncertainties involve a 
fundamental one on account of the fact that the measure- 
ments of the dispersion are made under a heavy electric 
discharge. As pointed out by Ladenburg, this discharge 
may have a considerable influence on the structure of the 
lines due to the perturbations of the electronic orbits. It 
may also considerably affect the ratio between the number 
of atoms present in the initial states. 


The author wishes to express his thanks to Professor N. 
Bohr for his kind interest in the preparation of his paper. 
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LXXX. The Polarization of Resonance Radiation, By 
G. BREIT, National Research Fellow, The University of 
Minnesota *. 


XPERIMENTS on the polarization of resonance radia- 
tion in a magnetic field have been described by Wood 

and Ellett T, and the Zeeman effect in resonance radiation 
has been discussed theoretically by Foote, Ruark, and 
Mohler $. I should like to point out that the Zeeman effect 
discussed in accordance with the Landé-Sommerfeld-Heisen- 
berg theory in the manner of Foote, Ruark, and Mobler 
accounts for the magnitude of polarization observed in 
sodium vapour, and to accentuate the difference in the 
observed behaviour of sodium and mercury in an external 


field. 
1. Polarization tn Strong Fields. 


We first discuss the effects in a magnetic field of sufficient 
strength (100 gauss) to make the state of polarization depend 
mainly on the field. Sodium will be used as an example, 
since the data are more complete for this element. The 


Fig. 1. 


-2 
D, 
l 
Is 
-] 


Zeeman patterns of D, and D, are due to transitions between 
levels drawn in figs. 1 and 2. The arrows indicate transitions 
and the signs Hl or L indicate that the component is polarized 
parallel or perpendicular to the applied field. We take D, 

* Communicated by the Author. 

t Proc. Roy, Soe. A. eiii. p. 396 (1023), 

t Journal of the Optical Society of America, vii. p. 415 (1923). 
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to be twice as strong as D, and the relative intensities of the 
Zeeman components to be as given by Paschen and Götze in 
Seriengesetze der Linienspektren (Berlin: Julius Springer, 

1922), p. 154, so that | 
azb _ 6 4 .B (I) 

887 146 146 / 10 9^7 7 7^ 

If the intensities o£ the Zeeman components had been 
measured in a tube-furnace with a small outlet, the statistical 
populations of all the 2p; levels would be the same to a good 


approximation. The same is true for the levels of 2p. The 
numbers given in (1) will measure, therefore, actual proba- 


. D . . 
bilities of transitions. 
Fig. 2. 
zd l1. -AV 
iix 3^ AYa 
&p2 
ft'iz- 1 i es 
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D, 
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Is 
=! -] e 
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To obtain the relative intensities of the Zeeman components 
in resonance radiation, we need some conceptions introduced 
by lziustein * in his derivation of Planek's radiation formula. 
Let E, and E, be the energies of a gas molecule in two 
quantized states m and n respectively. Let m be greater 
than n. If the molecule is in the state m, there is a probability 
Arndt that in the time dt it will pass spontaneously to n with 
emission of radiation. Am is a constant for a given com- 
bination of indices. 

If the molecule is surrounded by radiation passing in 
random directions the volume density of which is piv)dv for 
the frequeney range v, v t- dy, the probability, due to p, of a 
change of state from n to m per second is written by Einstein as 
Bip, and the probability of a change from m to n is similarly 
written as Bip. If the a priori probabilities of n and m are 


* Phys. Zeit. xvii. p. 121 (1917). 
Phil. Mag. S. 6. Vol. 47. No. 281. May 1924. 3H 
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p» Pm respectively, Einstein showed that 


pP == Pim Bi, 
and that 


n 
An, 3 


a TAV, 
Ba, 


where «a is a universal constant. 


n 


l . P e . 
Therefore if = is kept constant, |. is also unchanged. 


m i m 
This fact is fundamental in the derivation below. 

Under the experimental conditions used by Wood and 
Ellett the pressure is so low that the excitations of D, and 
D, are separate *, and the incident radiation is so weak that 
the amount of resonance radiation is proportional to the 
incident energy. 

The above considerations apply to black-body radiations 
reacting with an atom of the simplest type, and do not take 
into account the influence of polarization. A slight modifica- 
tion of the above concepts must be made if polarization is 
considered. 

In a magnetic field the emission occurs in quanta, some of 
which are linearly and some circularly polarized. The 
directions of linear polarization and of the axes of circular 
polarization are parallel to the magnetic field. 

Let us consider the case of a linearly-polarized component. 
Let the incident wave be plane and linearly polarized in such 
a way that the angle between the electric intensity of the 
incident wave and the applied magnetic field is 0. Experi- 
ments on the inverse Zeeman effect (and the classical theory 
of the Zeeman eftect) indicate that the probability of ab- 
sorbing a quantum from the wave is proportional to cos? Q. 

In the case of circularly-polarized components conditions 
are very similar to those of linear polarization, the only 
difference being that the “radiation " emitted is circularly 
polarized. According to the Principle of Correspondence, 
the probability of the absorption of a linearly-polarized wave 
by a circularly-polarized component must be related to the 
prohability of the absorption of a circularly-polarized wave 
by the same component in a manner similar to that in which 
the component would absorb on the classical theory. For 
equal energies, therefore, a wave linearly polarized with the 
electric vector perpendicular to the no field gives a 


‘ 


* Wood, ‘ Researches in Physical Optics,’ pt. ii. p. 174 (Columbia 
University Press, 1019). 
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probability of absorption of a quantum which is only one- 
half of what it would be if the wave were circularly polarized. 
More generally if the wave normal P and the electric vector 
E be chosen as a system of polar coordinates 0, $ (0— 
complement of latitude measured from E; ¢ = longitude 
measured from P in a plane perpendicular to E) to which 
we refer the magnetic field Il, then the circular vibration 
* corresponding" to the circularly-polarized Zeeman com- 
ponent may be broken up into two equally intense linear 
components at right angles to each other and 90° out of 


phase. For the directions of resolution we choose e(z 4 6, $) 
and (5 945 2) The second of these is not affected by E, 


being at Sahi angles to it. The first, when resolved along 
E, becomes multiplied by sin Q. Since its intensity is one- 
half of the intensity of the circular vibration, the probability 
of absorption is 4sin?@ on the same scale as that in which 
the probability of absorption of a quantum from a linearly- 
polarized wave is cos? @ if @ is the angle between the directions 
of polarization of the wave and of the linear Zeeman com- 
ponent (H). Before passing on to the numerical calculations 
involving (I), we must consider the meaning of (I) in more 
detail. 

The numbers a, b, e, .... refer to intensities observed in a 
direction perpendicular to the applied magnetic field. The 
components ¢, 8, d, y are linear and the remaining ones are 
circular. It is clear that the total energy sent out in the 
form of the circular components is underestimated by a 
factor of 2 on account of the inefficient angle at which these 
components are observed in comparison with the linear 
components. The probabilities of transitions are therefore 
proportional to 

26, 20,0; 2a, Be &- «a x. XL) 
for equal times of remaining in the excited levels. 

If the atom has been excited to the level z (fig. 1), the 
probability of returning to the lower energy state is 1 during 
any appreciable time. “Thus the probability of the emission 
of the component (b) is simply proportional to the probability 
of the excitation of x. This level is excited by absorbing b 
when the atom is in the lower of the two equally probable 
(1s) levels. Letting @ be (as before) the angle between the 
electric intensity of the incident wave and the applied 
magnetic intensity, the probability of the absorption of 6 is 


sin? 0 
2b 2 


— b sin? 8, and this, therefore, is also the probability 


3H2 
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of its re-emission. On the light-quantum theory the lateral 
emission of b has then a probability equal to that of the 
re-emission of b. 

If the atom has been excited to the level (y), it may return 
to (ls) along a or d. The probabilities of these two returns 
are to each other as 2a is to c (since d, c are symmetrical), 
and since the total probability of a return is certaintv, these 


two probabilities are Just as in the 


Jute and Ja 4c 
case of b, the probability of absorbing a is asin? 0 and that of 
absorbing c is ccos? 0, the total probability of reaching y 
being therefore asin?6+ccos?6, and the probabilities of 
radiating a and c are 


atl . €) * 
5 (a sin? 8 + ¢ cos? 8) 
a+e 


and 
$c (a sin? 8 + e cos? 0). 
Similarly for a and B these quantities are «sin? 0, 8 cos? 0, 
2a "D P 
94, + p(« *in* + B cos 0), 
(a sin? 0 4- 8 cos? 0). 
Fig. 3. 


E 


Be 
2a+B 


Incident beam | 
——> 
———— 
P H 
Let the line of sight be perpendicular to the plane of the 
paper in fig. 3, H remaining in the direction 0, $. We shall 


need in what follows the relative proportions of light 


polarized along E and along P. The linear components 
contribute: 


cos? Â along E 


and 


sin’ Q cos? $ along P. 


The cirenlar Zeeman components may be first broken up into 


two equal parts along (5 46. $) and Ge +3), the 
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intensity of each being $ of the intensity of the whole. The 
first of these gives 4 ‘sin? 8 along E and 3 cos? 0 cos? $ along 
P. The second gives 0 along E and 1 sin? $ along P, giving 
for both (since their phase-difference is E z sin? along E 


md 


and 4 (sin? + cos? 0 cos? $) along P. ane two amounts are 
therefore : 


~x 2 al . * 2 24 . 9 
E= P re sin? Â +¢ cos? @) + 344 B^ sin? 0 + B cos? 8) 
'g e 
+bsin? p zd +Í, (a sin? 0 -- c cos? 8) 
alte 


8 : 
9 peg Oe Tce) ) | eos 0, 


Du . DJ 2 . DJ J 
p= E : i (asin? 8 + ¢ cos? 0 + T NL 0 +B cos? 0) 
í C - 


+h siu? 6| . (sin? $ + cos? 0 cos? $)) 


e . 9 á 2 B . $42 
* | oy (cin 0 F^ cos a pg te g 


+ B cos? 7] sin? 0 cos? $. 


Case I. Let E, P, H be as in fig. 3, the line of sight being 
perpendicular to the plane of the figure. We want to know 


the state of polarization. We have8— 3 $-0. From the 
expressions for E and P it follows that 
b alre — uy a:B —a) 


E-P 2 2d dec 224+ 8 bd 
Bebo eae usua) ert 
2° Yate ' 2a4 f 
Wood and Ellett record 30 per cent. polarization. 
Case LI. Let E, P be as in Case I., but let H be parallel 
to E in fig. 3. Using the values of E and P and letting 
0—0, we have 
e(c a) , B(B—a) 
E—P _ Yate. 22+ B 
E-P e(eta) Bi pra) 
Iate Ja +8 


It appears from the article of Wood and Ellett that the 


—() 1-4, 
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polarization in this case was not much weaker than in Case I. 
It thus appears that the theory of light quanta gives a too 
small value for the polarization. However, no definite 
statement as to the amount of polarization is made by Wood 
and Ellett. 

Case LII. Wood and Ellett observed that if H is in the 
plane of E and P, and if 0 — 45°, the polarization disappears. 
There is no polarization if the intensities of the circular 
components are equal to the intensities of linear components. 
This means : 


c(e—a) | B(B—a) 
2ut+e 2a + B 
b a(c—a) a(B —a)' 
7 ER $actc — 2a 4-8 


This differs from 45? by an amount greater than can be 
accounted for by experimental error. The discrepancy 
indicates perhaps the presence of influences enhancing C, B 
at the expense of other components. The handing-on of 
radiation may be suspected as such an influence. 

Case IV. Let E be perpendicular to the plane of the paper 
in fig. 3, and H have the direction shown in the figure. The 
vapour is sensitive to the circular components only, and thus 
the case is not different from I. 

Case V. Let E be as in IV., and H parallel to the position 
of D in fig. 3. Again only the circular excitation takes 
place. Hence the same result as in I. 

Case VI. Positions of H intermediate between IV.and V. 
give the same result; the direction of polarization simply 
rotates with the field. 

The behaviour deduced in IV., V., VI. is the observed 
behaviour. The observations on mercury in a field of 
reasonable strength appear to fit into the same scheme. Of 
course, all disturbing influences (collisions, secondary reso- 
nance radiation, light scattered by the walls of the bulb) will 
cause depolarization. 


tan? 0 = 0=31°. 


2. Polarization in Sodium ina Weak Field or in the 
absence of an External Field. 


Let the magnetic field have no definite orientation, and let 
all directions of the field be equally probable. Suppose also 
that the variations in the field are slow in comparison with 
the time of excitation. Then the resultant polarization can 
be obtained by averaging the expressions for E and P. 
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| 2(a—c) | 2(a— By 


E-P u | 9a-c- 2a 4-8 Te 0-055 
E+P , V deféc-u). Bugca) i 
" f(a «T 5) t3(c * 8) ir (EB 


Wood and Ellett (l. c.) observed 5 per cent. polarization in 
the absence of a magnetic field for sodium. 

We have supposed in the above calculation that the 
magnetic field does not change its direction during a time 
long enough to allow the atom io absorb the incident radia- 
tion and then to re-emit it again. This supposition is, of 
course, itself questionable, and its validity depends upon 
experimental conditions. It is difficult to suppose that the 
magnetic field is of an intermolecular nature because the 
time during which two atoms are likely to be sufficiently 
close to each other to act with a field of 100 gauss is likely 
to be only 107! sec , whereas the time of excitation is of the 
order of 10^* sec. 

On the other hand, i£ the magnetic field during emission 
should have a random distribution of directions with respect 
to the field during absorption, and if the atom should be 
affected by both fields in its quantization, then the radiation 
must be entirely unpolarized. 


* 
3. Polarization of Mercury Vapour in the abseuce 
of a Magnetic. Field. 

If considerations similar to those applied to sodium should 
be carried through for mercury, similar results would be 
obtained, whereas Wood and Ellett find 90 per cent. polariza- 
tion in the absence of a magnetic field. This result is very 
puzzling inasmuch as it seems to imply that the incident 
wave has orienting influence on the ‘corresponding " 
radiating mechanism. If this “ corresponding " mechanism 
is linear, the axis of vibration is to be thought of as directed 
along the electric vector of the incident wave. If the 
mechanism is circular, the plane of vibration is to be thought 
of as perpendicular to the wave normal. A differentiation 
between the two mechanisms could be obtained by examining 
the radiation in directions oblique to the incident beam. 
Such observations, however, are not available. 

The possibility of simultaneous actions by two atoms in 
this case cannot be postulated unless it is also supposed to be 
fundamental when the magnetic field is present, for other- 
wise the intensities observed with and without the field would 
be different. 
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It must be remarked, however, that the application of the 
Principle of Correspondence in the above discussion is only 
tentative. Thus one cannot deny the possibility of a corre- 
spondence between the whole phenomenon of resonance 
radiation : (a) on the classical theory, (^) on the theory of 
quantized levels. If, then, the Hg atom should correspond 
to a classical linear resonator performing a forced oscillation, 
complete polarization would result. 

We see from the amounts of polarization recorded by 
Wood and Ellet that the quantization of Hg in a magnetic 
field does not appear to hold when H is less than 2 gauss. (In 
sodium a field of the order of 100 gauss was required.) 
Without attempting to see what happens for these small 
fields, one can suppose that their magnitude is such that the 
Larmor precession * has a period which is too long in com- 
parison with the average time 7 during which the mercury 
atom remains in the excited state. In a field of two gauss 
the Larmor precession has a period of roughly 3 x 10-77 see. ; 
the assumption is that the quantization is diffuse if the atom 
returns to tho normal state in a time comparable with the 
period of this precession—that is, the quantum conditions 
cannot be applied to a coordinate unless that coordinate 
actually passes through changes of a periodic character. 

The experiments of Franck and Cariot and of Cario} 
support the view that, if all the collisions are effective in 
removing energy from excited Hg atoms, the time 7 is of the 
order 10-9 sec. Wood $, however, gives is sec. as the 
time required for the appearance of the green fluorescent 
radiation when mercury vapour is illuminated at a pressure 
of 2:5 mm. This is the time between two collisions bringing 
about fluorescence. Taking the mean free path at 760 mm. 
pressure as L6x107? cm. and the mean velocity as 
1*7 x 10! em /sec., the interval between collisions at 2:5 mm. 
is roughly 3x 1077 sec., while Wood obtains 6 x 107? sec. 
One might suppose, therefore, that collisions bringing about 
fluorescence are 100 times more rare than ordinary collisions. 
If this result may be extended to the case of Hg resonance 
radiation, and if the pressure-effects discussed by Cario and 
by Cario and Franck are to be left unchanged, their time 7 
must be multiplied by about 100 ; the resulting value is of 
the order of magnitude of the Larmor precession for two 


* See Atombau, 3rd ed., p. 304. 
t Zs. f. Phys. xi. p. 161 (1922). 
|l Zs. f. Phys. x. p. 180 (1922). 
$ Proc. Roy, Soc. A, xcix. p. 362 (1921). 
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gauss. Wood" has described experiments in whicli secondary 
resonance radiation in Hg was pliotographed with a. quartz 
plate inserted at the edge of the primary beam. Under these 
couditions no excited molecules from the primary beam can 
travel into the region of the secondary radiation, and the 
entire secondary effect is due to radiation which has passed 
through the quartz plate. On comparing the photograph 
with one taken in the absence of the quartz plate, it was 
found that the decrease in intensity of the secondary radia- 
tion was about 25 per cent., while loss by reflexion at the 
plate is about 10 per cent. Thus itis probable that a portion 
of the secondary radiation is due to atoms which travel out 
of the path of the primary beam, and by measuring the width 
of the secondary strip an estimate of the time T can be 
obtained. Wood’s value is about 1075 sec. This result has 
been questioned hy Stern t on the basis that the reflexion 
power of the quartz may have been underestimated. So far 
as we know, the question is still unsettled, but the probability 
is that the time r is actually considerably larger than 
10^? sec. 

For Na, the classical estimate of 7— 107? sec. is in agree- 
ment with the order of magnitude of the period of the 
Larmor precession for 100 gauss, which is the field used by 
Wood and Ellett f. This suggests that the difference in 7 of 
Hg and Na is due to the fact that 12536 of Hg is a combina- 
tion line and that classical estimates are not applied to it as 
readily as to ordinary lines. The behaviour of Hg in a 
magnetic field observed by Franck and Grotrian $ shows that 
something not considered in the above dcos is brought 
about by “the magnetic field ; of course, the experiment of 
Franck and Grotrian had reference to the fluorescent 
molecular radiation. 


* Phys. Zeit. xiv. p. 177 (1913). The author's attention has been 
called to these experiments and their criticism by Stern, by Mr. A. E. 
Ruark. 

T Phys. Zeit. xx. p. 188 (1219). 

I It must be pointed out that the behaviour of D, and D. for ON 
excitation observed bv Wood and Mohler (Phys. Rev., n.s., xi. p. 70, 1918) 


points toward a larger value for r, say 5x10 6 see. For the small 
energy transfer between D, and 1); it may be that the atoms are to be 
considered as colliding ev en when at a considerable distance apart. A 
factor of ten in the radius causes a factor of 100 in the mean free path 
and in the collision interval. Stern (l. c.) has pointed out that excited 
atoms have larger diameters than normal ones, and that this must be 
taken into account in estimates of collision intervals. Cario has utilized 
this fact in his estimates of r (l. c.). 
§ Zs. f. Phys. vi. p. 35 (1921). 
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Summary. 


A quantitative elaboration of the consequences of the 
Zeeman effect in resonance radiation gives polarizations in 
fair agreement with observed values of Wood and Ellett, for 
um In a strong inagnetic field and in the absence of a 

eld. 

The value of H which suffices to establish the space 
quantizing appropriate to a maguetic field is tentatively 
brought into connexion with the period of the Larmor 
precession as compared with the time constant 7 of the atom. 
Numerical agreement is attained in the case of mercury if 
T = 107? sec. rather than 107? sec. Evidence in favour of 
T — 1075 sec. is adduced; it is suggested that not all 
collisions are effective in causing fluorescent emission, since 
this also explains the measurements of Wood on the time lag 
of fluorescence in mercury vapour. The case of sodium is 
treated on the assumption that 7 œ= 107* sec. 


Mr. A. E. Ruark, of the Johns Hopkins University and of 
the Nationa) Bureau of Standards, is responsible for the 
thought that the Zeeman effect may account for the polariza- 
tion of resonance radiation. He has also contributed most 
generously to the improvement of every part of this paper, 
having checked through the calculations and gone over the 
experimental evidence. The writer’s sincerest thanks are 
due to him for this assistance. 

National Research Fellowship, 


The University of Minnesota, 
Minneapulis. 
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LXXXI. The Charging Egece produced hy the Rotation of a 
Prolate Tron Spheroid in a Uniform Magnetic Field. By 
Ernest LAWRENCE, M.A.* 


Introduction. 


PnaorEssoRg W. F. G. Swann t has discussed the inter- 
pretation of the “ Moving- Line Theory” of electro- 
magnetic induction which is consistent with Maxwellian 
theory for the case of a symmetrically magnetized system 
rotating about the axis of symmetry. Ata subsequent time 
he carried out an experiment confirming these conclusions 

* Communicated by Prof. W. F. G. Swann. 

+ Swann, Phys. Rev. (2) xv. pp. 365-308 (1920) ; Phys, Rev. (2) xix. 
p. 381 (1922). 
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for the case of a rotating magnetized sphere. For reasons 
which will appear later it was deemed worth while to repeat 
the experiment for a prolate spheroid rotating and mag- 
netized symmetrically about its major axis. The theoretical 
formuls for an ellipsoid were worked out by Dr. Rognley*, 
of this department, and the present experiment forms a 
verification of his results. 


Theoretical Considerations. 


The theory immediately involved in the experiment may 
be briefly summarized as follows :— 
The force acting on an electron is 


where F=K+ —,— 


"—— 
E- 1/09. —Grad $, 


U and $4 being the usual vector and scalar potentials, 
respectively, while E and H are the electric and magnetic 


vectors. For the case of a rotating spheroid 9. is zero by 


symmetry so that E is derivable from a potential. It is 
found that the scalar potential $ is of the type resulting 
from an electrostatic polarization giving rise to a fictitious 
volume and surface distribution of electricity. It follows, 


neglecting the so-called ** Motional Intensity ” L a that 


the electrons in the magnet will redistribute themselves 
so that the electric field at all points will be zero. The 
* Motional Intensity " will cause a further rearrangement of 
the electrons which will in general alter the potential of 
internal and external points. In. this manner the potential 
of the axis of the spheroid is altered by rotation, so that when 
the axis is earthed a charge comes to the ellipsoid. The 
potential of a metal shell surrounding the rotating system 
would be altered as a result of the appearance of such a 
charge, resulting in the movement of the spot of an attached 
electrometer system. Dr. Rognley showed this alteration of 
potential to be : 


NEU Bb? 


AV a — 12/9225 . è " . (1) 


where B is the total magnetic induction in the spheroid, 
b the minor axis, and tlie qg’s are the usual coefficients of 


* Roguley, Phys, Nev. (2) xix. p. 609 (1922). 
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capacity and induction, the subscripts 1 and 2 referring to 
the spheroid and shell (with attached electrometer system), 
respectively. n is the number of revolutions per second and 
C is the velocity of light. 

It is of interest to here note that B is the total magnetic 

induction in the iron. Dividing the induction into two 
parts, one associated with the magnetization of the spheroid 
and the other with the external field, a plausible but erroneous 
view would be one in which the lines of the former field 
rotated with the spheroid and produced no electrical effects, 
while the lines of the latter field produced the full effect 
calculated from (1)—with B replaced by the external field. 
For the M used, such a view leads to a value for AV 
of the order of magnitnde of three per cent. of the value 
given by the correct theory referred to above. The experi- 
ment on the rotation of a sphere provided a conclusive test 
of the theory, but there the difference between the conclusions 
of the correct and the erroneous theory amounted to a factor | 
of only three while in the case of the rotation of a prolate 
spheroid the difference amounts to a factor of thirty. The 
experiment has a further interest in that it is a representative 
of a class of experiments which have been performed before 
but in which such effects as might have been obtained were 
screened off on account of the particular arrangement of 
apparatus used. 


Livperimental Procedure. 

Fig. 1 indicates the details of the apparatus. An ellipsoid 
A of mild steel having minor axis two centimetres and major 
axis twenty centimetres was mounted on brass shafting, the 
shafting being soldered to the extremities of the ellipsoid. 
Bearings for the shafting were mounted in a brass tube B 
having a removable cover; and ellipsoid and shaft were 
mounted therein, in such a manner as to be readily accessible 
through the cover. A shell C, cylindrical in shape, was 
mounted on sulphur, so as to surround the ellipsoid in the 
tube. It was so designed as to be readily opened for access 
to the ellipsoid. The tube assembly thus described will 
henceforth be referred to as the “cartridge.” A solenoid S, 
of such dimensions as to produce a uniform saturation 
magnetomotive force over the ellipsoid, when the cartridge 
was inserted therein, was made by winding number 10 copper 
wire on a brass tube slightly larger than the cartridge tube. 
The cartridge was inserted in the solenoid -and the shaft 
connected to a high-speed motor whieh also was connected 
to a Hopkins Electric Tachometer. The quadrant of a 
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Dolezalek electrometer was connected directly to the shell in 
the cartridge, the cartridge tube, bearings, etc., being con- 
nected to the case of the electrometer system. Suitable 
rheostats provided means of regulating the speed of the 
motor and the current flow in the solenoid. A ballistic 
galvanometer calibrated by a Hibbert Standard was used in 
the determination of fluxes in the ellipsoid. 


Ele ctroncler 


[| 

‘ 

| 

I LERETEB: ITCBBEHTETIEHUEHTHITEI TL ee Y ETT t 
+f ' 

' 


DOE 


The ellipsoid was set in rotation, and the speed adjusted by 
a rheostat to the value desired. At the same time the current 
in the solenoid was adjusted to a definite value and the 
motion of the electrometer spot was watched. The tacho- 
meter dial and ammeter were so placed as to enable the 
experimenter to keep close check on all three readings 
simultaneously. The current and speed were adjusted con- 
tinually and the moment it was evident that the electrometer 
spot was steady and the current and speed had the desired 
values, the position of the spot was noted. Then, immedi- 
ately, the current in the solenoid was reversed by the throw 
of a commutator switch, and again the operation of adjusting 
current, speed, etc., was carried out and the reading of the 
deflected spot was taken. A second reversal of current with 
a like process of observation brought the spot back to 
approximately the first reading. This set of operations was 
repeated three to five times, according as the readings were 
deemed reliable. Next the current was changed to another 
value and the above procedure repeated. Measurements 
were made in this manner for four different currents, and 
with four different speeds of rotation for each value of the 
current. 

It was found that there existed at intervals a drift of the 
electrometer needle which was attributed to thermocouple 
effects in the solenoid interior, as it was noted that the rate 
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of drift increased with the temperature of the solenoid 
interior. This fact, incidentally, made it necessary to take 
the cartridge out after each run of observations and cool it 
in order that the drift should be kept at a minimum. 

The ratio q15/g5; was determined as follows: The ellipsoid 
was insulated in its bearings by paper. The shell-electro- 
meter system was insulated with the ellipsoid earthed, and 
the latter was then raised to a potential Vi. The shell rose 
in consequence to a potential V, which, since the shell and 
electrometer were both insulated, is related to V, by 


dis V, + qs, V, — 0. 


Thus, it is only necessary to know V, and V, in order that 
the g ratio be known. If 0, is the electrometer deflexion 
corresponding to the potential V, and 0, the deflexion which 
results from applying a potential V, to the quadrant, it 
follows that 


e, = M = — yaf 
ð, Y, = — qq» 


which serves to determine 912/42. 

The mean of four determinations gave q;4/4:5— — 0:235. 

The electrometer sensitivity was determined in the usual 
manner, namely, by applying a known potential and. noting 
the deflexion resulting therefrom. Determinations of the 
sensitivity taken throughout the range of the scale involved 
in the experiment showed that variation from proportionality 
of potential and deflexion was negligible. 

The determination of the fluxes through the ellipsoid 
corresponding to the various currents in the solenoid pre- 
sented difficulties requiring close attention. The ballistic 
galvanometer was mounted at a sufficient distance from the 
solenoid to ensure that stray fluxes produced errors of less 
than one per cent. Since the magnetic induction B is 
determined by dividing the total number of maxwells cut 
by the total area of the turns of wire wound on the ellipsoid 
enclosing the flux, it was necessary to ascertain the cross- 
sectional area of the ellipsoid at the point with considerable 
care, as an error of 0:5 millimetre in the measurement of the 
radius of the circular cross-section of the ellipsoid enclosed 
by the wire corresponded to an error of 5 per cent. in the 
final result. The galvanometer was calibrated from the 
throws of a Hibbert Standard Coil, which had itself been 
previously calibrated to within a tenth of one per cent. 
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Results. 


A complete tabulation of data and results obtained is of 
little importance and too lengthy to print, and it will suffice 


to give a resumé of the final results embodied in the following 
table. 


No. of | Speed B Volts (x107?) Volts(x10-?) Difference 
Observations. R.P.M. E.M.U. Observed. Calculated. 


per cent. 
4 2400 14,900 237 237 0:0 
4 10,500 2:69 2:04 4-19 
4 19100 309 3:04 +16 
3 3200 . 14,900 3:19 3:18 40:3 
4 16,550 354 3:52 4-05 
4 17,950 358 3:82 —10 
3 19,100 4:03 4:06 -07 
4 4000 16,550 4°55 4:40 +3°4 
5 17,950 4°87 4°77 +20 
b 4800 — 17.950 574 512 +04 
3 19,100 6:04 6:10 —10 


'The first column numbers indicate the number of observations 
for the particular set of conditions of speed and magnetic 
induetion indicated in the second and third columns for 
which the change in potential of the fourth column represents 
the mean. The fifth column gives the theoretical value for 
the change in potential which is the object of verification. 
The average discrepancy between the calculated and 
observed values estimated regardless of sign is 1:2 per cent. 
while the greatest deviation is 3*4 per cent. In view of the 
smallness of the quantities measured and tlie exceptional 
conditions attendant with high rotational velocities and large 
ma znetic fluxes, the results as set forth mav be considered a 


satisfactory experimental confirmation of the theoretical 
formula. 


The writer wislies to take this opportunity to express his 
sincere thanks to Prof. W. F. G. Swann, who assigned the 
problem, for his continued interest and advice. He wishes 
also to express appreciation of the services of Mr. C. Dane, 
the laboratory mechanician, and Mr. W. B. Haliday, who 
aided in setting up the apparatus. 


Department of Physics, 
University of Minnesota. 
Sept. 29, 1925, 
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LXXXII. The Anhysteretie Qualities of Iron and Nickel and 
the Energy Change at the Critical. Temperature. By 
J. R. ASHWORTH, D.Sc.* 


INDEX TO PARAGRAPHS. 


1. Development of an equation to anhysteretic curves of I=¢(H). 

2. Experiments to trace anhysteretic isothermals. 

3. Results obtained with iron and the determination of R, and its 
relation to R’. 

4. Determination of the ferromagnetic field Constant a,; Relation of 
hk’, a’ and R, a, 

5. Results obtained with nickel and the values of R, and aj. 

6. Corresponding states for [=¢(H). 

7. Relation of R, to I,. | 

8. Energy change in passing from ferromagnetism to paramagnetism 

9. Table of constants and equations. 


l. FERROMAGNETIC substance above its critical 
temperature behaves as a paramagnetic body and 
obeys the simple law expressed by the equation 


SRE E 


where H is the applied magnetic field, I the intensity of 
magnetization, treated as magnetic moment per unit volume, 
T the absolute temperature, and R’ a constant which is the 
reciprocal of Curie’s constant (the product of the magnetic 
susceptibility and the absolute temperature). This equation 
as written above implies that the intensity of maenetization 
may increase indefinitely with the magnetizing field, which 
conflicts with the fact that the intensity has a limit. The 
equation must therefore be extended to include this fact 
and we write it as follows :— 

1- d 


"(i-i SRE scos s d) 


where I, is the limiting or maximum intensity of magneti- 
zation. 

In order to pass from paramagnetism to ferremagnetism 
two other facts must be recognized : first, that the intensity 
of magnetization becomes 10° to 10° times larger than in 
the paramagnetie state and secondly, that hysteresis is in 
general in evidence. Both these faets may be incorporated 


* Communicated by the Author. 
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in the equation if a term a'I? be added to H, which is equiva- 
lent to the addition of an intrinsic field, and we write, 


1 1 
H+t@ P)(y-7 e RES eux. X 
(Ha P) (17 1.) (3) 


which is an equation applying to ferromagnetic suscepti- 
bility. By multiplying all through by lj and writing 
R for R’I,?*, we obtain the energy equation to ferromag- 
netism, which may conveniently be put, 


Hp+a Tol) (—1)= RT 0 


The first bracket represents enefgy in terms of magnetic 
quantities, the second bracket represents the fractional part 
of that energy, and the quantity RT has the same signifi- 
cance as in the gas equation and expresses thermal energy. 
Reverting to equation (3), it has been shown f that it is 
only an extremely small part of the intrinsic field which is a 
genuine magnetic field, and that the larger part, which 1s 
indeed approximately the whole, is of another kind and 
makes its appearance in virtue of energy considerations. 
The intrinsie field is therefore of a dual nature and a’, the 
constant of this field, must be separated into two parts, 
a, for the magnetic part and c for the other part, so that 
a!za, c; but inasmuch as d; 18 negligible compared with e 
we shall not make an appreciable error in putting a' for c. 
We now write equation (3) in two parts as follows :— 


[i d 
(Baal) (p7 5.) =P E ues i) 


` 


TER 
[ Jy 


Here in equation (5) we have replaced R’ in equation (3) 
by R, in order to give suitable values when the non-magnetic 
Geld is omitted, and the equation then involves only mag- 
netic quantities and is applicable to ferromagnetism when 
H and I are the variables. In equation (6) we have written 
a! for c and have omitted H, which is in general negligible 
compared with a’ I? (except at temperatures above the critical 
temperature when I becomes very small), and the equation 
then applies to I2/(T). | 

* For nickel R/2 must be written for R—see Phil. Mag. vol. xxxvi. 


P. 351. 
t Phil. Mag. vol. xliii. p. 401. 


Phil. May. X. 6. Vol. 47. No. 251. May 1924. 3I 
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If, in equation (5), we suppress magnetic hysteresis in 
any of the recognized ways, then the term a,l? disappears, 
and the equation for anhysteretic isothermals is 


H(;-,)= RT. us uon P) 


It is analogous to the complete equation to paramagnetism 
(equation (2)) and only differs from it in that R, replaces R’. 

It becomes a matter of theoretical interest to find values 
for the coefficients a, and R, in the ferromagnetic equa- 
tion (5) and to compare them with a’ and R’. 


2. We have seen that the suppression of hysteresis elimi- 
nates the unknown quantity a, and equation (7), which then 
results, involves only the unknown quantity Ry. We begin, 
therefore, by tracing anhysteretic curves at constant tem- 
peratures for the determination of Rj. 

In a former investigation * such curves were traced for 
iron and nickel at different temperatures and the suppression 
of hysteresis was effected by running an alternating current 
through the magnetic material all the time it was under 
examination ; this method was suitable for bringing out 
certain general features which were then being investigated, 
but it yields values for the intensity of magnetization which 
are lower than the truth and the results so obtained cannot 
be used here. 

An easy and effective method of suppressing hysteresis is 
to heat the ferromaynetic material, at any given field strength, 
above its critical temperature and allow it to cool to the re- 
quired temperature. This procedure was now adopted with 
this modification: instead of heating and cooling at each 
step of the magnetizing process, a set of curves at a number 
of different field strengths was plotted as the specimen cooled 
after being raised above its critical temperature, and from 
these curves another set was constructed, each curve giving 
the anhysteretic values of I for different field strengths at 
some one temperature. 

The experiments were made on well annealed wires of iron 
and nickel, the iron wire being 18°9 cm. in length and 
0:056 em. in diameter, and the nickel wire 19:0 cm. in 
length and 0:088 em. in diameter ; they were inserted singly 
in a long solenoid and the intensity of magnetization was 
determined by a sensitive astatic mirror magnetometer. In 


* Ashworth, Phil. Mag. xxvii. p. 557 (Feb. 1914). 
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general the arrangements for heating and the other details 
of the experiment were the same as those described in the 
paper on the ** Anhysteretic properties of Iron and Nickel," 
to which reference has been made *. 


3. Diagram I. exhibits anhysteretic curves of iron 


Diagram I.—Anhvsteretic isothermals of Iron. 
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determined in this way from cooling curves. Applying 
the equation 


1 1 
H(;—;,)= RT 
to these anhysteretic curves we find for the most probable 


* Phil. Mag. xxvii. p. 357 (Feb. 1914). 
312 
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values of R,, at the temperatures given below, the following 
numbers :— | 


C°. 7: R, x 106. 
112 385 0:67 
175 148 0 64 
348 621 O57 
370 — 643 0:5 
522 195 054 
28 901 0-53 
760 1033 0:62 


Mean = 059x 107° 


Each of the values of R, has been arrived at by selecting 
five or six points on the curve and treating the equations 
formed from them by the method of least squares. Correc- 
tions for self-demagnetization have been made. The mean 
value 0:6 x 107° for R, receives confirmation from an experi- 
ment by Ewing * on the magnetization of very soft annealed 
iron wire under vibration by tapping. He remarks that 
under these circumstances an initial permeability of about 
80,000 is found and, treating the air temperature at which 
the experiment was made as 15? C., this gives a value for R, 
of 0°55 x 107°. 

The paramagnetic constant R’, which is the reciprocal of 
Curie’s constant, is 3°56 when the intensity of magnetization 
is treated as magnetic moment per unit volume, and we 
have therefore for the ratio of R' to R,, 


R’ 356 


ES a cians 6 — n 6 
i oe 59 x 10*. 


The kinetic energy of two degrees of freedom per unit of 
temperature per cubic centimcetre of iron is 


33:2 6 
jh 59 X19 vosp s dpt 


the atomie welght of iron being 55'85 and the density 7-86, 
and the number just found for the ratio of R' to R, is almost 
exactly the half of this, so that numerically we have 


R^ R 
m 72v & JE. 4 de GS Ix (8) 


* Ewing,‘ Magnetic Induction in Iron and other Metals,’ p. 116, 1894. 
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4. Having obtained a value for R,, we can now make a 
determination of a,. If in the ferromagnetic hysteretic 
equation 


l 


I, ) = R,T, 


1 
we put H equal to zero, then I is the residual intensity of 
magnetization (I,) and we get 

1 


ale( pop) = WT. 2... (9) 


But we may also write, when the residual magnetism 1s 
regarded as a function of the temperature, 


| 1 
(po )-RT: 
: (r I 
and it follows that 
a R’ 
Re Pe E (10) 
and therefore 
ED 
a; =a R” 


The values on the right-hand side of this equation are : 
a = 700, R= 3:56, R, = 06x 1076, 


and consequently 
a= 1:2 x 1078. 


It follows from equation (10) that 


P 

a, aa 2? 
since 

WLR 

R, 2° 


There is another method which allows a, to be estimated, 
and may be used to corroborate the result just obtained. 
The anhysteretic equation, when the intensity of mag- 
netization has the residual value I,, is 

l a 
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and the hysteretic equation is 


[eae 
al, (=i) = k,l 


when H is zero. By division: we get 


H = a, I. 
and therefore 
a; = 


H 
1," 


Observations give H —2:0 on the anhysteretic curve when 
I,=1350. Hence 


b» 


0 
1350* 


a= eglx 10-8. 

This method of determining a, involves the square of the 
residual intensity, and the probable error in the evaluation 
of a, is larger than in the first method. The former result, 
1:2 x 10-6, is for this reason to be preferred. 


9. Experiments made on nickel in the same way as 
on iron yield results of a like kind. Anhysteretic curves of 


Diagram II.—Isodynainics of Nickel. 
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nickel, derived from the isodynamic curves of Diagram II., 
corrected for self-demagnetization,are shown in Diagram IIT., 
and from these and others, not shown in the diagram, the 
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following values of R, at the subjoined temperatures are 
derived :— 


Ce. A°, RB, x 10°. 

6 279 311 
107 380 3:09 
115 388 2:69 
200 473 2:35 
224 497 2:85 
292 565 3°78 
333 606 3°61 
rin 650 423 

Mean ......... 3:10x10-$ 


Diagram III.—A nhysteretic isothermals of Nickel. 


R’ for nickel, calculated from Curie's constant, is 20:8 
and the ratio of R' to R, is 
|" 208 


ibid 6 os. 6 
R, = 32 x 10 6:0 x 10 
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The constant R for nickel, obtained in the same way as 
for iron, is 12-6 x 105, and the half of this, namely 6:3 x 105, 
! 


st tai ; R ; 
is nearly the ratio of Re and so again we have 
1 


RÒ R 
zi ese doch y e e db 


R, 
6. The determination of a} may be made from the equation 
a' *- R’ b 
di = R 
Putting Ri =32 x 107° as above, a’ =83°7 and R’=20°8, 
we get 
= 13:3x 1078. 


For the corroboration of this value, we may use the 
alternative method which was employed in this connexion 
with iron. We then have 


H 
e = L2 


where H is the anhysteretic value of the field for ions 
equal to I,. 

In Diagram III. a hysteretic curve has been traced in 
addition to the anhysteretic curves, and from this I, is 
found to be 320 and the corresponding auhysteretic field 
is 1°3 units. Hence 


a, = 12:7 X 1056. 


6. The equations of both iron and nickel have the same 
general form and they differ only in having different 
constants. By constructing a reduced equation for each 
of these metals the theory of corresponding states should 
then apply. In Diagram IV. anhysteretic reduced values 
of the intensity of magnetization, calculated as a fraction of 
the value at absolute zero and at a tield-strength of 20 units, 
have been marked on the vertical axis, and observed field- 
strengths on the horizontal axis. It is sufficient to mark 
observed field strengths because calculation shows that the 
critical field is the same in magnitude for iron and nickel 
and their reduced field strengths must therefore be the 
same for any observed field "strength. It is, however, 
necessary to use reduced temperatures as the critical 
temperatures of iron aud uickel are not the same, and 
this has heen done. 
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Points from an anhysteretic curve of iron at 175? C. have 
been plotted along with points from an anhysteretic curve 
of nickel at 6? C., these temperatures being corresponding 
temperatures and having a reduced value of 0:42; and it 
will be seen that a single curve runs evenly through all 
of them. Similarly another single curve at the reduced 
temperature of 0-92, which corresponds to 6979 C. for iron 
and 333? C. for nickel, runs evenly through reduced an- 
hysteretic values of Intensity of magnetization. Thus the 
principle of corresponding ‘states applies to anhysteretic 
curves of I=¢(H) for iron and nickel. 


Diagram IV.— Curves I/1,=¢(H) at reduced temperatures 
for Iron and Nickel. 


7. It has been shown in a former paper * that the 
maximum intensity of magnetization (Ip) can be success- 
fully calculated from the equation 


R = It’ I . . . . ° e. . (1 2) 
when iron is the ferromagnetic material. Also, we have 
Found above by equation (8) that 

R’ 


R= 2 It,’ 


- * “On the Calculation of Magnetic and Kiectric Saturation Values,” 
Phil, Mag. xxxvi. p. 351 (October 1918). i 


858 The Anhysteretic Qualities of Iron and Nickel, 


and it at once follows that 


. 

Numerically, we have - 
2 2 2 10^ 
Bog 3°3 x 10^, 


I,? = 1817? = =3°3x 10°. 
R, Io = 2. e . . " . e . . (13) 


Thus with iron, 


When nickel is the ferromagnetic material equation (12) 
must be written T 


| 37 RI 


and this combined with (11) leads to 
1 
R, 
The numerical verification is 


1 
R, "a 


Ij = 552? = 0305 x 10°. 


= 15% 


x 10$ = 0°31 x 10°, 


Thus with nickel, 
R, Ij = l. . "E sc Ue ua . . e (14) 


8. The expression RI relates to the energy per unit of 
temperature in the ferromagnetic state below the critical 
temperature, while R'I is the energy per unit of temperature 
above the critical temperature. Now R, is negligible com- 
pared with R' and therefore it follows that the change of 
energy per unit of temperature on passing through the critical 
temperature is RVIg. This is equal to R for iron and R/2 
for nickel and hence we may say:— 


When iron or nickel passes through the critical tempe- 
rature there is a change of kinetic energy per unit 
of temperature equivalent to that of two degrees of 
freedom, the molecular weight of iron being 55:85 
and that of nickel 2 x 5868 above the critical tem- 
perature. 

This change of enerev is found to be simply and inti- 

mately Conicotud with the discontinuity of the true specific 
heat at the critical temperature. 
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9. A table of the symbols used in this paper and their 
numerical values together with some of the more important 
relations subsisting between them is subjoined. 


Inox. NICKEL. 
Critical Temperature |.................... ee Toe 1058° A 661° A 
Maximum Intensity of Magnetization ... Ig ...... 1817 552 
. Paramagnetic Constant ............... sese. Russ 3°56 20°8 
Intrinsic Field Constant ............ ........ pc 70 83°7 
Ferromagnetic Constant ...................-. R, .... 06x10 9 32x 1075 
Ferromagnetic Field Constant ............ iis Soins 12x10 5 133x107 
Gas Constant sitiens: Rus 117x105 126x105 
True Specitic Heat at the Critical Tempe- E Pon 
PRUUTO! ereo aene cass a E em EEES } egere 0:309 0154 
EQUATIONS :-— Inox. NICKEL. 
8 ']J 7] , R 
T.= 5 am R’I,? =R. RI. 
R' a er 
R, = R? Rig = 2. Jl Lh. eh 
n= í R, = a 
R' R2 


LXXXIII. An Automatic Feeder for Coloured Flames. By 
J.J. Maxey, M.A., Research Fellow, Magdalen College, 
O ford xe 


ps a former paper fa simple device was described for 
maintaining the coloured flames required for polari- 
metric and spectroscopic work. Recent experiments with 
replicas of the original apparatus have shown that in general 
it is difficult to establish the conditions required for a slow 
and uniform flow of salt solution through the platinum wire 
wick. When the flow is not suitably restricted, considerable 
spurting occurs: this is not only highly inconvenient, but 
also harmful to adjacent instruments. These detects are 


* Communicated by the Author. 
t Phil. Mag. xlv. p. 836 (Feb. 1923). 
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not experienced with the new and more elaborate automatic 
feeder illustrated in fig. 1. 

The base of the feeder is an ordinary iron retort-stand 
having a rectangular foot 20 cm. long and 13 cm. wide 
and a rod 60 cm. high. Two bosses, b, b, are clamped to 


Fig. 1. 
wem 


the rod; the one, b, carries a brass guide G, for the steel 
rod Sı, and the other, bj. a tubular holder for the glass 
reservoir ¢, containing the salt solution for colouring the 
flame. The upper end of S, is fitted with eight inclined 
and curved sectors of aluminium : the lower end is glass-hard 
and sharply pointed, and it rests within a conical oil-charged 
hole in a brass block C, screwed to tlie base. This part of 
the apparatus is therefore very similar to that used for 
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actuating the stirrer in an Ostwald thermostat. 8 is another 
steel rod similar to but shorter than S,: its hardened point 
also rests within a brass oil-containing cup C soldered to 
the plate B. The rod is supported by the guide G, which, 
after adjustment, is fastened by the screw e. Attached to S 


Fig. 2. 


are (1) a light pulley P,, cord driven by any one of the 
several pulleys formed upon the boxwood cone n, and (2 
a brass disk d fitted with screw bolts and nuts ; these hold 
the ends of the four radiating arms of a platinum wire ring 
H (fig. 2). The supporting rod r passes first through the 
brass plate B to which it is soldered, and then through the 
hole in the iron base : in this position it is stiffly held by a 
washer and nut. Thus the plate D, with r asa pivot, can be 
turned to the right or left, and the tension of the driving- 
cord thereby diminished or increased. A large burner of 


Fig. 3. 


the Meker or Fisher type is placed with its top 1 or 2 cm. 
below the platinum-wire ring. The glass reservoir ¢ and its 
holder l are, for the sake of clearness, shown detached in 
fig. 3. The neck of the reservoir contains a loosely-fitting 
glass wick holder o having a small bulb f resting within 


862 Mr. J. J. Manley on an Automatic 


the lipped opening. The wick i is of silky and compact 
asbestos fibre, rendered pliable by drawing it between the 
thumb and fore finger ; it is broadened out at i to ensure 
continuous contact with the platinum-wire ring. The 
rubber band v prevents the reservoir from slipping in its 
holder; the arm q is held by the boss b (fig. 1). The 
feeder is adjusted and brought into use in the following 
way :— 

First, the apparatus is placed at a suitable distance from 
the spectroscope or polarimeter and the height of the 

latinum-wire ring adjusted ; the ring is then secured to 
S by a screw beneath the disk. Next, the reservoir t is 
inclined until the wick becomes effective ; it is then raised 
or lowered, and slued round until the flat portion of the 
wick bears tangentially and lightly upon the outside of 
the platinum ring and with its top pointing in tlie direction 
of the receding wire, as shown by the arrowed line in fig. 3. 
Finally, the Bunsen burner is placed as already described, 
and at a distance of 4 cm. from the wick. On kindling 
the gas, the hot air ascending from the tlame actuates the 
vane system above, with the result that the platinum ring is 
continuously rubbed by the salt-charged wick and passed 
through ihe flame, thus producing a non-intermittent and 
intense coloration. As the successive portions of the ring 
are still hot when they again reach the wick, a more or less 
dry residue is carried into the flame: in this way any 
spurting is altogether negligible. When not in use, the 
reservoir is placed in an upright position by suitably 
rotating the arm g (fig. 3). The wire ring is cleaned by 
continuing the application of the flame after the removal of 
the wick. For convenience, several reservoirs each contain- 
ing a different salt solution may be prepared. Idle reservoirs 
are placed in the circular apertures of the block D (fig. 1), 
through which the iron rod of the stand passes and to which 
it affords support. 

For those desiring to construct automatic feeders for 
their own use, the following additional details may be 
helpful. And here we remark that the best results are 
obtained only when the several moving parts of the 
apparatus are given certain relative dimensions. If, for 
example, the vane system W is too small, the speed is 
-excessive ; also the driving-power is insufficient to over- 
come the friction between the wire and the wick. The 
dimensions named below have proved entirely satisfactory. 

l. The Vanes.—The driving svstem is made from an 
aluminium disk 27 em. in diameter and (0*5 mm. thick. 
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The disk is cut into eight equal sectors, as shown in fig. 4 ; 
the cuts terminate at points 2 cm. from the centre. The 
sectors are turned so as to form an angle of about 45° with 
the original plane surface and then gently curved, as seen in 
fip. 1. Made thus, the system possesses considerable 
strength, and is not readily distorted or damaged. In these 


Fig. 4. 


NE 27cmh--------.-v 


respects it is superior to the usual Ostwald pattern, which is 
built up from individual sections of much thinner sheet; 
moreover, rivetting is entirely avoided. 

2. The Rods S, S,.—These are of tool steel 4 mm. in 
diameter. Suitable lengths are 35 em. for S and 75 for 
Si: the former enables one to adjust the height of the 
platinum ring for almost any spectroscope or polarimeter 
without the aid of blocks. The length of S, places the 
vanes well above, and out of the way of other apparatus. 

3. The Disk d.—This is 46 mm. in diameter and 1 mm. 
thick. It is drilled at four equidistant points near the edge 
for the reception of small screw bolts and nuts, as shown in 
fig 2. (No. 8 B.A. bolts are convenient.) 

4. The Platinum-wire Ring.—The ring is formed from one 


Fig. 5. 


| | k = Baik 4 E | 


piece of wire 40 cm. long and 0'5 mm. in diameter. First, 
the wire is bent as indicated in fig. 5, and then made 
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approximately circular, with the four twinned arms directed 
towards the centre. Next, the inner extremities of the 
arms are secured by their respective nuts, and the wire ring 
is made truly circular. Prepared thus, the ring has a diameter 
of about 8 em. Additional rigidity is imparted by bending 
and crossing the twinned arms, as seen in fig. 2. 1f the arms 
are bent gently downwards they are not traversed by the 
solution from the wick. 

5. The Pulleys.—The pulley P is 9 cm. in diameter and 
7 mm. or less thick ; it is of mahogany and well covered 
with shellac varnish. ‘The boxwood cone n tapers from a 
diameter of 26 mm. to one of 8 mm. Eight grooves are 
cut in it, and these range in diameter from 22 to5 mm. The 
groove 8 mm. in diameter gives excellent results ; with it 
the wire makes three revolutions per minute: its velocity is 
therefore 12 mm. per second. 

6. The Driving-cord.-—The driving-cord should be chosen 
with care. After trying various cords, a single thread of 
Manilla hemp composed of «ome four to six fibres was found 
superior to all others. The thread is glossy and tough and 
not easily frayed; and as its diameter is about 0:3 mm. 
only, the knot formed by tying the ends is too small to 
disturb the smooth running of the apparatus. 

6. The HReservoirs.—These are conveniently made from 
glass tubing 12 mm. in diameter. The body may be 8 cm. 
and the neck 3 em. long. 


Daubeny Laboratory, 
Magdalen College, Oxford. 


LXXXIV. On Mr. T. Smith’s Formule for Oblique Focal 
Distance in Terms of Magnification. By ALICE EVERETT, 
M.A. (From the National Physical Laboratory.) * 


TEAR the end of a paper on Ray Tracing (Proc. Phys. 
Soc. vol. xxx. p. 232, 1918) Mr. T. Smith gives, 
merely incidentally and without proof, new formule for 
finding the position of either meniber of a pair of conjugate 
primary foci in terms of the magnification, on a ray traced 
through a coaxial lens system. The present writer has had 
occasion to employ these formule, and, since results based on 
statements of which no proof has been published may be 
regarded as incomplete, ventures here to offer a proof of her 


* Communicated by the Author, 
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own, together with some remarks on the corresponding 
formule for secondary foci by the same author (Zbid. 
vol. xxvii. p. 508, 1915). 


Preliminary Note on some Properties of certain 
Sequence Formule employed in the Proof. 


Suppose p^, q'a and p", 4", to be representative terms of 


two different series of quantities both satisfying thefollowing 
relations 


Pr= 4ApA-1— bA- I= Caga- dpa e (1) 
then it is known that 


roy AM 4 

PAI ATP AJA 9 
MN C ee er EL T . " z ( ) 
Piili Py -19y-1 


regardless of the values of the 6’s and d's. This can easily 
be proved by actual substitution. 
Hence 


(p4"—p'q) n7 
(p'4" —p'q pr =H axe Wc. c» ^g (3) 


II signifying continued product. 
Corollary.—1f ay =c,=1 for all values of A, then 
(p'q'—p"q)y = constant =p,'g)"—pi"q,. . (3A) 
It is evident that py, g, can be written in the forms 
PA 7 24 Pot Baos (X =YV Pot rgo. 
Hence, when q,20, we have py =p QA— PLA; 
and when po=0, we have py=qoBy, 24 — 4904. 
Clearly a, and yj are the values of p, and q, when py—1 


and go=0 ; and By, 6, are the values of py, yy when 
Po=Y, q,— 1. 


Hence, when g,=0, 
Pr = po (value of py for p; 1), 
Qy = Po( s 99 Wooo) 
and when py=0, | 0. s (4) 
pa = qo (value of py for gg=1), 
UX qui o» 5 JA » » )e 
Phil. Mag. S. 6. Vol. 47. No. 281. Muy 1924, àK 
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Nomenclature. 


The quasi-differential notation of the original has been 
renounced for reasons of economy, and some other slight 
alterations of nomenclature have been found expedient. 

The letters employed have the following significations :— 


Pa >’, are the angles of incidence and refraction at the Ath 
surface. 


y is the inclination of the ray to the optie axis after 
A refractions. 

My is the refractive index of the Ath medium. 

t, is the length of path in the Ath medium. 

ky = M’ycos $y cos $'a = (py cos $^ — i 1603 Py) [. 

Pas qa for the axial section are the distances of object 
and image points from the Atl surface, measured 
along the ray in the direction light travels. (The 
object point here is the image formed by the previous 

— ] surfaces. p and 9 "here have nothing to do 
with the p and 4 in the preliminary note, and will not 
be used in a way likely to cause confusion.) 

Pi is the value of p, for qgp=%. 

Q is the value of q, for p=— œ. 

ny, 74 are the perpendiculars from the Ath point of incidence 
upon the consecutive ray in the axial section before and 
after incidence. 

mis the magnification perpendicular to the ray of a linear 
element in the axial section. 


P and Q may be otherwise defined as the distances of the 
principal oblique foci along the ray from the first and 
last surfaces of the lens. 

In discussing the sagittal section, and secondary foci, 


p, 4, P, Q are replaced by u, v, U, W, and m by v 


I. Formule for the Primary Focal Distances. 


The discussion of the primary foci is confined to rays in 
an axial plane. 


In the figure, AP .... P'A'F' is the chief ray, F' the second 
principal oblique focus. BMQ is a very near ray parallel to 
AP; therefore its path Q'B' after refraction passes through F'. 
P Q are the points of incidence of the two rays, and P’, Q' 
their points of emergence. PM=nņ and P'M'—y', are drawn 
perpendicular from P, P" to the near ray. AB=m, isa line 
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element perpendicular to the incident ray; A'B' is drawn 
from <A’, the image of A, perpendicular to the refracted 
chief ray. | 


Then m, the magnification in the axial plane, is defined as 


the ratio of A'B' to AB. 
Let PB. APe»5. Jew 


Then 


AB=PM=y, A'D'zP'M' 


A'F' — (Q—9.) | 
PE =n Q , 
A'B’ A (Q—q, 

eae: a A woe. Also Qdyy, — —n'n ; 

Qm c +m In 

If 34, 9’, be the perpendiculars from the point of intersection 

of the chief ray with the Ath surface upon the consecutive 

ray before and after incidence, and ds the element of arc PQ, 


then n'/cos $' —mn/cos $ — ds for any value of X. 
Hence, substituting for 7',, we have 


Qu ( n cos’ mmol (3) 
un Meli cos Jn pine dia > 07 07 

Similarly, if instead of taking dy =0 (i. e. the incident rays 
parallel), we take dy,=0 (i. e. the emergent rays parallel), 
we obtain 


Pr --( 7 ME Nn . = 7 (6) 


Ho podio," cos $i mulyo ] 
Now 74—7 4-170. dry i; 
cos œ. 
oe 7A —]A-1 Fisch dig "P (1) 
COS Q) -1 
and 


COS Dy 
1-1-7» $ ——(dyyla 0.0.0... (8) 


3 IK 2 
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Also Ky cds = k'ana eos p'a =k an'a 608 Hy 
| (wy eos y — uy 1605 $3)d (6 — ^ 
= py cos $^ (d$ — dry) — ua -1 cos d (dd) — dy -1); 
since pa pE y»— a-i 
= — p eos dido + pa -1 COS adh -i 
because 
pa COS Pado — ua -1 COS dy dé. 
= d(p sin $^, — uy 1 sin by) =0 ; 
Me. nds des ees. ec (9 
COS db Xr 
cos dy z 
cos dy 
(7) and (9) may be used to find 7, and uds, in (5) ; and (8) 


and (10) to find m’ and uod yr, in (6), calculating in the 
reverse direction. 


Either pair of equations (7, 9) or (8, 10) is of the type (1) 
mentioned in the preliminary note, —7 corresponding to p, 
and pdy tog. Hence by (4), if dy; — 0, and Gy, H, denote 
the special values of —m, uad ye, given by (7) and (9) for 
the initial value —7», = 1, then the values of — ny, ud yy 
for any initial value of » are 


pa doy i — pado, 


FUE . . M (10) 


—m=—mG, and pydyy=—yHa- 
We assume 7,=%, since the initial rays are parallel, and 
any imaginary surface crossed by the ray before it reaches 
the first surface would cause no refraction. ‘Thus 


-N = —7,Gy and pde, = — nH). 


Incidentally it may be mentioned that, corresponding to the 
values — = 1, pody = 0, equations (7) and (9) give 
—m=1, pydypy=hy. 

pu the values just found for — 5, pydyy, it follows 
tha 


TI _ = I 


ples H, i LAVE i H, ] 


Inserting these values in (5), it becomes 


Qn — G, Cos Q'n "m 
pa Macosó, Uo 07 07 0707 S 
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Treating (6) on similar lines, but. reckoning backwards and 
starting with —7'ny pal, —0 as initial quantities, it becomes 


pi R Gy COs Pi 1 


9 
po H,cosó,; © mH? ^ ^ e) 


where Gy’, Hn are the values of —n,', pad Wo that would be 
obtained if —7’,=1, wdy,=0. G,,G,', H, are ray constants. 
(11) and (12) are Mr. T. Smith's formule. | 


It may perhaps be instructive to compare the foregoing 
with the following analysis. 
From the well-known formula for refraction at a single 
(the Ath) surface, 
2A! v. 
p COS $9, PX -1 COS þa] 
oe tul mh, 
YX Pr 


where PA= f-t- it is evident (and may ee proved by 
induction) that q is of the form 
By + Dy pr 


This expression, however, does not give neat results, and we 
therefore take new variables: 


Pa: joes l pP Beer NE q ) 
=a laorgh’ = Gass) 


leaving the significance of the constant e for future con- 
sideration, and write 


q Ac F H. ts ee . . e. * . e . ) 

A Ha 
Substituting the corresponding expression for (i , in the 
equation of “refraction, and comparing coefficients in the two 
expressions for 4/4, we find the following relations between 


the G’s and HPs, 


ban a T t ) 
Ay Gry = Gy -1€)- COS $,,-(H UNE (14) 
AH, = Hy ae cos? 6) + (eG), j 


where f, is another undetermined constant. — Similar 
relations connect the E?s and F's. 
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(13) is — to 


(o- Sere) (RS). . as 


It is desirable to select the constants e and fso as to give a 
convenient expression for EH — FG in (15), besides rendering 
the equations (14) as simple as possible. 


y (3) | 
Lt=n €X ; 3 
(EH —FG), II f cos $, cos $ J 


Lt=1 JÀ 


(EH—F G) EEx cos? d; cos? $', * 
A glance shows that matters will be simplified by putting 
1 , 
h= I er een COS 9 y. 


Equations (14) then become 
_ Cos hy- i t \ 
E "E a | 


cos y. H (16) 
_ cos dy " | 
H= E IA +h)Gy, 


where £' — £e, and are the same as (7) and (9) above with G 
written for —* and H for ydy. 


Also 
(EH — FG), | coso 1. COS Hy 
(EH—FG) — COS $i. COs $ x 
or 
(EH—FG)) cose. - = constant for all values of A. 


COS dy 


As regards initial values, the equation of retraction gives 


/ 
I 


e ALPE 
des L+hy py’ 
and hence 
E Fal (x,—1, H2. 


Hence replacing q^, p' by their values in terms of the 


original q, p, (15) Pr 


Ja _ Gn cos $', nm I, cos dy _ " 
EN H,’ cos hy SEP H, ooh) = -4e . (17) 
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It we reverse the order, and, instead of expressing 4', in 
terms of p,’ as in (13), express p'j in terms of qn, puts 


E' Aat G^ "UB n 
)' = p ! | 
PAT ph HAS, 
we obtain in a similar manner relations between the G"s and 
H”s like (8) and (10). H,'= H,, and we get the following 
equation instead of (17): | 


(2 F,' en Gy’ AE eae. 18) 


ha 4H, cos dn H, cos $i H? : 


II. Formule for the Secondary Focal Distances. 
The following is an a ternative discussion of the case of 
the sagittal section : 
Taking the optic axis as axis of z, 
let yy <9 be coordinates of the object point P, 


Ui Sa. ss a » » secondary focus Q, 

Y; Ly 3i A » » point of incidence, 

Y,, Ln 23 *) | » 9 9 emergence, 

Mo, No ,, direction cosines of the incident ray, 

M,, Na, » » emergent ray, 

u „ the distance tot the object point from the lens 
along the ray, 

v , the distance of the secondary focus from the lens 
along the ray, 

y » the magnification. 


When the ray is in an axial plane, conjugate line elements 
perpendicular to the ray in the sagittal section are pro- 
portional to their distances from the optic axis. For a ray 

2 . 3 
not in an axial plane, we define y by v= Ju ut. 
Vo tzu 

The salient characteristic of a pair of secondary foci for 
a single surface is that the line Joining them passes through 
the centre. Hence in a coaxial system all successive 
secondary foci lie in the axial plane through the object 
point. The equation of an axial plane through P is y252 zy. 
Expressing the fact that Q lies on this plane, we have 


EL et ug 


y= Y= Mu, Yn— Ya Mat, 
2p 4 NM, 2,— n= N,v. 


Also 
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Thus, if v is given, we have six equations connecting the six 
quantities yo. 2o, Yny Zu, uU, v. By straightforward elimination 
we can get rid of Yo, 2o, Ya: 24, and obtain two equations in 
u and v, whence 
1 
u(M,Na—NoM = —(YiN,—2Z,M,) + : (Y,N,—2,M,), 
beoe ue RED) 
v( MAN, —N,M,) = (Y,No—Z,, My) —v(Y,;No—Z,My). (20) 
In this form the rays are not applicable to rays in the 
plane 220. The ratios of the cocffieients must be reduced 
to a form which does not become indeterminate in that case. 
Now, by the well-known law of refraction, we have 
Py My — pa 1M = — FA YQ 
and evidently 
7 t- 
Y,-Y)_1= LM 
HN- 
Two similar relations connect Z and N. 


Suppose C,, I, to be final values given by the sequence 
equatious 


i (pM) i. 
! 


Ka — Ky_y=Ay Cy 
4 1 t » 
G-6a--( K) ; 
po JN- 
for initial values (,— 1, K,- 0. 
Then bv (4) 
Hh = —Yi K, Y= iG ; NFL. —Z, KR, Z= Z) C5 ` 
Hal MoN,—NoM,)=KiCYiNo— MZ, 
Y,No—Z,M,yz CX Nom MZ). 
Hence, cutting out the factor Y;Ny—Z,My in each term, 
(20) becomes 
v C—v 
Bu i K, f 
Similarly, supposing Cy! and K,'=K, to be values given 


by 


los 
Ce =(<1 ) 
AT ODN ia = 


starting with (5 =1, K =0, and working backwards, then 
. we fina values for the first two coefficients of (19) containing 
Y,N,—ZaM, as a factor; and on cutting out this factor the 
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equation reduces to 


uy ees C + 1 


m kK, vi, 
The second method adopted above becomes much simpler 
in the case of the secondary foci. The equation of refraction 
is 


MX P-n zr 
p --- = Xr ', 
UX Wy 
By putting in turn 
Ay+tCyu AFERI 
Ab tain and a= A N 


UA Dy + Kyu 
and equating coefficients in two expressions as before in the 
case of the primary foci, we arrive at relations between 
the coefficients (, K and C', K' of exactly the same form 
as in the paraxial case, the only ditference being that the 


paraxial t and & are replaced by those defined above under 
* Nomenclature," 


D',— Kn 


LXXXV. A Consequence of the Theory of M. Louis de Broglie. 
(Phil. Mag., February 1924, p. 446.) 

M. pE BROGLIE’s formula : 

m? 


V 1—g 


i v dud 
gives B= is Ht ( 
hy? 
pu 
nue 
or uu = Ar 
h^v 


M. de Broglie estimates mg as being of the order of 
107 or. Let us take a vibrator with a period of T— 1264 
sec. If we put in de Broglie's formula m,= 107, e 3.1015, 


roh , 1 1 : : 
h 654.1077, and v= TE cog the result will be 
202 


hy — 


2180?’ 
v=0. 

The velocity of the waves is zero! Our vibrator cannot 
emit electromagnetic waves! — Likewise the inductive effect 
in a transformer of an alternating current with a period of 
T=7263 sec. must be equal to zero. [t would be interesting 
to examine the question experimentally. 


| Dorpat, WILHELM ANDERSON, 
27th February, 1924. 
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LXXXVI. The Arc Spectrum of Phosphorus. 
By M. O. SALTMARSH, B.A., F.Inst.P.* 


Introduction. 


HE wave-lengths of a large number of lines in the 
spectrum of phosphorus, produced under a variety of 
conditions, have been measured by Geuter f over the range 
0 5728-0 2390 A.U. The only lines which occurred in the 
spectrum of a carbon arc to which a compound of phos- 
phorus had been added were two pairs in the legac violet 
between 42555 and 42534. These were also produced in 
a discharge through phosphorus vapour in a vacuum tube. 
They are recorded by De Gramont 1 as being the persistent 
rays of phosphorus. Three triplets and several pairs of 
constant frequency difference have been noted by Paulson § 
in the spectrum of phosphorus in the region from X 5500 to 
A 3348. The radiation and ionization potentials of phos- 
phorus have been measured by Foote and Mohler |. 
Phosphorus is an element of greup V of the periodic table, 
and no series relationships have yet been worked out for any 
of these elements. Multiplets have recently been found in 
the spectrum of vanadium{. The investigation of the 
spectrum of phosphorus was therefore undertaken with 
a view to separating the arc and various enhanced spectra 
from each other and to determining regularities and possibly 
series relationships in each. The present paper deals with 
the are spectrum. 


Experimental Procedure. 


With the exception of possible lines in the infra-red, in 
which region no investigation has been made, the arc 
spectrum of phosphorus lies completely in the ultra-violet 
beginning at A 2555. 

The spectrum was produced in two ways : (1) by feeding 
phosphorus pentoxide into a carbon or a copper are, and 
(2) by passing a discharge from an induction coil through 
a Geissler tube containing yellow phosphorus and hydrogen 
at a low pressure. ‘The tube was provided with a quartz or 
fluorite window, and was used in the end-on position : the 
phosphorus was introduced through a side tube having a 

* Communicated by Prof. A. Fowler, F.R.S. 

T Geuter, Zeit. Wiss. Phot. v. p. L (1901). 

t De Gramont, Comptes Rendus, exlvi. p. 1260 (1908). 

$ Paulson, ^on. d. Phys. xlv. p. 419 (1914). 

I Foote X Mohler, Phys. Rev. xv. (1920). 


© Mergers, Jour, Wash. Acad, Aug. 1923; and Laporte, Die Natur- 
wissenschaften, Sept. 1923, 
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ground-glass stopper. It was found unnecessary to heat 
the tube in order to bring out the phosphorus lines. 

Four different spectrographs were employed for the 
various regions investigated :— 


1. For wave-lengths greater than X 2200, a quartz Littrow 
spectrograph giving a linear dispersion of 2:8 A. to 
the millimetre at X 2530. 

2. For wave-lengtlis between X 2200 and A 2100, a Hilger 
quartz spectrograph having a linear dispersion “of 
4-7 A, to the millimetre in that region. 

3. Fer wave-lengths between X 2100 and A 18 50,a Hilger 
quartz spectrograph having a linear dispersion "of 
12:3 A. to the millimetre at A 2030, and 9*4 A. to the 
millimetre at X 1890. 

4. For wave-lengths shorter than X 1850, a Hilger vacuum 
grating spectrograph giving an approximately normal 
spectrum in the first order with a linear depression 
of 17:2 A. to the millimetre. 


The wave-lengths of phosphorus lines greater than X 1850 
were measured on plates taken with an are fed with phos- 
phorus pentoxide as source. 


Comparison Spectra. 


The wave-lengths of the phosphorus lines are given in 
international angstroms reduced to vacuum, and for the 
various regions it was necessary to employ different com- 
parison spectra. 

Between A 2550 and X 2300 the iron arc was used for 
comparison, the wave-lengths being those given in Burns’ 
tables. In this region the me: urements are probably 
accurate to 0:05 A. 

In the region X 2300 to A 2100 the copper are was used 
for comparison, the wase-lengthis. being those given. bv 
Hasbach *. The accuracy of the measurements in this region 
Is probably as great as that of measurements between X 2550) 
and X 2200. 

between X 2100 and X 1520 a silver spark was employed, 
and the wave-lengths used were those given by Edert. 
The possible error is about 0-05 A. for lines in the region 
near A 1850, and rather greater than that for lines near 
X 2030, 

The spectrograms taken with the vacuum spectrograph 
were treated as normal and the wave-lengths calculated 
from two known lines which appeared on the plate, 

* Hasbach, Zeitsch. Wiss. Phot. p. 809 (1914). 
T Eder, Zeitsch. Wiss. Phot. xiv. (1915). 
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namely a carbon line at 11930°61* and a hydrogen line 
at X15253:3T. The possible error in the values of these 
lines is about 0°3 A. 


Description of Spectra. 


The are spectrum of phosphorus from 42550 to X 1672 
probably consists of 35 lines, only four of which have 
heen previously recorded. W ith the exception of the two 
faint lines X 18641 and X 1856°6, all the lines of wave-length 
greater than A 1850 have been produced in two entirely 
different ways, thus establishing that they are due to phos- 
phorus. They appearin the spectrum when P.O; is added to a 
carbon or a copper are, and also in the spectrum of a discharge 
tbrough a tube cóntaining yellow phosphorus and hydrogen 
at a low pressure. In the are they are the only phosphorus 
lines which appear, but in the vacuum-tube discharge they 
may be the only phosphorus lines, or there may be others 
present as well, it the intensity of the discharge is great 
enough or the pressure of the hy 'drogen sufficiently low. 

In the Schumann revion an are fed with a compound ot 
phosphorus was found to be unsuitable as a source: con- 
sequently in this region the lines have been pr oduced in 
only one way. Those which have been assigned to phos- 
phorus are the additional lines which appear when vellow 
phosphorus is added to the tube. his assignment is 
probably correct, because in the region where two different 
sources could be used, the introduction of phosphorus into 
the vacuum tube was found to result only in extra lines due 
to phosphorus and none due to impurities. It must, however, 
be stated that the origin of lines of wave-lengths shorter than 
` 1850 is not definitely established. 

Although the line of shortest wave-length belonging to 
phosphorus that has been observed is "SUTIE 9, the: plates 
in some cases showed lines of the hydrogen secondary 
spectrum down to À 1333; but bevond 16715 no phosphorus 
lines could be observed among the strong groups of hydrogen 
lines. In order to determine to which spectrum of phos- 
phorus the lines belonged, photographs were taken with 
ditferent strengths of dischar ge, and the change in intensity 
of the lines observed. The lines whieh oceur in the are, can 
be produced alone of all the phosphorus lines by using an 
uncondensed discharge through phosphorus vapour in a 
vacuum tube containing also hydrogen at a comparatively 
high pressure, or by using a condensed discharge and 
hydrogen at a still higher pressure, so that H, and "Hs are 

* Simeon, Proc. Roy. Soc. A, cii. (1922). 
t Lyman, ‘Spectroscopy of the Extreme Ultra-Violet, p. 111. 


STT 
verv broad lines. When the pressure of the hydrogen is 
reduced and the inteusitv of the discharge throngh the 
phosphorus vapour is consequently increased, the are lines 
become more intense at first and a few additional phosphorus 
lines make their appearance. With still further reduction 
of pressure of the hydrogen the arc lines decrease in intensity 
and become diffuse, while the new phosphorus lines brighten 
and very many more appear. Hence it is concluded that the 
lines which decrease in intensity in this manner belong to 
the are spectrum, while the others are enhanced lines. — 
Table [. gives a list of the wave-lengths in international 
units reduced to vacuum, tlie wave-numbers in vacuum, the 
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TABLE I. 
nl Rar . Intensity. | Character. | Source. 
ERE: eem RE dud 3 — 

255508 391285 — R s* | Are and vacuum tube. 
| 25541 )2 | 3U DEU | 9 8 »» D » 

2530738 304263 — — 10 8 | ^ 5 5 | 
| 253475 | 394516 8 s i, bc. ik j 
| 915477 | 464987 | 7 E d a ow Xe 9 
| 215363 | 461332 | 6 8 ME "0n | 
l 2149:81 465157 | 8 8 í E » » 
^ 0913670 | 467992 8 8 P o» » w 
213610 468143 | 6 8 » » T | 
| 203002 | 491637 ; 7 8 C x m x 
| 203298 | 491889 ^ 6 S | 5, H. ue 4 

9024-08 4583-2 6 8 | A i " | 
| 2023: 98 494076 7 8 | 1, TI » ! 
| 19:69 52419:4 1 8 » m r 

190059 524113, 0 s | ‘a T ” | 
| 18611 | 5236045 l S | Vacuum tube only. | 

1850360 | 53182:0 6 | S | Arc and vacuum tube. | 
| UNAS RR | D37967 8 | 5s | 4 CE 
| ]sSoto , 53862 0 d* Vacuum tube only. 

]zs51:11 | 54021:6 G | 8 Are and vacuum tube. | 

45, 54148 7 s Vacuum tube only. i 

18440 | 54230 1 | d | ” n »* 
| 1834) atol 1 4 ; s | LE ,3 , i 

Peary MATOS 98 | dy ww or | 
seg 54936 l d MES —-—— | 

17875 544 65 i 8 i ” ” ” 

17277 56005 T | s T TP 
007438 20344 7 | 8 " D M 
| I7190 | 58173 1-5 d " be SE 

16955 | DYDY 4» | 8 T ” » 

]ostr I 50205 D s " di 

1685°8 204319 » s - " " 

16;0:5 50542 1:5 8 ve » ” 

1744 59723 15 s | " S 
| 16;12 DSLT 3 d: * m W^ ^w 


a Means sharp. 


d " 
d V ee 


dittuse. 
diffuse towards shorter wave-length. 
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intensities and character of the lines, and the sources in the 
spectrum of which the lines were observed. The intensities 
can be taken as having only local values, on account of the 
fact that many of the different groups of lines were either 
photographed on different plates, or on the same plate, the 
sensitiveness of which varied considerably within the range 
used. 


Regularities in the Spectrum. 


It will be seen that the spectrum consists of isolated 
groups of lines. 

The group of four lines between A 2556 and A 2535 were 
found by De Gramont* to be the “ raies ultimes"" for phos- 
phorus. For many elements the “raies ultimes” are the 
first lines of one of the series and also the lines corre- 
sponding to the radiation potential, which for phosphorus is 
SNO +°1 volt fT. 

The extreme limits 5°70 volt and 5:90 volt of the radiation 
potential correspond to the spectral lines X 2165 and X 2092, 
which therefore do not agree with the wave-lengths of the 
“rales ultimes". But the group of five lines of wave-lengths 
A 215471, A 2153 63, X2149:81, A 2136:79, A213610 in 
the phosphorus are spectrum lie well within these limits, 
so that any one of them might be a resonance line. This 
group of lines is isolated, the interval between X 215477 and 
the next line of longer wave-length being 380 A.U., and 
that between A 2136°10 and the next line of shorter wave- 
length 102 A.U. The vapour of phosphorus is polvatomic 
at the temperature at which the radiation potential was 
measured, and in such a case it is not clear whether the 
radiation comes from excited molecules or from exeited atoms 
which have previously been formed by dissociation of the 
molecule. If it comes from the former, the agreement of 
the resonance wave-length of phosphorus with that of a line 
in the are spectrum is merely fortuitous. It is found, how- 
ever, that in the case of hydrogen, which is diatomic, the 
first radiation potential, 102 volts, agrees with A121577, 
the first line of the Lyman series, ind it is attributed by 
Horton and Davies] to atomic excitation. The case of 
phosphorus may be analogous. 

The thirty-five lines recorded as belonging to the phos- 
phorus are spectrum are connected together by systems of 


* De Gramont, loc. cit, 
+ Foote & Mohler, loc. cit. 
t Horton & Davies, Phil. Mag. Nov. p. 373 (1923). 
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doublets of constant frequency differences, every one of the 


lines being involved. These are recorded in Table II. 
together with the intensities of the lines. It will be observed 
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TABLE II. 


i 


Wave- Na | Frequency | Wave- see | Frequency 
| length. adi difference. length. AE difference. 
| EM XE TENOR = 

me | 

25068 8 dst: | 215477 * 7 Aas. 
msi || 9 2v | opened | 6 | oe 
DTE 10 ona | 2IS3-63 # 6 Jess 
wor ]| a 2a | boso 7 | 2nd 
215477 7 opr 0 09TH 7 |! . 
21563 Hg ae | wees *]| 3 pP 
. ` og pe) my 
Tones : 29:9. Lic | 
| 2032-08 6 | 2505: b * E 8 | 72R0'* 
, 2024-08 G ogg | 21547 7 ae 
, 2023-98 7 = | 9554: M 9 72792 
2153-63 * 6 ds 
(9140981 } 8 o335 | ZDR "\| 8 arr 
( 2130779 8 »  L8S885 | 8 ae 
15256:6 0 Ar 
(pus j 7 200 9025-08 * 7 " 
1840 \ l og] 1850-36 * a ( 43144 
18345 4 : 1858°85 * 8 45d 
16933 1| 46 230 17190 15 
i6858 | 5 PE 18203 — ] 1 4383 
16795 1:5 Bae 16358 *j 0 | > 
| 167155 3 985 | | 
pots | 215477 * T 
| 254-75 4 8 spo (| 2136 los]. 6 PUE 
213679 * 8 ^ 1787°5 T 05 400 
2153:63 * 6 aq | 17748 * 7 
| isa ]| 6 79198 | legas "i b "m 
QR æ g. if 
2130,99*]:. 8 E (18566 *)! 0 | 
ETE “} 7 roe} ssh E -E 199 
1:05:59 0 "7 | 18259 *,., 053 ; 
1671-5 .} 3 1350 | ioo +} 1 168 
. 16938 *)' 45 
| LAH SS * 10 j | 
Onn4:02 * 9 -o | 213610* 6 TN 
| un 8 le intro]. qe 
2149-81 * 8 oqug | 190769 3 1 
2136-10 y 6 ind " 159 ]' os | 29: 
| | 18041 * 1 | " 
| | | TUM qa: ls 
| 17575 65 | ia] 
| pe? fj 7. à 


* Used before. 
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that in some cases the frequency differences ditfer among 
themselves by several units, but in all cases they are within 
the limits of experimental error. In the Schumann region 
the possible error of measurement was estimated to be 
0*3 A., and at X 1850 the corresponding possible error in the 
wave-number is 9 units and at X1671 it is llunits. At 
2556 a difference of 0-04 in the wave-length makes a 
difference of 0'6 in the wave-number. In spite of the 
variation between some of the frequency differences, it 
seemed worth while to record them, since the range of wave- 
number within which the lines lie is comparatively great for 
so small a number of lines, and the approximate agreement 
is more significant than if the lines were close together. 
They serve, at any rate, to show that the arc spectrum of 
phosphorus almost certainly consists of doublets, and thus 
falls into line with elements obeying the Sommerfeld-Kossel 
displacement law, which requires the arc spectrum of phos- 
phorus to contain series of doublets. 

The frequencies of all the lines up to X 1858:85, with the 
exception of the three lines X 1907:69, A 1905:59, X 18641, 
which are of low intensity, can be expressed by means of 
nine terms. These lines are among those which are known 
definitely to belong to the arc spectrum of phosphorus, and 
if the terms are u, b, c, d, e, and a, B, y, 6, the lines are as 
follows :— 


TABLE III. 


A 254568 (8)a—a A213610 (6) y—d 
A 2554-02 (9) B—a A 2034:02 (7) a—d 
A 2536 38 (10) a—b | 203298 (6) 8—d 
A 253475 (8) 3—b | A2024:08 (6) a—e 
A215477 (7) a—c A202398 (7) 3—e 
`A 2153:63 (6) B—c A1859:3 (6) ó—c 
A 2149831 (9) y—a A 1858:25 (8) y—c 


4213679 (8) ò—b 


Some of these terms can be identified by arranging the 
lines in multidoublets, similar to those discovered hy 
Catalin * in the are spectrum of scandium. 

The group at about X 2550 can be arranged as a multi- 
doublet of the PP! type with the expected relative intensities 
as follows :— 


* Catalán, Anal. d. Soc. Esp. Fis. y Quim. xx. p. 606 (1922). 
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TM | | | 
A. ; v. Intensity. Designation. 
nae "R 

| | 
| 255508 | 391285 R P, P, 

95402 | 391540. | 9 P, P, 

2536:38 394269 — . W P, p, 

953475 394518 — 8. P; P, 


i 


The scheme of the multidoublet is 


(8) (9) 
394516 297:6 391540 
25:4 f 25°4 
(10) (8) 
39420 3 207-8 30128:5. 


Hence Pa—P,=2977 and a=P,, b=P,; also P,'— 
P'=254 and B=P,', a-P,. The former separation 
occurs once more and the latter three times more. 

If the lines are correctly represented in Table IIT., there 
isa multidoublet of the DP type among the X2140 group 
as follows :— 


À. | r. Intensity. | Designation. | 
"| | 
| ———————— 
PUBL 0, — 465157 NN D, P, | 
i | 
Sp679 | 46799-2 ` D, P | 
| | 
2136-10 | 4681472 6 | D, P, | 
(43) (8) 
{46812 298:5 4500157 
15:0 
(8) 
46709°2 


Hence D,—D,=15°0 and y= D, 6=D,. The separation 
15:0 occurs once again at A158. The group of four 
lines near X 2030 is very like a multidoublet of the PP’ 
tvpe, except that the intensities are in the opposite order 


Phil. Mag. S. 6. Vol. 47. No. 281. May 1924. 3 L 
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to that expected. It can be represented as follows if 
PU 2 p." im 


"o — —— — ——— M —À ———M ——À ——]À 


| 


! 
| A. ». | Intensity. Designation. 
| —— aes : 
| 
' 2034:02 491637 . . 7 | Po 
2032-98 491889 — — 6 P, P,” 
2024-98 49383:2 6 P, P,” 
| 
! 2023098 — 491016 7 | P, B." 
(7) (6) 
49407°6 218°7 49188:9 
24:4 25:2 
(6) (7) 
49383°2 219:5 49163-7 


Hence P,"—P,"—219:]1 and d=P,”, e—P.". The 
remaining four lines in Table III. have only one term, 
common to them all, which is not identified. This classifi- 
cation of the lines is not completely satisfactory, but it tends 
to confirm the doublet nature of the series to be expected in 
the arc spectrum of phosphorus. 


Summary. 


1. The arc spectrum of phosphorus has been investigated 
from the visible region up to X 1671. The whole spectrum 
lies in the ultra-violet beyond X 2555, and probably consists 
of thirty-five lines within this range. 

2. A group of five close lines, which is widely separated 
from neighbours, las been found such that any one of the 
lines agrees in wave-length with that calculated from the 
radiation potential. 

3. The frequencies of all the lines are connected by 
systems of doublets of constant frequency differences, and 
thus the are spectrum of phosphorus probably obeys the 
Sommerfeld- Kossel displacement law. 

4. The frequencies of fifteen of the strongest lines can be 
expressed by means of nine terms, and some of these lines 
can be arranged as multidoublets. 


The work described in this paper has been carried out 
under the direction of Professor A. Fowler, and the author 
wishes to express her gratitude to him for his generous help 
and interest. 


Imperial College, 
South Kensington. 
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LXXXVII. The Rate of Heat Transmission from the Working 
Fluid in an Internal Combustion Engine. Dy Prof. A. H. 
GiBsoN, 7). c.* 


l. HE rate of heat transmission from the hot gases 

contained in a metal chamber to the cool walls 
depends upon the temperature difference, the density, the 
turbulence, and to some extent on the dimensions of the 
chamber. 

In experiments on cooling following explosion in an 
explosion vessel the turbulence is small, and heat trans- 
mission is mainly due to radiation. Under these conditions, 
experiments by Sir Dugald Clerk f indicate that the rate of 
heat transmission is proportional to $", where @ is the 
temperature difference, and where, between the limits of 
1190? C. and 1450? C., n has a mean value of 2:8. Hopkin- 
son's results $ between 1300? C. and 1760? C. show n= 2745, 
aud Petavel's $ experiments between 320? C. and 2200? C. 
show n=2°35. In the experiments of Clerk and Hopkinson 
the density was atmospheric. In those of Petavel it was 
considerably higher (up to 75 atmospheres).  Petavel’s 
experiments at different densities indicate that the heat 
transmission is proportional to p" at a given temperature, 
where n='35 at 1760? C. Bairstow and Alexander’s || 
experiments at densities from 1 to 3 atmospheres indicate a 
value of n=°35 at 1400? C., but this value is appreciably 
reduced at higher temperatures. 

On the other hand, when, as in an engine in operation, the 
transference of heat from the gas to the metal surfaces is 
largely dependent on the velocity of the gas, the heat-loss 
is more nearly proportional to the density. Thus in his 
gas-engine experiments Hopkinson {J found that the total 
heat-loss, including that after release, was proportional to p”, 
while from piston temperature measurements he found it 
proporti ona to p°’. 

. À knowledge of the rate of heat transmission under the 
Er holding during the working cycle of an internal 
combustion engine would be of great value in enabling the 
rate of heat-flow into the exposed ; surfaces and the m: agnitude 
of the surface fluctuations of temperature to be deter mined. 


* Communicated by the Author. 
+ Clerk, ‘The Petrol and Gas Engine,’ vol. i. p. 201 (1909). 
t Proc. Roy. Soc. A, 1906, p. 337. 
§ Clerk, “The Petrol and Gas E ngine, vol. i. p. 166. 
| Proc. Roy. Soc. A, 1905. 
«| Proc. Inst. C. E. elxxvi. pt. ii. (1908 -9) 
3L2 
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Its direct experimental determination is one of much 
difficulty, and no definite values have hitherto been avail- 
able, especially at the temperatures and with the degrees of 
turbulence which obtains in a high-speed petrol engine in 
operation. Some idea of its magnitude may be aa 
from the valuable data obtained by Sir Dugald Clerk * i 
his experiments on the cooling of the fluid in tlie i der 
of a gas-engine. These measurements, however, refer not 
to the working stroke, but to the succeeding strokes, in which 
the turbulence is less by some unknown amount than in the 
normal working stroke. 

Its value under operating conditions mav be deduced 
indirectly (4) from measurements of the temperature gradient 
along a radius of the piston of the engine, or (b) from mea- 
surements of the cyclical fluctuation of surface temperature 
of the piston or walls of the combustion chamber ; and the 
present paper is devoted to an examination of such mea- 
surements with a view of obtaining a reasonahiy close 
approximation to this value. 

3. Some few measurements of piston temperatures in the 
cylindersof gas-engines are available, notably by Hopkinson on 
a cast-iron piston ll din. diameter by 1:5 in. thick, at 180 revs. 
per minute; by Coker and Scoble f on a cast-iron piston 
T in. diameter by g in. thick, at 200 and 240 revs. per minute ; 
and by Jardine and Jeblet on two aluminium pistons, 5 in. dia- 
meter and respectively din. and 8 in. thick, in a petrol-engine 
eylinder at 800 r.p.m. In addition to these, the author has 
carried out experiments on a number of aluminium and 
cast-iron pistons of various thicknesses, 100 mm. diameter, 
in a petrol-engine cylinder at speeds of 1800 and 2000 r.p.m.§$ 
The data thus cover a wide range of operating conditions. 

The amount of available data regarding the magnitude of 
the fluctuations of surface te mperature is not ‘large. A 
number of experimental determinations are, however, given 
in the paper by Messrs. Coker and Scoble |, and these have ` 
heen used as a check on the values obtained from the piston 
temperature measurements. 

4. If the temperature gradient across the face of a piston 
is known, the rate of reception of heat ** A? per unit area of 
the face, or rather the difference between the rate at which 


* Proc. Roy. Soc. A, lxxvii. p. 400 (1906). 

T Proc. Inst. C. E. excvi. pt. ii. (1913-14). 

t American Society of Automotive Engineers (May 1921), 

§ Advisory Committee for Aeronautics. L.A.S.C. Reports, No. 13 
(May 1919). 

| Loc. ect, 
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heat is being received by the working face and dissipated at 
the lower face of the piston crown, is given very approxi- 
mately by 

Pes 4kt 0 


l 7 ab] . . e . . . e (1) 


where 0 is the difference of temperature between the centre 
and a point at radius a, | 
t is the thickness of the piston crown, 
| is the conductivity of the material, 


It (0, —0.) he the difference of temperature at two radii 
a, and ay, this becomes 
h et) i o. um ue UEM) 


= 2 2)’ 
(a — a") 
In a piston.in'which the thickness of the crown varies 
with the radius, if over any portion of the crown between 


radii a, and as the thickness is proportional to the radius so 
that (— Ca, we have 


Aft 
4ht ° 
but 
= "iG 


88 — Mara’) 


—hx 


2 
da, 


a) 


a n A | 


m h( as — a4) 


ML LLL 


In a number of the author's pistons (viz. A, A’, B, and €, 
Table I.) this condition is satisfied over the range of radii 
0:5 in. to 1:0 in. (1:27 cm. to 2:54 cm.), the value of C 
being 0°31. 

9. Cyclical Fluctuations of Surface Temperature. — On . 
the assumptions that the working fluid in contact with the 
metal has a cyclical fluctuation of temperature of +A° ('.; 
that the heat transmission from the gas to the metal is 
directly proportional to t'eir difference of temperature ; 
and that this produces a simple harmonic fluctuation of 
temperature in the metal: it may be shown that in the case 
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of a large flat surface the magnitude “a” of the fluctu- 
ation of surface temperature is given by 


Ae’ | 
(box cL LEUR M ele copie cg. OS . . . (4) 
J mnosk + (e' +4/manpsk)* 
where n is the number of explosions per second, 

p is the density of the metal, 

s is the specific heat of the metal, 

k is the thermal conductivity of the metal, 

e' is the receptivity, i.e. the heat transmitted from the 
gas to the surface per second per unit area per 
degree difference of temperature between metal 
and gas. 

If ^' is relatively small, as is shown later to be the case, 
/ 
i R approximately. . . . . (9) 
N 2arnpsk | 


a= 
So that 


1 e . . 
aZ for a piston of given material, 


A \’ n. 
a 


AX »- for pistons of different materials operating 
psk at the same speeds of rotation. 


The assumption that e’ in the above formule is a constant 
is, however, very far from being true. Actually, Sir Dugald 
Clerk's experimental results indicate that under the conditions 
obtaining in a gas-engine, the heat transmission “h” per 
unit area per second is more nearly proportional to $", where 
$ is the difference of temperature between gas and metal, 
and where n is very nearly equal to 2 *. If n be assumed 
'equal to 2 for convenience in calculation, the results will be 
very much nearer representing the true state of affairs tlian 
those deduced on the assumption that n=1, and if n—2 
it may be shown that the formula corresponding to (5) is 
et e((T, —0,) — 0039 —0,7] 2... (8) 
2 v 2mnpsk i 
where T, is the maximum temperature of the gas during 
the cycle, 
T, is the minimum temperature of the gas during 
the cycle, 
6, is the mean temperature of the surface during 
cycle, 
ed? =h=heat transmitted per unit area per second 
from gas to surface. 


* See Section 9. 


Working Fluid in an Internal Combustion Engine. 887 


6. The essential data from the author’s pistons, under 
full-load conditions, are given in Table I. 


TABLE I. 
| | Temperature ? C. at Mean 
Limes Piston. CC PING Ro ec —ML eS wall temp. 
Centre. ‘Sin. rad. 1Oin. rad. bb in.rad. Edge. ^ °C, 
a 8 Ss Gee Heme | cA edulis un tO he DOR Ei fast. A 
I alee A. Seats 194° 197" 167° 149° 1390 1120 
Do AT orses L. 235 240 210 187 Wo LIU 
Qu cis s 198 199 189 152 0 do ^ l4 
| — Cn 200 210 Iss luv 147 122 
! 5 E G aa 215 229 201 170 148 120 
| | 
^06 2. Castiron 5 409 419 366 283 184  . 120 


An examination of the drawings of the aluminium pistons 
shows that at the radius 1°5 in. the effect of the large fillet 
joining the crown to the skirt has an appreciable eltect on 
increasing the thickness. Over the range of radii from 
0:5 in. to 10 in., however, the thickness is constant in piston G, 
while in pistons A, A’, B, and C it is sensibly proportional to 
the radius. ‘Taking the average value of the gradient over 
this range of radius in these four pistons, calculations based 
on equation (3) give h 25:56 C.G.S. units, while for piston G, 
h=5°75 C.G.S. units. The corresponding value of A for the 
cast-iron piston is 1:60. The values of A deduced from these 
experiments and from those by other observers are given in 


Table II. 


TABLE II. 
es . h (C.G.S. e (C.G.S. 
Authority. Type of Engine. iila iR 
Horkinson ... Gas-engine: 1155 ia. C.I. piston ; 
180 r.p.m.; stroke 21 in. (Norma; 1:43 39x 10-5 
Mixtures iu ceres aw sc t esa ke ad 
COKER ......... Gas - engine: 7 in. C.I. piston; 
200 r.p.m. ; stroke 15 in. (Normal | 1:16 34x 10-° 
HIE uel). oec idui tere duoc ei en avs 
JARDINE & Aero-engine: 5 in. aluminium piston ; 
JrEnLE. 800 r.p.m ; stroke 7 in. 
Piston °25 in. thick............... 415 9:0x 10-* 
a SOLUM ic - deuedestdieus: 4:05 8&8x10-$ 
AUTHOR ...... Petrol-engine: 1800 r.p.m ; stroke 
140 mm. 
Aluminium pistons A, A’, B, C, 
100 mm. donis Mc mean 536  110x10-^ 
Aluminium piston G, 100 iim. 
ITEM rre 5715 1l'0x10-$ 


Cast-iron piston, 100 mm. 
MITT ee cc TM 1-60 51x10 * 
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In calculating these values, k has been taken as ()-11 for 
east iron at 2009 C., 0:102 at 350? C. ; 0:38 for aluminium 
alloy at 200? C. and 0:39 at 300? C.* 

The value of 4 deduced from equations (1), (2), or (3) 
represents the mean rate of heat inflow during the cycle, 
and the determination of e from A necessitates a knowledge 
of the mean square of the temperature difference between 
gas and surface on a time base during the cycle. 

On the usual assumption that the fluctuation of gas 
.temperature is simple harmonic, it may be shown that 
this mean square is equal to f 

(T, — T, t? {T-T}; ( 
| pe " sg ob: de Ge “EMD 


Calling this $?, we then have h=ed?. An examination of 
Coker’s measurements of gas temperature throughout the 
cycle shows, however, that the assumption as to simple 
harmonic fluctuation gives results which are very far from 
the truth. Thus, taking the difference of temperature 
between gas and piston at crank angles of 30°, 90°, ete. 
in test G 1 of Coker's paper, and calculating the mean of 
the squares of the differences throughout the cycle gives 
345,000. In this test T,—2040? C. approx.; ‘,=217°; 
and the mean temperature 6, of the piston between 
the points of measurement is 196°. Inserting these 
values in equation (7) makes $* equal to 1,291,000, or 
3:85 times its true value as deduced from the. temperature 
curve. A similar examination of all the test results in this 
latter paper shows that this ratio varies between 3°85 and 
4:09 in the different experiments, the maximum variation 
from the value 4:0 being less than 4 per cent. It is 
probable, therefore, that without serious error it may be 
assumed that under normal conditions of operation in such 
engines tle value of $? is given by 


T T. 3 T —T, z 
T at '-&) "n 1 9)’ U 
2 © 8 J 
and that e equals 4 divided by this expression. 

In Coker's full-load tests the following are the approxi- 
mate values of the temperatures: T=2120° C., T,=270°, 
0,—230?; while the value of h, deduced from the mean 
temperature across the piston, is 1:16 C.G.N. units. The 

* These values were measured for the materials from which the 
100-mm. pistons were made. : 


T See Appendix. 
t Proc. Inst. C. E. pt. ii. p. 42 (1913-14). 
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mean value of $? is 340,000, making the mean value 
of e=3°41 x 1078, 

In Hopkinson’s experiments the compression ratio was 
higher than in those of Coker, being 6:37 as compared 
with 5'8, and T, would bs approximately 2350? C. The 
mean piston temperature was 350° C.; and assuming 


T — 300? C., 
Tm T (7-350) «C }. 
8 
= 369,000. 


The mean value of h deduced from the temperature 
gradients across the piston is 1:42, making e— 3:87 x 107°, 
a value 13 per cent. greater than that deduced from Coker’s 
experiments. The difference is probably partly due to the 
greater density of the charge and partly a dimensional 
effect due to the relatively greater radiation per unit area 
at a given temperature from a large than from a small 
body of gas. Allowing for this, the two sets of results 
appear to be in close agreement. 

Comparing these values with those deduced from Clerk's 
experiments on a gas-engine cylinder *, it appears that 
they are approximately 35 per cent. higher. This is to 
be accounted for by the fact that in Clerk's experiments 
the measurements were made over a number of successive 
expansion and compression strokes during which the turbu- 
lence would be appreciably less than on the stroke following 
admission of gas to the cylinder. 

In the petrol-engine tests the compression ratio was 
varied from 4:6 to 53. The results showed that the piston- 
temperature gradient is only very slightly affected by the 
degree of compression, but that it is slightly less with 
the higher compression ratios. In these tests the maximum 
temperature of the working fluid can only be assumed ; but 
it 13 certainly higher than in the gas-engine tests, and is pro- 
bably in the neighbourhood of 2400? C., except in the case of 
the author's tests on a cast-iron piston, where, on account of 
the richer mixture necessary for satisfactory operation, it 
would probably be about 93009 C. The minimum tempe- 
rature of the working fluid has been taken at 250°C. [n 
each of these cases the mean temperature of the piston 
bet seen the points of measurement is known, and making 
the foregoiug assumptions as to gas temperatures, the values 
of e become as shown in Table II. 


* Section 9. 
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From these figures it appears that the values obtained 
for the various aluminium pistons are also in reasonable 
agreement, the difference between the mean value 8:9 x 107 
deduced from Jardine and Jehle's tests at 800 r.p.m. aud 
the autüor's mean value of 11:0x 1079 at 1800 r.p.m. being 
explained by the greater turbulence of the working fluid at 
the higher speeds of rotation. It will be noted “that the 
latter value of e is three times as great as that obtained in 
the gas-engine tests, a difference which is also probably due 
mainly to the difference in turbulence. 

The value of e deduced for the cast-iron piston in the 
author’s experiments is, however, much lower than that 
found for the aluminium pistons. It is, in fact, only about 
one-half of the latter value. No complete explanation of 
this discrepancy can be put forward at the moment. It is 
probably partly due to the greater cooling effect of oil- 
splash on the under side of “this hot piston, but mainly 
to carbon deposits on the piston crown. 

T. Adopting the value 3:41 x 107° deduced from Coker’s 
piston temperature-gradient measurements *, and using this 
in equation e 

Le (m- 0 - (T 095] 
2 V Qn p sk 
the value of “a,” the semi-amplitude of the fluctuations of 
surface temperature, may be deduced, and this may be com- 
pared with experimental measurements of the fluctuation. 

Adopting the same mean values as before, viz. T;=2120°, 
T,=270 , 0,= 230°, and taking for a cast-iron piston p— 1:8, 
s=0'11, 4/=0-11, n (at 200 r.p.m.) = ; this makes 

„34 YT poy 
indicating a total fluctuation of 12% 2 C. 

The measured fluctuations of temperature at a depth of 
0:02 in. (051 cm.) obtained from the tables given in the 
paper have a mean value of 29? C. It may readily be 
shown that the fluctuation of temperature at any depth .r is 
proportional to 


so that for cast iron at 100 cycles per minute the corre- 
sponding surfaee fluctuation w ould be 40? C., which is much 
higher than the value (1272 C.) calculated. [t was however 


* Proc. Inst. C. E. vol. excvi. pt. ii. (1913-14). 
T Here eis the base of the Naperian logarithms. 
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pointed out in the discussion on the paper that there is 
reason for thinking that the measured values may have been 
greater than the true cyclical fluctuation, and in earlier tests 
on the same engine a measured fluctuation of temperature of 
1^:2 C. was obtained at 240 r.p.m. at a depth of ‘015 in. in the 
metal of the combustion space, corresponding to a surface 
fluctuation of 993 C., which would be equivalent to a 
fluctuation of 10?-2 C. at 200 r.p.m. 

8. Measurements of the fluctuation of temperature at the 
centre of the head of the inlet valve and of the exhaust valve 
of the same engine at a depth of :02 in. at 200 r.p.m. gave 
mean values of 15? C. and 12? C. respectively, corresponding 
to surface fluctuations of 20°7 and 1695. The mean tempe- 
rature of the inlet valve was 250? C. and of the exhaust 
valve 370°C. Taking T,;=2120°C., T, for the exhaust 
valve =320° C., and T, for the inlet valve =100° C. owing 
to the influx of cold mixture during the suction stroke, this 
makes e=5°90 x 1079 for the inlet valve and e= 5:43 x 1078 
for the exhaust valve. These values are 70 per cent. greater 
than those deduced from the piston—a difference which is to 
he expected owing to the velocity of flow over these valve 
surfaces during the inlet and exhaust strokes. 

9. Clerk's experiments on the rate of cooling of the gases 
in the cylinder of a gas engine during repeated expansions 
and compressions after explosion * are valuable as indieating 
the effect of temperature on the interchanges of heat under 
these conditions. The experiments on this engine, which has 
4 bore of 14 in. and a stroke of 22 in., were carried out at 
160 r.p... The compression ratio was 6:1, so that the 
densitv during the period of heat transmission ranged 
from 1 to 6 approximately. Taking the mean temperature 
throughout a complete stroke, Clerk gives the following 
values (line 2) for the heat-loss per second. per sq. ft., based 
on the area exposed when the piston is full out T:— 


Mean temperature, °C. ...... 1400° 13007 11509 
Heat-loss in cub. foot, degrees 

Pel SECs iepirka i 400 340 264) 
ICD 94) 4 ter ice cess L63 x lovt  p65xX10-75. b68x107" 
EX 1 os accuode etia na QUON Sao 2:31 


In these experiments the mean temperature of the cooling 
surfaces was 190°C. Converting the heat-loss into C.G.S. 
units, and dividing by (T, —6,)?, where T, is the mean gas 
temperature, vives the values shown in line 3 of the above 
table. From the data given in the original paper it is 


* Proc. Roy. Soc. A, lxxvii. p. 499 (1906). 
t Clerk, ‘The Gas, Petrol, and Oil Engine,’ vol. i. p. 230 (1909). 
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possible to determine the approximate values of T, and T, 
in each case, and so to get the mean square of the tempe- 
rature difference as defined in expression (7). Making 
this correction, and assuming that the mean exposed area 
during the stroke is that exposed at half-stroke, the new 
values for e (—h/$?) become as shown in line 4. These 
values are of the same order, but about 35 per cent. less 
than the values obtained in the experiments of Coker and 
Hopkiuson ; and when due weight is given to the difference 
in the conditions as regards turbulence in the two xets of 
experiments, the agreement would appear to be satisfactory. 

10. The foregoing results indicate that the value of e to 
be used in calculations of the probable heat-flow at any 
point of a given piston by the use of formula (1), (2), or (3), 
depends largely on the turbulence of the working fluid. At 
the compression ratios usual in practice, and under norma, 
working conditions, it ranges from about 3:6 x 107% in a 
-low-speed gas-engine at 200 r.p.m. to 11:0 x 10 ^5 in a high- 
spee | petrol-engine at 1800 r.p.m. 

Adopting these values, it is of interest to calculate the 
probable fluctuations of surface temperature. 

In a petrol-engine making 1800 r. p.m. having an aluminium 
piston, n —15, p — 2:9, s=0"21, k 2:38, and the value of mnpsk 
in C.G.S. units is 11:0, a value which is large compared 
with e 

Under these conditions 


e{T — 8)? T= 80)? F 


a = 


2 y 2mnpsk 
and assuming T =2400° C., T, — 250? C., 09=25 50 C., this 
makes TR 
x63 4 
a= ^94 — = 5°5C., 


or a total surface fluctuation of 119:0 C. 

For a cast-iron piston, p— 78, s—0:11, k=0'11, and 
adopting the same values for e, Ti, and Ta, but assuming 
Q= 400° C., 

juu X D qo 
6:323 
or a total fluctuation of 1674 C. 

From these figures it is apparent that, even making allow- 
ance fora considerable error in the salio of e, the fluctuation 
of surface temperature at such speeds is negligible. 

11. Jrperimeuta! | Verirication.—The difficulty of experi- 
mentally measuring the surface fluctuation in an engine at 
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very high speeds is almost insuperable, and to avoid this the 
author carried out a series of experiments * which, though 
not directly representing the conditions obtaining in the 
metal of the piston of an engine, approximate to these. 

The experiments were carried out on a series of bars 
of DAR zinc alloy, having a composition of 
Al, 92 per cent.; Cu, 7 per cent.; Zn, l per cent. The 
eutectic melting-point of this alloy was caretully measured, 
and found to be 540° C. The barsare 3 in. diameter and 6 in. 
long. One end of each bar was turned down to $ in. diameter 
for a length of d in., and an asbestos washer 3 in. diameter 
was fitted against the shoulder thus formed. A Pt Ir thermo- 
couple was plugged into the barat a point P, in. from this end. 
Th- bar was clamped horizontally. 

A sheet-steel sliding shutter having a central 4 in. square 
hole was operated by an electric motor. and made 450 re- 
ciprocations per minute immediately in front of the turned 
end of the bar. When the shutter is in the middle of its 
travel, the blast from a biowpipe (flame temperature approxi- 

mately 1650?) impinges directly through the hole in the 
shutter on to the turned end of the bar. Owiny to the 
motion of the shutter, the end of the bar is thus subjected to 
un intense heat 900 times per minute. The total period 
during which the flame is in contact with the bar is 
approximately one-fourth of each cycle. The conditions 
thus approximate fairly well to those obtaining in the metal 
of an aero-engine making 1800 revs. per minute. Each 
experiment lasted for 50 minutes, after which the bar was 
cut in two along the axis and was polished, etched, and 
examined microscopically. 

In carrying out a test the blowpipe was turned full on. 
The temperature of the thermocouple was then observed 
until it became steady. This temperature was generally 
about 350°C. A bunsen burner was then placed under the 
further end of the bar, and was adjusted until the thermo- 
couple gave steady readings at the desired temperature. 

The following table shows the results of the tests :— 


Bar No Temperature at 


Results of micro. examination. 
thermocouple. 


bee 9206: incite No change in structure. 
RA 59 C. acc: ee ee .9 ,* 
dec DONEC. Vene Eutectic segregated over whole mass of bar 


up to l inch from heated face. No 
apparent difference between heated face 
and interior of bar near face. 


* Advisory Committee for Aeronautics. L.A.S.C. Reports, No. 13, 
p. 18 (May 1913). 
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The fact that no segregation of the eutectic even at the 
exposed and heated face was observed when the mean 
temperature ata point ,% in. deep was as high as 536? C. 
indicates that the fluctuation of surface temperature must 
have been appreciably less than 4? C. Calculations based 
ou the known vas temperatures, using formula (6), show 
that this should be approximately 1?:5 C. 

12. Conclusions.—The investigations would point to the 
following conclusions :— 

(1) Assuming that the heat transference from a hot gas 
to a metal surface per second per unit area equals e¢’, 
where $ is the difference of temperature in degrees centi- 
grade, the mean rate of heat transmission throughout the 
cycle under the conditions obtaining under normal con- 
ditions of operation in engines having compact cylindrical 
combustion chambers with compression ratios between 4'5 
and 6°5 is very approximately equal to 


een [Iz] m] 


where T, and T, are the maximum and minimum vas 
temperatures and 8, is the mean temperature of the metal 
surface. 

For the piston and combustion head surfaces, e has a 
value which varies from about 3:6 x 10-76 in gas-engines 
of 6 to 12 in. diameter at speeds in the neighbourhood of 
200 r.p.m. to 1Ll'0x109 in high-speed petrol-engines at 
about 2000 r.p.m. These values are in C. G.S. units. The 
corresponding values expressed in C.H.U. per sq. ft. per 
minute are 44x 107* and 13:5 x 107*. 

(2) The semi-amplitude of the cyclical fluctuation of 
suríace temperature on the same assumptions is given by 


1 Le L6 (T= 84)" 
2 V 2n npsk ` 


Owing to the velocity of flow over their surfaces, the 
values of e to be adopted in calculations of the fluctuation 
of temperature in exhaust or inlet valves are approximately 
70 per cent. greater than those given above. 

(3) In a high-speed petrol-engine at 2000 r.p.m. the 
fluctuation of temperature in the surface of the piston, 
if of aluminium, is of the order +5°C. | 
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(4) In conclusion the author would emphasize the fact 
that owing to the comparatively limited amount of available 
data, and the assumptions which have had to be made 
regarding the temperatures of the working fluid, the fore- 
going values for e can only be considered as approximate. 
In spite of the difference in the methods by which they 
huve been deduced, they do however show a satisfactorily 
close agreement ; and it is hoped that the accumulation of 
data on these or other lines will enable more close accurate 
values to be deduced in due course. 


APPENDIX. 


Let T, be the maximum temperature of the gas, 
T; ,. minimum 
T, ,, mean 5 
6) be the temperature of the surface Gupposed constant), 


h = e(T- 0 o) 2 heat transmitted from gas to surface 
per second per unit area, 
n = no. of cycles per second. 


39 39 


Then heat transmitted per sq. cm. per cycle 


= (fna 7 2 *)sino} dO, 


e Wa 


e f "m : (T, —T,)") 

nì Clo e^t o j’? 

e (T, + Tx) ? (T, —T.) 
{CPB a By 


Mean heat inflow per sec. per sq. cm. 


=e = 


2 (T, — T) l 
sspe s 
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LXXXVIII. A Valve Method of Detecting Minute Slipping in 
Metals. By Crcin Hanprorp, M.Met. 


[Plate VI.] 


1. I was required in the course of an investigation on thé 

fatigue of metals to determine the stress which 
produced the first minute slips in a specimen under tension, 
that is, the point at which the elastic limit of the metal was 
locally exceeded in one or more crystal grains. For this 
purpose a polished surface was examined while the specimen 
was under stress, in order to observe the first appearance of 
the well-known slip-bands. This method proved to be 
insufficiently sensitive, no slip-bands being visible under a 
low or high magnification until the actual amount of slip was 
considerable. As a rule the faint rutting of the surface 
could be perceived by the unaided eye, under proper 
condition of illumination, as soon as by means of the 
microscope, and this in spite of very numerous experiments 
in the direction of more suitable methods of illumination. 
A method depending on the alteration of capacitv of a 
condenser, and making use of thermionic valves, was there- 
fore tried. This method was suggested by the description of 
Professor Whiddington's valve Ultra-micrometer, given to 
the Wireless Society of London, December 21st, 1920. His. 
arrangement was modified in accordance with the following 
description, to suit it to the problem in hand and the 
laboratory conditions prevailing. 


Fig. 1. 


t — L 


2. A piece of metal, s, having one face accurately levelled 
and polished, is held by spring pressure against the levelled 
and polished surface of the test-piece, ¢, but separated from 
it by a very thin plate of mica, m. This forms a condenser, C, 
across which is joined an inductance, L, forming an 
oscillatory circuit (fig. 1). This circuit is connected to a 


* Communicated by Professor C. H. Desch, F.R.S. 
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three-electrode thermionic valve so as to oscillate at its 
natural frequency (fig. 2). 
Fig. 2. 


A second similar circuit is formed having a small variable 
condenser instead of the one formed on the surface of the 
test-piece, and is adjusted so as to oscillate at a sli ghtly lower 
frequency (fig. 3). Included in this second valve circuit is 
a pair of telephones. 

Sig. 3. 


Let the two frequencies of oscillation be f; and f 
respectively. The two circuits are coupled together so that 
the oscillations of the first circuit are impressed on the 
second. There will then be beats of amplitude of oscillation 
in the second circuit, occurring at the rate of fa— fi per 
second. These beats on rectitication will give a musical note 
of frequency f2—f in the telephones. 

If the surface of the test-piece becomes distorted in any 
way, the small auxiliary plate will be pushed away and the 
average distance between the two surfaces increased. The 
resultant decrease in capacity of the condenser which they 
form will raise the frequency of the first oscillatory circult 
to, suy, J3 

The beat-note appreciated in the telephones will now be 
fs—fi a higher note. ‘Thus, under these conditions, a rise in 
note in the telephones indicates distortion of the test-piece 
surlace. 


Phil. Mag. S. 6. Vol. 47. No. 281. May 1924. 3 M 
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The method is sensitive because the frequency of the first 
circuit varies inversely with the capacity of its condenser, 
while the indication given in the telephones is its arithmetical 
change. Hence, by making the oscillation frequency very 
high and the datum beat-note in the telephones very low, 
large changes of pitch are obtained for very small variations 
in the capacity of the condenser. After experiment an 
oscillation frequency of 10 million was decided on, as being 


the highest that could be generated and handled easily. 


3. The actual apparatus used consisted of two units, the 
“Transmitter,” whose condenser is made up of tlie test-piece 
and auxiliary plate, and the ‘ Receiver” containing the 
telephones. The complete circuit diagram of the Transmitter 
is shown in fig. 4. 


Fig. 4. 


Circuit diagram of ** Transmitter." 


The inductance, L, of the oscillatory circuit consists of a 
spiral winding of 91 turns 28 gauge S.S.C. copper wire, 
14 inches internal diameter. Its inductance is 2°30 
microhenries. The reaction coil, R, consists of a similar 
winding of 74 turns, approximately 1:5 microhenries in 
inductance. The auxiliary plate forming the condenser, C, 
with the test-piece is held in an ebonite frame (fig. 5) which 
clamps lightly on to the test-piece by ebonite screws. The 
mica used is (0002 to ‘0005 in. thick, and the plate -4 in. 
square. 

The valve, V, is a Mullard * Ora,” which is found to 
oscillate easily under adverse conditions. The battery, A, 
ix a four-volt accumulator of 100 ampere hours capacity. 
This large capacity ensures constancy of filament current, 
which is a necessity, as the frequency of oscillation is not 
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quite independent of filament temperature. A switch, S, 
controls this battery. 

A plate voltage of 90 is necessary to enable the valve to 
oscillate under the adverse conditions obtaining. This is 
supplied by the dry cell battery, B. A bye-pass condenser, P, 
of ‘002 microfarad is connected as shown to enable the high 
frequency currents to avoid the inductance of the battery B 
aud its leads, and, when used, telephones at T. These 
terminals are used to insert a pair of telephones for testing 
purposes only. They are normally short-circuited. The 
filament battery is connected to the frame of the testing 
machine as shown at E. The test-piece is, of course, similarly 
connected by the gluts (fig. 5). Thus the oscillatory 
circuit. L, C, has its lower junction completed through the 


Fig. 5. 
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Frame holding auxiliary plate. 


condenser P, whose impedance at 10 million frequency is 
very small. This is preferable to earthing the lower end of 
L to the testing machine, as the accumulator A would then be 
at 90 volts negative potential to earth with consequent current 
leakage from the battery B and possible damage to the 
cases of the accumulator A. A resistance, M, of several 
megohms is connected in the grid circuit so as to cause the 
electronic discharge on to the grid to maintain its mean 
potential at —6 volts. This compensates for the fact that 90 
volts is used on the plate whereas the valve is designed for 
30 volts. To prevent high frequency losses in M it is 
shunted by a condenser of ‘0005 microfarad capacity. The 
small size of the reaction coil is necessitated by the fact that 
the frequency at which the circuit L, C will oscillate is not 
independent of the natural frequency of the reaction coil 
given by its inductance, its self-capacity,and the plate-filament 
capacity of the valve, which acts across it, but is nearly so if 
this natural frequency is much greater than that of the circuit 
L, C. The coil used as reaction coil has a natural frequency 


3 M 2 
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of about 50 million when connected to the valve. The 
coupling between the main inductance and reaction coil is 
made variable so as to control the amplitude and stability of 
the oscillations. | 

The Receiver circuit is shown in fig. 6. 


Fig. 0. 


E 


Circuit diagram of “ Receiver.’ 


The inductance L, consists of a spiral winding of 114 
turns, tapped at 74, 94, and 114 turns so as to give a wide 
range of frequency and a choice of L/C ratios, which latter 
is desirable to secure a suitable degree of stability of the 
oscillations produced. The approximate inductances are 
. 1:4, 2:3, and 3'4 microhenries. The reaction coil R, is a 
spiral winding of 11 turns and inductance approximately 3:3. 
microhenries. The condenser forming the remainder of the 
oscillatory circuit is divided into two, Cr, of approximate 
range ‘00001 to :0002 mfd., and Cf, approximately :00001 
to ‘00002 mfd. By a system of gearing, this last condenser 
is made capable of very critical control, and is used for fine 
adjustment of the frequency. 

A French “R?” type valve, V,, is used in this circuit 
owing to its all round efficiency. A four-volt accumulator 
of 100 ampere hours capacity, À;, and 60 volt dry battery, 
B,, supply filament current and plate voltage respectively. 
Rectification of the beats of amplitude of oscillation is 
provided for by the leak and resistance, M,, of 14 megohms 
and ‘0001 mfd. capacity. The unilateral conductivity of the 
grid-filament space causes alternating voltages applied to the 
grid from the main oscillatory circuit to give negative 
charges to the grid varying with their amplitude. This 
causes non-symmetrical reproduction in the plate circuit 
which can be resolved into symmetrical and unidirectional 
components. The unidirectional component affects the 
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telephones. The mean potential of the grid is maintained at 
a suitable value by the 14 megohm leak. The coupling 
between the main inductance, Lı, and reaction coil, R,, 
is again made variable so as to afford control of the 
stability of oscillation. 

When the receiver and transmitter are coupled together : 
and adjusted so that their difference of frequency is very 
small they tend to pull one another into step, and the beat- 
note disappears. This tendency is reduced by making the 
coupling between the two units very small, and arranging 
the stability of oscillation of the two circuits to be 
approximately the same. It proves necessary to have the 
receiver and transmitter six feet apart, and to take great 
care that the loop formed by the earthing and condenser 
leads on the transmitter is at right angles to the direction of 
the receiver. This results in a beat-note so faint as to be 
inaudible above ordinary laboratory noises, and two further 
valves are therefore used as low frequency amplifiers to give 
a note of convenient loudness. The diagram of this part of 
the apparatus is shown in fig. 7. 


Low frequency amplifier. 


Owing to the sensitivity of the apparatus to capacity 
changes, it is strongly affected by the movement of persons 
in its neighbourhood. The operator stands on the opposite 
side of the pillar of the testing machine to that on which the 
transmitter is placed, the pillar acting as a screen. The 
operator’s body is earthed by the insertion, in the stocking, 
of copper gauze connected to earth. Since, however, the 
inductance from hand to foot is not negligible at 10,000,000 
frequeney, this does not entirely stop changes of beat-note 
from occurring when the machine is handled. A thick 
leather glove is therefore worn during tests. It is found 
necessary to join all metallic masses in the laboratory 
together and connect them to the filament circuit of the 
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receiver and to the testing machine in order to avoid 
changes of beat-note when the operator moves in their 
neighbourhood. Though removed from the oscillatory 
circuit by three transformers and two valves, the telephones 
have sufficient capacity coupling to it to cause changes of 
' beat-note when their pressure on the operator’s head varies. 
They are therefore earthed in the manner shown in fig. 8. 


Fig. 8. 


-03m fd. 


E 
System of earthing telephones. 
Photographs of the apparatus are appended (PI. VI.). 


4. The frequency of oscillation is checked before each test 
by means of a low-range heterodyne wavemeter designed for 
wireless telegraphy. Readings are taken of the settings of 
this instrument at which its harmonies are heard in the 
receiver. These values divided by consecutive numbers, 
found by trial, give a constant—the wave-length of the set, 
from which its frequency can be calculated. The wave- 
length can easily be kept between 35 and 28 metres, 
corresponding to frequencies of 9:8 x 105 and 12:5 x 105. 


Fig. 9. 
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5. An approximate estimate of the sensitivity of the 
instrument has been made in the manner shown in fig. 9. , 

Artificial distortion of a dummy test-piece is produced by 
means of a screw of 80 threads per inch let into it. The 
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face of the screw is ground and polished level with the face 
of the test-piece, and the head divided into 25 parts, so that 
if the head is rotated, each division represents a rising or 
sinking of the face of the screw by 1/2000th of an inch. 

As the face of the screw is arranged to be half the area of 
the auxiliary plate this corresponds toa slip in which half 
the test-piece remains in contact with the mica and half 
sinks to a depth of 1/2000 inch, or one in which halt 
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the surface of the test-piece rises to a height of 1/2000 
inch. A divided head is fitted to the fine adjustment of 
the receiver condenser, and readings taken of the rotation 
(N) required to produce the same change of beat-note as 
various movements of the head of the screw in the dummy test- 
piece, and that (n) required to produce the smallest change 
in the datum beat-note accepted asa slip indication during 
tests. The results are shown in full line in fig. 10. 
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The change of capacity of the condenser for a given 
minute movement of the plates will, as is indeed apparent 
from the plotted results, be very much greater when they 
are almost touching the mica than when they are spaced 
apart from it by only a very small distance. As 
1/4000 and 1/2000 inch are very large compared with 
the slip during a test, it is necessary to make use of extra- 
polation. The curves will be approximately of the same 
shape as those showing the variation of capacity of a 
condenser with the distance between its plates, and, using 
this as a guide, the curves are produced (as shown dotted) 
till near the line indicating the flush position of the screw 
face. The maximum rate of change of capacity attainable 
with the instrument occurs when the metal surfaces are 
touching the mica. The movement of the screw face has 
been in air. Hence, on the horizontal scale, the 3/10,000 
of mica used will be represented by 1/20,000 inch of air, 
since the specific inductive capacity of mica is about six. 
Hence, lines drawn parallel to the ** flush ” line and separated 
from it by 1/20,000 inch will cut the extrapolated curves 
at the value of N/n which would be attained if it were 
possible to move the screw face through 1/2000 inch 
while keeping its average distance from the mica zero. 

This intersection occurs at N/n=2000. 

“Thus the sensitivity is 

nm 1 . 
N X 2000 1n. 
= yoo5 X 2790 İD. 
"25 x 10-ĉin. 
= 6°5 x 10- mm. 


= 65 Å units. 


Owing to the extrapolation and approximations involved, 
this figure can only be regarded as a rough indication of the 
order of magnitude of the smallest slips observed. 


6. Two general observations of interest were made with 
the instrument.  Knife-edge friction in the beam-testing 
machine employed tended to swing the top glut outwards 
when the beam fell, and inwards when it rose. This caused 
a slight general bending of the test-piece, which gave a rise 
of note in the telephones. ‘This rise in note was considerably 
diminished by dispensing with gluts and loading the test- 
piece axially in the manner shown in fig. 11. 
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In an attempt to eliminate it entirely, the auxiliary metal 
surface used to oppose the test-piece surface was made of 
. tinfoil backed by a block of soft rubber forcibly pressed by a 
screw on to the face of the test-piece. A rise in note on 
putting on load was still observed however, and the rise in 
note was now the same whether the test-piece were loaded 
axially or not, and even when wedge-shaped packing was 
put in the gluts to give big bending stresses. 


Fig. 11. 


! 
i 
' 
, 
4 
— > 
—_—> 
| 
o 
» 
y 


` 


oe Dee ue 


576 Howe 


Louw TERGUN 


© 


eee 


TES r Pece 


Method of applying axial loads. 


Provided that the load was not such as to cause the metal 
to behave non-elastically, the note returned to datum when 
the load was taken off. It seemed clear that the rubber- 
backed condenser plate had compensated for general bending 
of the test-piece, and that the effect was due to elastic 
inequalities of the surface of the test-piece, caused by the 
stress applied. 

In carrying out ordinary tests, when a load was reached 
which gave a yield, it was observed that the note in the 
telephones did not assume its highest pitch at once, but 
during a period of from half a second to five seconds. The rate 
of rise was great at first and gradually decreased till 
imperceptible. That this lag was not due to the testing 
machine or valve instrument was proved by the rapidity with 
which elastic strains were indicated. It therefore became 
apparent that this was an early stage of the time lag which 
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takes place in a yield, the later Stages of which have been 
described previously (** Surface Tension Effects in the 
ntererystalline Cement in Metals and the Elastic Limit," 
F.C, Thompson, Jour. ]. S. I., 1916, No. 1, pp. 186-7). 


7. Time was not available for many tests, and in View of 
the fact that further work js required before they can he 
discussed from a metallurgical point of view, only a few 
experimenta] results are given showing some of the 
possibilities of the instrument, A 70/30 Brass, in the 
annealed condition, of maximum stress 10 tons per sq. in. 
and safe fatitrue range (Haigh machine) 10 tons per sq. 
in, had an elastic limit as determined Visually of 27 
tons per sq. in. The valve slip indicator showed slip at 2-4 
tons per Sq. in. Annealed 80/20 Cupro-nickel gave very 
similar results. 

0:25 per cent. Carbon Open-hearth Steel, normalized, 
had a maximum stress of 35 tons per Sq. in., a safe fatigue 
range (Haigh machine) of 94 tons, and elastic limit 
( Metzger Extensometer) of 16 tons per sq. in. The valve 
slip indicator showed a gli at 14-2 tong per sq. in, 

In all the above cases, the valve slip indications were very 
sharp in character and great in magnitude, and increased 
rapidly on further loading, up to fracture. 

Annealed Copper used had a maximum stress of 15 tons 
per sq. in, a safe fatigue range (Haigh machine) of I1 
fons per sq. in., and an elastic limit (visually determined ), 
of about 4 tons. With the valve slip indicator jt showed 
faint slip at very low loads of -1 to "4 ton per sq. in. Faint 
slip continued until a load between 3 and 4 tons per Sq. in. 
was reached, when comparatively Sharp and h avy slip, 
increasing on further loading Up to fracture, was observed, 
Between the point at +1 to -4 ton and that at 3 to 4 tons, the 
faint slip appeared to be discontinuous, increasing abruptly 
at two points near 1-2 tons and 20 tons per Sq. in., but these 
Points were not very sharply marked and their existence is 
not considered as definitely proved. 

Annealed Nickel save similar results. Very faint slip 
"BAD at "6 ton per sq. in., and a definite yleld occurred at 
about 6 tons per sq. in. There appeared to be a discontin- 
uity in the slip prior to 6 tons per Sq. in., at abont 3 tons 
per sq. in. The maximum stress of this material was 31:9 
tons per sq, in., its safe fatigue range (Haigh machine) 
37 tons, and elastic limit (visually determined) 25 tons per 
sq. in. 
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Determination of Curvature Invariant of Space-Time. SOT 


The work described was done in the Faculty of 
Metallar gy, University of Sheffield, in 1922, with the aid of 
a grant trom the Department of à Scientific and Industrial 
Research, and under the supervision of Professor Desch. 

The author feels very deeply indebted to Professor Desch, 
whose keen interest und generous aid has contributed very 
largely to whatever success has been attained. 

He desires also to thank the Staffs of the Faculties of 
Engineering and Metallurgy, who have assisted in many ways, 
especially by the loan of apparatus, and in the preparation of 
test-pieces. 


LXXXIX. Determination of the Curvature Invariant of 
Space-Time. By L. SILBERSTEINS, Ph. D.* 


Fg HE empty space-time which was originally proposed 

by de Sitter as a solution of Einstein's amplified 
field-equations, and which possesses the more important 
property of being perfectly isotropic with respect to 
Riemannian curvature, is characterized by the line-element 


ds? = cos? ø . dt? —d? — RP? sin? * c (d? + sin? $407), (1) 


where g=7/R. The space-part of this quadratic form is 
the line-element of an elliptic space which will be assumed 
to be of the polar or properly elliptic kind, so as to he 
covered by the interval c=0 to e— i. The constant R 
is the curvature radius of this space e (asa particular section 
of the fourfold) and, what is more important, an invariant 
of the space-time ; if G he the invariant of the curvature 
tensor Gi, the radius X as appearing in (1) is given by 
G —12//2. In fine, Æ has an intrinsic meaning and, if 
it is at all finite, it is manifestly of prime interest to 
determine it from a number of independent sets of obser- 
vational data and to see whether the /t-values thus obtained 
are more or less consistent with each other. 

It is the purpose of this paper to show that such is very 
likely the case. Very likelv, that is, inasmuch as the 
now available data yield, with the aid of a Doppler effect 
formula to be derived presently, nine /?-values, seven from 
globular clusters and two from the Magellanic Clouds, 
which seem to be fairly consistent with each other and do 
not clash with the generally accepted views of the known 
universe. 


* Communicated by the Author. 
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De Sitter’s own attempt to that effect is well known from 
his paper (M. N., R.A.S., Nov. 1917) and from text-book: 
on Relativity. It was based on the artificial assumption 
Of a star coerced to remain at a fixed distance r from the 
observer, and led to a spectrum-shift or, as we will 
henceforth say, a Doppler effect "*, D=], which by the 
first term of (1) should be 

D= : 


PETUNT 3 
cos g 


1 = O 
The characteristic feature of this formula was that it 
predicted always a positive D or a red-shift. Its appli- 
cation to the B-stars, which show such systematic shifts of 
about £5 km./sec., gave =6°7.10° astr. units, one third 
of the effect being attributed by de Sitter to the gravitation 
fields of the stars themselves. Apart from being too small, 
this value stood alone, not being supported by other values 
derivable by means of the same formula from other celestial 
objects. The Lesser Cloud, as quoted by de Sitter loc. cit., 
rather contradicted the B-stars’ value, offering one of the 
order 10” at the least. ‘he important point, however, is 
that de Sitter's formula cannot be applied to actual stars, 
if these, as well as the observing station, are to behave 
as free particles, describing world-geodesics. For such 
particles cannot, in the space-time (1), be at rest relatively 
to each other even a single instant, unless they coalesce 
or one is at the polar of the other. Thus, to be of any use at 
all, the Doppler effect formula ought to be constructed for a 
star and an observer in free inertial motion, each describing 
some geodesic ôf ds=0 of de Sitter's space-time (1) or, 
in view of the practically evanescent transversal effect, 
a geodesic of its two-dimensional section 


ds? = cos? o . ddt — R?d, . . . . (la) 


covering the sub-case of all radial motions. 

This broader problem was recently taken up by Weyl f, 
whose merit it is to have formulated a general principle 
for computing intrinsically any such Doppler effect. The 
principle, which naturally suggested itself, is 


EESE E 


-dg 


* Whether it be associated with a relative motion of source and 
observer or not. 

t Raum-Zeit- Materie, 5th ed., 1923, Anhang iii., and Phys. Zeitschr. 
1923, p. 230. 
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where ds is the element of the observer's world-line cut out. 
by the light-cones (in the present case the minimal lines of 
the twofold r, t) having their apices at the points s and 
s 4- ds! of the star’s world-line. The meaning of the formula 
is obvious, ds/ds' being the ratio of the proper times of the 
receiver and the sender. Its validity for actual spectrum. 
comparisons is, of. course, conditioned by the hypothetical 
permanence of atoms as ‘natural clocks” in Einstein's 
sense of the word, a much debated hypothesis which will. 
here be accepted. 

Unfortunately, applying this general principle (2) to 
the problem in hand, Dr. Weyl introduced the perfectly 
gratuitous assumption, more or less disguised as a neces-. 
sary feature of de Sitter’s world, according to which the 
world-lines of all the stars belong to a “ pencil of geodesics 
diverging towards the future "—which, in plain English, 
amounts to assuming that some time ago the stars were 
all assembled and rather crowded around some place 
and had, there and then, evanescent relative velocities, 
to grow later on into huge and (apart from gravitation): 
ever increasing positive radial motions. With this arbitrary 
hypothesis, and through a number of rather obscure techni-. 
calities *, Weyl’s formula became 


D = tana, 


with a unique positive sign, yielding always a red-shift 
or what the astronomers call a positive “ radial velocity.” 
Dr. Weyl himself insists on this feature as a result of his. 
sublime guess about the remote past of all the stars. An 
echo of this “universal scattering tendency ” of matter 
resounded in Eddington's * Mathematical Theory ot He- 
lativity, where some curiously fallacious remarks are made 
in connexion with this subject. But, no matter how un- 
likely and how arbitrary, Weyl's hypothesis is entirely 
undesirable, as it is flatly coniradicted by the famous 
nebula in Andromeda, showing an effect of e= —300 or 
—316 km./sec., by one or two more spirals, though these 
do show a preponderance of positive or red-shifts, and by 
a host of equally interesting and probably as distant 
celestial objects, the globular clusters. Among the latter, 
negative radial velocities are by no means an exception. 
Rather the contrary. 

Under these circumstances it has seemed worth while to 

^ Some of these, which the reader may try to extricate, loc. cit., are- 


responsible for ‘tan’ instead of singe; but this is of little importance,. 
as in all hitherto accessible cases both reduce to oc. 
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investigate the problem from the outset, basing its solution 
‘on de Sitter’s theory unsupplemented by any such arbitrary 
assumptions by which it was unnecessarily limited or 
actually mutilated. 

The equation of a geodesic of the twofold (14), repre- 
senting the most general radial motion of a free particle, is 
‘easily found to be 


R de UA , cosg v 
d dt = +coso ]— E m "P" (3) 


where the signs correspond toa receding and an approaching 
particle respectively, and y is an integration constant, 
-cos ø . edt/ds =y, which, with 8 written for vo/c, has the 


meaning y = (1— gt) 13, 


and is, therefore, essentially greater than, though but slightly 
differing from, unity. Thus, as mentioned before, v can be 
zero only for e—0 or e—im. At anv intermediate distance 
the two particles, suy at r= Jte and at r=0"*, have necessarily 
some non-vanishing, either receding or approaching, radial 
motion relatively to each other. The corresponding accele- 
ration is, still rigorously, determined by 


22 2 T 
d d H = } sin 2g (—— 7-1) 5 5. (d) 
c dt ^ y : 
with the same sign for both receding and approaching 
motion. Thus, up to a distance o,=arc cos (yj 2), which 
practically will be but little below 45°, the two particles 
do in fact behave as if they repelled each other. This, 
however, does not prevent the motion being, at any distance, 
either an approaching or a receding one. Moreover, beyond 
9, or, practically, beyond the midpoint between the observer 
and his polar the acceleration itself of, say, a star will be 
negative, as if it were attracted by the observer f. At any 
‘ate, there is not the slightest reason for excluding negative 
velocities. It is true that a star which left the observer with 
an almost evanescent radial velocity (vg=0, y— 1) would 


. . . . . C 
continue to recede from him with a velocity growing up tor=; 


at the midpoint, then only to fall off towards the polar. But, 
in quite the same way, one that left the polar with an 
almost evanescent velocity would approach us with a velocity 
* Notice that s=const.=0 is one of the world-geodesics (3). 
T Notice in passing that the volume of the sphere ju bears to that 


of the remaining elliptic space the ratio (7T—2):(z--2). Thus, if the 
stare are more or less uniformly distributed, there are to every ‘repelled ' 
star about five which behave as if * attracted’ by the observer. 
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increasing up to the midpoint and then decreasing, yet still 
retaining an enormous negative value until it almost reaches 
us. In fine, any particular case of receding motion is per- 
fectly reversible and may, as such, be represented among 
the stars. But enough has now been said against that 
mythical “ divergence towards the future." 

To proceed with our subject, notice for the sequel that 
eq. (3) assumes for y==1 (v =0) the simple form 


K d(2o) _ . : 
zou = tsn2e,. . . . . (X) 
and similarly (4); 
e d? (4c) . 
c ^d? — = sin do. e . e . * (do) 


The equation (3,) as well as (3) can at once be integrated 
in terms of trigonometric functions, but their integral forms 
will not even be needed for the problem in hand. In fact, 
reserving r=0 for the world-line Z’ of the star, let the 
observer's world-line L be any of the geodesics (3), 1. e., 
ee ee 
R e, Vl— cos? a/y? 
The line representing the star's light signal emitted from Ly’, 
say at the instant ¢=a, is 


e i 
Re) zi sec adc. 


Fig. 1. 


SOURCE > 
E. d ) 2 3 La. ` 


The world-point Z, being the intersection of L with this 
line, its coordinates r, ¢ are determined by the last two 
equations. The relations are represented on the figure, 
which is drawn correctly for the sub-case y=1, and for 
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a receding motion *. Imagine the last two equations solved 
for t, c and differentiated with respect to æ, another signal 
being sent, from L, at t=a +da. Then ) | 
secg .dr 
( ) i y 1 — cos?g |? 

two equations for cdt and dr, the components of the element 
Li Laor ds in terms of cda =ds', the line-element of the source. 
Solving these and substituting in ds?=cos? ø . c*dt?—dr’, we 
have the required ratio of proper times, 


ds . eos? a/y 


iT TUE aoo Ree 


Whence, by (2), the required formula for the complete 
Doppler effect, 


— 
D 2 y [141-9557 Sb xx U) 


where r= Rø is the observer’s distance from the star at the 
moment of receiving its light. For, referring to the figure, 
7 was the ordinate of L,. The distance c, at the moment of 
emission would be given by L,'L, and is readily expressed in 
terms of c. But the latter enters ina much simpler way into 
the expression of the Doppler effect, and will therefore be 
retained throughout the investigation. The upper sign in (5) 
holds for a receding, and the lower for an approaching star. 
We may write equivalently, by (3), 


Day |! +~ sec «| =], 


This figure is also instructive in another way. It shows that the 
geodesics y= 1, such as the “ observer's” line L, La, have an inflexion- 
point at ø= im. There the relative velocity reaches the maximum c/2, 
and the acceleration is changed from repulsive to attractive. Again, it 
exhibits the light-lines Z’ Li, La L| as asymptotic to the polar air. 
If, therefore, the observer happens to be at the polar of the star, and 
vice versa, the ratio ds/ds' of the corresponding segments (L,L. and 
L/L,) need not vanish, but is, to begin with, indeterminate. It 
acquires a definite value only when considered as the limit for a 
geodesic, such as L,L,. tending to the polar, and then the limiting 
value of the ratio is either 2 or zero, according as we approach the 
line «— 17 through geodesics representing a receding or an approaching 
motion, respectively. This disposes of the prejudice, repeated after 
de Sitter by all authors, as to the “ complete standstill” at the observer'a 
polar, derived hastilv from (1) bv putting e—iz. The“ standstill” 
exists only analytically when judged by the coordinate-time /. It 
disappears when we estimate the succession of events at the polar 
bv the ratio based on light-signals, the only means of knowing anything 
about these events. 
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which, apart from sec ø, will strike the reader as a more 
familiar form. 

Formula (5) holds rigorouslv, for any value of the inte- 
gration constant 8 entering through y which, for all we 
know, may differ from star to star. Thus, the Doppler effect 
is, in. general, by no means a universal function of distance 
slots, If we were to judge from most of the near stars, 
8? might be an exceedingly small fraction. Yet, no matter 
how smiali, it cannot in general be wholly disregarded, unless 
€ begins to amount to something. So much so, in fact, that 
for near stars it is 8 which plays the chief rôle, while cose 
ean be confounded with unity, thus leading from (5) to 


MAR 
DESVAET- l, 


the well-known formula of the special relativity theory. I£ 
here 8? and higher terms be neglected, we are at once 
reduced to D=+ we, which is the cl: ucal formula. It 
will be noticed that the equation of inertial motion, (3), 
gives for small ø a type of motion which is within sbort 
intervals of et/R approximately uniform, with ry as velocity. 
In fine, as far as small-scale phenomena .are concerned, 
Newton's law of inertia and the ordinary Doppler formula 
come to their rights. For somewhat more distant celestial 
objects both ce and B may have to be retained, under the 
radical, that is. In y as factor of the bracketed expression 
in (5) the term 8? can at any rate be neglected so that we 
are left with 


= tV1—cos* oly? = +v sint o+ costo, . (5a) 


or, for ø not exceeding a few degrees (which, however, will 
be seen to cover even all the extra-galactic objects hitherto 
explored), with more than sufficient accuracy, 


D= + V sin? e 4- B. i; o ew db 


Here, for the great majority of intergalactie stars, both 
terms have to be retained (of course, with sin e zo), and 
the writer hopes to give some applications of this formula, 
in connexion with statistical considerations relating to com- 
paratively near stars, at a future opportunity. 
Meanwhile, aiming at the most remote objects of the skv, 

let us tentatively consider B? as altogether necligible 7 
presence of unity, and even of sin? ø, so that y=1. Then. 
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formula (5) will assume the simple form 
r 
D= +smo=+ seco, . . . . (5«) 
c | 


the latter by (3). Notice in passing that, if a be the usual 
astronomical unit of length, de Sitter's parallax formula is 


_ a | ; 
PS PS o s x x d) 
so that the Jast formula can also be written, removing every 
doubt as to the physical meaning of * »,' 

cl 


Keeping this in mind we may, however, retain the co- 
ordinate-distance r, especially as the larger distances are 
certainly not estimated by trigonometric parallaxes. At 
any rate, since the largest Doppler effect ever observed, 
namely +1800 km./sec. shown by the spiral nebula 
N.G.C. 584, still amounts to 26.107? only, we may 
as well confound sinc with ø and write 


lud dos sx s ox (59) 


the coordination of signs being as before. 

Now, D-values, all large enough, are reliably measured for 
some forty spiral nebulze. Unfortunately, however, as I am 
advised by Prof. Shapley, no good distance estimates of these 
fascinating objects are as yet available. Even in the case of 
the great nebula in Andromeda the distances found are so 
widely discrepant as 200,000 and 2800 parsecs, both estimates 
derived by Lundmark, quoted occasionally by Russell and by 
van Maanen, respectively. Jeans puts it even at 1700 parsecs 
only. Moreover, a single /t-value derived from the data for 
the Andromeda nebula or any such object, even i£ it seemed 
of a reasonable order, would not, of course, speak either for 
or against the formula and the theory from which it was 
derived. A crucial test will consist in applying (5e) to a 
‘number of distant celestial objects for which tolerably reliable 
pairs of data r, Z? areavailable. Since the spirals do not as yet 
offer such an opportunity, let us turn to the globular clusters. 
The “radial velocities" of these systems are known only with a 
P.E. which it is, according toa private letter of Prof. Shaplev, 
a fair guess to put at 25 to 50 km./sec. Yet, since their 
distances were rather consistently estimated, a test of our 
formula may be attempted on this class of celestial objects. 
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Shapley’s paper in vol. xlix. of the Astrophys. Journal, p. 322, 
contains a table of ten globular clusters with both » and 
D values. In view, however, of the large probable errors 
of D, just mentioned, only those clusters seem worth con- 
sidering whose measured radial velocities cD) are not much 
below a hundred km. per sec. We are then left, for the 
present, with only seven clusters. 

These give the following table, in which “ radial velocities ” 
are in km./sec., the corresponding //'s being simply their 
values divided by c, and r as well as the quotients R=r: D! 
are in astronomical units :— | 


‘Cluster, N.G.C. r. Rad. velocity. — D. 05, p.10-:2 
5024 o8 . 108 —170 — D» 7 
5272 OS. S. —125 — 42 67 
6205 es ux — 300 — 100 s 
6333 B , +225 + To 67 
6341 25 RIEN — 160 — 53 47 
6934 GT ,, — 350 —117 ar 
7078 x p — 95 — 32 ol 


The consistency of the figures of the last column, with a 


mean of R= 60. 10", 


is, perhaps apart from the third item, surprisingly close, and 
in view of the large P.E. of the measured spectroscopic 
shifts (due to the very low dispersion necessary to photograph 
these objects at all) even better than one would feel entitled 
toexpect. It goes without saying that many more data would 
be desirable before forming a final judgment. Yet, this little 
table, as it stands, seems encouraging, as speaking rather in 
favour of formula (5 e) and thus also for de Sitter's cosmology. 
It will be well to remember that the early determinations of 
the electronic e, for instance, differed from each other not less 
than these seven values of the curvature invariant of space- 
time. Again, very much as in the case of the electronic and 
other ** universal constants,” the knowledge of X in itself is 
not so important as the law which is implied by the consistency 
of the several Zé-values. This law, subject, of course, to many 
further tests, may be concisely formulated, in terms of physical 
magnitudes alone, as follows :— 

The product of the numerical value of the Doppler eject into 
the parallax of a distant star is a constant, viz. the smallest 
parallax possible. 

For, according to the parallax formula (6), «4/76 is precisely 


3.N 2 : 
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this minimum parallax p,,, attained at the polar, so that the 
law, yet to be tested, can be written 


DES E pae od g ee es et Cf) 


With the above value of R we should have p,=4107" 
radians or 3:44 . 1075. 

To the meagre table upon which this provisional value is 
based but two more items can for the present be added. The 
Lesser Magellanic Cloud shows an etlect of +150 km./sec. 
According to Hertzsprung its distance exceeds 10.000 parsecs, 
while Shapley’s more recent estimate is 20,500 parsecs, which 
may here he adopted. The radial velocity of the Greater 
Magellanic Cloud is, according to Wilson, +276 km./sec., 
and its distance, according to Shapley, 61,000 light-vears * 
Thus, by (5e), we have 

from the Lesser (loud . . . 8282.10", 
‘and from the Greater Cloud . . R= 42.10”, 


not clashing with the values derived from the globular 
clusters. The mean of all the nine values is 


R = 6705.10", 


not differing materially from the previous one. 

It is hoped that a further extension of the list. which may 
either discredit or strengthen the proposed formula, will soon: 
become possible. 

Returning for a moment to the spiral nebule, for which 
no independent distance estimates will soon be available, we 
may provisionally adopt the value /626.10!? in order to. 
obtain a preliminary idea of their distance, putting, that is, 
in astronomical units, 


r= 6.102) i. 


Thus. for instance, the Andromeda nebula, for which Slipher 
finds —300 and Pease —316 kin./sec., would have to be 
placed at a distance of 6:0 to 6*3. 10° astr. units, or, in round 
figures, 30,000 parsees, which seems to fall between the 
extreme rough estimates occasionally quoted. The most 
distant spiral thus far explored would be N.G.C. 584 which 
shows a “radial velocity ` ef +1800 km./see. or 2—6.1073, 
the greatest effect ever recorded. This nebula would be 
placed at a distance 
P= 36.10" 

or 180,000 parsees. Huge as this may seem, it will be 

* HR. E. Wilson, (Publications of the Lick Observatory, vol. xiii. 


put v. p. 137 (1918). Harlow Shapley, Astroph. Journ. xlix. p. 322 
don. 
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remembered that Shapley’s latest estimate of the semi- 
diameter of our galaxy is oniv four times smaller. Next 
would come the spiral N.G.C. 936, with the (doubtful) effect 
+1300 km./sec., at a disiance r=2°6.10' Similarly for 
the remaining spirals tabulated by Slipher and given 
in Eddington’s book. Whether these estimates will or 
will not fit into the general scheme of modern galactic and 
extra-galactic astronomy, is not known to me and must be 
lett to the scrutiny of the specialists. 

The very probable existence of a large number of galaxies 
similar to dicate according to van Maanen, not many as 
large as) our own galaxy would not clash with such a world 
radius as 6.102. In fact the total volume of the elliptic 
space, which is but a particularly simple section of de Sitter’s 
fourfold, being V= ?/8, and otr own galaxy being roughly 
representable as an ellipsoid of semiaxes A = B= 10 C 
—13:59.10? astr. units, its volume would bear to J. very 


nearly, the ratio 
re 2 (Ay 
957 7 lbw NU? 


which, with 7226.10! is as small as 11079. There would 
thus be room enough for hundreds of millions of such 
systems with ample intergalactic spaces. Moreover, when 
judged by the time succession of light-messages from further 
and further objects, up to our polar, our universe would to 
all purposes be rigorously infinite, thus not thwarting even 
the most sublime of our cosmic emotions, to use a word and 
a concept dear to W. K. Clifford. 


My thanks are due to Prof. Harlow Shaplev, of the 
Harvard College Observatory, for aiding me most kindly in 
extending that minute table. 


Rochester, N.Y., 
January 23, 1924. 


Note added in Prooj reading, March 15, 1924. 


The list of nine given above can. just. be supplemented by 
one more R-value. For the globular cluster Messier 12, 
or N.G.C. 6218, Sanford (Mt. Wilson Annual Report for 
1919, p. 250) has found cO= + 160 km./sec., and its distance 
is estimated by Shapley at 12,400 parsees, whence, by (5e). 

R=4:3. 10)? astr. units. 


It will be noticed that this cluster. being placed at much the 
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sume distance as our previous N.G.C. 6341 (12,300 parsecs) 
shows a Doppler effect of the opposite sign, but of just the ` 
sime absolute value, in agreement with (5e). 

The ten R-values thus far obtained from the clusters 
N.G.C. 5024, 5272, 6205, 6333, 6341, 6934, 7078, 621% 
and the Lesser and the Greater Magellanic Clouds are, 
respectively, 


67 67 22 07 47 57 9*1 £8; 82 £2.10! astr. units. 


If, as was tentatively assumed, 8? is for all these objects 
actu; ally negligible in presence of c?, the differences between 
these ten K-values can be attributed. to the observation errors 
of the data, and we may strike an average of the ten deter- 
minations, which would give R2»9.107 or, in round 
figures, ste million million astr. units. 

If, on the other hand, we return to the more accurate 
formula (54), and if each of the ten pairs of observations is 
considered to be materially correct, we are, in our present 
ignorance of the individual 85, entitled only to conclude that 


Rzv|4 ID?—gvib, 


that is, Æ Z 91. 107, with a strong likelihood, however, that 
R is not much greater than 103, (Cf. in this connexion a 
letter to the Editor of ‘Nature,’ dated March 3.) 

A possible method of clinching the question, i.e. of 
determining 8 and ø separately, and thus also of deriving the 
radius £ from less distant stars, for which Z) and r can be 
more accurately measured, will be described in a later 
communication. 


NC. An All-metal Fltgh-racuum Pump System. Du 
Ivor DBacknvnsT, Misc, and G. W. C. Kayk, O.D.L., 
Mod. DSe. (From the National Physical Laboratory *.) 


T. INTRODUCTORY. 


HE two conspicuous advances in the more recent history 

of high-vacuum production are doubtless (a) the use 

of liquid air and. charcoal, à method due, as is well known, 

to the late Sir James Dewar; and (b) the invention of the 
condensation pump by Langmuir. 

The charcoal and liquid air method was the standard 

method of producing high vacua, from its discovery in 1904 

until the development of the condensation pump in 1916. 


* Communicated by the Director. 
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The charcoal method is capable of affording extreme vacua, 
but at the lower pressures the method is nor mally slower than 
the condensation pump. 

The different types of high-vacuum pumps available at 
the present time may be conveniently divided into four 
classes :—(1) Oil-sealed pumps; (2) Mercury-sealed pumps; 
(3) High-speed mechanical pumps; (4) Mereury-vapour 


pumps, 
(1) Oil-sealed Pumps. 


These are mechanical and fall into two divisions :— 


(a) Piston.—The earlier vacuum pumps were all of the 
piston tvpe and in the Geryk! pattern are still much used. 

(b) stotury—The rotary oil pumps first designed bv 
Gaede’, although probably foremost for medium vacuum 
work, ure not generally adopted for pressures above 1 mm. 
or so, but rather are used to obtain pressures of the order 
of 0:00] mm. when supported by a piston-pump capable of 
reducing the pressure directly from atmospheric to about 
Ol to 2 mm. The rotary pumps are, however, slow in 
dealing with vapours and the oil is apt to become con- 
taminated. The vibration they occasion is considerable, 
and it is important to protect them against water vapour by 
the use of drving-tubes. The provision of a by-pass tap and 
a trap is advisable to assist in preventing overflow of oil 
in the event of the back-pressure rising or a sudden leak 
developing in the apparatus to be exhausted. The speed, 
as defined by Gaede (see p. 925), is from 100 to 150 c.c./sec. 


(2) Mercury-sealed Pumps. 


The simplest pump of the mercury-sealed type is tlie 
Sprengel? which depends on liquid-]et action and, according 
to Kahlbaum, is eapable of reaching a pressure lower than 
107" mmn. 

The 7épier* pump, a simpie piston-pump in which 
mercury is used as the piston, is capable of doing nearly as 
well, and was formerly almost exclusively employed in 
laboratories devoted to electric discharge-tube research. 
Both this and the Sprengel pump require constant attention 
and are extremely slow and, on this account, they are now 
comparatively little used. 

The (aede? rotary mercury-pump, consisting essentially 
of an Archimedean screw having its axis horizontal and 
immersed in mercury to a level somewhat above the axis, 
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is faster than either of the above and requires little atten- 
tion when motor driven. Its speed is about 100 c.c./sec. 
It requires a fore-vacuum of about 10 mm. and a by-pass 
for the supporting pump is necessary. Vapours are pumped 
very slowly and drying-tubes are required. Although the 
rotary mercury-pump has been used in many modified forms 
since it was designed in 1905, it has given place in factory 
work during the last few years to the rotary oil-pump. 


(3) High-speed Molecular Pumps. 


The molecular pump, invented by Gaede ê, consists of a 
grooved cylinder, designed to rotate at about 10,000 revs./min. 
with a clearance of the order of 0°01 em. inside a cylindrical 
casing in which are narrow radial extensions protruding into 
the grooves. On either side of the extensions are inlet and 
outlet ports connected in series fashion. The pumping action 
depends on the fact that in confined spaces at low pressures 
the collisions of a molecule with the. boundary wails are 
much more frequent than with other molecules. It follows 
that if one of the walls is in motion, the molecules tend 
to take up rapidly the direction of this motion. At low 
pressures the pump maintains a definite ratio between 
the pressures on either side of it, the value of the ratio 
for a given speed of rotation and the same gas or vapour 
depending only on the dimensions of the pump. The value 
of the ratio may be as much as 100,000. The speed of 
pumping for air may reach 1400 c.c./sec. at about 0:01 mm. 
pressure, but falls off rapidly at lower pressures. 

* A type of molecular pump, incorporating a number of 
improvements, has been designed by Holweck ”. 


(4) .Mercury-vapour Pumps. 


(a) Difusion pump. 

The mercury-vaj our diffusion pump, also first designed by 
Gaede’, is a true diffusion pump, mercury-vapour and air 
diffusing through a narrow slit in opposite directions. The 
vapour, after passing the slit, is condensed and returned to 
the boiler, while the air passing through to the opposite side 
of the slit is carried away by the supporting pump. The high 
vacuum is thus on the condenser side of the slit. A gre:t 
disadvantage is that for efficient operation the pressure of 
the vapour at the slit must be only slightly in excess of that 


* Added January 1924. 
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of the fore- vacuum, so that the temperature of the mercury 
must be carefully regulated. The pump is also slow, the 
speed not generally reaching 100 c.c./sec. The adv: anfages 
of the diffusion pump are that there is no theoretical limit 
to the lowest pressure attainable, and also that vapours are 
dealt with as well as gases. These advantages are, however, 
common to all the various forms of mercury-vapour pumps. 


(b) Condensation pumps. 


In the form of “condensation” pump devised by Lang- 
muir", a blast of mercury vapour is directed tangentially 
against a water-cooled surface, along which the gas to be 
pumped is driven. The action depends on the energy of 
the mercury molecules “ reflected" from the cooled surface 
being too small and non-directive to interfere with the 
direct blast. The pump is extremely fast, its speed being 
3000-4000 c.c./sec. Moreover, the temperature-control is not 
critical. A fore-vacuum of 0:001 to 0:01 mm. is generally 
used, the upper limit being about 01 mm., and, as already 
mentioned, the theoretical limit of the pressure obtainable 
is zero. 

Several modifications of the Langmuir type of pump, 
making use of the jet principle (is in a steam ejector), 
have proved very successful, such as Crawford’s ° parallel- 
jet pump, and the two-stage pumps of Stimson ® and 
Volmer !!, on the rapidity of which we have no quantitative 
inform: «tion. In a two-stage pump the pressure of the fore- 
vacuum need not be less than a few millimetres, so that 
a simple piston oil-pump is the only auxiliary required. 
In each of these modifications the conditions require a fine 
"annular clearance round the jet. So far, jet pumps, owing 
to difficulties in design, have been coustructed onlv of class 
or silica and have not, to our knowledge, been made of metal. 
The fragility of a glass or silica pump system, while not so 
important in a research laboratory, is, however, an admitted 
disadvantage from the industrial point of view. 


IT. DESCRIPTION oF APPARATUS. 


The pump system about to be described is of the two- 
stage type, constructed wholly of metal and consisting of 
(1) a mercury-vapour jet pump in series with (2)a mercury- 
vapour condensation pump, It may perhaps he urged that 
there is no real demarcation between the two types of pumps, 
but the terms are convenient. 


922 Mr. I. Backhurst and Dr. G. W. C. Kaye on an 


(1) Mercury-vapour Jet Pump. 


The essential features of the first-stage vapour pump are 
shown in fig. 1, which is drawn to scale and is almost self- 
explanatory. The pump is made of steel, mainly from 
tubing, and all joints are welded *. Our experience is that, 


Fig. 1. 
Steel tubing connection _ Connection to 
) condensation 7 M piston pump. 
pump. AY 
Z Mercury Cup 
f Solder Cup. =Z 
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ie] 5 0 
tet ie] CNS, 
Mercury-vapour Jet Pump. 


unless welding is carried out by a welder fully accustomed 
to this class of work, the resulting joints are apt to be 
porous. We have found that the best remedy for this is 
thorough nickel-platinp. 

The boiler is lagged with asbestos board and wool. The 


* Brazing is objectionable since it causes gradual contamination of 
the mercury, while the brazing itself is liable to become porous. 
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condenser is surrounded by a water-Jacket, as shown, and in 
addition it was found essential to cool the return tube R, 
which can be conveniently done by the use of coils òl 

" compo " tubing. Two or three turns of cooling spiral are 
also wound round the tube B on the medium vacuum side. 
When the pressure in the pump has been reduced to 4 mm. 
or less, by means of a piston-pump, the jet pump is set in 
operation by turning on the circulating water and setting a 
small Bunsen burner under the boiler, the latter containing 
about 14 kgms. of mercury. A pointed flame prevents. 
excessive bumping, and in practice a d inch diameter Bunsen 
burner, working under a gas pressure of 4 cm. of water, is 
found to be convenient. Tf the pressure at C is about 2 mm., 
the pressure at B will be reduced to less than 0:001 mm. 

The action of the pump is as UR ed leaves 
the boiler bv the tube D, which is streamlined as far as is 
praeticable, and decreases in cross-section up to the nozzle 
ut J. The mercury vapour issues as a divergent jet, the 
outer portions of which strike against the water-cooled 
throat T. Gas or vapour diffusing | trom the annular space 
N is caught in the jet and carried into the condenser, and so 
to the piston pump, while the condensed mercury r ‘otis to 
the boiler through the tube R. The action of the pump is 
mainly that of the ejector, but utilizes also the condensation 
principle. 

In determining the dimensions of the jet pump, thie 
following points have received attention :— 


(1) The boiler is designed to be of sufficient cross-section 
to allow an adequate rate of evaporation without recourse to: 
excessive temperature and vapour pressure. 

(2) The height of the boiler is determined by the Vorpsi 
of allowing for :— 


(a) Vertical height of the condenser. 

(^) Difference of level between mercury in return 
tube near condenser and mercury in the boiler. 

(c) Sufficient depth of mercury in the boiler. 


(3) The tube leading to the nozzle and the nozzle itself 
are evervwhere streamlined as far as practicable. 

(4) The slope of the nozzle, throat, and condenser is 
evervwlere arranged to be sufficient to ensure the flow 
of condensed mercury to the return tube. 

(5) The clearance between the throat and nozzle has to be 
small, although the cross-sectional area of the nozzle could 
be increased considerably bevond that shown, providing 
that the boiler were capable of supplying a sufficient stream 
of vapour, 
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(6) The neck has to be prolonged sufficiently beyond the 
nozzle to avoid the return of air past the jet. 
(7) The water-cooling ix extended well back behind the 
mouth of the nozzle to promote efficient operation. 
(8) The surface-area and volume of the condenser and 
the cross-section of the return tube have to be adequate. 
Fig. 2. 
Steel connection 
to jet pump. 
Solder Cup 


Medium 


Solder Cup 


High Vacuum A 


"Water Outlet 


Mercurv-vapour Condensation Pump. 
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(2) Mercury-rapour Condensation Pump. 

The second-stage vapour pump is shown to scale in fig. 2 
and is substantially as designed by Langmuir. It is made 
of steel tubing, the joints heing welded and the whole 
nickel-plated. Since the pressure of the vacuum produced 
by the jet pump is as low as 0-001 mm., it is possible for 
the clearance between the «deflector and the surrounding 
pump cylinder to be made wide, over 1 cm., so that the high 
speeds possible with this type of pump can be secured ‘to. 
advantage. An interior-cooler, which is provided in the 
upper half of the pump cylinder, effectively increases the 
area of condensation. 

The two pumps are connected by steel tubing of 1} inch 
bore, the Joints being made conveniently aud quickly by the — 
use of solder cups, which have been found to behave satis- 
factorily over a period of some months. 


III. SPEED or THE PUMP System. 
The speed of a vacuum pump has been defined by Gaede 


in the following wav :— 
If at any instant (t) the pressure in the vessel being 
exhausted is p, then 


where k is a constant over a limited range of p. Since the 
time taken for exhaustion varies inversely as V, the volume 
being exhausted, we can write 


Pp S 
) 
dt V? I^ 
or, on integration, 
V pı 
S= log.^-- 


If the vessel being exhausted is immediately adjacent to the 
pump, then S is the speed of the pump and is measured in 
c.c.[sec. of gas at the pressure obtaining at the instant 
considered. | 
Determinations have been made as to the way in which S 
varies with the pressure for the metal-pump combination 
under discussion. The values were obtained by means of a 
constant flow apparatus, using Knudsen's ? general equation 
F=ap 45 tal) 
' (IF +P) 
for the flow of a gas through tubing of circular cross- 
section. F is the How in c. c./sec., measured at a pressure- 
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of 1 dyne/em.? for 1 dyne/cm.? pressure-difference between 
the ends of the tube ; P is the average pressure in the tube 
in dynes/em.?, and a, b, «,, and ¢, are constants for a given 
tuhe when air is the gas considered. 

: The flow-tube employed connected two spherical bulbs of 
about 8 cm. diameter, one of which was joined to the low- 
pressure end of the pump system and the other was connected 
to the high-pressure end of the pump system through a 
drying-tube. In this way the pumps were used to circulate 
dry air through the flow-tube, without occasioning any flow 
to the supporting oil pump, so that the latter in no way 
contributed to the pump-speed measured by this method. 
The pressures in the bulbs were read, as soon as a steady 
state obtained, by means of two McLeod gauges con- 
nected one to each bulb. For pressures less than about 
150 dynes/cm.? the flow-tube was 42 cm. long and 1 cm. - 
diameter; for higher pressures the flow-tube was 36 em. 
long and 0:5 cm. diameter. The connecting tubing between 
the low-pressure bulb and the pump system was 14 cm. long 
‘and 2:71 cm. diameter. 

To consider the case of the flow-tube for the lower: 
pressures, the flow Q * through the tube under a pressure- 
difference ( p, — ps) is given by the equation 

Rx EC 3-7.9 (1 4- 01903 P | 
QzF(p—p)- et P+ 279°2 " 40-2560 P) (m — Pe). 


Also Qz S'p,, where S' measures in c.c.[sec. of air at pres- 
sure p, the pumping speed at pressure j4 of the system 
comprising the pumps and connecting tube. The true pump 
speed S is obtained from this, as follows :— 

If the pressure at the pump end of the connecting tube 
is ps, and F' is the flow through the tube for unit pressure- 
difference at its ends, then we have 


Q= F'(p:— p3) = S P3 = Sps, 
or 
1 1 1 


S Ns OF’ 


F' can be obtained from Knudsen's equation, being in this 
case 
Fon |a (1 +0:516 P^ 


* Q is measured in c.c. per sec., the volume measurements being 
referred to a pressure of ] dyne, cm.” 
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For low values of P', F' is nearly constant, while for 
higher values = is very small compared with = so that 


P' may be taken as being equal to p; without making 
appreciable error. 

In this way values of S have been found for various 
values of P'. In seeking a graphical representation of the 
results, it is more convenient and illuminating to plot S- 
against log P', and this has been done in fig. 3. The graph 


Fig. 3. 
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clearly shows that the speed of the pump system at pres- 
sures from 4 mm. to 0:03 mm. is constant and equal to 
300 c.c.[sec., this being due to the jet pump alone. Below 
this pressure the condensation pump begins to operate and 
the speed increases rapidly to 6000 cc./sec. at 0-0015 mm. 
pressure, and remains constant at this value for lower 
pressures. This may be rogarded as a minimum figure 
which normally obtains without undue care as to the 
conditions. However, by careful adjustment of the tem- 
perature for any particular pressure, it has been found 
possible to increase this value to as much as 10,000 c.c./sec. 
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IV. ADVANTAGES OF THE PUMP SYSTEM. 


The advantages of this type of two-stage pump sy stenr 
may be summarized as follows :— 

(1) The speed of pumping is extremely high. 

(2) Pressures of the order of 1075 mm. or less (i.e. the 
lowest pressures obtainable by any type of pump) are 
possible when supported by a simple piston oil pump. 

(3) There are no moving parts, so that there is a complete 
absence E ot vibration, mechanical wear, and noise. 

(4) Vapourg are pumped as efficiently as permanent 
gases. 

(5) No drying or other reagents are required. 

(6) The system is very robust and dependable since 
glasswork and rubber joints are eliminated. 

(7) The temperature control is uot critical and the system. 
requires little or no attention while running. 

(8) There is a continuous passage from supporting pump 
to high vaeuum, so that no by-pass is necessary. The occur- 
rence of a sudden leak in the apparatus under exhaustion or 
the failure of the supporting piston-pump will not occasion 
the overflow of liquid trom the pumping system. 

(9) The running costs are low. 

(10) The weight is much less than that of the usual 
rotary oil-pump "combination, so that the system is more 
readily portable when occasion demands. 


4 


SUMMARY. 


A two-stage mercury-vapour pump system constructed 
wholly of steel has been devised, which consists of a jet- 
pump and a condensation-pump in series. The system 
requires a fore-vacuum of 4 mm. to afford the highest vacua 
obtainable by a mercury condensation pnmp. There are no 
moving parts, vapours are pumped as efficiently as gases, 
no drying reagents are required, and glass work and rubber 
joints are eliminated. Above 0°03 mm. pressure the speed 
(using Gaede's definition) is constant at 300 c.c./sec. : below 
this pressure the speed increases rapidly to a constant value 
of 6000 c.c./sec. 

A short resumé of existing vacuum pumps is given in this 
paper. The following approximate speeds are quoted :— 


c.c./sec. 
Gaede rotary oil-pump ............ 100-150 
Gaede rotary mercury-pump |... 100 
Gaede diffusion pump ............ 100 
Gaede molecular pump ............ 1400 ( max.) 


Langmuir condensation pump ... 3000-4000 
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The all-metal pump system described in this paper, which 
has in the main been designed and tested by l. Backhurst, 
was made in the workshops of the National Physical 
Laboratory. Much help in the construction and testing 
of the pumps has been given by Mr. J. Balmanno and 
Mr. W. H. Sewell, of the Observer Staff of the Laboratory. 

The investigation, which is being continued, has been 
carried out in part in connexiou with work in progress 
for the Radio Research Board of the Department of Scien- 
tific and Industrial Research. 
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XUI. Geometrical Note on de Sitter? s World. 
By P. Du Var *. | 


pes Hyperbolic world of four dimensions is describable 

by means of Wierstrassian homogeneous coordinates 
Ly Vi Yay Y3 Y4; a point is determined by the ratios of these, 
and for a real point the ratios are all real, so that if x is real 
all the coordinates are real. The manifold of real points is 
divided into three portions by means of the function 
53 —X(y!) Points for which—all the coordinates being 
real—24?» X(y?) are actual, those for which z?—2X(y?) are 
absolute, those for which z* « Z(y?) are ideal. 

In discussing the actual field of this world, it is convenient 
to subject the coordinates to the condition 252 —Z(y?)z 1. 
With this convention wé find that the linear element ds 
between two infinitesimally neighbouring points is given by 

ds? =X (dy?) —da*. 

For a discussion of the ideal field of this world it 
is manifestly more convenient to make our restriction 
c;—2X(y)--1. This is equivalent to multiplying by i 
each of the coordinates obtained by the former restriction : 
the infinitesimal increments of the coordinates are, of course, 
multiplied by ¿ also, and the square of the linear element 
accordingly becomes 


ds? = da? — X(dy?). 


Since our five coordinates satisfy an equation, we can 
express them in terms of four parameters so that this 
equation becomes an identity. Let us put 


wv = cos y sinh t, 
yi- cosy cosh t, 
Y, = sin x cos 8, 
y= sin x sin cos q, 
y,= sin x sin 8 sin ġ. 
Then «?—X(y?)= —1 identically. To every set of values 


(t, x, 0,0) correspond determinate values of (sr, yj. Y2, ys, 11), 
T ; i 
except where y= + 5,¢=+ which give y,=0, v=0x x, 
and the ratios of y2, ys, y, determined by 6,4. There are 
more cases in which (£, 1, Y2, Y3, Y4) leave some of (t, x. 0, o) 
indeterminate; thus y5— y,— 0 makes 0—0, ġ indeterminate; 
* Communicated by the Author. 
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Yo=Y3= ¥s=0 makes «20, 0 and $ both indeterminate ; 
x =y,;=0 makes y= + 25 t indeterminate. 


In terms of (t, y, 0, $) the expression for the linear 

element becomes 

ds? = cos? y dt? —{dy?+ sin? x(d0* + sin? 0d$?)] 

which is the expression for the linear element in de Sitter's 
spherical world. Since a change in sign of all the Wier- 
strassian coordinates leaves them still referring to the same 
point, y is indeterminate to the extent of an additive r, 0 
and ¢ to the extent of a simultaneous additive m and ir 
respectively. Thus it is the elliptic case, not the spherical, 
of de Sitter's world which is the ideal field of the Hyper- 
bolie world. 

The curve in the Hyperbolic world along which \ds 
between any two points is stationary for all infinitesimal 
deformations which vanish at the two end- -points, is the 
straight line. Thus in de Sitter’s world we can say that the 
world-line of a particle is a straight line. If the line j joining 
two points A, B meet the absolute z?=Z(y*) in IE,I,the 
distance AB=} log R(ABI,I,) ; so that if I,. 1; are real 
distinet points AB is real, if Ij, I; coincide AB—0, if Ij, I, 
are conjugate complex points AB is purely imaginary. 
That is, lines through any given point are either 


(1.) timelike, i.e. containing real intervals; they are 
secants of the absolute ; 

(ii) minimal, i. e. containing zero intervals between 
non-coincident points; they are tangents of the 
absolute ; 

(iii.) spacelike, t. e. containing purely imaginary intervals 
between real points ; they are non-secants of the 
absolute. 


The whole world cannot be described by real values of 
(^, 0, 6, X). We may take any timelike straight line as 
Jaca 44770, i.e. as the world-line of an observer who 
considers himself permanently at rest at the origin of 
elliptie-polar coordinates (x, 0, $) in space. We find that 
t = s along this line; and that every partition ¢ = const. is 
perpendicular to this. Also, since 

wecosh £— y, sinh t, 


4 = const. is a flat space, i, e. one. which if it contains two 
points of a straight line contains the whole of it. These 


302 


932 Mr. P. Du Val: Geometrical 


spaces all intersect in the horizon, «=y,=0, which is the 
polar plane of y,=y;=y,=0. Now the tangent spaces to 
the absolute at its intersections with y,=y,=y,=0 meet in 
this polar plane, and are thus the spaces which join the plane 
x=y,=0 respectively to the points (ys y32 y,20, r—y,=0) 
and (y,—y;—4,—0, a+y,=0) respectively. These two 
points are t= +æ at the origin of space. But we have seen 
that the space joining zy -0 to the point t=¢, at the 
origin of space, is the locus (24, ; thus the loci t= +œ are 
the tangent planes to the absolute at its intersections with 
D =y,=4,=0. The locus y=censt. is given by 


sy t= cos! g(a -X(9)) 
this is a quadric which meets the absolute in the same surface 
as does the locus w?—y,?=0, or t= +o, which we have seen 

Fig. 1. 


to consist of two flat spaces, both touching the absolute. Thus 
the surface of intersection reduces to two conjugate points— 
the points of tangency. Thus y=const. is an equidistant- 
locus whose axis is the line joining these two points of 
tangency, i.e. 523 4,70. 

Fig. 1 represents a plane section of the world, given by 
determinate values of 8, œ, in the Cayley-Klein projection. 
The absolute is shown by —.— , the world-line of the 
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origin by +--+, the loci t=+o by , other time 
partitions by ----- , and the space partitions X 7 const. 
DY aats . The plane meets the “horizon” in a point in 


which the traces of all the time partitions are concurrent. 
lhe motion of a particle in this space is very simple— 
its world-line is a straight line. Now the equations of 
a straight line are | 
Y= Ary, + Asa, 
y; Bry, + Bee, 
y= Cry + Cea, 
i. e., tan x cos 0 — A, cosh t + Ag sinh t, 
tan y sin 6 cos $ = B, cosh t + B, sinh t, 
tan y sin Â sin $ = C, cosh ¿+ C, sinh t. 


It the motion is restricted to be radial, 2. e. if 0, d have 
fixed values, we have 


tan y= A, cosh t+ Ag sinh t. 


There are three cases of this; if | A; | >| A], the 
equation becomes 


tan y= A cosh (t—1,), 


showing that the particle approaches the origin with negative 
acceleration till it reaches a minimum distance tan ^! A at 
time to, after which it recedes. If | A; | < | Aj], we 


have tan y= A sinh (t—ty). 
Here the particle approaches the origin, passes through it 
with minimum velocity =À, and recedes on the other 


side. The limiting case 
tan x = A (cosh £ sinh t) 


gives a particle which recedes from or approaches the origin 
asymptotically. 

These three cases are those in which the world-lines of the 
origin and the moving particle intersect in the actual field, 
the ideal field, and the absolute respectively. 

In the elliptic case, which is what most naturally arises 
from consideration of Hyperbolic Geometry, the absolute is 
a single closed curve, and every timelike line meets it in 
two points. There does not seem to be any particular way 
in which we can discriminate between t= — æ and t= +œ 
for an observer whose body is in that line. Certainly every 
observer has a consciousness which works in a definite sense 
along his world-line, being at every point of his life conscious 
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of events in the line on the negative side of him, but not on 
the positive side. Moreover, the light-cone (i.e. the cone of 
minimal lines) at whose vertex he is, is divided there into 
two sheets, the fore-cone and the after-cone, and he can see 
the events of the first sheet and not those of the second. 
How is this clearly marked sense determined? It is 
absurd to suppose that each observer’s sense is determined at 
random, for it is certain that the entire human race—whose 
lines are sensibly parallel—are set the same way along them. 
In the spherical case this difficulty vanishes. Here the 
absolute consists of two distinct closed curves, which separate 
two distinct actual fields from an annular ideal field. The 
state of affairs may best be shown on a spherical surface, 
representing straight lines by great circles, and the absolute 


Fig. 2. 


by the two branches of a spheroconic. In fig. 2 the actual 
fields are shaded. Every timelike line now has two actual 
and two ideal segments; each actual segment is bounded by 
two points on the same branch of the absolute, but each ideal 
segment is bounded by one point on each branch. The two 
ideal segments, being wholly distinct, are the tracks of 
different particles ; and we may regard a world-line as con- 
sisting of one ideal segment only ; with this convention we 
see that every world-line meets each branch of the absolute 
once; so that we can make the condition that all points 
s=—oc (s = proper-time along a world-line) lie on one 
branch, the beginning of eternity, and all points s= 4- on 
the other, the end of eternity. ` 
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Thus the phenomenon of memory may be roughly 

summarized by saying that an observer has some con- 

ciousness of events in his world-line between himself and the 

pag ning of eternity, none of events on the other side of 
im. 

A line which touches the beginning touches also the end of 
eternity: this is a minimal line or light-track ; the two points 
of tangency divide it into two segments ; and we must suppose 
light starts at the — æ point, and travels along the line both 
ways to the +o point. Thus a single segment constitutes a 
light-track. In fig. 3 two light-tracks are shown intersecting 
at a point in the observer’s life, which divides each of them 
into a fore-cone segment and an after-cone segment. The 


Fig. 3. 


shaded area represents the events which he can see, or has 
already seen; the dotted, world-points from which he is 
visible, or will yet be visible. 

Fig. 4 represents the same as fig. 1. The absolute is 
shown by ——, the world-line of the observer by :—— :, the 
time partitions by — , and the space partitions by ......... i 
The horizon plane now meets the plane of section in two 


> and y= -5 for the given values 

of (0, ). T 
Another question oť interest is, how much of the world 
does the observer see at one time and another during eternity ? 
In the elliptic world he sees all of it, in the spherical world 
half. The same is true of the portion of the world from 


antipodal points, y= + a 
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Fig. 4. 


which one event or another in his world-line can be seen. 


Fig. 5 illustrates the elliptic case in the Cayley-Klein 
representation. 


From this figure (which shows the fore-cone only, at 
various points of the world-line) it appears that in the 
elliptic world the sense in which light travels in a minimal 
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line is relative to the observer, i. e. there is no absolute 
distinction between fore-cone and after-cone; the observer 
merely, having his consciousness turned in some obscure way 
towards his past, sees that part of the cone which lies on the 
sume side of him as his past. This relativity is made 
evident by the abrupt change in sense of the light, which 
occurs at the minimal t= +œ. If the corresponding figure 
be drawn for the after-cones, it is evident that some point in 
the world-line is visible from everywhere in the world, and 
that a further discontinuity of sense in the light rays occurs 
att=—o. 

The spherical case is illustrated in fig. 6. The fore-cones 
are shown by ........... , the absolute, the world-line, and the. 


minimals ¿= +æ b —. The region covered by the 
fore-cones includes the coordinate field, and the two spandril- 
shaped regions between t = +œ and the beginning of 
eternity. Similarly, the region of the after-cones includes 
the coordinate field, and the other two spandrils, between 
t= t and the end of eternity. The field antipodal to the co- 
ordinate field is not included in either region. This field, as 
a matter of fact, is also described by real (t, y, 0, $), since 
the antipode of (t, y, 0, 4) is (t, xr 7,0, $). It is, however, 
separated from the ordinary coordinate field by the horizon, 
and no point in the one field is visible from any point in the 
other, except those of the loci t— +æ. These two loci, as 
well as being flat spaces, nre also pencils of light-rays; thus 
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light-rays diverge from (t= — œ , x —0), in every direction 
in the space £2 —oo ; each ray passes through a point in the 
horizon, and they converge to the point antipodal to 
(t— —o, y=0). Similarly, rays converge on (t= t, 
x9) which have all started from the antipodal point and 
come through the horizon. It is thus a little misleading to 
assert that light is arrested at the horizon. The analytical 
results which appear to suggest this are really expressions of 
the singularities which occur in the transformation from 
(t, x, 0, $) to (£, yy, Yo, Js. Ya). 

(Ve have here two worlds to chose from as approximate 
representations of phenomena. 

The spherical world offers a possible definition of past and 
future sense on a timelike world-line. On the other hand, 
half only of the world can come within the experience, 
either direct or visual, of any one observer; and it is a little 
problematic how far we can with meaning assert the existence 
of the other half. 

The elliptic world has the advantage that it affords a 
concise description of just what is visible to one observer of 
infinite longevity ; but it leaves to chance the discrimination 
between his past and his future. One would certainlv be 
inclined to say that there was an a priori distinction between 
the two senses of time; but we must remember that our 
conviction of this can only refer to the earth, or at least the 
solar system. We have really no means of knowing that 
inhahitants of Sirius have not memories and eyes that work 
the opposite way to ours ; or indeed that their memories and 
eyes do not work both ways at once, so that the fore-cone and 
after-cone have no different properties for them. As for the 
solar system, of course, the irregular local departures from 
de Sitter's metric which constitute the matter of it may be 
such as to bind all the particles of it together in a way that 
leaves sameness of sense between the world-lines of two of 
them detinable. Thus the elliptic case is not inconceivable ;. 
and it is certainly more amusing than the spherical. The 
possibility— remote, it is trne—of the entry into our world 
of someone whose memory works backwards, is to me a 
sufficient reason for believing in elliptic, not spherical, 
geometry ; not to mention that projective geometry is so 
much simpler when two straight lines cannot meet in more 
than one point. 
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XCII. Note on the Wave Form of the Current when an 
Electric Discharge is passed through Mercury Vapour. By 
F. H. Newman, D.Se, A.R.C.S., Professor of Physics, 
University College, Exeter *. 


[Plate VII.] 


T has been noticed by Piercet that the Cooper Hewitt 
mercury vapour lamp will under certain conditions 
actas a low resistance air-gap but with greater uniformity. 
If the terminals of such a lamp zre shunted bv a condenser 
in serles with an inductance, and a high voltage is applied 
to the terminals, electrical oscillations ure excited in the 
condenser circuit which includes the condenser, inductance, 
anl mercury lamp. As the voltage increases the condenser 
becomes charged, but the mereury vapour when cold is a 
non-conductor. At a certain voltage the resistance of the 
mercury vapour, due to the disappearance of the cathode 
resistance, breaks down, and a current passes through it. 
The condenser discharges through the lamp with oscilla- 
tions providing that e is greater than j where L is the self- 
induction, C the capacity, and R the resistance of the circuit. 
When the voltage falls to a critical value the mercury vapour 
ceases to conduct and maintains its high resistance until the 
voltage rises again, and the process is “repeated. Because of 
this high initial resistance about 5000 volts alternating 
current is required to maintain a current of about two 
amperes through the lamp, whereas 100 volts continuous 
current is sufficient to maintain the are. 

The lamp acts like a spark-gap in air, but with greater 
regularity. Pierce found that several discharges may occur 
during a single half-evcle of the transformer, the number 
Increasing with decrease of capacity. ‘Thus with 15 000 volts 
and a capacity of 0°117 microfarad he found that one or two 
discharges per half-cycle were obtained, while with a small 

capacity and the same voltage, over 200 ‘complete discharges 

per half-eyele were obt: ined. The recovery is thus very 
rapid. The discharge of the condenser was never complete, 
the residual voltage being sometimes pusitive and sometimes 
negative. The resistance of the interr upter decreased with 
increasing capacity of the condenser and with decreasing 
inductance. 

It was found during some experiments on the electric 
discharge through mercury vapour, that results somewhat 
similar to those described above were obtained. The 


* Communicated by the Author. 
t Proc. Amer. Acad. of Science, xxxix. (1904). 
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discharge tube was a bulb about 12 cm. diameter, with two 
pools of mercury forining the electrodes ; the surface area of 
the two electrodes was different. The secondary of a trans- 
former was connected to the electrodes, and an alternating 
eurrent of period 60 per sec. and voltage 20,000 volts was 
sent through the discharge tube. A Duddell oscillograph was 
connected in series, and the current passing through the bulb 
was sufficient to cause a suitable deflexion of the vibrating 
mirror. The fibre in the oscillograph was so stretched that 
it was able to follow any variations in the current up to about 
300 per sec. 

When the discharge was passed without any self-induction 
or capacity in shunt with the tube, the wave form of the 
current was practically symmetrical and a sine curve. The 
addition of self-induction asa shunt caused each half-cycle 
of the discharge to become asymmetrical, i. e. the current 
increased at a slower rate, with an increasing voltage, than 
its rate of decrease after reaching its maximum value. The 
wave form was no longer a sine curve but became peaked at 
the maximum. The substitution of a capacity for the 
inductance in the shunt circuit altered completely the forin 
of the discharge, as is well shown in Plate VIT. (ur.). With 
increasing voltage the condenser is charged and no current 
passes through the mercury vapour. At a certain critical 
voltage the condenser discharges with oscillations through 
the tube ; ; in the case shown two discharges were obtained, 
although owing to the applied voltage the condenser never 
completely discharged. This oscillatory discharge of the 
condenser only occurred during one half of the alternating 
voltage cycle. The wave form of the discharge during the 
succeeding half-cycle differed entirely and showed no 
oscillations. This asymmetry is due to the resistance of tl.e 
discharge-tube depending on the direction of the current 
with electrodes of different surface areas. The amplitude of 
the current during one half-cycle was greater than that in 
the succeeding half- cycle. 

Combining - a suitable ipindusians with a capacity in 
shunt with the tube caused a unidirectional discharge of the 
condenser. This is illustrated in Plate VII.(1v.). In ‘this case 


pA 


i is greater than a The discharge shows asymmetry in 


; 7 ; 
one half-cycle, and also the wave form depends on the 
direction of the current through the tube. 
The oscillograms show that the addition of a capacity as 
a shunt to the electric dischar ve-tube increases the “ peak ” 
value of the current through the tube. 


* 
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]. No capacity or inductance in shunt. 
Il. Inductance 0-42 henry in shunt. 
IH. Capacity 0:09 microfarad in shunt. 
IV. Capacity 0:04 microfarad, inductance 0°62 henry in shunt. 
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XCIII. On the Critical Frequency of Pulsation of Tones. By 
FnANK ALLEN, Ph.D., Professor of Physics, University of 


Manitoba, Winnipeg, Canada *. 


JN a recent communication with the above title to the 
Philosophical Magazine f, several relationships were 
deduced from the experimental data connecting D, the 
duration of a pulse of sound at the critical frequency of 
pulsation or flutter of a tone, P, the blowing pressure of the 
air in the tonvariator, to which the intensity of the sound is. 
proportional, and N, the frequency of vibration of the tone. 
The most important of these relationships is that connecting 
D and P, and was given in the paper: 


D=K V log P -- C, 


where K and C are constants. 

This equation, applied to the experimental measurements. 
contained in Table II. in the former paper, gave a series of 
straight lines for different values of N, which were shown in 
fig. 3, p. 56, in the paper. The lines were so uniformly 
straight that it was concluded this equation completely- 
satisfied the experimental data. 


TABLE. 

Pressure log P. : p. D. ] D. D. . D. 
p. N=170. N=180. N=200. N =240. N= 264. 

sec. Sec. sec. rec. aec. 

740 em. “380 V-0203 0:0198 0:0189 0:0172 0:0164 
p EN 342 0200 0196 "016 0170 0160 
210 ,, 322 '0197 0192 O13 0166 0157 
L98 n 297 0194 0189 ‘0179 0162 O154 
182 ,, 260 ‘0191 70186 0176 0160 '0151 
170 ,, :230 0189 ‘0184 0173 01256 '0147 
162 ,, 209 0186 '0l8l 0171 0153 '0144 
L58 ,, :185 0182 0177 0167 70150 0141 
p 45 , :161 '0177 0172 "0162 0143 0124 
1:25 O97 LGR 0163 0153 '0135 0126 


Reference was also made in the paper to the analogous 


* Communicated by the Author. 
T Vol. xlvii. p. 50 (1924). 
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equation of T. C. Porter, connecting D, the duration of a 
flash of light at the critical frequency of, flicker, and L, the 
intensity of illumination of a black and white disk, 


n= + =K log L+C. 


This equation, when applied to Porter’s measurements on 
white light, was found to have two values for the constant, 
K, and therefore represented two straight lines with different 
inclinations, which met at a point representing the low 
illumination of 0°35 metre-candle. 

As this peculiarity of Porter’s law has been interpreted 
as applying to vision by the rods for dim light, and by the 
cones for bright, there seemed to be no reason why a 
similar phenomenon should occur in the perception of sound, 
since nothing suggestive of a double percipient mechanism 
corresponding to rods and cones exists in the ear. 

The authors therefore felt satisfied that tlie square root of 
log P was involved in the sound measurements, and did not 
discover the direct relationship whieh is here shown to 
exist. 

Recent unpublished work in the writer's laboratory on the 
sense of touch has brought to light a phenomenon of double 
action precisely similar to Porter’s law in the visual 
sensation. In consequence of this discovery, the data on 
sound were re-examined in order to see if Porter's law held 
there within the range of intensities studied. On plotting 
the values of D, from ‘Table II. referred to above, and log P, 
each of the curves was found to consist of two straight lines 
similar to those found by Porter. 

These are shown in the new figure in this paper. Each 
pair of lines represents observations made on a tone of the 
frequency indicated, when it was varied from the lowest to 
the highest available intensity. It may be remarked that 
Ives" found Porter’s law to apply to each spectral colour 
with a suitable change in the constants. This was confirmed 
by the writerf. 

Table II. of the former, paper is given here igelit 
with the values of log P instead of the square root of that 
quantity. 

* Phil. Mag. vol. xxiv. p. 358 (1912). 
f Phil. Mag. vol. xxxviii. p. 8l (1919). 
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The change in slope of the lines in the figure occurs in each 
case at an intensity given by the tonvariator when blown by 
an air-pressure of 1:70 em. of water. This is a quite weak 
sound, and is comparable with the position of the analogous 
point found by Porter at the intensity of 0°25 metre-candle. 

In the former paper it was pointed out that Porter's law 
requires the reciprocal of D, whereas in sound D appears 
directly. 


Porter found the angle of inclination made by the upper 
line representing high intensities to be nearly twice that of 
thelower.  Inserting the numerical values of the constants, 
Porter's law may be written 


n=12'4 log 1.410, for high intensities, 
and 


n=1°'56 log L+17-75, for low intensities. 


The lower branches of the curves for sound in the figure 
are practically parallel, with a mean angle of inclination of 
24°52’. The upper branches, for more intense sounds, 
slightly converge, that for N —170 d.v. having an angle of 15° 
and the others successively, 16°, 17? 30', 179 45', and 18° 30’. 
In the analogous case of colours Ives found a similar con- 
vergence of the lines. 
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Porter’s equations applied to sound may be written 


D=0°01558 log P +C, for low intensities 
and | 
D —0.01027 log P +C, for high intensities, 


where 0:01027 is the mean value of the five constants, which 
range from 0:00932 to 001134. 

The values of C vary for the different curves, and 
apparently are not physiologically significant, unless possibly 
they may have some connexion with threshold values. ft 
will be noticed also that the larger value of the constant, K, 
in Porter's equations is for high intensities, whereas tlie 
opposite is the case with sounds. 

Since Porter's law is derived from Fechner’s law *, 
which is fundamental in sensory nerve action, it ought, 
therefore, to follow that the fundamental sensory actions aud 
reactions should be similar with all the sense organs. The 
peculiar alteration of direction of the lines when changing 
trom weak light to strong ought also to be found when 
changing from any weak sensory impressions to strony. 
This we now fiud to be the case with tlie sensations of sound 
and touch in addition to that o£ light. 

In light, the Porter effect, as we may conveniently term 
it, has been referred to the change from rod vision to cone, 
and therefore has been regarded as confirmatory of the 
Duplicity Theory of Vision of von Kries. But from the 
additional evidence adduced here, such an interpretation 
becomes extremely improbable. The Porter effect appears 
to be a general property of the sensory nervous svstem, and 
hence must be referred to some fundamental property that all 
such nerves possess in common. The most probable location 
of the effect appears to the writer to bein the synapses, which 
Sherrington has found to possess a large number of important 
functions in nerve conduction. . 

As it is the intention of the writer to discuss this subject 
more fully when the experimental data now accumulating are 
complete, only this addition to, and correction of, the former 


paper, and its most obvious implications, are noted at present. 


On p. 56 of the paper referred to the value :0311 in Table 
II. should be :311, and on p. 57 the word “ arbitrary " should 
be omitted trom the last line, as the constants are determined 
by the nature of the phenomenon and by the mode of 


experimentation, 


° Peddie, ‘Colour Vision,’ p. 162. 
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XCIV. The Non-Metallic Elements. Conne.ions between 
their Dielectric and other Physical Properties. By 
G. L. ADDENBROOKE *. 


OLTZMANN, in 1873, described a method of obtaining 

dielectric constants by observation of the attraction of 

a small sphere of a dielectric hung near a large charged 

sphere, as compared with the attraction of a similar small 
metal sphere taken as a standard. 

There is a full description of this work, with a memoir 
specially written by Boltzmann himself, in  Gordon's 
* [jlectricity and Magnetism.” See also Poynting and 
Thomson’s * Electricity and Magnetism,’ 1914. 

The pulls found were connected with Dielectric Constants 
(K) by the equation: | 

Pull on dielectric sphere K —1 
Pull on metal sphere ~ K+2° 

It is noteworthy that Boltzmann arrived at this relation 
by purely electrical reasoning, the steps of which are given 
by Gordon. 

Boltzmann first found the dielectric constants of four 
ditferent substanees by putting plates of them between two 
electrodes. 

He then found their dielectric constants by his attraction 
method and showed that the resuits were practically identical. 
‘The work was afterwards extended by his pupils over a wider 
range of dielectrics. Boltzmann’s formula thus shows the 
connexion between two quantities, each of which can be 
measured directly and separately. 

In the limiting case of a parallel or symmetrical field, the 
two electrical opposite pulls on the dielectric are equal, and 
therefore there is no movement of the dielectric as a whole; 
but taking two vertical plates as electrodes, Thornton (Proc. 
Royal Soc. A, vol. Ixxxii., 1905) hung a thin ellipsoid of a 
dielectric centrally between them and thus in a symmetrical 
field, the long axis perpendicular to the plates. On charging 
the two plates oppositely there is no movement, but if the 
ellipsoid is slightly rotated axially by momentarily twisting 
the suspension, its period of oscillation is longer when there 
is no electric field than when the field is charged. Thornton 
showed by a large number of experiments that, from the 
differenee in. time of the swings, dielectric constants can be 


m' 3 
obtained agreeing with those found by ordinary methods. 


* Communicated by the Author. 


Phil. Mag. Ser. 6. Vol. 47. No. 281. May 1921. 3 P 
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In Boltzmann’s arrangement. the dielectric is bodily drawn 
towards the stronger field. In Thornton's, where the field 
is symmetrical, if the ellipsoid is rotated, the lines of force 
running partly through it are lengthened, and the two 
opposite pulls produce a restoring torque owing to the lines 
of force tending to shorten themselves. 

While, for longitudinal movement of the dielectric, diver- 
gence or want of symmetry of the field is thus necessary, it 
is interesting and important to note what a small divergence 
is needed to get a substantial pull. 

In the description of Boltzmann's work mentioned above, 
all the data and dimensions used are given. Assuming that. 
the divergent field radiates from the centre of the charged 
sphere, the solid angle subtended between this point and a 
vertical section through the centre of the attracted dielectric 
sphere was under 10°. Again, I have set up a working 
model of Boltzmann’s arrangements, but using a fine metallic 
strip suspension instead of his bifilar suspension with the 
threads at a considerable angle. Working on modern lines, 
it is clear that far greater sensitiveness can be obtained, 
and that, with potentials on the inducing sphere such as 
Boltzmann used, readable deflexions could be obtained at 
several times the distance at which he worked, and thus 
the angle of divergence of the field could be reduced to 
99 or 393. The extension of Boltzmann’s reasoning to svm- 
metrical fields where the two opposite pulls equalize each 
other is therefore a short step. 


Converse Use of Boltzmaun's Formula. 


Consequently, if we know the value of. K for a dielectrie, 
as found by any recognized method, by placing this value 
in the above equation we can get the relative attraction 
of a sphere of a dielectric placed in a standard electric field, 
the attraetion of an equivalent metal sphere being taken as 
unity. 

The substantial nature of these attractions does not seem 
to he generally recognized. 

For instance, in the Phil. Mag. for March 1923 there was 
a communication by me on the ** Properties of a Flint Glass 
of Density 6," which had a dielectric constant of 13. 

Taking the attraction on an equivalent metal sphere as 
unity, we get for the attraction in this case : 


Pull on dielectric 13-1 T -8 
1 ~ 1349 15  "? 


that is, the pull on a sphere of this dielectric in an electric 
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field would he eight-tenths of that on a metal sphere of the 
same size. Similarly the pull on a sulphur sphere of K —4 
is *9, and that on a paraffin sphere of about K —2 is :25. 
These facts are worthy o£ the serious attention of physicists 
studying the now aecepted view of the nature of the atom. 


§ ovsideration of the Two Actions takinga place when a 
Dielectric is placed in an Electric Field. | 


Consequently, when a dielectric is placed in an electric 
field and the potential difference is maintained constant from 
an outside source there are two measurable actions :— 

(1) Ordinary capacity, or the electrie storage action, 
the energy stored corresponding to $QV, or the 
quantity stored multiplied by half the potential 
difference. 

(2) The actual pull on the dielectric, as explained above. 


If a condenser with nothing between the plates except 
the æther is charged, a certain storage of energy takes 
place. If, then, a dielectric is inserted there is an addi- 
tional storage of energy. The initial charge plus this 
additional charge divided by the initial charge is called the 
* dielectric constant," usually denoted by K. The question 
then is: Does tlie original storage of energy in the field 
disappear after the dielectric is inserted and become part 
of the energy stored in the molecules of the dielectric, 
or does it still exist as a separate entity? (See Drude’s 
* Optics,’ p. 387.) 

The modern view of the atom has now obtained general 
assent. A dielectric, therefore, consists of minute opposite 
point charges occupying a nominal space in the included 
wether, and the view is strengthened that, when a dielectric 
is inserted in an electric field—if the potential slope is 
maintained from an outside source—the storage of energy 
between the boundaries of the field is not “appreciably 
altered, but that there is an additional and separate storage 
in the action which arises between the charges of the nuclei 
and electrons of the atoms of the dielectric and those of the 
electrodes which give rise to the field. 

In a communication to the Phil. Mag. for March 1922, 
on a “ Study of Franklin's Experiment on the Leyden Jar,’ 
I showed that, contrary to what is often taught, the action 
of an electric field on a dielectric is purely inductive, 
and that the charge disappears entirely when the field is 
removed, apart from any absorption. Absorption with good 


3P2 
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dielectrics is small or negligible, in comparison with the 
instantaneous charge, for charges at ordinary alternating 
frequencies, though it may be a large factor if the time 
of charge is relatively long. Absorption can, however, 
be distinguished from instantaneous charge, as it is always 
accompanied by losses of corresponding magnitude, which 
can be separately measured with alternating helds by the 
electrostatic wattmeter and otherwise (see above commun£ 
cation, Phil. Mag. March 1923). 

In this paper, therefore, the value of the additional action 
corresponding to (K — 1) is alone taken as a basis for com- 
paring the relative amounts of energy stored by different 
dielectrics in given electric fields, and also for comparisons 
of the energy stored with the corresponding attractions ; it 
will be called the “ rev ae energy storage equivalent,” 

* dielectric equivalent," a quantity which is less eid 
than tlie term ‘ dielectric constant." 

Looking at Boltzmann's formula, it will be seen that it is 
also based on (K — 1) and not K. 

There are, therefore, two separate actions which we can 
measure by putting dielectrics in electric fields : 


(1) The additional reversible energy storage corre- 
sponding to (K — 1) ; 

(2) The attraction, pull or stress measured directly and 
corresponding to 


„K-t o Ko! 
(K=1)+3 ° KF? 


Relation of Attraction to Energy Reversibly Stored. 


If a series of values of energy reversibly stored is plotted 
in a diagram corresponding to different values of K, or 
(KR —1), a rising straight line is obviously obtained. 

If the corresponding attractions for the same range of 

'alues of K are plotted, the result is a curve. 

Consequently, if relative values of energy reversibly 
stored and the corresponding attractions are compared over 
more than short ranges, considerable differences appear, 
as will be shown more “fully later. 

It therefore seemed desirable to have separate data for 
these attractions, also that comparisons of electric with 
other physical actions should not be based solely on K, 
or the energy stored in the dielectrie plus that stored in 
the field, as is usually the case now, or even on (K —1) 
alone. 
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Necessity of Using Atomie Values for Comparisons. 


Since Faraday’s time, however, it has been accepted 
that the action of an electric field on dielectrics is on 
their molecules. To make proper comparisons of the mole- 
cular attractions, or of their corresponding dielectric 
equivalents (K,,—1), or reversible energy storage values, 
measurements must therefore be made of both actions on 
the same number of molecules in all cases. 


Method of Obtaining Molecular Values of K —1. 


To obtain the molecular dielectric equivalents, or (K,,— 1) 
of dielectrics, we can proceed as follows :— 

The number of molecules in a standard volume of anv 
dielectric is proportional to the atomie volume of the 
substance, 7. e., 

Atomic weight = Atomic volume. 
Density 


If, then, we write 


(K—1) x = K,—-1, 


we get numbers which are proportionate to the values of the 
energy reversibly stored molecularly in different dielectrics, 
the procedure being similar to one which is frequently used 
by optical workers substituting N or N? for K. 

But, while this is sufficient for vetting a set of relative 
values of (IX,,—1) or of the energy reversibly stored, to get 
the relative molecular attractions we must have not relative. 
but actual, magnitudes for Km. These values could he 
found experimentally if spheres were taken, the respective 
volumes of which were proportionate to the atomic volumes 
of the substances. We should then get spheres of different 
sizes and weights, the attractions of which would have to be 
compared with the attraction of a standard metal sphere. 
The same results could also be obtained by measuring the 
capacities of dielectrics between flat plates a standard 
distance apart, but varving the area of the plates to 
correspond with the atomic volume of the different dielectrics. 
The values can, however, be obtained with close approxima- 
tion by calculation. 


Application to Data for Elements. 

What has been said above is of a general character, and 
is applicable to dielectrics of whatever nature. [n this 
communication it is proposed to apply the conclusions 


950 Mr. G. L. Addenbrooke: Connexion between 


reached only to a study of the electric properties of certain 
elements. 

The dielectric constants are now available for ten elements, 
including liquefied elementary gases, and investigations by 
the writer on absorption in dielectrics lead to the conclusion 
that the accepted dielectric constants of these elements (see 
Table I.), taken from the 1913 Tables of the French Physical 
Society, although not free from small observational errors 
and small differences due to absorption, are, nevertheless, 
sufficiently accurate to form a fair basis for considering the 
dielectric properties of these elements. 


TABLE I. 
Properties of Non-metallic Elements. - 
AW 
Atomic Densit D- D 
Element. Weight. J AUN Constant. 
"ol. 
Hydrogen, Liquid ...... l 071 141 1:21 
Nitrogen, Liquid ......... 14 "88 16 1-45 
Oxygen, Liquid  ......... 16 1:25 12:8 147 
Chlorine, Liquid ......... 35D 1°5 23:6 1:97 
Bromine, Liquid ......... 80 3:32 25 3°10 
Iodine, Solid ...... ..... 127 4°66 27 4:00 
Phosphorus ............... 3l 1:84 16:8 3°85 
Bülphüt - 222. nerves 32 2:0 16 4:00 
Selenium ........ Feste deba 19 4:28 18°3 6:14 
Carbon ,:::52. 7 eve 12 3:0 od 55 


By referring to the above list, it will be seen that the 
atomic volumes of the three halogens are the largest, and 
also that they are nearly equal and cover an important 
and considerable range of the attraction curve. If, then, 
we make the atomic volume of one of them, say chlorine 
A.V. 23:6, our standard, the (K,,—1), or molecular (K — 1), 
will be the same as that of the element in its natural (liquid) 
state, and tliis will also be nearly true for the other two 
halogens, bromine and iodine, which will therefore come in 
their right places. 

If, then, we divide the relative values for all the elements 
by the atomic volume of chlorine, we shall get closely 
correct values of the corresponding molecular dielectric 
equivalents, or (K,, —1), and correct magnitudes for sub- 


Ky 1 


sequent insertion in Boltzmann’s formula, K 42 ™ used 
m - 


for finding the relative attractions. 
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The molecular values for (K,,—1) are given in Table II., 
column 2. 


TABLE IT. 


Molecular Dielectric Equivalents of Elements, Actual and 
Comparative, on the Basis of the Natural Number of 
Molecules in Chlorine. 


2: 3. 4, 
Actual Relative oe 
Dlomest Values of Values of Kre bp 
: Kn-—1, or K—1, or K EY 
^ * m p 
Energy stored. Energy stored. X ABD CHE: 
Hydrogen ............... :126 1:0 1:0 
Nitrogen ............... :30 2:4 221 
Oxygen .................. 256 2:02 1:98 
Carbon oooi. 65 5:2 45 
Chlorine ............... "97 771 61 
Bromine ...... PUN 2:22 17:8 10:5 
lodine .................. 34 27°7 13°3 
Phosphorus ............ 2-0 16:2 10:0 
Sulphur ............... 2:04 16:2 101 
Selenium . ............. 4°28 22:2 14:25 


Inspection shows that the lowest value of (K,—1) thus 
obtained is that for liquid hydrogen. Taking this as unity, 
all the other values are divided by it. We thus get a table 
of the comparative values of the energy reversibly stored in 
an electric field of standard potential slope for the elements 
here considered (see column 3, Table. IT.). 

The corresponding relative values of the molecular electric 
attractions are given in column 4 of Table II. These are 
found by taking the values in column 1 and placing them in 


um and then taking the value found for 
hydrogen as unity. 

If, now, these two lists are compared, it will be seen that 
while the values in both increase nearly equally for the 
lower values of K, they diverge when the values become 
higher, and, finally, for K=6 (the largest value obtained 
for an element so far) the relative value of the energy 
storage is more than twice the value of the corresponding 
attraction. 


the equation 
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Deduction from Curves based on the Data in Table L1. 


Before proceeding further, it will be useful to plot the 
above results as curves with ‘olumns 2 and 3 of Table IT. 
as ordinates, and as abscisse Atomic W eights or Numbers. 

Curves for both sets of properties do not essentiallv differ, 
but on the whole the relations appear a little more direct for 
Atomic Number than Weight, and therefore the curves 
below are worked out on ‘this basis. Anyone, however, 
with the data can easily draw similar curves with abscissce 


representing Atomic Weight. 
Fig. 1. | 
Relation of Energy stored, and Attraction, to Atomic Number. 


Relative 
Values ] "ydrogen*! 
P d 
P is 
^ Se 


Dotted ines Energy stored in Dielegfric equivalent 
A 
Solid o Electric Attractio#i 


02 4 6 8:0 12 14 16 18 20 2224 26 2830 32 3436 38 4042 44 46 46 5052 
Atomic Numbers 


The intimate connexion between Atomic Weight and 
Number and the atomic (K—1) or dielectric equivalents 
of elements is manifest for the two groups Sulphur, Phos- 
phorus, and Selenium, and secondly, Chlorine, Bromine, and 
Iodine, and also the corresponding relation with Atomic 
Attraction. These two sets of elements belong to well- 
defined and separate groups in the Periodic Table. Con- 
sequently, the connexion of the dielectric properties of 
these six elements with Atomic Weight, Number, and 
Position in the Periodic Table is well defined. 

As regards the other four elements plotted, they each 
belong to separate groups in the Periodic Table, and data 
for further elements in these groups are so far wanting. The 
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evidence of the first six elements, however, permits a fair 
inference that the dielectric properties of these four elements 
also must probably be related in a similar way to Atomic 
Weight, Number, and Position in the Periodic Table. 
Further evidence that such is the case can be obtained 
by study of the optical properties of the dielectric elements 
on the above lines, as the optical data for a larger number of 
elements are known. 

Further inferences can be drawn from study of this and 
other somewhat similar diagrams. Enough for the present 
purpose, however, has been said here in “drawing attention 
to the fact that the electric properties of the elements are in 
the first place closely related to their Atomic Numbers and 
Weights, and in the second to their position in the Pericdic 
Table. -Their ordinary dielectric properties ure, therefore, 
related to their chemical and physical properties in a very 
fundamental manner. The point is further made manifest 
that though the curves for energy stored and for attraction 
both show. equal regularity, as the atomic weight or number 
gets higher, the relative amount of electric energy atomically 
stored in an electric field increases progressively as compared 
with the valués of the corresponding attractions. 

The curves also support Faraday’s original view that the 
action of electric fields on dielectrics is directly on their 
atoms or molecules. 

Note 1.—Experience shows that the dielectric constants 
or equivalents of the elements, when free from absorption, 
have very small temperature coefficients like the refractive 
index. In all the elements dealt with here, Maxwells law 
is obeyed fairly closely, that K=N7, the square of the 
refractive Index. | 

Note 2.—The above procedure is very similar to that 
used for obtaining atomic or molecular refractivities, from 
N'—I 
NUBE 


alwavs, however, write : 


N?—1 AW 
N22 D 


this being the Lorentz formula. Optical workers 


= Atomic Refractivity. 


The procedure above is rather different. Instead of 
making the correction in one operation, the molecular 


value of K —1, or N?—1 is first found from dedo 


and the figure thus obtained is afterwards inserted in the 
Doltzmann or Lorentz equation. 
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For the small values or variations of N usually discussed 
in optical work, there is little ditference between the results 
given by the two formule, but over such ranges as those 
above the difference may be as much as 16 per cent. [t 
is submitted that the method adopted above is physically 
correct, and should be used for optical wave-lengths also. 

Vote 3.—In the above tables it has been necessary to take 
the dielectric constant of liquid hydrogen from the square 
of the refractive index. The dielectric constant of hydrogen 
gas agrees almost absolutely with N?. For oxygen and 
nitrogen both the gaseous and liquid dielectric constants 
agree closely with N?. There are also other reasons which 
lead to the conclusion that the dielectric constant of liquid 
hydrogen of the density taken above is 121. The risk in 
assuming this value seems almost nil. Again, if it were 
incorrect the general conclusions arrived at would only be 
slightly affected. 

It would appear that with modern methods of electric 
measurement and the means there are now of producing 
large quantities of liquid hydrogen, it should not be 
impossible to get the dielectric constant directly. 

94 

Comparisons of the Relative Electric Values found with the 

Relative Values of other Physical Properties. 
General Observations. 


If dielectrics are taken at zero temperature (absolute), 
their molecules are not subject to the alternate attractions 
and repulsions of the electromagnetic waves of heat passing 
over them, and no heat is stored in the substance. Again, 
the molecules are in the closest proximity to each other, and 
any attractions between them are of the maximum strength. 

Suppose these molecules, while at rest, are subjected 
to the action of heat waves which are also electromagnetic 
waves or pulses of gradually increasing intensity. They 
will be acted on by the waves and will also be alternately 
attracted and repelled as the waves pass over them. Thus 
they will be thrown into a state of vibration of gradually 
increasing emplitude. That is, the heat waves will introduce 
forces which, on the whole, oppose the natural attraction of 
the molecules for each other. As to this, Nernst, in hi: 
‘Theory of the Solid State,’ says :— 

“ Melting Point.—Lindemann introduced the hypothesis 
that the melting point is determined by the fact that at 
this temperature the amplitude of the vibrations of the 
atoms round their positions of rest becomes commensurable 
with the atomic distances.” 
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If this is so, when the vibrations reach this amplitude the 
electric lines of force uniting the atoms or molecules can no 
longer be constantly directed to one set of neigibouring 
atoms, but they will equally be directed momentarily to 
others; consequently the force of cohesion, if this is 
electrical, will be largely nullified, and the tendency of 
the natural attractions to keep the substance in a definite 
formation will be overcome. Thus a considerable change 
of state will occur. 

It seemed that, if there were substantial ground for this 
belief, some signs of connexion might be found between 
the relative absolute melting-points and the relative values 
either of the molecular energy stored in an electric field, or 
of the corresponding attractions, and comparison was made 
on the following lines. 


Comparison of Electric Actions with Absolute Melting-Points. 


Taking the absolute zero of temperature as basis, the 
relative values of the melting- points of the elements 
above this were found. Next, the melting-point of liquid 
hydrogen being definitely abnormal (a matter which will be 
referred to again Jater), that of liquid oxygen was taken as 
the standard and called 2, to agree with the relative values 
of both electrical actions. The relative values of the 
melting-point for the other elements were then divided 
by half the value for oxygen. The final set of proportional 
values thus found is given in Table III., column 4, where it 
can be compared with the relative values of the electrical 
energv reversibly stored (column 2), and, again, with the 
corresponding attractions (column 3). 


Tague III. 
Relative Values of Different Physical Properties. 


Electric. Thermal. 
ust “~ ar pets D ~ 
Elements., Energy ay Melting Boiling 

stored. Attractions, Point s. Points. 
Hydrogen .................. 10 1-0 0:5 05 
Nitrogen «eere eeetyes 24 227 23 2:33 
ORV BOM? editos Re oos 2u 198 20 2°00 
Carbon «wiseccQacieo cians 52 45 — — 
Chlorine ............... eese T 6:1 5:4 6:0 
Bromine ...................-. TR Loot Sd &4 
lodine................ eene 277 1:3:3 122 11-4 
Phosphorus ........ ...... 16:2 100 10:0 0-0 
Sulphur seccsse serrer 16:2 lol jr» Vie 
Selenium  ............... 6. 53 14:3 156 24:0* 


* See observations below. 
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The connexion between the relative melting-points and 
both electrical actions is evident, but is much more direct 
over the whole range for the attractions than for energy 
stored. In fact, the corresponding relative values of the 
attractions to the melting-points are so close in some cases 
that they approach coincidences. There is also reason to 
believe that if the fundamental electrical data were more 
accurately determined the correspondences might be still 
clearer. 

It is hardly possible that there should be such a series 
of correspondences over such a range unless an intimate 
fundamental connexion underlay both physical actions. 

The connexion predicated is, from the nature of all the 
actions, electric attraction. If this is accepted, it then 
seems to follow that the attraction of an outside electrical 
field for the molecules of a dielectric must actually be a 
fairly cluse proportional measure of the attractions of the 
molecules themselves for each other. This implication is 
further emphasized if, in addition to comparisons with 
melting-points, we next make them with the corresponding 
boiling-points. 


Comparison with Absolute Boiling-Points, 


Proceeding in the same way as with the meltiny-points, 
a table of the relative values of these was got out, using the 
absolute zero as a basis as before. The relative values of 
the boiling-points are given in Table III., column 5. With 
two exceptions, the coincidences are again practically as 
close as with the melting-points. As regards the differences, 
and one or two other points in the two tables, the following 
observations may be made. 

The values for hydrogen come to about half the values for 
the corresponding dielectric equivalents, and iu the boiling- 
point table the values for sulphur and selenium are about 
50 per cent. too high. The first of these differences may be 
connected with the change in the specific heat of hydrogen 
between the liquid and gaseous state. In the second case, 
Ramsay points outin his * Chemistry ' that, at the temperature 
necessary to bring sulphur and selenium to the boiling- 
point, there is preliminary molecular dissociation in addition 
to simple change of state, thus raising the boiling-point. 
It is proposed to defer further discussion of these and some 
other matters until later. 

Again, recent experimental work on bromine leads to the 
view that the accepted dielectric constant is rather high. 
Further experiments are in progress to test this, for which 
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Professor H. B. Baker has kindly suppiied his highly dried 


bromine. It is hoped to report the results later. 

As regards the importance of the melting and boiling 
points in arriving at a more complete knowledge of the 
constitution of matter, two further passages from Nernst's 
work already mentioned may be quoted. 

“ An especially simple significance attaches to the work 
which must be expended to break up a solid body into its 
coustituent molecules, and to separate these molecules to 
definite distances from one another. The latter occurs when 
a solid body is sublimed. 

* l'or ervstalline substances—and we shall always (unless 
otherwise stated) picture to ourselves a solid body as a 
crystal, since the amorphous state is known to be a con- 
tinnous transition of the liquid state of aggregation—the 
melting point is a specially characteristic magnitude.” 


Reiation of Relative Molecular. Electric Actions to Heat of 
Vaporization. 


The question next arose whether the correspondences 
so far found would still persist for the relative heats of 
vaporization. The data I have been able to find only extend 
to six elements, and one of these, viz. iodine, has to be 
melted at a considerably higher temperature than the others 
before being vaporized. "The heat necessary to change 
iodine from a solid to a liquid is, however, available and 
has been added in this case. The conditions generally do 
not allow of comparison to a close percentage of accuracy, 
but the relative values come out as follows :— 


TaABLE IV. 


Relative Molecular Amounts of Heat Absorbed in Change 
from Liquid or Solid State to Vapour. 


: Relative Values Molecular 
Elements. dice is 

of Vaporization, Attractions. 
l. 2. 3. 
Hydrogen. o eee 9 10 
Nitrogen A 1:8 29 
027.2 Mc 20 Zu 
Chlorine s ichs 4 61 
Bromine ..................... 0:5 10:5 
Jodine — I gene ET 12:0 13:3 


In this case, though the agreement is ostensibly with 
the corresponding relative attractions, relative heats of 
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vaporization should be more naturally comparable with 
relative amounts of energy reversibly stored or (K,,—1). 
As regards this, it will be seen from Table II. that the 
relative values for energy stored, or (K,,— 1), and for the 
attractions have practically the same ratios for the three 
elementary gases in liquid form. Investigation shows that 
they have also the same ratios in the gaseous form. As 
regards liquid chlorine and the other elements where 
ditferences begin to appear, there is further evidence which 
seems to lead to the view that th» relative values of the 
energy reversibly stored (Ik —1) and of the corresponding 
attractions preserve a fairly constant ratio from element 
to element when these elements are in the state of gas or 
vapour; the relative increases in energy stored arise in 
the liquid and solid states or as aggregation increases. 
This point will be referred to again later. 


Further Considerations. 


Trouton’s rule states that, with certain remarkable ex- 
ceptions (viz. helium and hydrogen), 


Heat of vaporization 

Boiling temp. (abs.) 

Now we have seen above that the relative values of 
both these quantities agree with the relative values of the 
corresponding electric attractions for different clemeuts. 


We can therefore apparently re-write Trouton's rule and 
say: 


= constant. 


Electric attraction overcome in vaporization 


Ap Ou ro. - zs constant 
Electric attraction overcome at boiling-point , 


remembering that the attraction in vaporization is also 
proportional to energy stored. 

Again, it 1s pointed out in such works as Nernst’s 
‘Theoretical Chemistry? that if the absolute melting-points 
of substances are taken as 2 in each case, the absolute 
boiliug-points have approximately relative values of 3, and 
the critical temperatures of 4, and the connexion between 
them and the heat of vaporization is given by Trouton’s 
rule. Consequently, the electric attractions, as shown 
above, are intimately connected with, and must be more 
or less proportional to, the values of all these properties, 
including the critical temperature in each of the elements 
we are dealing with. 

But the relation of the boiling-points to the values of 
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osmotic pressure is further well recognized, and osmotic 
pressures can he found by the lowering of the freezing- 
point or the raising of the boiling-point in the case of 
Solutes. Consequently it seems to follow that there are 
also intimate relations between the electric attractions and 
osmotic pressure in addition to the connexions shown 
above. 

It is impossible here to go into all these actions in 
detail, but as it is already recognized that all this group 
of fundamental interactions between heat and matter are 
interconnected, if what has been said above is in principle 
correct, the basis of the connexion is evidently the electric 
attraction of the molecules of different substances for each 
other, and this attraction can be found in the case of 
dielectrics by the method worked out by Boltzmann in 
1813, when extended as above. 

The above results further seem to show that the atomic 
or molecular electric attractions involved are of the usual 
character and obey the ordinary electric laws. 


Relations of Energy Reversibly Stored in Electric Actions 
to the nergy Stored in Heat Actions. 


Though in dielectrics the primary connexion has been 
shown to be with electric attraction and not with energy 
stored, nevertheless electric attraction and the electric 
energy stored in dielectrics in electric fields are closely re- 
lated, since we can measure them both, and by Boltzmann’s 
formula can derive one from the other. The question then 
arises why the relation is so direct for the attraction while 
the energy stored under the same conditions shows in- 
creasing differences from the corresponding attractions. 
as we progress from liquids at very low temperatures to 
liquids at ordinary temperatures, and still more markedly 
to solids. 

The answer, apparently, is that when we measure the 
capacity of a dielectric we are measuring the energy 
reversibly stored in it in several different ways :— 

(1) Between the boundaries of the field. 

(2) In polarizing internally the individual atoms and 
molecules or changing them into doublets, and thus. 
altering their attraction for each other also. 

(3) In displacing the atoms or molecules bodily and. 
setting them into vibration. 

(4) In effecting smaller concurrent changes. 
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The reason why hitherto so little correspondence has 
been found between the values of the dielectric constant of 
substances and other physical actions is evidently because 
we must know something of the relative values of the energy 
involved in the above different actions separately before clear 
and quantitative connexions can be established. 

IÈ we turn to the phenomena of heat, it has for a long time 
been accepted that, when a substance is put in an alternating 
field of the frequency of heat waves, the energy impressed, 
in the case of solids, is stored in different ways, of which 
two account for the greater part in more or less equal pro- 
portions (see Nernst’s * Physical Chemistry,’ 1913, p. 260). 

It seems probable that as heat energy is stored in a 
dielectric in these different ways, the same, or nearly so, 
may be the case when dielectrics are placed in ordinary 
electric fields, and that more energy may be stored for a 
given stress in some cases than others. 

Now if the lists of the relative values of the attractions 
and energy stored (Table II.) are examined, it will be found 
that there are differences between the relative values of the 
attractions and energy stored in the case of the solids of 
the order of those suggested by thermodynamic theory, the 
differences falling off from solid to liquid and liquid to 

as. 

i I do not put forward this as more than suggestive at 
the present stage, but further experiments are practicable 
which would throw a much clearer light on this part of 
the subject. 


Relations of Electrical to Mechanical Attraction. 


The above comparisons have been made between the 
actions of ordinary electric fields on matter and those 
of heat. It is possible, however, to make comparisons of 
4 more direct nature, in which the electric attraction is 
compared direetly with mechanical forces or pulls. 


Relations with Surface Tension. 


The cohesion of different kinds of elementary matter 
must be allied more or less directly with the corresponding 
surface tension. Unfortunately the surface tensions of 
only a few of the elements we are dealing with are avail- 
able, and have necessarily been obtained "under somewhat 
different conditions; but the relative molecular values 
show an unmistakable connexion. with the corresponding 

values for the electric attractions. 
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The data in the Table below were kindly corrected by 
Mr. Hatschek. He also raised the point of the basis on 
which calculations should be made. ‘They have been made 
on the assumption that the active atoms are a single surface 
layer. The numbers of atoms ina given length will there- 
fore be inversely proportional to their diameters. These 
have been calculated from the atomic volumes given above. 

The columns in the table below show :— 


1, Observed superficial tension in dynes per cm. The 
letters indicate the temperatures. B, near boiling 
point, F, fusion point ; intwo casesthe temperatures 
are given. 

2. Relative Superficial Tensions taking Oxygen (2) as 
basis. 

3. Relative atomic diameters taking that of Oxygen as 
unity. 

4. Relative atomic tension (Col. 2) x (Col. 3). 

5. Corresponding relative atomic electric attractions. 


TanLE V. 
Surface Surface Atomic — Surface Electr, 
Element. Tension Tension Diameter Tensions Attrac. 
Actual. — Relative. Relative. Atomic. Atomie. 
Oxygen .......... . —.]30B 2:0 1:00 2:0 2:0 
Chlorine............ ^ 33 —729 02 1:23 6:4 60:2 
Bromine............ 62 --21? LOS! 1:25 11:7 10:0 
Phosphorus ...... 410F 62 l1 6:8 10:0 
Sulphur............ 42:0 F 6:3 1:2 Tt 100 
Selenium ......... 700 F 10:7 115 12:3 14:25 


The results can only be a first approximation, but they 
seem definite enough to show an intimate relation with 
electric attraction which would probably be closer could 
proper corrections be applied. The greatest differences are 
with phosphorus and sulphur which behave rather indefinitely 
about the melting point. 

These results connect the electric properties directly with 
the forces of cohesion. It must be remembered, however, 
that the actual forees in cohesion as found in solids in the 
mass are also dependent on molecular aggregation and 
crystallization. The forces of cohesion between a mass 
of crystals may differ widely from the forces within a 
single crystal. 


Phil. Mag. S. 6. Vol. 47. No. 281. May 1924. 3Q 
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Surface Tension has already been connected with latent 
heat: see ‘Surface Tension and Surface Energy, Willows 
and Hatschek, p. 11. Consequently there is a connexion 
between latent heat and the electrical properties also. 


Comparison with Capillurity. 


Here again we can compare the electrical pull with the 
mechanical, but with the interesting difference that the 
atoms are separate and much more in the same state as 
in the gaseous condition. 

When liquids are brought into contact with the EHE 
of solids, attraction usually takes place. 

Karly work showed that small percentages of salts in the 
water usually increased this attraction in different degrees. 
The salt in such solutions is ionized and exists in the form 
of oppositely charged ions, only one kind of which will be 
attracted by the glass, namely, that having the opposite 
charge to the glass. 

By a large “number of comparative experiments on salts 
of varying composition, Schiff (see Smiles's * Chemical Con- 
stitution and Some Physical Properties? p. 34) arrived at 
an estimate of the relative attraction values of the separate 
ions in the case of six of the elements we are dealing with. 
These comparative values are given in Table VI. in terms 
of hydrogen. They agree substantially with the relative 
values of the dielectric attractions. ^ There are similar 
relations, though not numerically so close, with viscosity. 


TABLE VI. 
Cupillarity. 
p ————— 
Relative Relative 
Elements. Tensions! Molecular Attractions. 
Hydrogen ousccoscenkset 1 1 
Nitrogen oiseau is 2—3 24 
OXF CCN onirico 2—3 2:0 
Chlorine ...................-. 60 —7 59 
Bromine ............... n 11—13 10:5 
Jodine ....................eee- 19* 13:3 


* With iodine there is apparently dissociation. 


There are certain margins in (lese: correspondences, due 
no doubt to the difficulty of exaet experiment, and also 
to the fact that some dissociation must have taken place 
in one or two cases; for instance, in the case of iodine. 
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The correspondences, however, are sufficiently close to 
predicate an intimate connexion between the attraction 
of the separate ions of an element for the glass used as a 
standard of attraction and the corresponding attractions 
of an electric field for the same ions aggregated together 
in an ordinary state. The results show that the character o£ 
this natural attractive force is apparently only fractionally 
altered when the molecules are aggregated, as compared 
with what 1t 13 when they exist separately in a solution. 

Finally, it is to be observed that, while water with different 
salt solutes has been used as above for finding variations in 
capillary attractions, the solutions are essentially electro- 
lytic, and similar to those used by Gladstone and Dale for 
obtaining specific refractivities. 


Maxwells Relation and the Relations of Electric Eneray Stored 
and the Corresponding Attractions to Optical Phenomena. 


In addition to the correspondences found above, there 
are similar, and in some cases even closer, relations with 
the so-called ** optical properties.” 

In all that has been said so far, reference to the optical 
relations has been avoided in order to establish the results 
from the purely electrical standpoint. 

Maxwell's relation that K should equal N? is, however, 
verified—at least the two quantities are closely of the same 
order—for all the elements dealt with here, and there is 
evidence that the same is also most probably the case for 
the rest of the nineteen dielectric elements, or at any rate 
for sixteen of them. 

Consequently, with fair approximation, we have for all 
the above elements : 


K,—1_ N;—1 
K,—12 Ni—-l1 and ;,-———-z.7—— 
Kat? Nin 
the latter being the Lorentz formula. As used in opties, 
the two formule have had a theoretical basis, but as for 
long waves they are associated directly with energy stored 
and. with attraction respectively, it seems a fair inference 
that they must be similarly associated with the similar 
aetions occurring at the frequenci ies of light and heat. 
Since in both cases we start with fair coincidence, 


if two lists of relative values for N? —1 and | Ac EUN 
N+2 


made on the same lines as above, the figures obtained 


3Q2 
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for all the elements will correspond, except for fractional 
differences, with those already found above on a purely 
electrical basis. 


Conclusion. 


In the case of surface tension and capillarity, a static or 
gravitational pull is balanced against the steady electric 
attraction of the molecules for each other or for a standard. 
In the melting and boiling points, the disruptive or shaking 
action of the electric waves is balanced against the steady 
natural electric attraction between the molecules. Thirdly, 
in vaporization the connexion seems to be with the energy 
stored, which is also proportionate to the attraction. Finally, 
heat and light waves so overlap in frequency that what is 
true for the one must almost certainly follow (speaking 
generally) for the other. 

The difference between the effects of long electric waves 
and short in dielectrics seems chiefly to lie in the fact that 
with long waves we have a single potential slope throughout 
the dielectric, while with light and heat waves there are 
nearly always a number of complete waves in its thickness. 
Consequently, some of the molecular condensers subjected 
to light and heat waves are receiving a charge at the same 
time that others are discharging. "This causes important 
differences, but rather of detail than of principle, and chiefly 
in the initial application and dying down of the field. 

Thus, as outlined above, the electric attraction and the 
phenomena of capacitv in dielectries can be brought into 
line, speaking generally, with work which has been done 
optically or at light frequencies, and both are brought into 
close relation with the phenomena of heat, surface tension 
(which is closely allied with cohesion), and capillarity. 

"pace here only permits of allusion to the further con- 
nexions which exist between the electrical properties of 
these elements as defined above and their atomic weight 
or number, position in the Periodic Table, and chemical 
action. It is hoped to discuss these later. 

The substances dealt with above include the two elements 
(hydrogen and oxygen) from which water is formed, and 
also the four elements (hydrogen, oxygen, nitrogen, and 
carbon) which are the basis of all organic compounds. If 
chlorine, sulphur, and phosphorus are added to these we 
have alee the main constituents (apart from calcium, silicon, 
and sodium) of all animal and vegetable life. They alio 
include the elements composing most of the dieleetries used 
in science and engineering. 
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The importance of obtaining the electrical properties of 
these dielectric elements exactly, and of connecting them 
with other physical properties, is thus obvious. Again, 
these elements form a mumber of compounds between 
themselves, the electrical properties of which can also be 
measured, and thus a sound basis can be established for 
finding the electrical effects of chemical combination. 

Having got as far as has been shown above in connecting 
the ordinary electrical phenomena in these elements with 
the effects of heat, it seems almost certain that a further 
close connexion must exist between the electric actions and 
the specific heats of these elements. 


I have to thank Dr. Thornton, Mr. R. Appleyard, Mr. E. E. 
Brooks and others for kind help and criticism in putting 
the above work into shape. 


XCV. A Simple Formal Solution of the General Equations 
of Elastic Stress. By R. F. GWYTHER, M.A.* 


HE solution given here is derived from those given in a 
previous paper on * An Analytical Discrimination of 
Elastic Stresses in an Isotropic Body " +. 
1. The solutions indicated in that paper, in tlie case where 
no bodily forces are acting, may be briefly re-stated as 
follows :— 


rU Ra 9o - tn 


E By? Oe oy Oe? 
OQ, O^ ou, o0 
— (33 + 53a) ¥ 425, 50 
_ 08 , Q6, 
i dy dD: * dy dz 


oy i O^ Ou Os 
Oy Of 2 Qway Ow de’ 


ips eae u de w a Sm CY) 


* Communicated by the Author. 
t Phil. Mag. July 1922, p. 274. 
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where 


o /9 9 , 970; , 90, 
an 
vo a (dh , Oe , Os 
(re) Vm Ima. t ara: Da a) 


and where 6,, 03, 93, Wi, Ws, Ys are Spherical Harmonic 
Functions. 
The terms in the upper lines throughout, and in the lower 
lines throughout, form independent and general values of 
the elements of elastic stress. 
If we write the components of bodily force per unit of 
mass in the form 


dV OW, OW, ƏV aW, QW, 
«Qr Oy Oz’ dy ð: Qc ^ 
| oV ƏW: aW, | 
79:7 s Oy’ 


we must then add pV to the value of each P, Q, and R, and 
pW, pWe, pWs to the values of S, T, U respectively given 
in (1) in order to satisfy the stress equations. 

Since tlie equations are linear, we may consider each case 
separately, and coilect the results. 

Taking the terms in V, we may employ the solutions in 
the upper lines or in the lower lines of (1) indiseriminately, 
and write 

2 


P2pV— ($5 + 32) $, 
g=pv—(2, + 2) $, 


o’? 9) 
aD do unu. 
R=p\ (53 + 37 $. 

o'ó ò$ ò$ 
De. a ee aa Usa a uw 
Oy ò? Qa Az Òr OY (3) 

where the components of the displacement are given by 

Qnu= 97. dura SÈ, buc SP, ... (4) 


and the only condition requisite that the stress may be 
elastic 1s that 


(nc-n)V?óz2npV. . . . . . (5) 
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If, for example, 
"fe 
ri 


then ¢= a "m 


The terms arising from V are now considered as completed. 
Turning then to the terms in W, we shall find the solutions 


given in "the lower lines the more convenient, and will 
write : 


9^ ya 
P= - (ati Dh, 


S=W 4+ o y NES dr Os O^, 


dyd: Oc — 0x02’ 


where 

2 Sy 58% _ 98% , : 
2nu = 3e Oy a? c... e (7) 
The conditions requisite for elastic stresses are 


(1) that S=n (57 4 +2), ete., 


from which we find in turn 
W,4 VA 0, Wot V7, =0, Wit V’ y=0; (8) 


(2) that P—Q= an(9" — 85), etc., 


which are satisfied identically, 


and (3) that P+Q+R= (3m—n) (S: 


whence 


oy eel oe) 


. The simplification w ve I am about to introduce arises 
p the substitution of a single term to stand for each o£ 
the expressions 


Ov E AA zb OYs Ove 4 opi 
OY 2 Oz Or’ Ov OY 


in the values of 2nu, ete., given in (7). However, guided 


Qu v Qv 
Ow 5t.) 
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by experience gained in obtaining the foregoing results, 
I shall also alter the method of investigation by reversing 
the order of the steps, and shall secure that the elements of 
stress satisfy the conditions for being elements of elastic 
stress first, and that the stress equations are satisfied as the 


final step. 
Accordingly I shall write 
2nu= 9f —2¢,, 2nv= SP 24, Dnw = — 24s, (10) 
and 
—— 
q--(3, 4 2 3,949 x EIS 
m 26 q Ob: _ Obs 
R= (2 at aa o b+ TO "T 
g=. 946. 094 
Oy0z ay Bet 
Tae _ Ob: _ 24; 
Ow Oz 2 hr f 
iP e 9 oW. Ae de xe dA) 


Ordy Or  Qy' ^ 


In this case the conditions that 


(Gra), Teen?) sese) 
Paasa d) P-R-n(9*- 97), 


are all satisfied identically, and the condition that 


P4+Q+R= (3m—n)(S% + þr + ov) 
requires that 


(m+ ny y p= 2m (SP 4 ES pg oe "EC" (12) 
[ 

Substituting in the stress equation, we shall find, if X, Y, Z 
are the components of bodily force per unit of mass in 
excess of the terms already considered, viz. 

aV O aV av 
Ox’ Oy’ Oz’ 
V'éói—-pN, V°do=pY, WV$,—pZ.. . (13) 
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The equations (11) with the conditions (12) and (13) give 
the simple solution I have to offer, and the components of 
the displacement are given by (10). The basis of the simpli- 
. fication consists in the reducticn of the degree of many of 
the differential coefficients as compared with the solutions 
as given by (1). Since the terms thus simplified do not 
enter the solutions embodied in (3) and (5), there is no 
simplification in that case. 
In the case of a whirling body considered on page 283 of 
the paper previously referred to, the reversed effective forces 
have components, beyond those which may be included in 


pol Ol uoo 
P Jar’ Poy? P Sz? 
dealing with angular velocities, viz. 
p(y@,—20,), p(=@,—2@,), p(ay—yo,), 
dealing with the rates of change of the angular velocities. 
These will replace pA, pY, pZ in (13), so that 
V$i- p(ve, —zo y), etc. 
E the solutions arising from bodily forces are Particular 
solutions, we may write 


$i $p. (yo, — zo), ete., 
and so find 
Qc T te 7 
and we may treat $ as null a the reason given above. 
Hence from (11), in this case *, 
P-—2pr(jyo,— :o,), etc., 
S= — pà (4 — 2), ete. 
with 2nu= — pa" (10, — zw y)» ete., 


and the results are independent of "li ratio m/n, while they 
satisfy the analytical conditions for elastic stresses. 

When in (13) X, Y, Z are made null, we have the 
conditions that œi, $2, d$4 shall be Spherical Harmonic 
Functions, and, with these additional conditions, equations 
(11) and (12) give the elastic stresses which are Comple- 
mentary solutions when bodily forces are acting, and are the 
complete solutions when the body is subject to tractions 
only. 


* This replaces an erroneous paragraph (the fourth) ou page 2&3. 
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The full form of solution uuder general bodily forces will 
be collected from (3) and (11) with their respective conditions 
and with the Complementary solutions consequent on treating 
the bodily forces as null. 

3. As an illustration of these: Complementary solutions 


we may W rite 
dM, 
$1— ( 73 
- ri 


where r= (w—2,)? + (yy) + (2-21), 
and dM, =P} da dy, dz, 


with the condition that », shall never be zero, with corre- 
sponding expressions for $4 and @3. 
Then 


os CU JU e — n | B 
$= E dM, x as (*7 " . d M, 1 " 


Retaining only the terms with subscript 1, we find a system 
of elastic stresses 


? = A3 "-— 
3m { (x t) dM, + n | a “dM, 
1 


MAN 


^ f men 
3m (à — r y —3» " |z—ua y 
Q= wed | Y, dM, — d on Eois | 
= m fecun? au - n (ntn, 
m+n Tj men Ti 
se Bm (G2 —906—2) qu. 
m+n, TY 
= m { — a -2,) dM, o RE 
m -F n ntn 
_ 3m ( (r=) = Y) dM, + - T: qn dM,. (14) 
= m+n) ry m+n ry : 


4. Extension to general orthogonal coordinate systems. 

It. is clear that in these sy stems we may form expressions 
for the elements of stress and coordinates of displacement 
cognate to those for the cartesian svstem which are contained 
in equations (11), (12), and (13) and that a measure of 
simplification wall ait of the same general character as 
in the cartesian system though naturally less in degree. 
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Thus we should write 


P= d: ao «he; ia A TAE 


os ap CI ag t h DE/DE 
Oh, ho oo Oh, hs Òh dE TEE. 
Me - m. A i. at )o : ee 
Y Oho Oh Ladt - ; E 
Se = hals È ETAT. +h. 3n dE zc PE CE (15) 
and 


Dnu = h) oF agn 2nv—h T m 2h», fuel Sd — 204(16) 
where (e, f, a', a’, b’, c'} are related to $i, do, $; as, in the 
usual notation of the subject, fe, f, g, a, b, ct are related to 
u, v, w. The terms in $ in the expressions for the elements of 
stress are deriv EN from the solutions of the Stress Equations 


as given by me *, when £,, 62, 0, are each replaced by œ. 
By m making ed of the expressions for the elements of 
strain, we may verify that ; 


S-—na, T=nb, U=ne, 
P—Q=2n (e—/), P—R=2n (e—y) are satisfied. 


The remaining condition to secure the elastic nature of the 
stress, namely 


P+Q4+R=(8m—n) (eof 3g), 


becomes on substitution 


(m+ n) Zep =?2m (e +r +y') 
=2mbhals CA Cini )* TINA * S (5) b eu 


If we now substitute for the elements of stress in the 
Stress Equations, the terms in @ will disappear, since thev are 
known to satisfy identically the equations under tractions 
onlv, and tlie remaining terms contain d$, da, $, only. 

The final quantities which are to be equated to pX,p\,p4Z, 


* Phil. Mag. Sept. 1923, p. 452. 
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or to zero, as the case may be, become 


hi (Olay? | Mal (Olay? Ma? (Okay hs? (hoy; 
um ial oz) T Se) un o£ * ha? ac) ing 
DECRE op BBs , 9, BDH 
? 0» OF oto» ^ "otot ^ "obo 
d'ha p Da q Dhd _ hy Dla Dh 
» {h of07 he 3E i hy o£ On hs o£ à | 
B huh Oh; gh - hs Oh Oh eru di 


— 2h + 2h, 


h^ BE dn * bs DE Bn ` la BE On 
Qus — , QU, | hs Òh Oh, hh; OA, Dha 
T | ^ ear "Eat T h, oí Of h? OE OF 
_ h As Qs | hs Òh Oh; = hy Ohs Oh 18 
hs DE OC” la DE BE ModE dE je al 
with two homologous expressions. 


In spite of their length, these expressions constitute a very 
real simplification. 


XCVI. Convective -Cooling in Liguids—Some Thermal Con- 
ductivity Data. By A. H. Davis, M.Sc. (From the 
National Physical Laboratory *.) | 


HE author has recently given data ] for the cooling of 
horizontal wires immersed in various liquids, and has 
correlated them, ou the basis of hydrodynamical consider- 
ations, with the physical properties of the liquids concerned. 
In the work it was taken for granted that the thermal 
conductivities of the liquids were not markedly dependent 
upon temperature. However, C. W. Rice 1, apparently by 
analysing results for these liquids on the basis of a modifi- 
cation of Langmuir's film theory of convection, has deduced $ 
positive temperature coefficients equivalent to about 1 per 
cent. increase in conducfivity per degree temperature rise. 


* Communicated by the Director. 

+ Phil. Mag. xliv. p. 920 (1922). 

t Phys. Rev. xxi. p. 474, 1023. (Abstract). 

§ With regard to the basis of Rice's calculations, it is difficult to see 
why his equation for film thickness contains the acceleration (g) due to 
gravity, while it omits the volume coeflicient of expansion (a) of the 
fluid and the temperature excess of the body. For presumably it is 
through the vigour of the convection (gravity) currents set up that ‘g’ 
s the film thickness; and ‘a’ is as important as ‘g`in determining 
these. 
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Such effects are rather large and are of opposite sign to 
those the present author had reason to expect. It was 
desirable, therefore, to carry out direct determinations of 
thermal conductivity at various temperatures, to supplement 
the information already given concerning the liquids in 
question. 

Fortunately, apparatus which had been used in the 
convection experiments was readily ad: aptable to comparisons 
of thermal conductivity by the Goldschmidt * method, and a 
test was therefore carried out. 


«| pparatus. 


The method consisted in stretching a fine platinum wire 
along the axis of a narrow horizontal silver tube full of. the 
test Tiquid, and measuring the electrie current necessary 
to maintain a measured temperature difference between the 
wire and the walls of the tube. A relative value of the 
thermal conductivity was thus obtained. 

In the actual apparatus the silver tube, 2 mm. diameter 
and 12:7 em. long, was fitted tightly into a massive copper 
cylinder of 5 em. diameter, so that the temperature was 
uniform eon out its length. The axial wire was 1 mil 
(0:002 em.) iu diameter. A shorter length of the same ue 
passing through another var tube in the block, was used 
for the automatic compensation of any end-effects. The 
whole apparatus was completely immersed in a vessel full of 
the liquid to be examined, which thus filled the capillary 
tube. The vessel itself was immersed in a carefully designed 
water-bath kept well-stirred at constant temperature. 

Using a Wheatstone Bridge arrangement for the necessary 
resistance measurements, determinations were made of the 
heat dissipation associated with various small temperature 
excesses of the wire, ranging from 1° or 2? €. to 10° or 20° C. 
For moderate heating the results were almost completely 
independent of the temperature excess, Whence it may be 
inferred that convection currents were inappreciable. The 
conductivity given later is the value to which results tended 
as the temperature excess was reduced. 


Results. 

For each liquid, experiments were carried out at two or 
three temperatures in the range 15° to 50° C. Provided the 
apparatus was not interfered with me chanically, values for 
the various temperatures were found to repeat accurately, 


* Phys. Zeits. xi. p. 417 (1911). 
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deviations from the mean curve being generally less than 
1 per cent. The relative values of the thermal conductivities 
of different liquids, however, were not reliable to better 
than +5 per cent., since the constant of the instrument 
changed within these limits when the apparatus was emptied, 
cleaned, and refilled. 

Taking as standard the value given by Goldschmidt for 
toluol at air temperatures (10* £(— 3:42) the mean results 
obtained have been summarized in Table I. 

It appears that the thermal conductivity does not depend 
markedly upon the temperature of the liquid, and contrary 
to the calculations already referred to, the effect is generally 
a slight decrease as the temperature is raised. 

I desire to-thank Dr. G. W.C. Kaye for continuing the 
facilities afforded for the convection work. Mr. R. R. Strand 
assisted with the experimental arrangements and observations. 


TABLE I. 
| | Thermal Cond etit Ys Tempe Sl 
! Sa ` T peratuve 
l Liquid. a a | (cals. per em. per?C.) coefficient t. | 
| EE (4). (a). 
| | 1990. e| 34x10 — | 
Toluol......... 3 | + —0 002 | 
| 69 gl i 
| | | | 
C9) l €). " 
|! Carbon tetra- ]' -3 T9 PM 
| hloride | ape UON | 
| c eee 68 . 24 | 
] 
| | 19 40 ! 
` Olive oil* ... 4, — 0:000, | 
| | 11 | 3°85 | | 
| | 
| i 15 | 44 F 
l Aniline ...... | | | + — 0:000, 
| | 73 435 | 


* With olive oil progressive discoloration was noticed ns time went on, and 
the mensured values of the thermal conductivity increased from day to day, 
presumably owing to contamination with copper. 


t ke=k; (1-4 ar). 
Note added February 1924. 


Since this paper was written a more recent contribution 
by Rice (Am. F.E.E., J. xlii. p. 1288, Dec. 1923) has been 
published. His equations have now been modified to 
include the additional variables referred to above, and in 
consequence negative temperature coefficients of thermal 
conductivity have been calculated. These are in better 
agreement with the experimental values of the present 
paper. 


* 
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The new equations, representing the latest development of 
the film hypothesis, contain all the variables required in a 
general hydrodynamical theory of convection. Even in a 
film theory hydrodynamical considerations seem unavoidable, 
since the size and characteristics of the film need to be 
explained. 


———  —————— ————————ÓÀ————————  €—— — SS T E E. LL 


XCVII. Photoelectric and Photochemical Activity. By O. W. 
IucHARbsON, F.R.S., Wheatstone Professor of Physics, 
King’s College, London*. 


HE formule developed by Kramers f and Milne $f for 
the photoelectrie activity of radiation in recent 
important papers have a very close connexion with formula: 
which I obtained in 1911-13 $ based, broadiy speaking, on 
the same general type of ideas. The special features which 
link up the new formule with Bohr's theory are, of 
course, absent from mine, which originated independently of 
that theory and for the most part prior to the publication of 
it. The important formula is that expressed in equation (20), 
p. 224, of Milne's paper, which is the same as equation (17), 
p. 843, of Kramers. This is 


dna FO (v) / 21 Same? FO (v) hy — y” 
(r z—————— - m mE ~~ -~ 
y (v) Gr hv Ur hip À (1) 


where q(* (v) denotes the probability that an electron in the 
rth stationary state will be ejected from an atom in unit time 
by unit intensity of temperature radiation in the stretch v to 
vc dv; q,is the weight and ø the symmetry number of an 
electron in the rth state ; X? is the corresponding ionization 
potential ; and m, c, and A have their usual significance. 
F'?(v) is the effective area of the appropriately ionized atom 
for capturing electrons moving with initial velocity v. 

Let us compare this with the equation (5a) on p. 571 of 
Phil. Mag. Oct. 1912, whieh I give for a closely-related 
quantity, viz :— 

: Aj (TUA lv — 
eF(»)— "e (i- Js const. 2 a oe x (2) 
Here eF(v) is the number of electrons emitted from unit 
area ofa body having a single threshold given by y=hy 


* Communicated by the Author, 

t Phil. Mag. xlvi. p. 526 (1923). 

t Phil. Mag. xlvii. p. 209 (1924). 

$ Phil. Mag. xxii. p. 594 (1912), xxiv. p. 570 (1912), xxvii. p. 470 
(1914). 
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per unit time per unit intensity of temperature radiation in 
the stretch v to v+dv. The constant is independent of v, v, 
T, and y. 

Equation (1) merges into (2), provided F (v) is indepen- 
dent of r, or v, of which it isin general a function through 
v. Now, the deduction of equation (2) involves the explicit 
assumption either that the proportion of the returning 
electrons which is reflected may be treated as negligible, or, if 
not negligible, at any rate independent of the temperature. 
Now, tlie temperature is proportional to the average value of 
ime ; so that either of these assumptions is equivalent to 
making the effective areas of the atoms for capturing 
electrons independent of v. This result is a direct conse- 
quence of the index 2 of T in equation (5) of the above paper, 
viz :— 


o hv Lau 
| Foweredv= A e. -—- 6 
0 


If, however, we do not assume that the proportion of 
electron reflexions is independent of the temperature, but 
make other assumptions about the behaviour of this 
‘phenomenon, we arrive at quite different results, as can be 
seen by the general method which is developed more fully 
- in Phil. Mag. vol. xxvii. p. 476 (1914). We may, for 
example, assume that the probability of a capture is 
inversely proportional to the square of the velocity (or to the 
equivalent quantity Av— y.) Thisis the assumption which 
Milne requires to account for the finite absorption in the 
region of the continuous spectrum just beyond the limits of 
spectral series, and which Eddington has shown is consistent 
with the limiting value for small velocities under the inverse 
square law of attractions. The equivalent assumption in the 
notation in which I was operating is that the quantity «a in 
equation (2) of Phil. Mag. p. 570, vol. xxiv. (1912), which is 
the proportion of the returning electrons which are absorbed 
(not reflected), should vary as T-'. This has the effect of 
altering. the index 2 of T in equation (3) above to 1, with 
the result that, instead of (3), we have 

RA hr Yo 

eFi(v)hvře RT dy =const. x Tert.. . . (4) 

* 0 


The solution of this by the same method is 
eF(v) — 0, O<hy<w,  . . (5) 
el'(v) 2const./), wy&hv€oo, . . (6) 


in agreement with Milne and Eddington for this case. 
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XCVIII. Some Remarks on the Theory of Solutions. By ANaus 
F. Core, Chemical Department, The University, Manchester "s 


HE complete behaviour of a solution can only be deduced 
by a thorough application of statistical mechanical 
= principles. Such a calculation would involve an exact know- 
ledge of the interaction of the various species of molecule, 
and would in general be exceedingly complex. In default 
of such complete knowledge and analytical skill, progress 
has sometimes been attempted in the following way. The 
solute molecules have been considered as a gas, the complex 
interaction between the solute and solute, solute and solvent, 
and solvent and solvent molecules being for this purpose 
allowed for, necessarily somewhat roughly, by ascribing to 
the solute molecules alone an appropriate interaction, while 
the solvent is treated as a vacuum. The osmotic pressure 
of the solute is then deduced by calculating the external 
pressure of such a gas. The validitv of this method was 
attacked by Mr. Cavanagh in the first of three articles on 
© Molecular Thermodynamics” (Phil. Mag. March 1922, 
p. 606). In the present paper it is sought to justify the 
“ gas method ” under certain conditions. 

In the set of papers referred to, Mr. Cavanagh has 
elaborated an extension of Planck’s thermodynamic method 
in his treatment of solutions. In this the thermodynamic 
potential of the solution is calculated in terms of the total 
energy and volume expressed as functions of the tem- 
perature, pressure, and composition. Mr. Cavanagh uses 
as components the various actual molecular species. If a 
knowledge of the properties of these molecules is presup- 
posed, it might be possible to calculate the total energy and 
volume, and then, applying the thermodynamical relations, 
deduce the actual behaviour of the solution. Thus theory 
and experiment ure brought into contact. The suggestion is 
made that, by measuring the colligative properties of the 
solutions of certain solutes in associating solvents, the degree 
of association of the solvent may be determined. An attempt 
is made in the present paper to show that this is not possible. 
The general question is raised as to the suitability of making 
the total energy and volume the connecting link between 
theory and experiment, and it is suggested that the use 


5 Communicated by Prof. S. Chapman. 
Phil. Mag. S. 6. Vol. 47. No. 281. May 1924. 3R 
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of the activities or *'fugacities of the components is 


preferable. 


1. Considera solution contained in a vessel. At any instant 
the solute molecules are in a definite statistical arrangement 
with. respect to each other. We may now imagine a gas 
occupying an equal volume and containing the same number 
of molecules as solute molecules in the solution and at the 
same temperature. If the intermolecular actions of the gas 
molecules are such that at any instant their statistical 
arrangement is the same as that of the solute molecules, 
then we may define the gas as equivalent to the solute for 
the particular concentration, the solution being at a given 
temperature and under a given hydrostatic pressure. The 
actual forces experienced by a single solute molecule at 
any instant when the other solute molecules are in given 
positions will be quite different from the forces experienced 
by an equivalent gas molecule similarly situated with respect 
to the other gas molecules. These forces are equivalent to 
the statistical average effect on the solute molecule so 
situated for all the possible positions of the solvent mole- 
cules, the other solute molecules remaining in the given 
positions. 

Now suppose that we increase the concentration and 
adjust the hydrostatic pressure on the solution so that it 
remains in osmotic equilibrium with pure solvent at constant 
pressure. If under these conditions the same gas molecules 
remain equivalent to the solute, it will be shown that the 
osmotic pressure of the solute must equal the pressure 
exerted by the equivalent gas for all concentrations at the 
given temperature. 

Consider a gas contained in a large vessel to which is 
attached a second vessel separated from the first by a 
partition of such a nature that when a gas molecule crosses 
the partition into the second vessel an amount of work x is 
expended. Then x is the mechanical potential of the region 


e If “f” is the fugacity of a component in a given molecular state in 
one system and “f'” its fugacity in another system at the same tem- 
perature, then the work required to transfer some of the component from 
the first system to the second isethermally and under conditions of con- 
stant pressure is equal to RT log fif per gram molecule. This, together 
with the statement that the fugacity of the isolated component in the 
given molecular condition and in the state of a gas is equal to the gas- 
pressure, completes the definition of fugacity. It is evident that the 
fugacity of a molecular species in a liquid mixture is equal to the vapour- 
pressure of the corresponding molecules if the vapour behaves as a 
perfect gas, 
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in the second vessel. We shall suppose that xy is so great 
that at the temperature of the gas the concentration of 
molecules, vı, across the partition is sufficiently small for 
the gas to behave perfectly. Now let there be a similar 
arrangement containing the gas at a slightly different 
concentration, and let v, be the concentration in the high- 
potential region. Then the work required to transfer tlie 


gus from the one system to the other is RT log ^ per gram 


molecule. If C and C+dC, p and p+dp are the concen- 
trations and pressures in the two large vessels, then the 
work is also equal to dp/C per gram molecule. Therefore 


Op SS 
3C = RT. Slt 


Now consider two exaetly similar d containing 
solutions of concentrations C and C 4- dC. and osmotic pres- 
sures m and m+dr, both in osmotic equilibrium with pure 
solvent at the same pressure. In this case, suppose that the 
partitions allow solvent to pass through perfectly freely, but 
that a solute molecule requires the work x to puss through 
them. Let v,' and »,' be the molecular concentrations in 
the high-potential vessels. These are so small that we may 
assume that the osmotic pressure of the solute obeys the 
perfect gas laws. Then the work required to transfer solute 
from the concentration C to the concentration C+dC is 

j 


equal to RT log 2, ; per gram molecule. This work also 
equals dz/C. Therefore 
OT -pnT log v' 


oC 0 log C 

We may now show that y =v. For suppose that there 
are n molecules in the gas system. Then at any instant 
4—1 of these molecules are in definite positions. Consider 
a small region, dv, outside the influence of ‘any of these 
4—1 molecules at the instant. Then there is a certain 
chance that the remaining molecule lies in this small region. 
This may be written Pdv. dv is a region of zero potential 
and P, is the same in every such region. The chance that 
the molecule lies in a unit of volume of the region of very 
high potential, y, is therefore P,e-X*T, The total molé- 
cular concentration in the high-potential vessel is therefore 

given by 
y —nbPye7X^T, 


3 R2 
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If there are also ^ molecules of solute in the soiutien. and 
the concentration is the same as that of the equivalent gas. 
then, since the statistical distribution is identical. the chance 
of a given solute molecule being in a small voiume dr, in 
free solvent, that is outside the influence of anv of the other 
solute molecules, is also Podr. Therefore the concentration 
in the high-potential region is given by 


v =n PeX". 
Thus v'=v. It follows therefore that 


Om _ op 

DC Dl 
When C is very small, m=p. Therefore for all concen- 
trations 7 — p. 

We may identify the quantity xP, with the activity of the 
solnte or gas. 

The activity in these cases is defined so as to be equal to 
the actual concentration for very dilute conditions, and so 
that the work of transferring a gram molecule from a region 
of activity a to a region of activity a! is equal to RT log a, a. 
It will be perceived that both these conditions are satistied 
by the quantity nPoọ- Thus the activity of the equivalent 
gas is equal to the activity of the solute at the same 
concentration. 

The activity of the solute as measured above is not quite 
equivalent to what is usually recorded as the activitv of a 
solute. The difference in the logarithms of the activities 
of two solutions is usually identified with the work required 
to transfer a gram molecule of solute from the one solution 
to the other when the hydrostatic pressure on the solutions is 
the same. The activities we have considered refer to solu- 
tions maintained in equilibrium with free solvent at constant 
hydrostatic pressure. It seems to the writer that, from the 
point of view of theory, this is u more fundamental and more 
useful quantity, since its changes are not complicatea by 
simultaneous changes in the potential of the free solvent. 

The equality of p and m may be proved, perhaps, more 
directly as follows. Imagine parallel columns of the 
equivalent gas and solution in a vertical field of force. 
We may postulate that the field acts directly on the solute 
molecules and not on the solvent molecules ; and that it acts 
with the sume force on each gas molecule as it does on a 
single solute molecule. Suppose that the solution is limited 
below by a semi-permeable partition, beneath which is pure 
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solvent at a uniform pressure P in osmotic equilibrium with 
thesolution. The columns of solution and gas are indefinitely 
extended in the upward direction. Let n be the number of 
solute molecules per unit area in the column above the semi- 
permeable partition, and let f be the force on each solute 
molecule exerted by the external field. The total force 
exerted by the field on the solution is therefore nf. Now 
raise the partition through a small vertical distance ôr. 
The change effected by this is equivalent to raising the 
whole solution by ôr and simultaneously transferring a 
certain quantity of solvent from a great height to the region 
under the partition. The work done therefore by this 
change against the external field is »/Óz per unit area of 
the column. If m is the osmotic pressure just above the 
partition, the work done by the displacement is 762 per unit 
area. Equating these two quantities, we obtain the relation 
T-—nf. Similarly,if n’ is the number of gas molecules per 
unit area above a level where the gas-pressure is p, then 
p=nf. Now suppose that the gas is equivalent to the 
solute at'all concentrations in solutions maintained in osmotic 
equilibrium with pure solvent at pressure P. ‘Then, since 
the vertical column of solution is everv where in equilibrium 
with pure solvent under a pressure P, it follows that the 
gas molecules will distribute themselves in exactly the same 
way as the solute molecules in the vertical field of force. 
Consequently n’=n. Therefore m — p. 

The necessary and sufficient condition that this equality 
should hold is, then, that the same gas molecules should 
remain equivalent to the solute molecules for all concen- 
trations o£ the solution when the hydrostatic pressure on the 
solution is adjusted so as to maintain the solution always 
in equilibrium with pure solvent under constant pressure. 
It is evident that no restriction is placed on the variation of 
the equivalent gas molecules with temperature, or on the 
variation of the volume of the solvent with temperature or 
pressure. It should be pointed out that this argument has 
no bearing on the “bombardment” theory of osmotic 
pressure. Whether the actual force on the inembrane is 
the result of collisions with the solute molecules or not is of 
secondary importance, and must depend on the nature of the 
particular membrane used. 


2. It is only in one or two very special cases that it is 
possible to say directly what is the approximate nature of 
the gas molecules which are equivalent to the solute mole- 
cules and so reduce the deduction of the osmotic pressure to 
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a problem in the kinetic theory of gases. It is sometimes 
supposed that the ions of a strong electrolyte behave in 
solution as though they acted on each other with forces 
varying inversely as the square of the distance between 
them. Although this assumption cannot be correct since it 
neglects the finite size of the solute and solvent molecules, 
nevertheless it is probably justifiable in the case of very 
dilute solutions. For these effects give rise to terms in the 
colligative properties of the solution which are proportionul 
to a higher power of the concentration of the solute than 
that in the terms due to the electrostatic forces. The 
equivalent gas, then, consists of positively and negatively 
charged point molecules. If e is the magnitude of the 
charge on each particle, the repulsion between two particles 
separated by a distance r is + or —e?/Kr? according to 
whether the particles have the same or opposite charges. 
K corresponds to the dielectric constant, and may be a func- 
tion of the temperature without invalidating the method, 
but it must remain constant when the concentration of the 
solution is altered so long as this is maintained in. osmotic 
equilibrium with pure solvent under constant pressure. 
If this is the case, we shall obtain the osmotic pressure of 
the electrolyte by calculating the pressure exerted by this 
equivalent gas. This may be done by calculating the activity 
of the gas or its virial, or, less naturally, by B the 
energy and applying the thermodynamic relation 
»(l aU oU 
p= T acr T7 (e) 

In the integration there will occur a constant which gives 
rise to a term proportional to the temperature and to some. 
function of the concentration. This term is equal to RT/c 
in the case of point molecules. In the integration the 
dielectric constant must be treated as independent of the 
temperature, even if in the solution it changes with 
the temperature. 

Milner has calculated the virial of a gas consisting of 
point charges, and then obtained the pressure from the 
relation 


pr= RT + IW. 
In this, W is the virial and 1/v equals C, the total concen- 
tration of molecules of both signs. When the concentration 
is small, 

W=— BC}, 
and therefore 
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In these 
B —ae|R!KiT!, 


a” being a numerical constant. 

An interesting case may be imagined in which the solute 
molecules are very large in comparison with the solvent 
molecules. In the liquid state the interaction between the 
different molecules may be such that over a wide range of 
temperature one solute molecule does not influence another 
solute molecule unless the distance between them is small 
compared with their linear dimensions. If the solute mole- 
cules are spherical and hard the equivalent gas will consist 
of hard non-attracting spheres. Therefore the osmotic 
pressure of the solute is given by 


m=RTC + RT^C*, 


66 


omitting terms proportional to a higher power of the con- 
centration than the second. In this, b is equal to four times 
the actual volume of the molecules in a gram molecule of the 
solute. In this case the heat of dilution and the change of 
volume on dilution may be very slight, and yet Raoult’s law 
of vapour-pressure will not be followed *. 


. 3. We now turn to the thermodynamical treatment of 
solutions based on Planck's method. Consider for sim- 
plicity a mixture consisting of two molecular species only. 
Suppose that there are n, gram molecules of the first com- 
ponent and 2, of the second. Let U be the total energy 
and V the total volume of the mixture. Then for the pure 
component 1 we may write 


U=nyu,, Vcn, 


in which u, and v, depend on the temperature and pressure 
only. Now if we add a very little of component 2 so that 


* All that is required here is that such a state of affairs should be 
ossible. Nevertheless, to prevent possible misunderstanding, it may 
te pointed out that it is not at all a probable condition. However large 
a molecule is, it is still only a single molecule, and therefore, in order 
that the influence of one solute molecule on another should be nevlivible, 
it is necessary that the potential of the effective forces between them 
should be small compared with AI’, k being the gas constant for a single 
molecule. The changes of potential energy associated with the variation 
of the modification in the solvent as two large solute molecules approach 
each other will probably be very far from small compared with AT, even 
when they are separated by a distance which is not small compared with 
their linear dimensions. | l 
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ng is very small compared with n}, we may assume that the 
following linear relation holds : 


U =n tnau; Venyry, tng 


In these wu; and r, are independent of everything except the 
temperature and pressure. These linear relations will be 
followed in all states of the mixture, gaseous or liquid. 
When the concentration of 2 is not very small, it is neces- 
sary to add extra terms to these expressions. Assume that 
it is possible to write them in the very general form * : 


Uz nu; + nsus + ni Zur fc) , 


V z nae t+ ngos + niXv f(c).. 


In these expressions c is written for n,/n,. w and vr’ depend 
only on the temperature and pressure, and /;(c) only on the 
composition. We may now calculate the Planck potential 
function 


` 


y= — (U +PV)/T +\(dU + PdV)/T +a constant. 


Suppose that the integration is carried out under con- 
ditions of constant composition. The constant is then 
independent of the temperature and pressure, and is some 
function of the composition. To evaluate this constant we 
may start with the mixture when very rarefied and at a high 
temperature, in which state it will approximate to a pertect 
gas mixture, and then, by changing the temperature and 
pressure, convert the gas continuously into the liquid 
condition at the required temperature and pressure. We 
may then write, 

liquid „liquid 

¥=%eu-[(C+PV)/T] + | (dU + PdV),T. 

gas gas 

Now let 


pı=—(u + Po)/T (du + Pdr) /T+h, 
$: =— (u+ Pr:);/T 3 du,  Pdej)/T +s, 


,liquid 
duet qp: | (du, + Pde,)T. 
* gas 


* Cavanagh, * Molecular Thermodynamics,” Phil. Mag. xliii. p. 606 
(1922). 
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In these expressions l, and l; are independent of both tem- 
perature and pressure, and also of the composition of the 
mixture. For the gas state the value of ẹ is given by 


Ny Ng 
— Rn, log ——— . 
ny + Ng Ny + 2g 


Yeas = nidi + Nope— Rn, log 


Therefore in the liquid state we may write 


y —n($ó;-R log (14 c)] En [$9 Rdog 5.) 
+ n1; f. (c). 


From this we may deduce the osmotic pressure. For mode- 
rately small values of ¢ the osmotic pressure of component 2 


is given by : 
T = { R log (1+¢)+ xe, (7.9 =o WO) ! ; 


Suppose now that the solute is a strong electrolyte. Accord- 
ing to the theory of complete ionization, the electrostatic 
forces will give rise to a term in the osmotic pressure 
when the solution is very dilute proportional to the concen- 
tration to the power of 3/2. For very dilute solutions we 
may therefore neglect terms involving lngher powers of c. 
Only to this degree of approximation may we assume that 
the “extra” terms in the expression for the potential are 
fully represented by the electrostatic effect. To this degree 
of approximation Milner showed that the electrostatic energy 
of the ions is given by 


Ez — BC, 
in which, as before, 


B-=ae/RIKIT?. 


In this particular case the electrostatic energy is equal to 
the virial. C is the ordinary volume concentration. In 
terms of the concentration c, that is n9/n,, this becomes to 
the necessary degree of approximation 


E- -Bo ii, 


This is the electrostatic energy per gram molecule. We 
shall first assume that the dielectric constant, K, and the 
molecular volume vı, are independent of the temperature. 
If this is so, the total energy of the solution may be written 


U = nu + nag- n Be, *e!. 
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It is also assumed that for all conditions 
V =N] + Nage 


If these values be substituted in the relation given above, 
we obtain for the osmotic pressure to the required degree ot 
approximation 


m —TF(c) -1Bo, è. 


When the charges on the ions are reduced to zero, then 
to the same approximation the osmotic pressure becomes 


RTc/v,. Therefore F (c) =Re/v,, and 


m= RTv e—jiBa ^d, 
In terms of the volume concentration (', this becomes 
7 = RTC "m )BC:. 


This necessarily agrees with the result obtained by calcu- 
lating the pressure of tle equivalent gas consisting of 
charged point molecules. 

In the above deduction, K and v; were treated as indepen- 
dent of the temperature. If we had used the same value 
for the total energy and allowed for dK/dT and dv,/dT, a 
different result would have been obtained for the osmotic 
pressure. But, as we have seen, it should be the same, for 
when calculated from the pressure of the equivalent gas, the 
result is independent of the variation of K and v, with the 
temperature. The explanation of this is that, when K and v, 
vary with the temperature, it is incorrect to suppose that the 
total energy of the solution isobtained bv adding the electro- 
static potential energy of the ions, calculated as if K and r, 
were constant, to the total energy which would exist apart 
from the charges on the ions. 

Consider two small bodies, each carrying the charge e, at 
a distance r from each other in a medium of dielectric 
constant K. The potential energy is —e?/Kr. If the bodies 
move so that the distance between them increases by ôr, 
and if the volume of the medium is independent of r, 
then the ** maximum work” of the change is given by 


A= —e’6r/Kr?. | 


If K is independent of the temperature, then —A=6U, 
the change in the total energy U. If K varies with the 
temperature, then heat will be evolved or absorbed during 
the displacement of the charges and A will not equal — ôU. 
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The thermodynamic relation is 


BU = (921 ór 


Therefore in this case 


U=B- (17 biT ) 


0 log T 


where B is some quantity independent of r. The change in 
the last term during an isothermal change represents the 
heat evolved or absorbed from the medium. 

In order to calculate the total energy of the electrolytic 
solution, consider the maximum work of transferring òn, 
gram molecules of solvent from the solution of composition 
nj, n; to the pure solvent under the same pressure. If the 
solution is incompressible, this is given by 


A= — TV Ôn]. 


Substituting this in the relation between A and òU, and 
using the value of the osmotic pressure equal to the pressure 
of the equivalent gas, we obtain 


_ 1 Ó log K?u 
3 ologT J 


Mr. Cavanagh seeks to disprove the validity of the “ virial 
method” in his first paper. He considers an imaginary 
case in which the virial is proportional to c*, and assumes 
that the extra energy of the solution due to the charges on 
the ions is then equal to the virial. Comparing the osmotic 
pressure obtained with this assumption with that obtained 
trom the virial, certain impossible consequences follow. The 
virial of a gas is, however, equal to the potential energy only 
in the case when the forces between the molecules varies 
inversely as the square of the distance, and in that case when 
sufficiently rarefied it is proportional to C* and not to C*. 
Moreover, as we have just seen, the extra energy of the 
solution which is to be used in the calculation of the thermo- 
dynamic potential equals the electrostatic potential energy 
of the ions only if the dieletric constant and the gram 
molecular volume of the solvent are independent of the 
temperature. 

In the same paper Mr. Cavanagh proposes a method for 
estimating the degree of association of a solvent by measur- 
ing the colligative properties of a solution. | Without 
affecting the argument, we shall assume that this is the 


= 3 
U=np + ngt — n Be, t3 (i 
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osmotic pressure of the solution. The measurement of 
the solubility of a gas is the experiment actually proposed. 
The use of a ** perfect " solute is essential to the method. 

In a very dilute solution for all conditions whether liquid 
or gaseous, we may assume that 


U zn, + notte, 
V =N t] + glg. 


All the quantities f (c) are negligible. Planck’s potential 
function is therefore given by 
Ng 


n 
=n, + nga — Rn, log m == Rn, log Ait ae " 


From this we may deduce the colligative properties. In 
particular the osmotie pressure 


T= io log (1 + a) 
Ul My 
It is evident that we have no right to use any tern? involving 
a higher power of the composition than the first. The above 
expression is, therefore, equivalent to 


_RYn, 


n . 
V) My 


This is essentially Planck's treatment in his thermo- 
dynamics. Everything depends on the necessity for the 
linear relationship of U and V with the composition. Now 
suppose that even for more concentrated solutions this linear 
relation holds for ull conditions of the mixture from that of a 
liquid. Then for incompressible solutions we should bave 
accurately within the range of concentration for which the 
linear relation holds 

T= M iog (1 + M 

vy ny 

In this case the mixture is called a perfect one. As far as 
terms of the second order, this may be written 


m= RTC + RT(vg— 30, )c*. 


In this expression, C is the ordinary volume concentration. 
If the solvent consists of several molecular species, and if the 
energy and volume relations are linear in respect of the 
molecular concentration of the solute, then it is shown that 
for moderately small concentrations 


7 — RTC 4- RT(v—35,)c, 


even if the equilibrium between the solvent species is 


Theory of Solutions. 989 


influenced by the presence of the solute. In this expression 
v; is equal to m,/p, m, being the average molecular weight 
of the solvent and p its density. It is therefore evident 
that if we were in possession of a guaranteed perfect solute, 
then by ineasuring m we could deduce the value of m and 
therefore the degree of association of the solvent. But a 
perfect solute can only occur when very special conditions. 
are fulfilled. When the two components of a binary mixture 
are exactly alike, they must certainly form a perfect mixture ; 
the expressions for U and V must be linear with respect to 
n, and n, under all conditions. A mixture of two isotopes 
practically fulfils this condition unless, perhaps, when the 
temperature is very low. When the components are like 
each other, as in the case of benzene and toluene, a close 
approximation to a perfect mixture results. Fora nearly 
perfect mixture the heat of dilution and the change of 
volume on dilution with either component must be very 
small over a wide range of temperature. It is important to 
notice that the converse of this is not necessarily true. The 
linearity of U and V with respect to n; and n; may be nearly 
true in the liquid condition, but not throughout all the stages 
between the gas condition and the liquid condition. In that 
case the liquid will not behave as a perfect mixture. The 
value of the integral 
liquid 
z| (du,' + Pde,')/T 


gas 


is not zero, but an unknown constant. This will give rise 
to a term in the osmotic pressure which is proportional to 
the temperature and to some probably complex function of 
the concentration. An ideal example of this is that of the 
large spherical solute molecules considered previously. In 
a general way it may be said that such cases occur if, while 
a certain balanee exists between the attractions of solute for 
solute, solute for solvent, and solvent for solvent, yet the 
volume occupied by a solute molecule is very different from 
that occupied by « solvent molecule. 

Suppose it was found in the case of a certain binary 
liauid mixture that the osmotic pressure of one component. 
for all compositions throughout the complete range could be 
expressed by the simple relation 


(ORT M, 


in which M, and M; are the masses of the two components in 
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the mixture and k isa constant ; or that the other colligative 
properties of the solution followed the correspondingly simple 
laws. Then we could say with contidence that k is the ratio 
of the molecular weight of the two components as they 
occur in the mixture. Moreover, we should conclude that 
the degree of polymerization, if any existed, of either 
component remained constant throughout the complete range 
of composition. Suppose, however, that this simple be- 
haviour is not observed throughout the whole range ; and 
such behaviour would seem to be impossible when one of the 
components is an associating substance such as water. Then 
when the solution is exceedingly dilute, the osmotic pressure 
is RTC. From this it is possible to deduce simply the 
association of the solute. As the concentration is increased, 
the osmotic pressure will diverge from this, but there is nu 
reason whatsoever for supposing that the second-order 
correction term will approximate to that proper to the 
perfect mixture after allowing for solvation and association. 
l'or the perfect mixture it is RT(v4—37,)€5 ; for the large 
spherical solute molecules considered before, it is RTI. 
It is necessary to suppose that, unless the mixture behaves 
perfectly throughout, the term is a complex function of the 
parameters defining the two kinds of molecule concerneil. 
Thus in cases where there is reason to suppose that there is 
no solvation of the solute molecules and also no direct 
action between these, as for example in the case of a gas 
like argon dissolved in water, it is not justifiable to assume 
that the second term is equal to RT(r;—171,)C7?, and then 
from this to deduce the degree of association of the solvent. 
These remarks apply even if the heat of dilution and volume 
change on dilution are small. 


5. Planck’s method of deducing the colligative properties 
of solutions has led sometimes to misunderstanding con- 
cerning the occurrence and nature of perfect mixtures and 
the factors which cause departure therefrom. It would 
appear to be preferable to start with the relation between the 
fugacity and the concentration. There is exactly the same 
necessity for asserting that the fugacity of a definite mole- 
eular species is proportional to the concentration for all 
states of the mixture in the limit as the dilution is indefinitely 
increased, as there is for asserting that the energy and 
volume expressions are linear with respect to the composition. 
The other properties can then be deduced very simoly. 

Attempts have been made to carry the calculation of the 
colligative properties of solutions of strong electrolytes to a 
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stage further than Milner carried it. Allowance has been 
made for the finite size of the ions in deducing the energy 
introduced by the electrostatic attractions between them. 
The potential function is then calculated from the expression 


yn e Rogo) +n f d Rlog,*. ] 
+a, f(e). 


It is incorrect to assume that the last term is entirely 
accounted for by these electrostatic effects, so that if the 
charges were reduced to zero the solution would behave as a 
perfect one. For in taking account of the finite size of 
the ions, terms are introduced which involve the square ot 
the concentration or higher powers. If the ions are as 
large as these theories demand, the departure from perfect 
behaviour may be appreciable even at moderate concentra- 
tions, quite apart from the electrostatic effects. 

The foregoing points have been emphasized because thev 
illustrate the disadvantages of using the relationship of 
the total energy and volume of a mixture with the composi- 
tion as a starting-point for the thermodynamical treatment. 
The volume of a liquid solution is frequently very nearly 
linear with respect to the composition, and in certain cases 
the total energy is either linear or contains an extra term, 
which can be calculated approximately as in the case of a 
solution of a strong electrolyte. But, as we have seen, this is 
not suffieient whereby to caleulate the properties of the 
solution. In the expression for the osmotic pressure a term 
nearly proportional to the temperature and to a possibly 
complex function of the concentration is not associated with 
any appreciable quantity in the energy expression of the 
solution, and cannot be calculated from an approximate value 
of theenergy. The principal object of formulating a thermo- 
dynamical treatment of a mixture of molecular species is to 
enable us to join theory to experiment—to build a bridge 
between them, so that from the dynamical theory we can 
calculate the actual behaviour of the mixture. From the 
dynamical theory it would then appear proper to calculate 
the fugacities or activities directly rather than the total 
energy and volume. Moreover,.the former can be readily 
deduced from experimental results, and in some cases 
measured directly. 

Chemical Department, 


The University, Manchester, 
February 1924. 
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XCIX. Calculations of the Potential Energy for some 
Atomic Models. By Ina Weopwarp * 


HE atomic models which form the basis of the following 
calculations are chosen for their simplicity ; they con- 
sist of a positive nucleus surrounded by layers of electrons 
at rest. These electrons are divided into groups, all members 
of a group being at equal, or nearly equal, distances from 
the nucleus, and the electrons of a group are said to form 
a layere As the two electrons which lie nearest to the nucleus 
ure more intimately connected with it than are the remaining 
electrons, they are considered with the nucleus ; this com- 
bination, which is generally spoken of as the atom, is regarded 
as a positive point charge, the magnitude of which is equal 
to the sum of the charges on the remaining electrons. If the 
number of these electrons be n, the charge on the atom is ne, 
where e has its usual significance, and denotes the magnitude 
of the electronic charge. Such an atom has the atomic 
number (n 4- 2). 

The electrons in each laver are e supposed to be distributed 
with as much symmetry as is geometrically possible, and 
the work is much simplified by this consideration. All values 
between one and eight are given to n, and the values 12 and 
22 are considered in addition. For n=1, 2, and 4, all the 
electrons are supposed to lie in one layer. For n=3, the 
case in which the electrons lie on a straight liue is considered 
as well as that in which they form one laver. For n=5, 6, 
7. and 8, two cases are considered—that in which the alec. 
trons forin one layer, and that in which they form two. For 
n=8, alternative distributions in the layers are considered. 
For n=12, two cases are considered, in each of which the 
electrons lie in two layers: in one case each of these layers 
contains 6 electrons, in the other they contain 8 and 4 
electrons respectively. For n =22, the electrons are supposed 
to lie in three layers, containing (i.) 8, 8, and 6 electrons, 
(ii.) 8, 12, and 2 electrons. The number of electrons in the 
inmost layer is given first, 

On account of the complexity of the equations obtained, 
an approximate solution only was found in more complicated 
cases. 

The law of force assumed was every where as follows :— 


, l c 
Between an atom and an electron, an attraction E 4e ;) 
r^ 


[7] 
- 


T" 
Between two electrons, a repulsion ~, 
? 


* Communicated by Sir J. J. Thomson, O.M., F.R.S. 
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where r is the distance between the charges under consider- 
ation, E the charge on the atom, and c an unknown quantity, 
constant for any particular atom. 

The results show the comparative stability of various 
atomic models. 

V is used throughout to denote the potential energy o£ the 
atom with its associated electrons. 


I. Atom with one electron. 
n=1, E-e. 


There is here only one possible model. 
Let a be the distauce between the atom and the electron. 


1 c 
E ut 
n la 2a? 
The condition for equilibrium is A =0. 
Hence a=, 
3 
and ves x > "CE 


II. Atom with two electrons. 
n=2, b=2e. 
Electrons and atom on the same straight line, the electrons 
being equidistant from the atom. 
Let a=distance of electrons from atom. 


2 
V=—2Ee } L- ‘apt um 


2a“ 2a 


3°5e?  9ce? 


" a^^ 


: 
The condition of equilibrium A =0 gives 
3° = de/a. 
a —4c/3:5 1:143, 


H ($33)? | 2(3°5)?) , 
aud v={- tie he 


= — 1:93125. —.. . £omcx a (2) 


: ; 
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III. Atom with three electrons. 
n=3, E=3e. 


(i.) One layer.—Electrons at corners of an equilateral 
triangle, atom at its centroid. 


Distance of electron from atom=a. . 


à Be 4 2 ë 
——3,2J-.-—.—-- - acr 
x a ü iat tr ss 


For equilibrium, dy =0. 


da 


=:8076, ^ a—1:238e, 


and V=—  x293. od Ux uxo) 


(ii.) Electrons and atom in one straight line. 
Atom at O, electrons at A, B, D. 


oo 
A O0 B b. 
LetOA=a, OB=l, OD=d. 


1 1 #1 c c C 
=- 4 28 4 RCM ot 


d 2a? 29 — 


yel l l 1 


ida ard aai] x e») 
The conditions of equilibrium, 9^ =0, or =), oF =(), 
give the equations T ' óc 
3 3 1 O l o l 
a? a? (a+b)? (a +d)? ds : $ : (5) 
3 e 1 1 , 
I O (a+b)? * (d —b)? S. déc 8X 
à de 1 ] 


qu Gee se eos (7) 


Neglecting a/d and b/d, equation (7) gives d=3e. 
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If we try the solution 
a — (1-4 a)e, b=(1+y)ec, d=3(1+2)e, 


and neglect squares and higher powers of x, y, and z, we 
obtain the equations : | 


—10-c105:r48y-3:20, . . . . (8) 
a+l4y—3:=0, . . . . (9) 
—2649:—72y--147220. . . . . (10) 
Hence | 2-087,  y=035, 222192, 
and &-—1:087e, 
b. 1:035e, 
e—3:9511c. 
Substituting in (4), it is found that 


(11) 


e? 
V--Tx21868.. . . . . (12) 


IV. Atom with jour electrons. 
n-—4, E=4e. 


One layer.—Electrons at corners of a regular tetrahedron, 
atom at its centre of volume. 
Distance of electrons from atom —a. 


l c 4 3 


The condition of equilibrium - =0 is 


123256 — 10e 


a? one 
4 C704, — a-l298, (€. . . (14) 
and Ve—' x4748.  . . . . (15) 


V. Atom with sive electrons. 
n=5, E 5e. 

(i) One luyer.—Three electrons at the corner of an equi- 
lateral triangle, the atom lying at its centroid ; two electrons 
at equal distances from theatom, ona line through it perpen- 
dicular to the plane of the triangle. 


3582 
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Distance of each of the three electrons from atom =a. 
Distance of each of the two electrons from atom — 5. 


Vo 2E 2 3e 2c| | 2x8 1 3x2 
Uo a Th Bat 368 fF ra et gp WETS 
- . (16) 


s ano OV oV ; 
The conditions of equilibrium EY =(), 3b =0, give 


13-208 6a 15e 


È ERR Gs Th .-.. (17) 


9:5 6b l Qc À 
— ==: =0. . . ., 8 
b? ( a + b? BE b3 0 (1 ) 


Eliminating e, and putting : =, We get 
na : (2— 3.74) 

i 2 = EDC — PP aoe ). . ° e 9 

1423 — 4°75, TENET ( (19) 


A graphical solution of (19) gives 


v= 1:026.: 

Hence we find i =°7205, : =" 454. 
Therefore a = 342e, b= 3n 2 .. (20; 
and Ve-£ x 6806. . . 1 . (21) 


(i) Two lavers.—Atom at origin of Cartesian coordinates. 


e b 
eleetrons at (0. O, a), (0, 0. d). (0. 5, — 7), (+5 CHE us TED ON 
. * — -> - 
This corresponds to a system in which four eleet 
the corners of a tetrahedron, and the tifth 


from the arom to one coruer of the tetralied 


rons iie at 
on a [ine drawn 
ron and pre iacu. 


V .( o De ] ] e e ? 
$94). —- Se e ) ~ + + T di . CU ~% 
e Cig DU UC tr a d 3,4 3i 
* 9 » > 
«> - > Ó 
EE 3 X -> = rx , Poe zu roi ui I 
= LEE VM tas 77 Nir tr st FL 


ete EC CDM C mer 
EET — -— — — Hm 
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The conditions of equilibrium ov =(), ov =0, OV 0, 
oV Ou ab od 
Y =0, give 
150 — 11732 | 36 _ 3b 
(PP o 5 — (+ (at fy)? (V+ (dt f)?)*? 
15c.b Si 
S © VM 
NM et ED a OD 
(o? TJ) (0? ++ (a or D)? ? (b? + (d f)? P? 
157f.c 
(+r =0, . . (24) 
5 3(a f) 1 5 


c 
e Erun Gay 2795 c (25) 
5 3(d + f) 1 9c 


i EE) aap a= s 09 


Neglecting powers of ajd, b/d, f/d and putting a=b, we 
obtain an approximate solution which suggests the trial 
solution : 


8 
aje=1:1(1+4+.2), 
bc=11(1+y), 

f [co A(1-F w), 
d/ec=5(1 +2), | 
where z, y, z, and w are supposed small and their squares 
and higher powers neglected. 
Substituting in equations (23) to (26) and expanding, we 
get 
—:1410 + 2222r +1:4589y + °23710+°015942=0, 
—:0838 +- -O6242 4:°71d4y +°30720+ °0562z=0, 
—:2582 +3°2284e +°7335y +°17720— *1685:=0, 
+°00055— 03709x +°01157y+°0135w— *0553z =0. 
Hence e='031, y='120, w2-—':192, 2:002. 
Therefore a=1:134c, b6=1:232c, f='322c, d=5 105c, 


and V=- x 66672, om, we ok OA) 
€ 
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The distances of the electrons from the atom are readily 
found to be 


1:134c (one electron), 


1:273¢ (three electrons), 
5°105c (one electron). 


a result which shows the amount of distortion produced by 
the atom lying outside on the inner layer. 


VI. Atom with six electrons. 
n=b6, E 6e. 
(1.) One lauer.— Atom at (0, 0, 0), electrons at (+a, 0, 0), 


(0, ta, 0), (0, 0, +a). The atom is at the centre, and the 
electrons are at the centres of the faces, of a cube of edge 2a. 


l c 6. 3:328 
Ecc Rd. ——.e.. . (29 
V= 3661. iat + 9 * q wes (29) 
T du e AN T" 
The condition of equilibrium d =Q gives 
c 13-008 a TP m 
a xx azl385c. . . . (30) 
| e? 
Hence V=— 2 940. . . . . . (31) 


(.) Two layers.—Four electrons in inner, two in outer 
layer. Atom at (0, 0,0), electrons at (+a, 0, b), (0, +a, —b), 
(0, 0, +d). The inner electrons lie at the corners of a 
tetrahedron, distorted by the two electrons lying on lines 
joining the atom to the middle points of two non-intersecting 
edges ot the tetrahedron. 


MIT EIE 
à Vath?  2(a* +t?) d 2d? 


+2 LS : idit e. : 
| Qu” y2at FA) 2d ^ yix (d—b) 
4 


NUR 32 
Va? + (d+6)3 (32) 
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e conditions of equilibrium $7. =0, MERIT A =0 
give 
"A 24a — 24ca 1 _ 8a 
(ai + 6889 t (ary aye t ai T (2a? + apti 
4a 4a 
t æde tag atiy ^ 09 
MC PNE NEN. NN os 
(a? + 53133 + (a? + 6)? (2a? + 401 yv? E (at + (d —b)?)*? 
A(d +b) _ ; 
(a? + (d-+b)8)*2 =0, . (34) 
23 | 12e , — 4(d—l) 4(d +) 


Cae d t (etade * (att (dd) c G9 


An approximate solution, neglecting a/d and bjd, suggests 
the trial solution : | 
a=(l +x), b=b(1-- ye, d=3'4(1+2-)c. 

Neglecting squares and higher powers of z, y, and z, 
equations (33), (34), (35) give 
| 0763 —2-51207 —:8086y —:1572z —0, 
"0050 — 1-049827 —:1793, —:5471: =0, 
—':0089 — 04622 r —:0223y —*61412 =0. 
Hence v="04726, y= —:0366, z 2044, 
and a=1'047e, b=*57R80¢, d=3:55c. 


E 2 
Therefore Vo ^ x 8808, uu wu (36) 


and the distunces of the electrons from the atom are 


1:196vc (four electrons), 
3°55c (two electrons). \. 


(37) 


VIII. Atom with seven electrons. 

nzT7,E-e. 
. (1.) One layer.—Five electrons at the corners of a regular 
pentagon, at the centre of which the atom lies, and two at 


equal distances from the atom on a line through it perpen- 
dicular to the pentagon. 
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Distance of each of the five electrons from the atom =a, 


» » is two 3: E oe. mA 
MirRI I LER . . (38) 
The conditions of equilibrium gr —, d =0 give 


28:1185 10a 35c 

Ru eU O ct) . . (39) 
a. (dà? aè i e 

135 10b de 


T gareT qs — 


0. . . . (40) 


JP . . a 
Eliminating ¢ and putting p T7 we get 


3275 7.5. 10(22—5) — | 
50237x 67 ESIE SU e Xa (41) 
Solving graphically, it is found that x= 10496. 
Hence a = 1'4384c, 9 
a A 


2 
and V=—“ x12185. T 


It is seen from (42) that two of the electrous are slightly 
nearer to the atom that the remaining five. 


Gi.) Two layers.—Five electrons in inner, two in outer 
layer. Three of the electrons lie at the corners of an equi- 
lateral triangle, the atom at its centroid, and the remaining 
electrons on a line through the atom perpendicular to the 
plane of the triangle, and symmetrically disposed with regard 
to it. 


Distance of three electrons from atum =a, ) . 
Inner layer. 


» two à y. a ED 
» two 35 » » =d, outer layer. 
= _7 3 2 2 de Qe X 3 2 
2 vota 2” y 3a 
2x3 2X3 2 2 1 1 


——S era ms e om 


CEN 2. t- Pe wes up bl 
Va? +b? " Va? + a? Weg. ast 2d (44) 
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aV av 


The conditions of equilibrium ot =\), ET =) 


give od 
19:268 6a 6a 21c iu 
————————- — = -- - — ——— -— ——— —— — ` 4 
13°5 2 2 6b IET u TAN 
ur Gai)" aie Gane C qs c X) 
Es 9 9 


E t (db db (ay d 

An approximate solution, obtained by neglecting a/d and 
b/d, suggests the trial solution 

a=1:25(14+2)¢, b=1:25(14+ yc, d=4(1+c)e, 


where the squares and higher powers of «w, y, und z are to be 
neglected. 
Equations ( (45), (46), (47) give 


(0313 +2°1558e+ ‘5434y 4c 0743: —0, 
1541 + :81892--2:5847y —:3294z = 
—':01903-- -0435z— 1029, 4-:2070: —. 


Hence x= —:005, y= — O47, 22079, 
and “= 1-244e, 
b —1:191e, (48) 
d =4°316c. 
2 
Therefore V=- - x12096. . . . . (49) 


(ii.)— Two layers. Six electrons in inner, one in outer 
layer. A number of arbitrary arrangements were studied, 
but the equilibrium position was not found on account of the 
complexity of the equations involved. If the positions of 
the electrons are given by [a, 0, 0], [g, +b, 0], (9, 0, +b), 
[—4, 0, 0], [ 7, 0, 0], the atom being at the origin, then six 
of the electrons lie ut the corners of an octahedron, and the 
remaining electron lies on a line joining tbe atom to one of 
the corners. This is an equilibrium distribution, but on 
account of the large number of unknown quantities involved, 
the solution would be very laborious. 
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The value of V is given by 
IeQbeideais- eie 
tasg) A utpat vu yep ate 
*oV(a-syab v TED *gt vsus O0 


Arbitrary values were assigned to a, b, d, f, aud g, as 
follow :— 


(A) g=0, a=b=d=1°3119¢, f=ie; 
| ven x12257. . . (51A) 
(B) $20, a=b=d=1'3c, f=7c; 
| V=- x12%2684. . . (51B) 
(C) g-0, a=d=1-352e, b=1-267c, f=6'93c ; 
V=- x 12-6611, ^" . (91€) 
These arbitrary distributions give values of V less than 
those obtained for the two equilibrium positions studied, 
and show that those positions are not the most stable ones. 


VIII. Atom with eight electrons. 
n=8, Ec. 


(i.) One layer.—Klectrons at the corners of a cube of edge 
Za, atom at tlie centre of this cube. 


V 1 c 8:3 3 
RRS Eu os | | ARR 
e? KR 2x3 f * 2| zat 2 2.8 


1 59 
+ ete . (52) 
oe TC EA 
The condition of equilibrium dq 779 gives 
"-lL198, a='834Te. 
a 
Hence V——'x1538. . . . . . (53) 
Cc 


The distance of the electrons from the atom ; 
= 3Ja-l446ce. 2 . . . . (54) 
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(ii) One layer.—Electrons at the corners of a twisted 
cube, atom at the centre of this figure. The coordinates of 
the electrons are (+a, +a, +b), (0, + V 2a,—b), (+ N 2a, 0, 
—b), and those of the atom (0, 0, 0). 
M -&1- 1 0c | 
e? / 99 4 D 2(2a? + b?) | 


2 
+- : -fe ——; "EUR 
212a fda? c 4—2 2.0? 


2 1 | 
" eee 2 gt ap . (55 
a/ 4a? + A0? 4-2 y 2 . a? 2 y 2a 2b 


The conditions of equilibrium ov = 0 and ay =0 give 


Da 
lóx2«  &r.4a_ -3536 _ 12928a 
Gati T Qati a (29280 py 
170724 ai 
(T02 + b 99) 
16 x b Be x 2b b 


(2a? + [yj (2a! + b)? T (29284? + py 
b 


SE — =0. . (9i 
(170724 409 yn 
Eliminating ¢ and putting 2=0/a, 


8536 1464 — 


04 NS ee T MEE CQ EM OECD 

ics (2928 + x?) Y (1:7072 4 27)** (P2 
A graphical solution of (58) gives 1-96. 
Hence b2:8128c and az:8467c. 

and — V2— j xlé75. . . « «- « (59) 


The distance of an electrou from the atom 
=y 224b =1'441e. . . + + (60) 
(ii.) Two layers.—Electrons at the corners of two similarly 
orientated regular tetrahedra. The edges of the tetrahedra 
are a and b respectively, where a> b. 


V ir (e. ET exa 


Lhaa ce LE a 
a c9X*]| 34 Tx Be Í | Bb 2x Be" 
4x3 4x3 2/2 3x2x/2 

+- t 2 441 Án Gere 


AJ 3(a— b) + 3a! + 3b? + 2ab 
nk . (61) 
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The conditions of equilibrium A =0 and ON =() give 


ob 
11:57 — 64e 2y2 by2(3a+6) =0, (62) 
a^ Ba 3(a—b)? (3a? +36? + 2ab)? ^ ^" 
11:57 — PT 2/2 6/2(3ba) — (63) 
b 3b? T2730 3(a—b)? (3a +3 4 2ab)3% | 
Eliminating c and putting a/b — x, we get 
E _ 1:6383(2* + 1) 8:485(.c + 1)(327+ à 2) 
e (e—15 — ——QuaIex3)? —— ee Aa 
A graphical solution gives z— 2:81. 
Hence j= ids a=5'083c, 
and 2-5 x 14-73, TU 


The distances of the electrons from the atom are 


1:105c (four electrons), (66) 
3:108c (four Hs E 


(iv.) Two layers.—Electrons at corners of two regular tetra- 
hedra, placed so that each face of one is parallel to a face of 
the other, but on the opposite side of the atom. The 
distances of the electrons from the atom are a and 5. 


V 8 4 4c ,4 de ,3, 1v3 
H p 2a?" b 2] 2 22a 


3. 4v3 1 3 
4 (E 2 RE EE i . . YI 
2 273” Vays ETATS oe 


The conditions of equilibrium 2 =0, 3 =(), give 
286/020 320€ 4 | p^ (a=b) _ (68 
a T aT (ath) O (apb Fe ) 
28:326 32 9( — 
20920 2E... ue Cee) | a (69) 
jj bs 7 (aD) — (ai Sab 2) 
Eliminating c and putting «=4/a, 
2 a 
Hive a a E 


(1+.2)? (1—324 422) — 
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- ~ 


A graphical solution gives z—" í. 


Hence az 105e, | | 
18126] 05 
and V=- x 14797. 20... (72) 


(v.) Two layers.—Six electrons in inner layer, two in outer. 
Coordinates of electrons are (+a, +a, 0), (0, 0, +5), (0, 0, 
+d), and those of the atom (0,0, 0). Four of the electrons 
are therefore at the corners of a square, the atom lying at its 
centre, and the remaining four lie symmetrically on a line 
through the atom perpendicular to the plane of the square. 


Vv 4 2 2 c.4 2c 2c 
47-5 (gaT pta axe * aptae) ) 


iH. M o 2 4 
s itaya seen isse V Viro 
1 1 1 4 . 1 1 1 
+ 7-3 t agnt 96+ aeg d—e t orb T 24 
2 te. s . (13) 
T T oV oV oV 
The conditions of equilibrium z-. 20, 5,- = a pes 
dive d 3 Ch ap od 
19:9232 16a 16a 16c 
m ~ (2a? E (2a? + d)? un a =0, (74) 
31 2 2 8b 16c 
Sit dciy esp T GEFA c p 7o c UP 
31 2 2 8d 16c — , 
MB Gab! aT Gees etc a 


An approximate solution obtained by neglecting a/d and 
b/d suggests the trial solution 
az'8(l4 c), b=1L2(1+y)e, d=5(1+2-)¢, 
where squares and higher powers of x, y, and = are to be 
neglected. | 
Equations (74), (75), (76) give approximately 
— +2301 4 2:7592. + ‘3540y +'0222z=0, 
— 7304+ 3:0211x + 9°1286y —:2804: — 0, 
4+:0046+ *0889í— 70673y 4-718312 — 0. 
Hence v='08, y 2:056, c= —'04, 
and a='$b4e, b=1:267c, d z 4°80c. 
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2 
Therefore "=— x16:052. fs de oe us Ed) 


The distances of the electrons from the atoms are 


1*267c (two electrons), 
4°80c (two electrons). 


1*2?1c (four electrons), 
bos edi 


À more exact solution of the equations of equilibrium is 
given by 
a —:909c, b—1:261c, d=4°80c. 
This gives 
V=—" x1501, . . . . (ITA) 
and the distances of the electrons from the atom are 


1:287c (four electrons), 
1:261c (two electrons), H 
1*80c (two electrons). 


(8A) 


IX. Atom with twelve electrons. 
n=12, E —12e. 
GQ.) Two layers.—Six electrons in each laver. Coordinates 


of electrons are ( -- a, 0, 0). (0, +a, 0), (0, 0, ta), (+0,0,0), 
(0, +b, 0), (0, 0, +4), and of the atom (0, 0, C), where ^» a. 


Jg E C EPIS. a 2 
pec oi Eo tan *31 oo] 
6; 4 1 l 4 i Y 
tavata) eat e eo ses 
V oV 


The conditions of equilibrium ` =0, 3 =(), give 


24 24e  23:3288 2 o Ba —— PE- a 

a v au ed wd + (b—a)? (o (a +i)? (a+b , 
. (80) 

24 24c 233988 2 eb 2 l 

GB 6 MV O (b-a (a?—L*)3? T (a +i =0. 
(1) 

Eliminating ¢ and putting r=1/a, 

10:3356 — (14-2) Alr) z a) =0, (82) 


(z—1)? (14 23)? (1-.j 
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A graphical solution gives x= 2°69. 
Hence a=1°148c, l 
b= 3:042e, i a 
2 
and V=— x 31:1976. . . . . . (84) 


(ii.) Two layers.—Eight electrons in inner, four in outer 
layer. The electrons in the inner layer are su posed to lie 
at the corners of a cube; those in the outer at the corners of 
a tetrahedron, two edges of which are parallel to two edges 
of the cube. The coordinates of the electrons are (+a, +a, 
+a), (b, b, 2b), (—b, —b, —26), (—b, +b, — 26), (b, —b, 
— 2b), and those of the atom (0, 9, 0). The distortion of the 
cube on account of the atoms in the outer layer is neglected. 


Vv 1 c 1 c 
n N lv E 


1 3 3 1 
+513 Ir rm rv] +4{ 


1 " 2 * 
v 2b "Dd 


: 
1 2 
Vap ap Qb—a)? * v (bat (bra)? + (20— 9)? 
1 
* Vaya Qb-ay | uu 
+4 1 9 . (85) 
tyu aj bxap! v(b—a)y + (b4 a) 4 20+ u)? 
^ | 


| H V(b +a)? + (2b +4)? 
If we neglect squares and higher powers of a/b, this 
becomes 
V "m r 8 8c 4 4c 
J/3.a 2x Bae t A/ 0b z iul 
|. 11:3976 , 16016 32 
a iu b t NT 


- - TE oV : 
The conditions of equilibrium aa =(), » — 0, give 
44:0328 32c a 
EN LN TOT 3 =0, . ° e . (81) 
T a 


+9312 Be , 
4 apa c0 e+ 09 


Hence azz'12061e, b= 1°622¢, 
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The distances of the electrons from the atom are 


1:258c (eight Void d. 
3°973c (four electrons). 


(90) 
X. dtom with twenty-two electrons. 
n= 22, E =22e. 


(1.) Three layers.—Kight, eight, and six electrons in the 
consecutive layers, starting from the inmost. Coordinates 
of electrons (+a, +a, +a), (+b, +6, +b), (+d, 0, 0), 
(0, +d, 0), (0,0, +d), and of atom (0, 0, 0). 


c 


V 

ee) ee 

e? 22[8 (—.. - aaa} +8{ wae -sxsi'] 

1 8, 3 3 1 
+6{9— el +5 la tron tice] 
8, 3 3 1 6 4 1 

$51 u t3 m soul i rr T 
n 1 3 
| | JX(a45) * J(a—b) x 2(a 4 bj 


" 3 deu s s | 
V2(a—b)?+ (a+b)? — w3(a-Xb) 


4 
-F-a 
te Taa + 2a? vara} 


4 4 | 
i ——— ee ee ie Wu xs O 
+6 { NIPEEDOmE Vide be aan | a 
V V oV 
The conditions of equilibrium are 2: =0, c= =0, "3d =(). 
If in these a/d and b/d are neglected, the following equations 
are obtained :— 


00-2244 _ 176e | 8 7 O 24(3a—1) 
a — 23d — 3(b—a) (3a? —2«ab + 3b7)3? 
s M n E 
— (3a? + 2ab + 303)? 2? — A/3(aT by > ° 
90:2244 176c 8 24(a—3b) 
(d ^ 3B ^ vU(b—a) * (8a? ~2ab +30)? 
94 (a 4- 35) NM NU - 
(Que 2ab+ Uy yI Co OS) 
Om a ne eke 


i d? l d? d? 
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Eliminating c between (92) and (93), and putting a/b=., 
8 (14.9; 2408-24 22—34*) 

A/3 (1—2)? (3—22 + 32z?,?? 
.24(3-pr—a*—3z) — 8(1-2°*) | 
0 BTH) VƏL +x)” 
A graphical solution gives c=°515. 
Hence a —:633c, b —1:33e, 


and, from (94), 
d=5'074c. 


Therefore Va—% x 9513, ods, xw. 1 (909) 


90:2241(1— 2) — 


—0. . (95) 


The distances of the electrons from the atom are 
1:096c (eight electrons), >} 
2:13c (eight electrons), T & « & & (97) 
5:074c (six electrons). 


(ii.) Three layers. — Eight, twelve, and two electrons in 
consecutive layers, sturting from the inmost. Coordinates of 


electrons are (+a, +a, +a), (+b, +b, 0), (46, 0, +b), 
(0, +b, +b), (+d, 0,0). The distortion of the inner layers 
due to the jr of the two outer electrons is neglected. 


[Liceo] ntu] 
NU ya 2xaaf tl? J% 7 2x 20 


f e LJe Sia + 3 a 
l 2d* | 2 | 2a pau aa 
12 4 2 4 1 zl* 1 9 
" " ` 


+ 


2d 


E 


| 2(b —a)? +a? v (b —a): "+ (bora)? +a? 
2 ; 4 
aF +2] PFA : = 
P VM vV 24! 4- (d — a)? 
4 4 4 
Pimia 
V 2a? +(d+u)" Vb? + (4 — 0)? A 2h? +d? 


4 
a uye 09 
Phil. Mag. S. 6. Vol. 47. No. 281. May 1924. 3 T 
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ae ae oV = oV oV. 
The conditions of equilibrium, 307 0, ab =0, 3d = 0, 
become, if a/d and b/d are neglected, 
90:2244 176c 24(3a—2b) | 48ax3 
a Bad — (Sa!'—4ab- 2039? (3a? 20252 
24(3a 4- 2b) 
a 0, . (99 
~ (3a? + dab + 202)?? e) 
151:8072 132e 24(—2a+2b) ^  48bx2 
Wo — $5 — eda WT (Ba? ieye 
24(2a +2) — _¢ 100 
| = (3a? +4ab 4-20)? ^7 (00 
43:5 44e 40 
— n TX m cow & CI 
pu E 9. CI (101) 


Eliminating c between (99) and (100), and putting zsah. 


a oe (16—162 +36 — 54t)  4(8—272*) 
50 602 6 6672— ‘ (3a? —. 4a 4 2)? D (3a* 4-2)?? 
(164-167 —364? — 5445 


= : 
xxx cL EE) 


A graphical solution gives two values of z. 
w='42 or :809. 
From (101), d —12:5c. 
(A) v= 42. 
Then a='695c, b= 1:56e, d=12°57c, 


and =V=——x96:50. . . . . . (103) 


el’ 


The distances of the electrons from the atom are 


1:134c (eight electrons), l 
2°206c (twelve electrons), [ (104) 
12:0Te (two electrons). 
(B) v= "809, 
Then a — *890ec, b—1:10e, d- 12:51c, 
and — Vz-*x9272. . . . (102) 
€ i 
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The distances of the electrons from the atom are 
1:541le (eight electrons), 
1:553e (twelve electrons), >. . . (106) 


12:5 1c (two electrons). 


Hence in this case the two inner layers have degenerated 
into one. It will be noticed that this model possesses a 
higher potential energy than either of the two others con- 
sidered, and is therefore less stable. 


Table showing Potential Energy and Size 
of Atomic Models. 


Naber Nabar Distances of Number of Potential 
f De f à CLuter Electrons from| Electrons at Energy 
a bola iiie Atom, given distance. V. 
m ERN eens 7 
l 1 cx10 = x's 
Bs a aia M = = 
2 1 eX 1143 — xl 
CES v coo me e? 
3 1 cx 1333 m x 2-934 
j cx 1-087 e? 
es cx 1:052 —  x29181 
exi | c 
Mete eee eee res a = PS 
4 1 cx 1:298 | — X448 
| 
exla42 0, 3 E 
: ! exi | 2 | d 
x 1:273 3 | 42 
2 x 1-134 | l | =  x600; 
x5105  ! l | 
—— M € — ; mm RONDE OT. — 
6 l exi385 | | — x940 , 
a PEETA n—— EEIE, ! 
ó I o exll06 | 4 Mw. 1j 
- | cx 3525 | 9 — x & 868 
| | | 
eX TASB 5 esse. | 
7 l ex1370 | 2 xcu ee 
Luder TONNEN CIPUE TEE UNICI RN ENS. 
cx 1:244 3 e 
3 ex Lio 2 —- X12096 
cx 4:316 2 s | 


ee eee 


EEE, cs IUE URDU EUR 


* 
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Table (cont.). 


| 


—— -— ——S 


i 


' Distances of | Number of Potential 
Pa A T: Electrons from Electrons at Energy 
' Atom. . {| given distance. $ 
8 1 (cube) ext6 z A x 15-28 
1 (twisted f e? m 
bs] exla47 | - $ XI655 
ex 1105 4 P 
: ex 3:108 4 E xod. 
CX 1:312 1 4 nn " | 
2 c x 1-705 4 QUEM | 
cx 1287 4 E | 
2 exl267 | 2 — — x1501 
cx in0 2 e | 
— —— — eam — ae 
3 cx1148 6 € are 
12 | : ex3042 | 6 antes 
| 5 ex1l258 ` 8 Ë yal: 
E. exs973 4 gre 
— — |- — ——— ————— ——— —M— | — ——— 
at cxl096  , 8 e 
2 | 3 ex 2:13 | 8 ~* x 951 | 
cx 5074 6 c | 
| ex1134 8 , | 
3 | ex2206 12 LE x965 
|  exl25T 2 |o ct 
——À— — — —— —— 1 —À o ——— ' 
© o exral | R 2 | 
3 ^— ex 1553 12 E - | 
CoexI|257 | 2 Henne S 
| 


—————— —— — ee —— u —À— —— — —— ———— € — 


In the case of atoms with twelve and twenty-two electrons 
respectivelv, the error in the value of the potential energv 
may amount to 1 per cent. In the other cases the figures 
are reliable only to the first place of decimals, except for 
atoms with one or two electrons, three electrons in one layer, 
four electrons, six electrons in one layer, and eight electrons 
at the corners of a cube, for which a more exact result is 
obtained, with an error of not more than *01. 

It is seen from the table of results that, for values of 
n between 1 and 8, the potential energy is in every case 
less when the electrons lie in one laver than when thev lie 
in two layers. The one-layer form of theatom will therefore 
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be the more stable. The difference in energy is, however, 
small in some cases. 

Of the distributions considered when n= 12, that in which 
the electrons in the layers number 8 and 4 is the more stable. 

For the atom with twenty-two electrons, the first two 
forms possess potential energies so nearly equal that the 
accuracy of the calculation does not permit us to judge which 
is the greater. The third form is less stable. 

If we consider the most stable form only for each value 
of n, it is shown by the following table that an empirical law, 


V 
-——~ 7 constant, 
n( + 2) 
holds roughly in the cases considered. 
n. 44-2. V. V /n. |. Vinin+2), 
1 si. 35 8 - 3 © —167° 
e? » .e e? 
2 4 | — 1:531 -- — "165 —:191- | 
€ Cc 
3 | 5 | 293^ | — 97° —195^  ! 
| e c a | 
: 
4 6 — 448^ — 1:187° —198^ | 
c c c | 
2 
5 7 | — 6806, | - 13017 -180* 
2 
6 8 | —940* | — r567' —1967 | 
| e? my e 2 
7 9 | —1218 = Zu —193^ | 
l e? | E 2 l 
8 10 | —1675 , | — 2004" -209° 
e? og 2 
12 14 | —918 , — 269 i — 190" 
c? i " 
22 24 —96 , — 436 f E 


If for n=8 the form possessing the greatest symmetry, 
i.e. the cube, is taken, the value obtained for V[n(n-F2) is 
191 e?/e. 

If the law of force between an atom and an electron is 
wriiten in the form 


nes Nex 


Pd 7 , 


force — an attraction of magnitude 


where N is the atomic weight, then ez Nan. 
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Consider the distance of the electron from the atom for 
elements from lithium to neon, as shown in the table of 
results. 


ee ee 8 mM — ———————— — — 


Element. n N. Mibi y diae 
Lithium 1 7 ex 10 | ax" s ax | 
Beryllium 2 | 9 exbHs | ax 514 axol4 
Boron ...... | 3 | 11 cX 1'238 1 axXY54 ax452 | 
! Carbon ...... | 4 1 12 cx 1-298 axX389 | a@X388 
Nitrogen ..| 5 | 14 ; eXL942 |  ax356 —— ax3578 
Oxygen... 6 . 16 (0 0xl0l385 i ax369 | ax360 
Fluorine 7 | 19 eX 1438 a X 3°90 | ax 3S0 
Neon... wi) 8 | 90 | exld47 |  ax302 | ax363 


The last column shows the values given by Sir J. J. 
Thomson (Phil. Mag. vol. xli. p. 524, 1921). The discrepancy 
which oceurs in the eases of nitrogen and fluorine is due to 
the fact that in Sir J. J. Thonison: s work the electrons are 
assumed to be at equal distances from the atom, whereas it is 
shown by the above calculations that in the equilibrium 
position this is not the case forthese atoms. The value given 
in the table as the distance of the electrons from the atom is 
that common to the greatest number of electrons. 


XI. Atom with twenty-seven electrons. 


Some results of a study of an atom with twentv-seven 
electrons will now be given, but they can be regarded ouly 
as a first approximation to the solution. 

One of the electrons is supposed to be at a distance from 
the atom great compared with that of the others, which have 
coordinates (+a, +a, ta), ( 5,0, 0), (0, =b, 0), (0, 0, +6), 
(0, td, +d), (+d, 0, +d), (+d, +d. 0), the atom ‘being 
at the origin, ‘hie electrons are therefore in four layers, 
the outermost of which contains one electron, while the 
order of the others, which contain eight, twelve, and six 
electrons respectively, Is not vet datermiud. The contri- 
bution to the potential energy of the svstem from the single 
electron in the outermost lay er is assumed to be negligibly 
small. 
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The potential energy of tlie system is 


| 47217 03339 80934 


a b d 
ce (3 675 , 615 

? Let ptg i 

1 " 013. u 

34? —4dud 242 — V3u?+ 2d? 

21e x i i 
+ Bet dud 4 2d? v dai — ab U? 
1 1 


| 1 
+ egg t WU thd d 247 


The equations necessary for equilibrium derived from this 
by partial differentiation with respect to a, b, and d do not 
admit of a solution by the methods used in the earlier part of 
this paper, for which it is necessary that one of the quantities 
a, b, or d should be negligibly small compared with one of 
the others—a condition which is not. found to be fulfilled 
here. | 

If each layer is considered separately and its equilibrium 
position and potential energy found, the effect of electrons 
outside the layer being neglected, while those inside the layer 
are supposed to aet as though they were all at the centre, 
the results given below are obtained. 
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The values obtained for the potential energy are seen to be 
nearly equal for all arrangements of the layers, so that it is 
not possible to determine from these results which form is 
the most stable. 

The distance of the electron in the outermost layer is 
easily shown to be 27c, and the contribution to the potential 
energy from it is —°018e7/c. 

If we take the value —142:9e2/c for V, and divide by 
n(n +2), i. e. (27x 29), we find V/n(n+2)='183¢?'c, a value 
in close agreement with those obtained above for other 
atoms. ij 


My thanks are due to ihe Department of Scientific and 
Industria] Research for a grant which rendered it possible to 
undertake .this work, and to Siv J. J. Thomson for many 
invaluable suggestions during its progress. 


C. A Metal Annular-Jet Vacuum Pump. By Ivor 
BackHunsr, M.Sc., and G. W. C. Kaye, O.D.E., M.A., 
JJ. Se, The National Physical Laboratory". 


qe all-metal mercury-vapour jet-pump described in a 

previous paper t presents certain difficulties of con- 
struction on account of the welded Joints; and accordingly a 
modification has been devised in which these are avoided. 
This is made of steel, and embodies in its design features 
characteristic of both the condensation and jet pump. 


Description. 


Fig. 1, which is drawn to scale, shows the details of the 
construction. As will be seen, the boiler occupies the lower 
third of the pump, the upper two thirds being surrounded by 
a water-jacket. The outer casing of the pump is made from 
one piece of weldless steel tube. The lower end is closed by 
a steel cap, which is tightly serewed on, the joint being 
rendered air-tight by thorough copper and nickel plating. 
The screwed joint between a second steel cap on the upper 
end and the connecting tube to the high-vacuum is similarly 
plated, the cap being sealed to the pump by means of wax 
or solder. The re-entrant projection of the connecting tube 
into the pump tends to eheck tlie escape of mercury vapour 
to the high-vaeuum svstem. 

On removing the cap, all the inner parts of the pump may 

* Communicated by the Director of the National Physical Laboratory. 

t Backhurst and Kaye, supra, p. 915. 
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be lifted out together and can then be readily unscrewed 
apart. This construction makes cleaning exceptionally easy. 

Fig. 1. 
ANNULAR JET PUMP. 
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The deflector and sleeve S may be screwed up or down to the 
positions giving maximum speed over the pressure-range 
desired. § is fixed by means of a lock-nut (shown) and the 
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deflector is screwed down on to a washer (shown) of the right 
thickness to serve as a distance piece. When the deflector is 
adjusted so that its lower edge is level with the shoulder ot 
the outer casing, the best position. is obtained for general 
work. The curves shown in fig. 2 were obtained with the 
deflector in this position. Three distance pins, P, serewed 
into the deflector maintain it concentric with the casing. 
The outer casing has two shallow grooves cut on its inner 
surface, one o dE the deflector, so forming a ‘shoulder 
for the annular jet, the other just below the jet for the 
purpose of increasing the efficiency of the water cooling. 
The amount of mercury required in the boiler is about 


100 e.c. (2 lb.). 
Action. 


The action of the pump is as follows : —Mercury vapour 
from the boiler passes up the centre tube and through holes 
at tlie top to the annular space between the deflector and the 
sleeve N, from which it issues as a jet and entrains gas 
diffusing from the annular space between the deflector and 
the outer casing. In the region between the easing and 
sleeves Sand C, condensation of the v vapour takes place, 
the condensed mereury falling through the hole in € which 
is immediately above the return tube to the boiler. The 
sleeve C serves to prevent any mercury vapour which may 
leak from the boiler through the annular crevice and the 
several serewed Joints just above the boiler from interfering 
with the vapour, jet between S and the outer casing on which 
the pumping action depends, At the same time it prevents 
the condensing vapour Eo this jet from coming in contact 
with the hot central tube. Since the lower and wider part 
of Cis in contact over an appreciable area with a water- 
cooled part of the outer casing, and further is separated from 
the top of the boiler by three pins (shown in fig. 1), it remains 
comparatively eold, so that the condensed mercury falling on 
the sloping channelled part of € is not largely re-evaporated, 
as would happen were it to fall directly on the top of the 
boiler. Itis therefore possible to use a large Bunsen burner 
and operate the boiler at a comparatively high temperature 
without any likelihood of failure due to overhontiny, In this 
way the blast of vapour obtained is sufficient to supply the 
annular jet, which hasa width of 1°75 mm. and an actual j jet 
area of 2°85 sq. em. On account of the greater efficiency of 
the annular jet compared with the circular form, much higher 
speeds are obtained over the usual jet-pump pressure range. 
At lower pressures also the pamp is still able to operate, 
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functioning then as a condensation pump, though its speed as 
such is necessarily restricted by the narrow width of the jet. 

The pump could readily be adapted for electrical heating 
instead of gas. 
l Speed. 

In fig. 2 are curves showing the way in which the speed, 
as defined by Gaede *, varies with the logarithm of the 
pressure at which the pump is working. For any particular 
setting of the annular nozzle the pressure at which maximum 
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speed is obtained depends on the working temperature of the 
boiler. If this temperature is increased, the maximum in 
general occurs at a higher pressure. Curves I. and II. were 
obtained, using a l-inch. diameter Meker burner suppiied 
with gas at pressures of 5 and 6 em. of water respectively, 
the general arrangement of the specd-testing apparatus em- 
ployed being similar to that previously deseribed f. In the 
present ease tho dimensions of the flow-tube for the speed tests 
were :—length 59:0 cem., diameter 10095 em. ; and of the 
tube connecting the latter with the pump, length 18:0 cem., 


* Supra, p. 025. t Loc. cit. 
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diameter 2:25 cm. Throughout the experiments the sup- 
porting vacuum was maintained at 0'9 mm. mercury. The 
speed values found using another flow tube 38:3 cm. long and 
0:5077 cm. in diameter served asa check. 

It will be seen from the curves that at pressures between 
0:001 and 0-5 mm. mercury the speed varies between 1000 
and 7090 c.c./-ec., so that the pump is well suited to support 
a high-speed condensation pump. It is also suitable for 
maintaining a vacuum in a tube such as a * vas’ X-ray tube, 
liquid air not being required as the presence of mercury 
vapour does not interfere with the working of such a tube. 
When only moderately low pressures are required (as in the 
‘gas’ tube), an adjustable leak of air as by a needle-valve 
or fine capillary is a convenient means of attaining the 
desired pressure. 

It was found that the pump did not operate to advantage 
for back pressures exceeding 1 mm. mercury. Under this 
figure the performance of the pump, both as to speed and 
vacuum attained, is but little dependent on the back pressure. 


Summary. 


Tha mercury-vapour jet-pump of steel, described in a 
previous paper, presents certain difficulties of construction, 
and accordingly a modification has been devised which is 
without welded joints. The pump is similar to the Langmuir 
type, but has additional inner tubes which together with a 
narrow annular jet enable it to work against higher back 
pressures. The pump represents an attempt to combine the 
advantages of the jet and condensation principles in a single 
and readily accessible unit. Backed by an ordinary piston 
oil-pump. it constitutes a complete and efficient high-vacuum 
outfit. If mercury vapour isan objection, a liquid air trap 
must be employed. The pump will readily produce a vacuum 
of the order 000001 mm. mercury or less when working 
against a back pressure of 1 mm. mercury. The speed is 
hich, the actual value, which varies between 1000 and 
1000 c.c./sec., depending on the pressure in the vessel being 
exhausted, and also on the value of the back pressure against 
which the pump is working. 


We wish to acknowledge the assistance given by Mr. J. 
Balmanno and Mr. W. H. Sewell, o£ the Observer Staff of 
the Laboratory. 

The investigation was carried out in part in connexion 
with work for the Radio Research Board of the Department of 
"eientifie and Industrial Research, 
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CI. The Electronic Theory of Valency.—Part. 1V. The 
Origin of Acidity. By Prot. T. Martis Lowry, C.B.£., 
M.A., D.Se., F.R.S.* 


To object of this communieation is to unite into one 
definite hypothesis a number of suggestions which 
have been made in earlier papers of this series, and else- 
where, as to the natnre of acids and the origin of acidity. 


l. The Nature of Acids. 


An acid may be defined as a hydride from which a proton can 
be detached, e.g. on dissolution in an ionizing solvent, on 
electrolysis, or by displacement by a metallic ion. This 
definition f appears likely to hold its own, in spite of proposals 
that would either restrict its scope f, by limiting it to the 
hydrates of anhydro-acids $, or broaden it to include 
compounds not containing any hvdrogen |. Thus, although 
it is true that water is needed to make hydrogen chloride 
conduct, this does not prove that water is a necessary 
constituent of an acid, since it may only mean that the proton 
always seeks out an alternative resting-place when it is 
threatened with eviction from an acid, and tbat, if alternative 
accommodation is not provided, it may refuse to be displaced. 
In other words, the ionization of an acid may be, not a 
dissociation as expressed in such an equation as 


HCICH4Cl or HClaq == Haq+ Clag, 
but a double decomposition of the type 
HCI+ OH, = OH, +01 
compare — HCl4-NH, = NH,+Cl. 


There is therefore no need to narrow tlie definition of an 
acid by confining it to compounds which contain oxygen as 
well as hydrogen. On the other hand, there are real advan- 
tages in maintaining the positive relationship between acidity 


* Communicated by the Faraday Society. 

Compare Chemistry and Industry, xlii. p. 43 (1925). 

Ibid. p. 46. 

Werner,* New Ideas, 121], p. 212; compare Chemistry and Industry, 
ep. 1048 (1923). 

G.N. Lewis, * Valence," 1923, p. 142. 
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and the presence of a proton which is indicated in the defi- 
nition set out above, in place of widening this definition so 
as to include any substance which can make away with a 
hydroxyl ion, or even with another anion, such as a 
fluoride ion. 


2. The Development of Acidity. 


When the hvdrides of the lighter elements are compared, a 
very remarkable contrast is observed between successive 
members of a series such as CH,, NH,, OH,, FH, Ne. Thus 
the monohydrides FH, CIH, BrH, IH are amongst the 
strongest acids ; but SH, 1s already a very weak acid and OH, 
is commonly regarded as neutral. Ammonia is more of a base 
than an acid, since it is more Eu to take up a proton as in 


+ 

NH Cl than to lose one as in NaNH,. In methane, acidie and 
TED properties have both disappeared, the former on account 
of the greater stability of this hydride as compared with NH, 
or OH, the latter on accourt of the fact that the octet of 
carbon cannot carry any more radicles beyond the four 
hydrogen atoms which are already attached to it in methane. 
In the first paper of this series * I suggested that this 
progressive disappearance of acidity was not due directly to 
change of valency, but that it might be associated much 
more closely with the growing size “of the molecule which 
had been demonstrated by the experiments of Rankine t on 
the collision-areas of these molecules as deduced from 
measurements of the viscosity of the gases. This suggestion 
is repeated in a more precise form in the following 
paragraph. 


3. Bohr's Atom in Relation to the Problem of Acidity. 


Although the brilliant investigations of Bohr have led at 
present only toa theory of the structure of free atomsand ions, 
it is already possible to surmise the direction in which develop- 
ments must. take place in order that it may provide in due 
course a working hypothesis of the structure of molecules 
also. In particular, the view is now widely accepted that 
the “shared electrons” of the static models must he trans- 
lated into “shared orbits” f in the dynamic model of the 


* Trans. Faraday Soc. xviii. p. 292 (1923); Phil. Mag. xlv. p. 1116 
(1923). 

t "raus, Faraday Soc. xvii. p. 719 (1922). 

t Niessen, n Utrecht, 1922; Pauli, Ann. d. Physik, lxviii. 
p. lee (1922); Campbell, Nature, cxi. (Apr. 28, 1923); Fowler, Trans. 
Faraday Soc. xix. p. 461 (1923) ; Sidgwick, ibid. p. 469. 
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molecule. Inthe recent discussion on ** The Electronic Theory 
of Valency” I suggested * that the development of looped 
orbits may be related in a very simple manner to the well- 
known relativity effect. In a free atom or ion this gives rise 
to precession of the orbit; but the intersection of the inward 
and outward paths, which is the main feature of this etlect, is 
exactly what is needed in order to produce a figure-of- eight 
orbit enveloping two nuclei. Since the major axis of an 
orbit is inversely proportional to the effective nuclear charge, 
itis clear that the size of the loop must be smaller in FH w ith 
a nuclear charge of 9 than in CH, with a nuclear charge of 
6, in complete qualitative agreement with the obser vations of 
Rankine. It is not easy to say what relationship will exist 
between the size of the looped orbit and the magnitude of 
the force with which it binds together the two nuclei which 
it encloses ; but the repulson between them must certainly 
increase rapidly as the two nuclei are brought more 
closely together by the contraction of the loop. From this 
point of view it appears that the four hydrogens of methane 
may be held securely by looped orbits, with ‘the focus of the 
outer loops at a considerable distance from the nucleus ; 
whereas the much smaller loop in which the proton of 
hydrogen fluoride is held must bring it nearer to the 
nucleus, and may easily bring it so near that it can be 
driven outside the loop by the “strong repulsion to which it 
is subjected. 


4. Transmission of Acidity. 


It is of interest to reconsider, in the light of the views set 
out in the preceding paragraph, the mechanism by which 
acidity is propagated in a chain of atoms, e.g. trom CI to H in 
CI.CH,.CO.OH. When a static model is used, tlie simplest 
mechanism is that suggested by Langmuir f, namely a dis- 
placement of the nuclei relatively to the enveloping shells of 
electrons. When a dynamic model is used, this conception 
becomes of less utility, since it is difficult to imagine that the 
orbits can be diverted very much from their normal course 
round the nucleus—at any ratein the inner portion of the 
path. It is therefore more reasonable to suppose tliat, since 
an orbit with a chlorine-nucleus in one focus is necessarily of 
smaller dimensions than a corresponding orbit containing 
a carbon nucleus, the dimensions of a looped orbit which 
contains chlorine in one focus and carbon in the other will 


* Trans. Faraday Soc. xix. p. 480 (1922). 
T Trans. Faraday Soc. xvii. p. 609 (1922). 
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be intermediate in size between those of binuclear orbits 
containing either two chlorine or two carbon atoms. It is 
moreover reasonable to think that the contracted orbits of a 
chlorine atom may tend to impose a like contraction on 
orbits of similar quantum-number. in an adjacent carbon 
atom when some of these orbits are shared by both atoms. 
This effect, transmitted in a diminished degree as the 
length of the chain is increased, would account for the 
" general effect" of acylous and  basylous radicles, as 
illustrated by the tables in Part III. of this series of papers. 

It will be noticed that this effect is always in the same 
direction. lt has been suggested that, in the transmission of 
acidity through a chain of atoms, an alternating effect 
(basylous, acylous, basylous, acylous, etc.) is sometimes 
produced in consecutive atoms ; but, as I have already stated, 
I am not yet convinced that there is any sufficient 
experimental basis for this view. 


9. Summary and Conclusions. 


(a) The increasing acidity of the hydrides from CH, to 
FH or from SiH, to CIH is attributed to a progressive 
diminution in the size of the orbits of the electrons by 
which the protons are linked to the central nucleus. 

(b) It is suggested that acylous atoms such as chlorine 
tend to diminish the size of the orbits of electrons which they 
share with another atom, and that this effect can be 
transmitted to other orbits of the same quantum-number in 
the latter atom. In this way the transmission of acidity 
through a chain of atoms can be interpreted by means of a 
dynamic, instead of a static, model. Conversely, basylous 
groups must expand the orbits of electrons which they sbare 
with otlier atoms. 

(c) From this point of view an unsubstituted hydrocarbon 
chain should act as a neutral radicle in carboxylic acids, 
since orbits shared by two carbon atoms will be of normal 
dimensions. Hydrogen directly attached to an atom of 
sulphur, phosphorus, etc., is more acylous than an alkyl 
radicle because it allows "for a greater contraction of the 
orbits ; but even a proton is ee acylous than the * lone 
pairs” of electrons in acids such as FH and CIH, since 
contraction is probably at a maximum in orbits which are 
entirely unshared. 
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CII. On the Emission of Positive lons from Hot Tungsten. 
By Professor W. A. JENKINS, University of Dacca, 
India *. 


URING an investigation upon the alteration of resistance 
of a tungsten spiral when emitting electrons, it was 
observed that when the temperature of the spiral reached a 
certain value a further increase in the temperature resulted 
in a decrease of the electron current. It has been known for 
some time that there is a maximum to the current available 
with a fixed voltage, and that beyond a certain point an 
increase of temperature does not result in an increase of the 
electron current. This phenomenon has generally been 
attributed to the existence of space-charge ; but while it is 
. possible to explain the existence of a saturation value bv 
means of the space-charge hypothesis, it does not seem easy 
on this theory to account tor a decrease of the current. 
More detailed experiments upon the magnitude of the electron 
current at a high temperature showed that the phenomenon 
of a decrease of the electron current with increase of tempera- 
ture was not reproducible with all the tungsten wires used. 
These experiments, in which a more sensitive galvanometer 
than usual was emploved, revealed the fact that at about the 
temperature at which the electron current reached a maximum 
value or commenced to decrease, an emission of positive ions 
began. This positive current could be observed, of course, 
by reversing the potential used for the observation of the 
electron current. ‘The present paper is an account of in- 
vestigations carried out upon this positive ion emission at 
high temperatures. 

it has long heen known that in the presence of gas most 
metals emit positive ions at fairly low temperatures ; but this 
phenomenon is one which varies enormously under different 
conditions and which disappears with the elimination of the 
gas. When a metal is heated in vacuo, and the temperature 
is not allowed to vary, the emission of positive ions which is 
great at first gradually diminishes until it is too small to 
measure. After continued heating in a vacuum, a metal 
ceases to einit positive ions, but its power may be restored 
by treating it in one of several ways f. 

In addition to this effect, characteristic of new wires heated 
in a vacuum, it is found that the introduction of almost any 
gas will cause the production of both positive and negative 
ions. 


* Communicated by the Author. 
+ Richardson, * Emission of Electricity from Hot Bodies,’ pp. 202-204. 


Phil. Mag. S. 6. Vol. 47. No. 281. May 1924. 3 U 
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These ions are heavy and are not affected by weak magnetic 
fields. Richardson and Chaudhuri* have shown that the 
use of a magnetic field when the driving voltage is small 
can be used as a criterion of the absence of gas and the 
formation of ions by collision. According to their experi- 
ments a tube can be regarded as satisfactory, i. e. free from 
gas and the wire sufficiently glowed out, when a transverse 
magnetic field will entirely prevent the electron current from 
passing between electrodes 2 cm. apart with a driving 
potential of several volts. In any tube in which there are 
traces of residual gas, or in which the wire retains traces of 
occluded gas, the application of a magnetic field will not 
entirely prevent the electron current from passing. This 
residual current is attributed to the formation of ions by 
collision. The positive emissions discussed in the present 
paper are of an entirely different character, however, from 
those which have been previously observed. 


Apparatus used. 
Fig. 1. 


E, is a battery of twelve 2-volt accumulators used for 
heating the tungsten spiral in the Coolidge tube B. The 
current through the tungsten spiral was measured by the 
ammeter A, and could be varied through wide limits by 
means of the resistance R. 

E, is a battery which varie: in different parts of the 
experiment from 2 volts to 220 volts. . 

G, is a galvanometer used for measuring the positive 
electron eurrent. 


* Phil. Mag. Feb. 1923, p. 3397. 
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Gs isa high sensitivity galvanometer used for measuring 
the positive emission current. 

E; is a 2-volt accumulator used in combination with the 
galvanometer Gy, the resistances R, and R4, and the potentio- 
meter wire D for accurately measuring the drop in potential 
between the terminals of the tungsten spiral. It was found 
that the ordinary connexions of the Coolidge tube were not 
sufficiently good to allow of a balancing point on the potentio- 
meter being obtained. Thick copper “leads were therefore 
soldered to the terminals of the spiral after the ordinary 
connecting cap had been removed. This considerably 
improved the steadiness of the current through the spiral, 
and enabled the potential fall between the terminals to be 
accurately determined. 

The Coolidge tube was placed between the poles of a 
powerful electromagnet , 80 that the space between the cathode 
and the anticathode was in the central part of the field. 
The pole-pieces were, of. course, widely separated, but with 
a current o£ about 54 amperes a field of approximately 400 
avas obtained. 

A Coolidge tube is not an ideal form of apparatus for the 
experiments in question, but for preliminary work it offers 
many advantages. The vacuum is very high and the spiral 
is thoroughly glowed out, so that although the tubes used 
had been employ ed for A-ray work for several months, a 
discharge could not be passed through them when the tungsten 
spiral was cold. The application of the tests employed by 
Richardson and Chaudhuri for the absence of gas, either 
residual or occluded, also showed that the tubes were ina 

satisfactory condition for the experiments. Below a tem- 
perature ot about 2500? C. there were no positive ions present 
in the tubes. Further, when a magnetic field of strength 
400 was applied at right anglesto an electron current flowing 
under a driving potential of less than 10 volts, the electron 
current was entirely stopped, even when the current flowing 

ras as high as 3 x 107*ampere, the temperature over 3000? C., 
and a gi alvanometer of sensitivity 4 x 107!? employed. 

If voltages greater than 10 were employed, the magnetic 
field was insufficiently strony to prevent completely the 
electron current from passing "between the electrodes. ` This 
is what one would expect, for the velocity of the electrons 
increases with the driving potential. Whatever effects are 
observed, therefore, may be presumed to be pure emission 
effects, unaffected either by the presence of gas within the 
tube or oecluded gas within the spiral. 


3U2 


1028 Prof. W. A. Jenkins on the Emission of 


(general Description of the Phenomena observed. 


The tungsten spiral was heated in the ordinary manner, 
and the current gradually increased. At first the discharge 
was a pure electron dise charge following the curve already 
investigated by many physicists. When the current throug 
the spiral reached a certain value, however, the electron 
current ceased to increase, and a further increase of the 
heating current generally resulted in a slight diminution of 
the electron current. Up to just below this point no positive 
emission could be detected, even with an applied voltage of 
over 200 and a very sensitive valvanometer. Further increase 
of the heating current gave rise to a positive emission, which 
inereased rapidly with the temperature. This positive 
emission current also varied with the applied voltage—with 
time—with the previous treatment of the spiral and "with the 
application of a magnetic field. These variations are not 
simple, and will he described in detail. In order to obtain 
accurate measurements of this positive emission current, which 
was generally very small, it was necessary to eliminate all 
leakage currents. Witl 24 volts on the heating circuit, 
200 volts on the positive emission circuit, and a. “different 
200 volts on the electromagnet circuit some trouble was 
experienced with insulation. This was eventually overcome 
by using nothing but air wires (except for the electromagnet) 
and hy placing each individual piece of apparatus upon 
separate blocks of paraffin-wax. In addition, it was found 
necessary to place the cells used upon separate tables, and to: 
stand these tables upon blocks of either ebonite or paratlin- 
wax. Even with these precautions it was not possible to- 
obtain satisfactory readings inmediately after a shower of 
rain when the atmosphere was moist. During the rainv 
season in Bengal, experiments of this kind are out of the: 
question. 


Variation of the Emission with the Temperature. 

Keeping the applied voltage constant, experiments were 
carried out with different tabes, and the results set forth in 
Table I. obtained. The voltage used was 220, this being the 
maximum available. In all cases the values Down. are- 
the maximum ones obtained neglecting the initial discharge, 
which will be dealt with later in the paper. The temperatures 
were not measured directly, but were deduced from the values 
of the resistance obtained from the current and the potential 
determinations. For this purpose the data given im 
Langmuir paper were used. 


* Langmuir, Physical Review, vi. (1915). 
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Table I, shows a complete set of data for experiments 
carried out with the first tube. The results obtained with: 


* TaBLE I. 
Heating Resistance | Tempera- Electron Positive — 
Jurrent, (spiral) ` ture. Current. Current. 
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other tubes were similar, and are shown in graph form in 


fig. 2. 
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It will be observed that the positive currents obtained with 
the third tube used, i. e. tube C, are much smaller than those 
obtained with the other two tubes. This tube also gave much 
smaller electron currents than did either of the other two. 
That the positive discharge does not begin with tube € 
until a temperature of nearly 2800 C. has been reached is pro- 
bably due to the fact that below this temperaturethe emission 
was so small that the galvanometer used was not capable ot 
detecting it. The scale used for plotting tlie electron current 
is, of course, a different one from that used for plotting the 
positive current. The curves are of similar shape. as is shown 


Fig. 3. 
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in fiz. 3, but the magnitudes less when driving voltages of 
less than 220 volts are used. In the case of these latter 
voltages, however, the values of the positive emission obtained 
when a magnetic field is applied must be used in order to get 
the true emission effect. The reason tor this will be discussed 
later. 

It is unlikely that in a Coolidge tube the whole of tlie 
emitted particles, whether electrons or positively-charged 
particles, reach the anticathode, especially when the voltage 
is small. The conformation of the tube prohibits this, and it 
is therefore not possible to deduce from the above resilts 
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any definite relationship that may exist between the tempera- 
ture and the positive emission. All that it is possible to say is 
that as the temperature increases from 2500" C.to the melting- 
point, the emission increases very rapidly. The lar gest 
positive emission observed was 5:9 x 10-7" ampere. This was 
obtained with the first tube, which also gave the greatest 
currents, and showed no maximum electron emission even 
with the highest temperatures used. With more suitable 
forms of tubes in which the emitting wire is entirely sur- 
rounded by a receiving electrode, it should be possible to 
obtain saturation values of the emission current at voltages 
much less than 220. Such values would enable one to 
deduce the relation between the temperature and the positive 
emission. It is proposed to continue the investigations 
npon these lines. 


Variation of the Emission with the Driving Voltage. 


Table II. and fig. 4 show the characteristic features of the 
variation of the emission with the applied voltage up to a 
maximum of 220 volts. It will be seen that the emission 
rises uniformly with the voltage up to 16 volts, and then 
apparently approaches a saturation value. On further in- 
creasing the voltage the emission very considerably i increases. 
It is possible that at the higher voltages the potential assists 
in pulling out the positive particles as well as increasing the 
velocity. This point also can be more satisfactorily decided 
in an apparatus in which the whole of the emitted particles 
are collected on the receiving electrode. For purposes of 
comparison the variation of the electron current with the 
applied voltage is also shown. 

The results indicate that the electron current increases 
uniformly with the voltage, and this suggests that the lack 
of uniformity which marks the variation of the positive 
current with the voltage is a general phenomenon, and is not 
due to the asymmetrical shape of the Coolidge tube. If this 
is so, it 1s clear that there is some cause operating at the 
higher voltages which is not present at the lower ones. 
The table shown is one of many tliat were obtained using 
different values of the heating current. 


Variation of the Emission with the Magnetic Field. 


Table ILI. shows the values of the electron current 
obtained for different values of the heating current when 
different driving voltages were used and a magnetic field of 
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strength 400 Gauss was applied. In conformity with the 
results of Richardson and Chaudhuri, if the applied voltage 
be less than 10, the magnetic field entirely destroys tke 
electron current : but if the heating current be large, i. e. if 
the temperature of the wire be high, then the application of 
a magnetic field not only destroys the electron current, but 
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it results in the appearance of a small current flowing in the 
opposite direction. There appear to be two possible sources . 
for this current. It may either be an electron current 
flowing from the anticathode to the cathode, or it may bea 
positive emission current flowing from the heated spiral to 
the anticathode. The former would be of the nature of a 
photoelectric current caused by the incidence of ultra-violet 
light upon the tungsten anticathode. This cannot be ruled 
ont at once as an impossibility, for it must be remembered 
that the spiral is at a very high temperature and is emitting 
intense light, and, further, that the vacuum in the tube is 
extremely high. The latter condition would permit of very 
short waves reaching the anticathode before being absorbed. 
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It is not probable, however, that the velocity of electrons 
emitted as a result of photoelectric action would be sufiiciently 
high to allow of the electrons reaching the heated spiral 
against the applied potential, and in spite of the magnetic 
field. Moreover, experiments show that at higher tempera- 
tures there is a definite positive emission when the applied 
voltage is such as to aid in their emission. It seems 
unnecessary, therefore, to bring in any other hypothesis ro 
account for the phenomena in question than that the current 
is due to positive charges emitted from the heated spiral and 
possessing sufficient velocity to overcome small negative 
potentials, tending to keep them within the heated spiral. 
The variation of the magnitude of this small positive current 


1034 Prof. W. A. Jenkins on the Emission of 


with the temperature of the wire and the applied potential 
bears out this view. The current is greatest with the highest 
temperature and the smallest voltage, decreases rapidly as 
the voltage inereases, and becomes zero at even the highest 
temperature when the applied voltage is 8. This means that 
the velocity of the positively-charged particles, which are 
otherwise free to come out, is too small to overcome a 
restraining potential of 8 volts, 

With an applied voltage of 2:06 volts the electron current 
is entirely stopped even ‘at very high temperatures, and the 
positive ions overcome the adverse potential of 2:06 volts 
without difficulty. At 4°06 volts two causes may operate or 
partially prevent the positive ions from manifesting them- 
selves. In the first place, the potential of 4:96 volts. may be 
sufficient to stop some of them getting across, and secondly, 
at the higher temperature some of the electrons may possess 
sufficient velocity to get across in spite of the magnetic 
field. The former is the more likely reason, for when an 
applied voltage of $8745 is used there is no current at all 
when the magnetic field is put on. It is extremely unlikely 
that at all the higher temperatures the residual electron 
current and the positive current will exactly counterbalance 
each other; so that one must infer that with this applied 
voltage the electrons have still insufficient velocity to get 
across when the magnetic field is applied, while the voltae 
is high enough to prevent all the positive ions from getting 
across. At higher potentials, as the table shows, some of the 
electrons get across in spite of the magnetic tield. 

The R denotes that the deflexions were to the right and a 
positive current was flowing. L denotes that an electron 
current was flowing. Table IV. shows the variation of the 
positive emission with a magnetic field under different con- 
ditions. The results as regards magnitude of emission are 
not absolutely consistent, probably owing to the experiments 
having been carried out on different days s. It is not easy to 
reproduce exactly any given condition of the tube, and it is 
by no means certain that exactly the same results would be 
obtained at different times, even if the conditions were 
exactly reproduced. The essential features of the phenomena 
were, however, alw avs reproduced, and considering the nature 
of the experiments, the results are as consistent as could he 
expected. When the applied potential was low, the positive 
emission current increased considerably with the application 
of the magnetic field. This means that a certain number of 
electrons were able to reach the anticathode in spite of the 
adverse potential. The positive emission appeared to be 
smaller, therefore, than it really was. On switching on the 
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magnetic field, these electrons were deviated under the joint 
influence of the magnetic field and the applied potential, and 
the full positive emission was observed. This increase is 
more noticeable with the smaller applied voltages than with 
the large ones, as one would expect. With the highest 
voltages used, the effect disappeared altogether at the lower 
temperatures ; ; but at the higher temperatures the reverse 
effect t appeared, i.e. the positive emission current showed 
an unmistakable decrease when the magnetic field was 
applied. This means that some of the particles carrying 
charges were either sufficiently light or moved sufticiently 
slowly to be affected by a field of 400 gauss. 


Tabue IV. 


Variation of Positive Emission with Magnetic Field. 
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The figures under column A indicate detlexions obtained when no 
magnetic field was applied. Those under B indicate detlexions obtained. 
when tlie magnetic field was applied. 
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There is no evidence as yet of the existence of positive 
electrons of mass comparable with that of the negative 
electrons, and one must therefore conclude that some of the 
positivelv-charged particles moved with velocities considerably 
less than those of the negative electrons. The velocity of 
the emitted positive particles will, of course, increase with the 
applied potential, and one would expect the effect of the 
magnetic field to be greater when the lower voltages are 
used. Any effect of this kind, however, is completely masked 
at the lower voltages by the fact that negative electrons are 
able to flow across against the applied potential. It is 
possible also that when higher voltages are applied, positively- 
charged particles are torn from the cathode, and that these 
particles move with a much lower velocity than those which 
are spontaneously emitted. Fig. 3, showing the variation of 
emission with voltage, suggests such an effect. 


Variation of the Initial Emission with the Previous 
Treatment of the Spiral. 


During the course of the experiments it became apparent 
that the magnitude of the initial deflexion obtained at any 
given temperature and applied voltage varied according to 
the previous treatment of thespiral. If the positive potential 
were applied before the spiral was heated, then, on heating 
the spiral, the deflexion remained at zero for some time, 
depending on the temperature of the spiral, and then gradually 
rose to its normal value. This was not due to the spiral’s 
requiring a considerable period for attaining its final tem- 
perature, for similar experiments with the Eon current 
indieated that the final temperature was quickly attained. 
Fig. 5 illustrates this phenomenon. 

It will be scen that, while the electron current has attained 
96 per cent. of its final value 15 seconds after the commence- 
ment o£ the heating and its maximum value after one minute, 
the positive eniission does not begin until after 30 seconds 
have elapsed, and it does not attain its maximum value until 
the potential has been applied for approximately 3 minutes. 
As indicated in fig. 6, this period is longer when the applied 
voltage is small, but even with an applied voltage ot 220 
there is no emission during the first 30 seconds. In a 
Coolidge tube the application of a positive potential of 
220 volts would not entirely prevent the emission of electrons, 
but it would very considerably diminish the outflow. 
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A considerable time would therefore elapse before the 
spiral had lost sufficient electrons to make the wire strongly 
-electro-positive. When this condition was attained positive 
einission would be easier. 

It is possible that even at the high temperatures at which 
the emissions take place there would be no positive emission 
unless the heated filament were discharging negative electrons. 
This point will be tested in experiments that are to be carried 
out with filaments surrounded by cylindrical electrodes. 


Fig. 7. 
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That the emission of electrons in large quantities prior to 
the positive emission measurements facilitates the discharge 
of positive electricity is shown clearly in figs. 7 and 8. 

Fig. 7 shows the different types of curves that are obtained 
when the condition of the heated spiral prior to the measure- 
ments varies. Curve A is the normal type of curve obtained 
when the positive potential is applied to the spiral before 
the heating current is turned on. As described previously, 
the emission does not begin until after 30 seconds have 
elapsed, and the maximum is not reached until about three 
minutes have passed. Curve B shows the type of curve 
that is obtained when, instead of applying the positive 
potential before the spiral is heated, the spiral is first heated 
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and a negative potential assists the discharge olf negative 
electrons for a period of five minutes and then the positive 
emission measurements are made. Here, instead of the 
initial positive emission current being zero, it is too great to 
measure with the galvanometer used, and remains above its 
normal value for a period of almost two minutes. Curve C 
is similar, the negative potential here being applied for a 
period of one second before taking the positive readings. 
Curve D shows the results obtained when the spiral is heated 


Fig.8. : 
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for five minutes, but no potential is applied prior to the 
taking of the measurements of the positive emission. It 
will be noticed that here also there is a larger than normal 
value at first. The fact. that the normal value of the emission 
gets gradually less in the four curves is due to the fact that 
the heating current in the spiral was gradually diminishing 
and its temperature therefore decreasing. 

Fig. 8 illustrates more clearly the actual magnitudes of 
the initial emissions under the different conditions. In this 
graph the initial emission is plotted against the time that 
the spiral had been heated before the initial emission was 
measured. Curves A and D are for two different tempera- 
tures when, during the preliminary heating, the emission of 


1040 Prof. W. A. Jenkins on the Emission of 


_ electrons was assisted by a negative potential of 220 volts. 
The dotted curves C and D are for similar temperatares when 
no potential at all was applied during this preliminary 
heating. It will be observed that in curves C and D a 
saturation value of the initial kick is soon reached, and that 
prolonged heating does not give rise to any further increase 
in the initial emission. ‘This does not appear to be the case 
in curves A and B, and not only are the corresponding 
deflexions much larger than in © and D, but there appears 
to be no limit to the value of the initial kick, at any rate 
within the limits of the readings taken. For example, when 
the heating current was 4:975 amperes and the normal value 
of the positive emission a deflexion of 16 divisions, an 
initial deflexion of over 900 was obtained when a negative 
potential had been previously applied for a period of 24 hours. 
Moreover, not only was there a large discharge of positive 
electricity immediately after the long period of emissicn of 
negative electrons, but the deflexion did not fall down to its 
normal value for over an hour. It should be stated that the 
final steady value of the emission was independent of the. 
initial condition. The fact that a saturation value is reached 
in curves € and D is probably explained by the fact that 
when no potential is applied the spiral will at first discharge 
negative electrons, but after a time the discharge will cease,. 
owing to the spirals having attained a certain positive 
potential whien will prevent further emission. There will 
be no such cessation of electron discharge when a negative 
potential is applied to the spiral. j 

Fig. 9 shows the variation of the emission with time at 
different, temperatures when the spiral had been heated for 
a few seconds only prior to the application of the positive 
potential. 

lt will be seen that in all the curves the emission drops to. 
a minimum value after about 15 seconds and then rises to its. 
normal value. The previous curves do not show this phe- 
nomenon, owing to the fact that the galvanometer in use was 
not sensitive enough to reveal it. When the more sensitive: 
galvanometer was employed it was always observed. 

It was thought at first that the initial emission might be 
due to the return of the space-charge to the heated spiral, 
but experiments upon this point negatived the idea. If, 
under the conditions of the experiment, the accumulated 
space-charge were sufficient to give a large kick to the 
galvanometer upon the application of a positive potential. 
then, if the heating circuit of the spiral were broken and the 
positive potential immediately applied, a similar kick should. 


Positive Ions from Hot Tungsten. 1041 


be observed. Experiments on these lines, however, showed 
that the kick due to space-charge was not observable. One 
must assume, therefore, that the continued negative emission 
causes the accumulation of large positive charges upon the 
spiral, which are immediately expelled upon the applica- 
tion of a suitable potential. An alternative explanation 
is that the continued heating and emission of negative 
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electrons causes the expulsion of occluded gases; but this 
does not seem to explain the phenomenon as well as the 
former hypothesis. 

It is interesting to note that continuous positive emission 
over a period of 18 hours does not result in either prolonged 
increased negative emission or a large initial negative 
emission, 

The following table of successive readings of the two 
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currents illustrates the different behaviour with regard to 
this phenomenon:— 
Initial Emission. Steady Vaiue. 
1. Negative Emission .|.................. 0 100 


2. Positive Emission taken after the 
“negative current had flowed for 
20 seconds ............... UR Vedi 


3. Negative Emission taken after the 


positive current had flowed for 
GOES: aecivissorocrine inse 0 98 


co 
~] 


L 


4. Positive Emission taken after the 
electron current had flowed for 
LXI M After 1] min. 
256 40 6 


in the last reading the steady value was reached after a 
period of 13 minutes. In interpreting these tables it must 
be remembered that the electron emission is of a different 
order entirely from the positive emission, and that while the 
behaviour with regard to percentage changes is undoubtedly 
different in the two cases, an effect of the actual magnitude 
of the positive effect would hardly be observable when 
measuring the electron current. The reason why after large 
initial emission the discharge falls well below its normal 
value is not clear, and it is proposed to carry out further 
experiments upon this point. 

Another matter of great importance is the value of the 
emission after what has so far been called the steady state 
has been reached. From the experiments carried out it has 
not been possible to ascertain whether prolonged emission 
results in a decrease in magnitude of the emission. The 
evidence tends to show that there is such a decrease with 
time, but exactly what is the rate of this decrease has not as 
yet been determined. With a Coolidge tube the currents 
required for heating the spiral to a high temperature are 
considerable, and in the case of the highest temperatures 
are well over 5 amperes. A slight diminution of current 
results in an appreciable decrease of temperature, and this is 
associated with a considerable diminution of positive emission. 
For accurate results it is necessary, therefore, to keep the 
heating current constant over long periods of time. Cells 
giving out a current of 5 amperes over a period of from 
6 to 24 hours run down appreciably, and it is not easy to 
arrange for resistance to be cut out at such a rate as to keep 
the current absolutely constant. Periodic alterations of 
resistance are not satisfactory, as sudden alterations of tem- 
perature of the spiral, even though these changes be minute, 
cause anomalous and erratic results. Filaments which 
require a much smaller heating current will be better adapted 
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for experiments upon this point. The following tables show 
the type of results that have so far been obtained :— 


TABLE V. 
| Approx. Current, | Applied Voltage. Time. EE Deflexion. 
| 
qM ORE rum 
465 10:38 i 0 | 69 
4:6» 10:38 ] hr. 40 min. 63 
465 10°38 2 hr. 30 min. | 60 
— |——-- EA RE caren 
46 34 | 0 62 
| 46 3+ | 6 min. 61°75 
| 16 34 10 ,, 63:0 
© 46 34 © by, 63:5 
4+6 34 23, G4 
i 46 A ; 30 ,, 61:5 


In all experiments carried out the emissions followed the 
‘same curve. When the positive potential was applied before 
the spiral was heated, the emission gradually rose from zero 
to a maximum value, and thereafter apparently decreased 
very slowly with the time. 

This maximum value is the value that has hitherto been 
‘culled the steady value, as, in the case of all except the highest 
temperatures, it is by no means certain that the subsequent 
decrease is any greater than can be accounted for by the 
decrease in value of the heating current. In the ubove 
table the time zero is the time when this maximum value 
was reached. 

If, however, the temperature be near the melting-point of 
tungsten, the positive emissions are very large, and there is 
undoubtedly a rapid decrease of the emission with the time, 
as is shown in Table VI. The values of the emission have 


TABLE VI. 
Approx. Current Applied "t | 
testing. | Volpe | mes | Denes, K 
i e 
5-85 amperes, 200 e 9300 | 
5:85 ie 200 3 min. 6300 | 
D85 ,, 200 6 „ *§ 5930 
A8 n 200 10 ,, 4350 — - 
i 0:805 " 200 13-7. | 23925 
5'85 " 200 a ET 2910 ! 
585 p 200 30, | 231 | 
EST i 200 40. 1605 ! 
| QU 4 200 0 , | 1065 
1 D5 " 200 p. Mu R10 | 
_ PRO. 200 (000. | 630 | 
|, 985  , 200 MN rro | 150 ' 
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been adjusted so as to be on the same scale as in the 
preceding table. 

With reference to the above table, it should be stated that, 
when after nearly three hours' heating the positive emission 
had deereased to the value shown, it was observed on 
reversing the potential that the electron current was very 
small, and immediatelv afterwards the spiral burnt out. 
Experiments upon prolonged emissions of both electrons and 
positive charges at temperatures near the melting-point 
would probably prove fruitful, but with Coolidge tubes 
would be rather an expensive proposition. 


The Nature of the Positive Emission. 


There seems to be little doubt that the current observed 
when a positive potential is applied to the spiral is due to 
the emission from the tungsten of particles carrying a 
positive charge. 

It was suggested to me at first that the current might be 
due to photoelectric effect, the electrons being liberated 
from the tungsten anticathode by the incidence of the 
intense light emitted from the heated cathode. Such a 
photoelectric effect would, of course, increase rapidly with 
the temperature of the spiral. 

The effect of the magnetic field upon the magnitude of 
the current and the experiments upon the growth of the 
current with time when the potential is applied before the 
spiral is lit up, rule out this explanation of the phenomenon. 
If it were a photoelectric effect, then the application of a 
magnetic field would probably destroy the current altogether, 
and, even if it did not destroy it, w ould certainly considerably 
diminish it. The general effect of the magnetic field is to 
cause an increase of the current at small ‘potentials and a 
slight decrease at larger potentials and higher temperatures. 
This slight decrease at the higher temperatures may be owing 
to the fact that at these temperatures a small portion of the 
current is due to photoelectric action. Again, if the effect 
were photoelectric in origin, the rate of increase of the 
current with time ‘could Follow the curve of increase of 
temperature of the spiral. As soon as the maximum tem- 
perature was attained, the current would also reach a maximum, 
und would remain constant as long as the temperature of the 
spiral remained constant. The experiments with the electron 
currents show that the final temperature is reached atter an 
interval not much greater than 15 seconds, whereas in some 
cases the maximum value of the positive current is not 
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attained until 6 minutes have elapsed. Further, the large 
initial emissions obtained after the spiral has been heated for 
some time or after the electron current has been flowing, 
would be difficult of explanation on the photoelectric 
hypothesis unless one assumes the presence of occluded gases 
within the spiral. 

The obvious explanation of positively-charged particles 
emitted from the heated tungsten seems to be capable of 
accounting for all the phenomena observed. Even at the 
highest temperatures the number of these positive charges is 
only a small fraction of the number of negative electrons 
emitted, and until these electrons are prevented from passing 
between the electrodes, the current carried by the positively- 
charged particles cannot be observed. A high positive 
potential or a combination of a low positive potential and a 
magnetic field serves to eliminate the electron current, and 
leaves the positively-charged carriers open to observation. 

If this explanation is the correct one, it is important that 
the nature and the origin of these positively-charged particles 
should be ascertained. With the apparatus available it was 
not possible to measure the deviation of these particles under 
the influence of a magnetic field, beyond observing that a 
field of 400 was not sufficient to prevent their passing 
between the electrodes. This points to the fact that the 
particles are either very heavy- or very slow-moving, or 
possibly a combination of the two. Previous work * on the 
production of ions from hot bodies indicates their existence 
(a) when there is residual gas in the apparatus or occluded 
gas in the metal, (^) when the metal is freshly heated in vacuo. 
These ions, however, are not positively-charged ions of the 
heated inetal, although Thomson f has obtained evidence of 
the existence of positively-charged atoms of platinum emitted 
from heated platinum. 

The present experiments reveal phenomena of an entirely 
different character from any previously observed. There is 
practically no residual gas in the tube, nor, so far as one can 
tell, is there occluded gas within the tungsten. The emission 
does not commence until a temperature of approximately 
2500? C. is reached, and, so far as the writer is aware, this Is 
considerably higher than in the case of previous experiments 
upon positive emission. Tungsten is, of course, the only 
common metal that can be heated to such a temperature. 
but it is possible that careful experiments upon metals at 


* Richardson, ‘ Emission of Electricity from Hot Bodies,’ pp. 196-250. 
t Thomson, ‘Conduction of Electricity through Gases, 2nd ed., p. 220. 
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temperatures not far removed from their melting-point might 
reveal phenomena of a similar character. The positive 
emissions in the present experiments are affected by, and 
seem to be bound up with, the emission of large quantities 
of negative electrons. Unless one assumes that the electrons 
emitted are surplus atmosphere electrons moving about in 
the interatomic spaces, one uiust conclude that the emission 
of large numbers of negative electrons will leave behind 
positivel v-charged atoms of tungsten. At high temperatures 
there will be a tendency for these positively charged atoms 
to evaporate and leave the metal. A suitable potential wiil 
assist this evaporation. It is known that at temperatures 
not far removed from the melting-point tungsten is sur- 
rounded by an atmosphere of tungsten vapour, for the 
spectrum shows reversed lines. The dragging away of these 
vapour atoms or molecules if they happened to be positively 
charged would, of course, be easv. The phenomena are not, 
however , due to normal evaporation alone, as the peculiar 
behaviour under prolonged observation indicates. The large 
initial emissions also point to a more compen ica origin. 
After prolonged heating with a high negative potential 
applied, one might expect a large supply of positiv ely-charged 
atoms both on the surface and within the metal. 

The application of a positive potential would remove all 
the surface positively-charged atoms immediately, and for a 
considerable period there would be an abnormally larve 
current, the length of the period being dependent upon the 
length of time the heated metal had been emitting large 
quantities of negative electrons. Afterwards a normal value 
should be reached. In the apparatus used the appiication of 
a high positive potential, although preventing the passing 
of electrons between the electrodes, would not prevent entirely 
the emission of electrons from the heated tungsten. In an 
apparatus where the heated filament was totally surrounded 
hv the electrode and the application of a positive potential 
would prevent altogether the emission of electrons, it is 
possible that the positive emission would be either: stopped 
or greatlv diminished. 

All the phenomena seem to be explicable upon the 
hypothesis that positively-charged atoms or molecules of 
tungsten are emitted from the heated spiral. The fact that 
a magnetic field of 400 gauss diminishes the emission 
slightly at the highest temperatures probably indicates that 
a small percentage of the particles are moving very slowly. 
A photoelectric effect at these high temperatures seems 
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improbable if the heated tungsten is surrounded by an 
atmosphere of vapour, for this atmosphere N would absorb 
any very short wave-lengths and prevent any light, that 
would be likely to give the observed effect, from ‘reaching 
the anticathode. One must assume, then, t the presence of 
very slow-moving positively-charg ved particles as well as 
faster-moving ones. The only alternative is to assume the 
existence of positiv ely-charged electrons ; and as there is no 
evidence as yet of the existence of these, this hypothesis is 
not a desirable one. 


Summary. 


(1) It has been observed that at temperatures approaching 
its melting-point, tungsten emits positively-charged particles. 

(2) These particles are probably atoms or molecules of 
tungsten. 

(3) A magnetic field of 400 gauss only affects a small 
percentage of them. 

(4) The magnitude of the emission of these positive charges 
Increases rapidly with the temperature. 

(5) If the heated tungsten previous to observation for 
positive emission emits large quantities of negative electrons, 
there is a large initial emission of positively-charged particles 
when the potential is reversed. 

(6) The positive emission is of a different order from the 
electron einission, being much smaller. 

(7) At the highest temperatures the positive emission 
decreases rapidly "with time, but at moderate temperatures 
the decrease with time, if existent at all, is small. 

(8) Certain tubes showed a diminution of the electron 
current near the point where the positive emission began. 


Others «lid not. 


In conclusion I wish to express my thanks to Mr. Phanindra 
Nath Mitra for valuable help given in the carrying out of 
the experiments, 
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CII. The Entrainment of Air by a Jet of Gas issuing from 
a Small Orifice in a Thin Plate. By J. S. G. THOMAS, 
D.Sc. (Lond. and Wales), AL. CaSe, ALC, Senior 
Physicist, South Metropolitan Gas Company * 


I^ previous communications f particulars have been given 

of an experimental investigation of tlie discharge of air 
and other gases at various temperatures through a small orifice 
in a thin plate, and the entrainment of air by the jet cf 
issuing gas. In particular it was shown that in the case 
of a lighter g gas issuing into a heavier gas, the degree of air 
entrainment effected per unit volume of g gas issuing in the 
jet was dependent both upon the density of the issuing gas 
and that of the air into which the gas issued. The experi- 
mental results were satisfactorily a both qualitatively 
and quantitatively by assuming that the entrainment was 
effected in part as the result of a process of the nature of 
diffusion of the lighter issuing gas into the surrounding 
atmosphere. Thus “it was shown that the volume V of air 
entrained (reduced to N.T.P.) per unit volume of gas issuing 
in the jet (measured under the experimental conditions of 
temperature and pressure) was given by 


V=2 [pi + B(p2—p;)(pi/e2)" *); 


where æ is the volume of air entrained by a jet of air of 
standard density, taken as the unit, issuing at the same 
excess pressure as the gas into air of equal density, 8 is 
the diffusion constant, and p, and p, denote respectively 
the density of the issuing gas and that of the gas into which 
the jet issues. The present communication deals with the 
dependence of the ratio V/a and hence of 8 upon certain of 
the experimental conditions, more especially upon the degree 
of restriction, by orifices or otherwise, of the amount of air 
entrained by the jet issuing under any specified excess 
pressure, and upon the diameter of the orifice through which 
the jet issues. 


EXPERIMENTAL. 


The apparatus corresponded very closely with that described 
in the latter of the two previous communications f. The 
only essential differences were that the discharge tube (A) 
and the tube (D) into which the diseliarge issued were of 

* Communicated by the Author. 

t Phil. Mag. xliv. p. £69 (1922) ; xlvi. p. 785 (1923). 

+ Phil. Mag. xlvi. p. 785 (1923). The letters in the text refer to 
the figure given on p. 736 (loc. cit.). 
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somewhat smaller diameter than those specified therein, 
whilst the tube (E) through which air was induced by the 
jet was somewhat shorter. 

The manner—if any—of the dependence of the value of 
the ratio Vja upon the degree of restriction of the air 
induced by the jet of gas was investigated by determining 
the amounts of air respectively induced by jets of air and 
hydrogen issuing from a specified orifice. The total amount 
of air induced was satisfactorily and easily varied by 
inserting brass diaphragms having different sized orifices in 
the induction tube (D). A few experiments were in like 
manner carried out with coal gas discharged through the jet 
orifice. "l'hese served to confirm results obtained with air 
and hydrogen. For the purpose of investigating the depen- 
dence, if any, of the value of the ratio V/a upon the diameter 
of the jet orifice, experiments were like wise carried out with 
a number of the jet orifices described in a previous paper * 
The methods of experiment and deduction of results have 
already been sufficiently described. The temperature of the 
discharge was maintained constant at 13° C. to within +0°5°. 


RESULTS AND Discussion. 


x l : » : - f 
(1) Character of the Aeration Curves relating Entrainment 
of Air to Pressure at the Jet Orifice. 


Curves representative of the results obtained when orifices 
of various diameters were inserted in the induction tube so 
as to restrict to a greater or less degree the amount of air 
induced by a jet of air or of hydrogen are shown in fig. 1, 
in which some of the experimental points have been omitted 
for clearness. Particulars referring to the diameter of the 
orifices so inserted and other details are given in Table I. 
The respective values of V/z were calculated from the 
experimental results as previously explained f. 

Referring to the curves A, to A; in fig. 1 relating to air 
entrainment by a jet of air issuing at various pressures, it is 
seen that as the degree of possible entrainment is restricted 
by the insertion of a smaller orifice in the induction tube, 
the aeration of the jet increases less rapidly with pressure, 
until in the case of curve A, the aeration of the jet is 
constant throughout the range of pressures 4 cm. to 25 em. 
of water. This result is in marked contrast to the result 
indicated by curve A. representing results obtained with the 


* phil. Mag. xliv. p. 969 (1922). 
t Phil. Mag. xlvi. pp. 792, 793. 
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open induction tube, which is typical of results contained in the 
two previous papers of this series. Tbe manner in which 
the respective curves in their main portions increasingly 
approach to parallelism with the axis of pressures as the size 
ot the orifice in the induction tube is reduced, is clearly seen 
from the respective values of the ratio of the aerations 
effected by the jet at pressures equal to 25 cm. and 2 cm. of 
water. For the series A, to A;, these values are respectively 
2:42, 1:98, 1°67, 1°47, 1:43, 1°36, and 1:23. A corresponding 
result holds in the case of the curves H, to H; referring to 


Fig. 1. f 
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air entrainment by a jet of hydrogen. It would appear 
therefore that a constant or approximately constant value of 
the aeration at different pressures characterizes a flow system 
in which induction of air is effected under conditions such 
that the flow of the stream of air induced by the jet is 
considerably reduced from its normal value in free air either 
by restricting the effective area of the induction tube or 
otherwise. ‘The results contained in Technologic Paper 
No. 193 (1921) of the Bureau of Standards relating to the 
design of atmospheric gas burners are of this character, and 
it would appear from what has been said, and from a 
consideration of the experimental method employed for 
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measuring the air induced, that the results contained in 
that Paper are not applicable to conditions such as 
hold in the case of the operation of by far the greater 
proportion of atmospheric gas-burners, in which aeration is 
effected by the jet under what may be briefly referred to as 


** free induction” conditions, the minimum restraint consistent 


with the prevention of back-firing being imposed upon the 
induced stream of air. 

It is of interest to examine the character of the aeration 
carves at higher values of the pressures at the jet. For this 
purpose experiments were carried out with coal gas dis- 
charged at pressures up to about 230 em. of water through 
a circular orifice 0:1019 cm. diameter in a disk of thickness 


Fig. 3. 
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0:265 cm. The induction tube was restricted by the insertion 
of an orifice of diameter either 0'327 cm. or 0:104 cm. 
The gas discharged through the orifice was measured by 
means of a high-pressure gas-meter made by Sugg, and was 
dried by passage over calcium chloride. The results obtained 
are briefly indicated in fig. 2. The ordinates represent the 
respective volumes of air (measured at N.T.P.) entrained 
per unit volume of coal gas in the jet, measured at atmo- 
spheric temperature and pressure. It will be noticed that 
at the comparatively high pressures employed in these 
experiments the degree of aeration of the jet decreased 
slightly and linearly as the pressure at the jet orifice was 
increased. The aeration of high-pressure jets will be 
discussed in more detail in a later paper. 
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One other characteristic of the curves in fig. 1 may be: 
referred to here, as it illustrates the difficulty experienced in 
the practical application of the results of aeration experiments 
carried out under specified conditions. Referring to curves 
H, and A, in fig. 1, the former relating to entrainment of 
air by a jet of hydrogen, no restriction being inserted in the 
induetion tube, whilst the latter refers to entrainment of a 
jet of air issuing through the same orifice, the induction tube 
being restricted, it will be noticed that whereas for pressures. 
at the jet less than about 19 cm. of water (see point P, fig. 1) 
the jet of air effects the greater degree of air entrainment 
per unit volume of the jet, for pressures above this amount 
the jet of hydrogen effects the greater degree of aeration. 
Similar crossing of curves relating to jets of hydrogen and 
air are seen at Q, R, and S. It is therefore clear that 
conclusions relating to aeration of jets of different gases 
operating at various pressures under different conditions as 
regards size of the induction tube cannot be drawn from 
results based upon observations made at a single value of the- 
pressure. 


(2) Dependence of Via upon the Degree of Restriction of 
the Amount of Air induced by the Jet. 


In fig. 3, experimental results given in columns 2 and 3. 
of Table I. have been plotted respectively as abscissa and 
ordinates. The curve so drawn represents the dependence of 
the total volume of air entrained by a jet of air issuing 
under an excess pressure equal to 25 cm. of water through 
an orifice of diameter 0:0607 cm., upon the diameter of the 
orifice restricting air flow in the induction tube. A similar 
curve is drawn for a jet of hvdroven from the data contained 
in columns 2 and 4 of Table I. Jt will be seen that for 
values of the total volume of air entrained by the respective 
jets ranging from about 6°d to 10 cubic feet per hour (see 
points A and B, fig. 3) the volumes entrained are practically 
equal in the case of the two gases. For greater values 
of the total entrainment, however, the air jet is the more 
effective, whilst for smaller values the hydrogen jet is 
more efficient. ‘Che maximum difference in the total 
entrainments effected by the respective gases under the 
conditions of the experiments amounts to only 13 per cent., 
which is small compared with the ratio of the respective 
densities of the two gases. We have in a previous paper 
ascribed the air-entraining power of a light gas issuing into 
a denser gas in part to diffusion of the issuing light gas 
into the denser surrounding atmosphere. The present result 
suggests that this process of diffusion of hydrogen occurs to. 
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an increasing degree either as the total volume of air 
entrained by the jet under a specified pressure is reduced, 
or alternatively as the volume of air entrained per unit 
volume of the jet discharged under a specified pressure is 
‘diminished. 


Fig. 3. 
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In fig. 4 the values of V/a contained in the sixth column 
of Table 1. have been plotted as ordinates against the 
respective volumes of air entrained per unit volume of air 
issuing from an orifice of diameter 0°0607 cm. under a 
pressure of 15 cm. of water. (This pressure was chosen in 
-order that the results might be compared with later results 
jn which the size of the orifice was altered.) The absciss:e 
in fig. 4 therefore serve to indicate the relative restriction of 
the effective diameter of the induction tube produced by the 
insertion of the various disks referred: to in column 2 of 
Table 1> Values of 8 have been calculated from the 
respective values of V/a by means of the equation 


V/a=p, + 8(ps — Pp) P/P)", 


account being taken of the temperature and pressure of 
the issuing gas and of the surrounding atm-esphere at 
the time of the experiment. The values of Vía anl 8 
-so determined are indicated by the symbol © in fig. 4. 
The experimental values under which these values were 
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obtained were such that a decrease of the total volume 
of air entrained by the jet issuing under a specified pressure 
accompanied a decrease of the air entrained per unit volume 
of the jet. Results in which a decrease of the total volume 
of air entrained by the jet issuing under a specified pressure 
was accompanied by an increase in the volume of air entrained 
per unit volume of the jet are indicated by the symbol x in 
fig. 4. These latter results were obtained by the use of jets 
issuing through orifices of different sizes. We have pre- 
viously shown * that a diminution in the size of the orifice 
through which a jet issues effects, under a specified excess 
pressure, a smaller total air entrainment bnt a greater air 
entrainment per unit volume of the jet. We see in fig. 4 


2 


i 


that all the experimental points lie fairly well on a smooth 
curve, indicating an increase in the value of V/a and in the 
value of B as the aeration per unit volume of the jet issuing 
under a specified pressure decreases. We conclude there- 
fore that in all cases the process of diffusion of hydrogen 
into the surrounding denser atmosphere occurs to an in- 
creasing degree as the aeration of the jet per unit volume 
under a specified pressure diminishes, irrespective of wliether 


"the decreased aeration is accompanied by an increase or 


decrease of the total volume of air entrained by the jet 
under the specified pressure. An increase in the value of 8, 
i.e. in the diffusion effect, might be anticipated when the 
effective surface per unit volume of the jet is increased b 

diminishing the diameter of the oritice through which the 
jet issues. The results afforded by the present series of 


e * Phil. Mag. xliv. p. 984 (1922). 
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experiments indicate that the curves through the respective 
series of points (represented by © and x) are coincident 
within the limit of experimental error so tbat the magnitude 
of any such possible effect is in any case small, compared 
with the increase attributable to a decrease of the aeration 
per unit volume of the jet under a specified pressure as 
explained above. It is interesting to note that extrapolation 
of the upper curve in fig. 4 indicates that when the aeration 
of the jet is reduced to zero, the value of 8 is approximately 
unity. 
SUMMARY. 


1. It is shown that a constant or approximately constant 
"lue of the aeration of a jet of gas issuing at different 
pressures from an orifice, as referred to in Technologic Paper 
No. 193 (1921) of the Bureau of Standards, characterises an 
induction flow system in which the induction of air is 
effected under conditions such that the flow of the stream 
of air induced by the jet is considerably reduced from its 
normal value in free air by restricting the effective area of 
the induction tube or otherwise. 

2. In the case of a gas issuing under comparatively high 
pressures and inducing air through a restricted flow system, 
the degree of aeration of the jet decreases slightly as the 
pressure at the orifice is increased. 

3. In all cases, whether a diminution of the volume of air 
entrained per unit volume of a jet issuing under a definite 

ressure is accompanied either by a decrease or an increase 
in the total volume of air entrained by the jet, the process 
of diffusion of the lighter issuing gas into the surrounding 
denser atmosphere occuis to a. greater degree as the volume 
of air entrained per unit volume of the jet diminishes. The 
results obtained indicate the very approximate equality of 
such increased diftusion effect derived whether from a 
decrease in the effective surface per unit volume of the jet 
or by reducing the effective diameter of the inductive flow 
system. 


The experimental work detailed herein was carried out in 
the Physical Laboratory of the South Metropolitan Gas 
Company, and the author desires to express to Dr. Charles 
Carpenter and the Directors his thanks for the ready 
provision of all facilities necessary for carrying out the 
work. 
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CIV. Convective Cooling of Wires in Streams of Viscous 


Liquids. By A. H. Davis, AL Sc." 


[From the National Physical Laboratory. | 


Summary. 
Srcpy has been made of the cooling of wires immersed in streams 
of various liquids. Theoretical considerations point to a formula 


of the type 
H;k = F(vde/k ; kjev), 


where H = Heat loss per unit time per unit length of the 
wire per degree temperature elevation, 
k = Thermal conductivity of the fluid, 
c = Specific heat of the fluid per unit volume, 


Kinematieal viscosity of the fluid, 
Velocity of the fluid stream, 
d = Diameter of the wire. 


» Hanc 
— 
= 


Since (4/cv) is practically constant for gases, the present expe- 
riments with liquids were undertaken to reveal its importance. 

The apparatus consisted of a motor-driven whirling arm which 
carried the test-wire and forced it continually through the liquid 
contained in an annular circular trough. Observation was made 
of the temperature of the wire and of the electric energy necessary 
to maintain a measured temperature difference between the wire 
and the general body of the liquid. Wires of three sizes were 
used, and various liquids whose physical constants were measured. 

The results show that the above formula is fairly satisfactory, 


* Communicated by the Director of the National Physical Laboratory. 
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except that a factor must be included to cover certain small 
residual effects dependent upon d (and possibly upon 0) and 
due to some cause, possibly free convection, not fully investigated. 
[t was found that the function F could not be represented by the 
product of two independent terms in vdc/k and k/cy respectively, 
but that each influences to some extent the effect of the other. 
The following form was found to be satisfactory :— 


H/k = BR. f(kjev). F{(vde/k) x (k/ev)3}, 


where R represents the residual factors referred to. Curves are 
given showing the forms of the two functions. If they are repre- 
sented by power terms thus, f(2)=2-™ and F(a)- x", m and n vary 
with circumstances but lie within the limits given by 0m«0:2 
and 0:38 < n< 0-43. 

Concise tables present the experimental results. An estimate 
was made of the velocity of the natural convection current set up by 
the heated wire. 


CONTENTS. 
INTRODUCTION. 
I. THEORETICAL FORMUL. 


II. EXPERIMENTAL, 
1. Introduction. 
® Choice of Method. 


3. Apparatus. 
(i.) The Whirling Arm and the Trough. 
(ii.) The Wire Holder. 
(ii1.) Electrical Measurements. 
(iv.) The Resistance Bridge. 
(v.) Precautions and adjustments. 
(vi.) Procedure during an experiment. 
(vii.) Measurement of Velocity. 
(vii.) Velocity of the Natural Convection Current 
from the Wire. 
4, The Liquids used. 
(i.) Their nature and condition. 
(ii.) Physical Properties of Liquids used. 
(«) Deusity (p). 
(b) Viscosity (n) and Kinematical Viscosity 
(v=n/p). 
(c) Specitic Heat (s and c). 
(4) Thermal Conductivity (k). 
(e) The ratio (kjer). 
5, The Wires used. 
i.) Calculation of the heat-loss from the Wire. 
(i.) Calculation of the temperature excess of the 
Wire. 
(iii.) Correction due to radial temperature gradient 
in the Wire. 
(iv.) Correction for conduction by the potential leads 
and terminals. 
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6. Results. 
(i.) Tables and Curves showing heat losses obtained 
with each of the liquids. 
(.) Empirical relations. 
(i1.) Formula covering all results : 
H/k =A.B.C. Ff ede/k) x (kjev)i]). 

(a) The dependence of A upon temperature 
variations in the physical properties of 
the liquid. 

(^) Variation of B with wire diameter. 

(c) Relation between C and the nature of the 
liquid. 

(d) Curve showing correlation effected. 


INTRODUCTION. 


HE subject of the cooling of the surface of a hot 
body in contact with a moving fluid has received 
considerable investigation during recent years. For various 
reasons, diverse experimental methods have been used. 
Measurements have been made on the one hand of the 
heat which which passes from the walls of a hot tube to 
the fluid flowing within it, and on the other of the cooling 
ot wires and cylinders when immersed transversely in a 
fluid stream. In neither case does published information 
appear sufficient for determining the effect of the nature 


D 
of cooling liquids: indeed, for the wire method, while air- 


cooling has been extensively studied, few other data are 
available at all. 

Until liquids have received adequate attention, the laws 
of convection. cinnot be fully revealed. For convection of 
heat is ultimately a molecular phenomenon, which presents 
complexities in the case of liquids which are almost entirely 
absent when the gaseous state is considered. 

A study has therefore been made of the cooling of wires 
when immersed in streams of various liquids of known 


physical properties. 


I. THEORETICAL FORMUL.-E. 


Osborne Reynolds *, from the similarity of molecular 
motions involved in conduction of heat and diffusion of 
momentum (skin friction) indicated a relation between 
surface cooling and skin friction. His theory has received 
much attention in connexion with the turbulent flow in 
pipes. As Reynolds himself pointed out, its simplest form 


* Revnolds, Proc. Manchester Lit. & Phil. Soc. (1874). See alse 
Stanton, Report Adv. Coin. Aeronautics, p. 40 (1912-13). 
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requires supplementing by an additional factor relating to 
the transfer of heat through the eddy-free layer near the 
surface of the tube. G. I. Taylor * has recently calculated 
this correction from an estimate of the thickness of tlie 
fiim. He made use of the Loreftz criterion for steady 
fluid motion between two parallel planes moving tangen- 
tially to each other. His correction depends upon tie ratio 
of the rates of diffusion of heat and of momentum in tlie 
fluid f. 

Boussinesq + was the first to give a formal theory of 
convection, and his analysis combined hydrodynamical 
equations with the Fourier equation for heat-flow. With 
certain assumptions he obtained, for similar bodies similarly 
immersed in infinite inviscid streams, a general solution 
which may be written in the form : 


AUKO = F(vle]h), . . . . . . (1) 


where h = heat loss per second per unit area of the hot 

body, 

| — linear dimensions of the body, 

0 = temperature difference between the surface of 
the hot body and the distant fluid, 

v — velocity of the fluid stream, 

k = conductivity of the fluid, 

c — capacity for heat of the fluid per unit volume. 


For horizontal wires of diameter **d," transverse to the 
fluid stream, and of a length sufficient to render the effects 
of the ends negligible, the above equation may be written 


H/k = F(vde]k), . . . . . (la) 


where H=heat loss per unit time per unit length of the 
wire per degree temperature excess. 

For the case of such thin wires, and for ncn-turbulent 
flow, Boussinesq showed the form of the function to be 
given by a square-root law $. King ||, following him. 
caleulated the form 


H/k = 14 (Pr) edefE) = 12 51(de]b). o (2) 
for velocities above a (small) critical value. He assumed 
constant flux of heat aeross the surface of the wire. 


æ Taylor, Report Adv. Comm. Aeronautics, ix. p. 423 (1916-17). 

+ That is, upon the variable A 'cy referred to later in this paper, 

t Boussinesq, Comptes Rendus, exxxil, p. 1582 (1901); exxxii, 
p. 954 (1901). 

$ Boussinesq. * Théorie analytique de la Chaleur, t. ii. (1903). See 
also Russell, Phil. Mag. xx. p. 591 (1910), where exhaustive references 
are viven. 


i King, Phil. Trans, A. cexiv. p. 873 (1914). 
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Ravleigh *, in illustration of the use of the Principle 
of Similitude, derived an extension of the general formula, 
to include viscous fluids. The result may be written f: 


hl/kO = F(vle[k ; klev) or H/k = F(ede/k; k[ev), (3) 
Nusselt f in 1909 had already applied the principle to the 


problem of heat transfer in tubes, and had obtained a result 
of the same form. By a further assumption, he reduced his 
result to Boussinesq's form (equation 1). 

Equation 3 forms the basis of the present work, where 
the effect of the L/ev term has been studied. An earlier 
paper § showed how the expression follows from Boussinesq’s 
method of analysis when a viscosity term is introduced. 


II. EXPERIMENTAL. 


l. INTRODUCTION. 


Many experiments have been carried out on the heat- 
transmission to fluids flowing through hot pipes. Com- 
parison with theory is not straightforward, since a certain 
length of leading-in pipe must be traversed before velo- 
city conditions attain their final Leprince- 
lünguet"l made a study of experiments by many observers 
(Nusselt, Jordan, Stanton, Carcanagues, Ser, Pennsvlvania 
Rrd, and Henry) and obtained a formula covering all 
results for air. However, no formula of Nusselt’s simple 
tvpe would include known values for other fluids, such 
as certain common gases, steam, and water. Stanton** 
found Reynold’s formula to be satisfactory in certain 
respects, but to need correction presumably for the heat 
transfer through the eddy-free surface layer. The cor- 
rection term evaluated by G. I. Taylor is a function 


* Rayleigh, Nature, xcv. p. 66 (1915). 

t This formula may equally well be written A//k0— Fjel/v : kiev}- 
In this form the relation to fluid-resistance formula is emphasized. 
The mechanical resistance R per unit aren is given by Hor? a fivl/v). 
Thus heat loss and mechanical resistance are closely related, provided 
allowance i3 made for complexity of fluid structure by means of a 
Ajev term. 

t Nusselt, Zeitschrift des Vereines deutsche Ingenieure, Oct, 23, 1909. 

$ Davis, Phil. Mag. xliv. p. 940 (1922). 

| See Stanton, Report Adv. Comm. Aeronautics, viii. p. 16 (1916 17). 

q Leprince-Ringuet, Comptes Rendus, clii. p. 436 (1911). 

*# Stanton, Report Adv. Comm. Aero, p. 45, 1912-13. See also Phil. 
Trana. A. exc. p. 67 (1897). 
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of Á[cv and appears promising *, but apparently more 
experimental data are required f. 

McAdams and Frost 1, in a survey of certain experiments 
on heat transfer in pipes, give a curve covering water and 
certain oils, in which the heat-loss (A//k0) is a function of 
the hydrodynamical variable (v//v). Though the range 
of viscosity covered appears to be small (about 3-fold), 
this indicates that any other terms in the complete equation 
are of rather subsidiary importance. 

Generally speaking, therefore, experiments with tubes 
appear to indicate that the complete formula for heat loss 
contains a k/ev term. The omission of this term yields 
simpler formule, which give results which are generally 
of the right order but which may differ quite appreciably 
from measured values. 

As regards the heat losses from wires and cylinders in 
a stream of fluid, King $ has made a very comprehensive 
study of the cooling of fine wires in air, covering a wide 
range of conditions. He found his results agreed excellently 
with a formula very similar to his own theoretical equation. 
A small correction term was necessary, depending upon the 
temperature excess 0 of the wire; this he supposed to be 
due to variations in the physical properties of air as the 
temperature is changed. He found also that the dependence 
upon the diameter of the wire was rather greater than the 
theoretical formula suggested. His paper contains reference 
to similar work by other experimenters. 

Hughes || experimented with large steam-heated cylinders 
up to 5 em. diameter. His data do not fit King's special 
formula, as the variation with velocity (+ to :*7) is in 
excess of that eiven bv a square-root law. However, the 
more general form of equation 1 appears satisfactory, 
except that variation with diameter in this case tends to 
be less than the formula requires. It is noteworthy that 
this deviation from the formula is in the opposite sense to 
that found by King for his wires. 

The range of published data is further extended by the 
results of Kennelly and Sanborn 4, who used air at various 
pressures. Some earlier results by Kennelly** cover some 

* Taylor, loc. cit. 

t Stanton, Report Adv. Comm. Aero. p. 16, 1916-17. See also 
Pannell, p. 22. 

1 McAdams & Frost, Journ. Ind. Eng. Chem. xiv. p. 1101 (1922). 

$ King, loc. cif. 

| Hughes, Phil. Mag. xxxi. p. 118 (1916). 

€ Kennelly & Sanborn, Am. Phil. Soc. Proc. liii. p. 55 (1914). 

** Kennelly, Trans. A.I. E. E. xxviii. (1) p. 363 (1900). 
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of the range later studied by King, but -include additional 
data for a larger wire. 

The present author* has given a graph upon which 
results of these experimenters have been plotted, and it 
appears that equation 1a is fairly satisfactory, viz. : 


H/k =F (vde/h).. . . . . . (4) 


However, since k/cv is practically a constant for gases, 
such experiments cannot reveal the effect of this term. 
Practically no values are available for liquids, and the need 
of the present investigation is thus clear. 


2. CHOICE or METHOD. 


The following general considerations led to the choice 
of the present method of investigating the cooling powers 
of streams of liquids. By using wires as the hot bodies 
size was easily altered, and by adopting electrical heating 
measurements of temperature and heat loss were readily 
made. By moving the wire through the liquid instead of 
the liquid past the wire, complications were avoided due to 
non-uniform flow in tubes and troughs, for in these the flow 
is greatest in the centre and is not steady until considerable 
lengths have been traversed. An annular circular track 
was used ; it has various advantages. Since some general 
circulation of the liquid was of course set up, the velocity 
distribution question was not entirely eliminated, but was 
only of secondary importance, as it only affected a cor- 
rection term which had to be applied to the observed speed 
of the wire. 


3. APPARATUS. 


The apparatus used consisted of a motor-driven whirling | 
arm which, by suitable attachments, carried the test wire in 
a vertical position and forced it continually through the 
liquid contained in the annular circular trough. Obser- 
vation was made of the velocity of the wire and of the 
electric energy necessary to maintain a measured tempe- 
rature difference between the wire and the general body 
of the liquid. The energy dissipation was determined from 
the observed current through the wire, and from its 
resistance as obtained by means of a Kelvin double bridge. 
This resistance gave also the temperature of the wire. 


* Davis, Phil. Mag. xli. p. 899 (1921). 
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(i.) The Whirling Arm and the Trough. 
The general arrangement of the apparatus is shown in 


fig. 1. 

TA balanced whirling arm was driven through a worm 
and wheel (ratio 100: 1) by means of a 1/10 horse-power 
electric motor, fitted with ball bearings. The motor was 
shunt-wound, and the speed was controlled by means of 
a series resistance in the armature circuit. To avoid 
communication of vibration to the rotating arm, the motor 
was separately screwed down to the concrete floor. Con- 
siderable care was taken to ensure uniformity of motion, 
even at low speeds, throughout a complete revolution of 


Fig. 1. 
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The Whirling Arm and the Trough. 


the whirling arm. The motor was driven by means of a 
storage battery. The rotating arm was fitted with a friction 
brake to reduce to a minimum the effect of any frictional 
variations in the bearings. (A thrust-ball bearing took the 
weight of the rotating arm.) The shaft was accurately 
vertical, so that the rotating arm had no lowest. position 
at which it would tend to stop during a revolution even 
if the balance were not exact. A spirit-level, used on the 
drm at various positions of a revolution, was useful in this 
connexion. All woodwork was painted or varnished to 
avoid defective alignment arising from warping. 

The annular circular trough was made from sheet brass 
(0°16 cm. thick), and was supported separately from the 
concrete floor to avoid vibrations and ripples. Porcelain 
supports afforded thorough electrical insulation. The cross- 
section of the trough was 7 cm. wide and 11 cm. deep. 
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The test wire moved centrally in the trough, the circum- 
ference of the circular path being 242 cm. No serious 
difficulty was experienced on account of any variation in 
the width of the trongh at different parts of the circum- 
ference. Some slight imperfection in this respect merely 
caused the galvanometer-spot to wander slightly from side 
to side during a revolution of the arm, instead of remaining 
exactly at zero all the time. Measurements of the general 
swirl of liquid in the centre of the trough were made at 
various points of the circumference, but no serious diver- 
gences from the mean were observed. 

During the motion of the rotating arm the surface of 
the liquid was disturbed bv the passage of the wire, but the 
effect was soon damped out and the surface was smooth 
again before the arm re-passed the same point on its next 
revolution. The wave behind the arm was especially pro- 
nounced for water, but even then, except at highest speeds 
(about 55 cm. per sec.), the disturbance did not persist for 
the time taken by the arm in a complete revolution. 

Undoubtedly the use of an annular trough rather than 
a simple circular bath tended to reduce the amount of 
swirl set up as well as the persistence of these surface- 
disturbances. 


(i1.) she Wire Holder. 


Details of the holder used for the test wire are shown in 
fig. 2. It was made from brass strip (1 in. x 34 in.), together 
with suitable terminals and an ebonite support. The holder 
was sufficiently springy to keep the wire gently taut, when 
adjusted to proper length between the terminals. Provision 
was made for potential and current leads. The strip moved 
edge-first through the liquid, and the section thus presented 
was found to be sufficiently stream-line in shape to be satis- 
factory for the velocities used. 

Tt will be seen from the figure that the two long supporting 
strips were placed an inch or so behind the test wire. It 
uppears that at the side or in front they would have been 
more likely to interfere with the stream past the wire. 
Visual observation of the motion through liquids confirmed 
the opinion that, upstream, the effects of the strip were 
limited to only a few millimetres. The arrangement 
adopted had the additional advantage that the whole of 
the immersed parts were moving centrally in the trough, 
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so that the velocity distribution in the fluid was simpler, 
the trough could be made narrower, and economy was 
thus effected in the quantity of liquid used. 


Fig. 2. 
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(iti.) Electrical Measurements. 


With regard to the electrical measurements, a dual 
arrangement was fitted up so that two methods could be 
used. In one a specially-constructed Kelvin bridge was 
used, and for the other a calibrated potentiometer was 
available with suitable standard resistances. On account 
of its greater convenience, the Kelvin-bridge method was 
almost invariably adopted for each series of observations ; 
but the potentiometer was permanently installed so as to 
be readily available for checking the bridge, the resistances 
of its slide-wire and coils, and the accuracy of the ammeter. 
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However, for paraffin and for air, a series of potentiometer 
observations of heat-loss were made, and they agreed 
satisfactorily with those obtained by means of the Kelvin 


bridge. 
(iv.) The Resistance Bridge. 


Fig. 3 is & diagram of the connexions of the Kelvin 
bridge. The arm X represents the platinum wire under 
test, which was compared with the variable standard re- 
sistance S. This standard consisted of a number of 0:05-ohm 


Fig. 3. 
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The Kelvin Bridge Connexions. 


coils of heavy manganin wire (S.W.G. 11), together with 
a O-1-ohm slide wire 160 cm. long. It had been carefully 
calibrated by a potentiometer method to read to one ten- 
thousandth part of an ohm. The ratio arms M, N, M,, 
and N, contained accurately adjusted coils of 100 ohms 
each, together with leads which, although they were of 
small resistance (4 ohm), had also been adjusted to sufficient 
equality (1 per cent.) to avoid appreciable errors which 
otherwise might have been introduced. 

To provide electrical connexions to the wire X on the 
rotating arm, slip rings were utilized, similar to those 
described by King *, consisting of stationary copper rings 


* King, loc. cit. 
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dipping into rotating mercury troughs. The resistance 
introduced into each arm by the slip-ring apparatus was 
less than 0:003 ohm, aud it remained constant to less than 
0:0001 ohm whether the arm was rotating or still. 

The ammeter A was a Weston Laboratory Standard 
instrument. The galvanometer G was a reflecting instru- 
ment of the moving-coil type, very free from troublesome 
zero-drift. Its sensitivity was such that 1 microampere 
gave a deflexion of 50 millimetres on a scale at a distance 
of 1 metre from the galvanometer. The full sensitivity 
was required only when the initial resistance of the cold 
wire was determined, and it was suitably reduced when the 
heating currents were used. 

When the bridge was balanced the various resistances 
satisfied the following formula : 

M AN M e , 
X= NS* xix EK . . (5) 

The current « measured by the ME was not exactlv 
the same as that i through thetest wire. Strictly a correction 
was necessary according to the equation 


REUTERS 0... 5 (06) 


but A was usually so small that the correction was negligible. 

With the bridge out of balance by an amount dX in the 
test wire, the galvanometer current (g) was given approxi- 
mately by the. formula 


cu 1 1 = ed X = 
9 {246 (y+y) En e o è œ (4) 


(v.) Precautions and adjustments. 


At the outset the apparatus was well insulated. It was 
tested by means of an Evershed “ Megger” Insulation 
tester, and also by observing whether the galvanometer 
remained at its true zero when only one pole of the battery 
was connected to the apparatus. 

Thermoelectrie effects were practically negligible. The 
connexious of the platinum test wire were all immersed in the 
liquid in the trough, and were thus at constant temperature. 
The rest of the bridge connexions were of copper or manganin, 
and these metals together exhibit little thermoelectric activity. 
Some slight effects were found on one or two occasions, but 
they were only appreciable when getting the original balance 
with a small current: they were eliminated by the familiar 
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device of working with the galvanometer circuit always 
closed, and adjusting the bridge so that no deflexion occurred 
when the battery was reversed. Reversals with the large 
currents showed no change of balance conditions. 

To keep the current as steady as possible the source of 
supply was a 110-volt storage battery in series with a ballast 
resistance. 

The complete ratio arms M and N, consistiug of coils aud 
leads, were accurately adjusted to equality in the following 
manner. The coils themselves were tested for equality by 
reversal of connexions, and found to be satisfactory. The 
potential leads from the coils, which are also in the ratio 
arms, were brought to equality by adjusting so that the 
balance of the bridge was not appreciably disturbed if 
the coils were short-circuited by plug contacts, thus leaving 
the leads themselves as the complete outer ratios of the 
bridge. The inner ratio arms were then similarly treated. 
This procedure ensured that the ratios M/N and M,/N, were 
accurately equal to unity, and so resulted in the simple 
relation X z:$, independent of the intermediate resistance A. 
It was experimentally verified that increasing A fivefold 
(from 0:2 ohm to 1:2 ohm) did not affect the reading by 
more than one part in 3000 (see equation 5). It was easy 
to make adjustment of this accuracy whenever the test wire 
was changed, and the apparatus was frequently checked in 
this and in other ways during use. 

As an overall test of the bridge, a standard 0:1 ohm coil 
was substituted for the test wire. The Kelvin bridge 
indicated the correct resistance for this, and the reading 
was the same for large currents (5 amps.) and for very 
small ones (0°07 amp.) ; was independent of whether the 
arm was rotating or not ; was not influenced by the speed ; 
and was also independent of the direction of the current 
employed. This is a stringent test of the suitability of 
the bridge and slip rings for the currents involved, and 
of freedom from errors due to leakage or thermoelectricity. 

It remained only to substitute tle actual test wire and 
holder for the standard O'l ohm coil,and to test for the 
absence of thermal effects and leaks by observing the be- 
haviour of the galvanometer spot on reversal of the various 
currents and upon switching off completely. 


(vi.) Procedure during an experiment. 


To obtain a series of observations the usuab procedure 
was as follows. With the test wire in position, and with a 
small current through the wire (0:07 amp.), the bridge was 
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balanced by adjustment of the position of the slider along 
the slide wire. As the heating effect of such a small 
current was negligible *, this reading gave the resistance 
of the wire at the temperature of the oil. 

The slider position was then altered to increase the reading 
by a definite amount dR. This disturbed the balance of the 
bridge. With the arm rotating at measured speed, note was 
made of the increased current through the wire necessary to 
restore the balance. From the constants of the test wire 
the increment of temperature associated with the resistance 
dR was known, and the heat loss from the wire at this 
speed was readily calculated. 

This procedure was repeated.with the same value of dR, 
but with several different speeds. Further series were then 
taken, until a range of values of temperature excess and 
velocity had been obtained. 

During a series of experiments, the initial temperature of 
the liquid sometimes dritted slightly. This was allowed for 
by slight change in the initial slider position, so that dR was 
maintained constant throughout, and the drawing of a series 
of curves was facilitated. 

It was important to remove stray suspended fluff (rom the 
liquid under test, for otherwise readings could not be taken 
owing toa pronounced drift of the galvanometer reading. 
It was astonishing how much fine fibrous material could 
gain entrance to the liquid, and equally remarkable that the 
galvanometer spot could indicate so readily when a single 
fibre, almost invisible, became attached to the moving wire. 
Consequentiy all liquids used were passed through filter- 
paper two or three times, and collected in large clean glass 
vessels. Before each filling, the experimental trough was 
very carefully cleaned with suitable agents and swilled out 
with petrol. A blowpipe-flame was then passed rapidly over 
the interior to burn off any adherent fibres, and the trough 
was again washed out, first with filtered petrol and finallv 
with a small quantity of the liquid to be tested. Except 
when experiments were actually in progress the trough was 
kept covered, and at all times unnecessary disturbance of 
the air of the room was avoided. 

Even with these precautions fluff was not completelv 
eliminated, but the trouble was not serious. Consistent 
results were obtained by cleaning the test wire gently with 
another wire just before taking readings, after a preliminary 
run had shown the probable values. Half a minute or more 


* [t was satisfactory to find the balance independent of whether the 
wire was moving or not, 
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was required in taking a final reading, largely because tlie 
steady swirl of liquid could not be attained in less time. At 
times conditions were obtained which were practically steady 
(water for instance), but at others there was sufficient 
suspended material to give a slight drift. For instance, on 
one occasion with No. 1 oil and the 6 mil wire there was a 
drift equivalent to about a 4 per cent. change in heat loss in 
one minute, and no further cae in the next two minutes. 
Repeated experiments on this occasion indicated that results 
for all temperatures of the wire were certainly reproducible 
to within +2 per cent., and usually variations were of the 
order of +1 per cent. or less. If the difficulties increased 
appreciably, refiltering was resorted to and an improvement 
thus effected. 


(vii.) Measurement of Velocity. 


No difficulty was experienced in determining the velocity 
of the rotating arm. ‘he periods for one revolution varied 
from 3 seconds to 25 seconds. An electrical buzzer recorded 
each revolution, and it was usually sufficient to time with a 
stop-watch a convenient nuinber of revolutions. A chrono- 
graph arrangement connected to a standard clock was 
available, but was not necessary for general use. A strobo- 
scopic arrangement could have been used for observing the 
constancy of the actual speed of the motor during a complete 
revolution of the arm, but was not required, the galvano- 
meter spot being sufficient indication of the state of affairs. 

To obtain the velocity of the wire relative to the liquid, 
it was necessary not only to measure the velocity of the 
rotating arm, but also to evaluate the correction for the 
general circulation of the fluid through which the wire 
moved. 

To measure the swirl velocity the test wire was removed 
from the rotating arm and mounted vertically in a fixed 
position in the centre of the trough, so that a dummy wire 
attached to the rotating arm passed within a millimetre or so 
from it. Heat losses from the wire in this position were 
measured with the arm rotating at vurious speeds, and 
compared with the losses experienced when it was mounted 
upon the rotating arm itself. The method of deducing the 
swirl velocity from the results is as given below. 

For a given temperature excess, whether the wire is 
mounted on the rotating arm or is fixed in the centre of 
the trough, the heat emitted from it depends only upon the 
motion of the wire relative to the streain of liquid. 
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If V, is the velocity of the wire attached to the moving 
arm, and if V, is the velocity of the swirl of liquid set up, 
the velocitv V of the wire relative to the fluid is given by 
V=V.—V,. 

If the swirl velocity is proportional to the arm velocity 
causing it, then the relative velocity also will be proportional 
to V, and we may write V-=kV,. 

If now we find (from graphs) the new arm velocity Va, 
with which the moving wire must move to give the same 
heat loss as was experienced by the swirl wire, we have 
V,=kV,,- Hence the correction factor & may be calculated, 
and we find k= Va] (Vat Va,)- | 

Results obtained are given in Table I., together with 
check values obtained by another method. The wire data 
indicate that k is practically constant for a given liquid, 


TABLE I. 


Swirl velocity of Fluid expressed as percentage of the 
measured wire velocity. 
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* Por these speeds tlie surface waves had not subsided before the wire canie 
round again. 


and that the mean relative velocity was between 82 per cent. 
and 88 per cent. of the measured arm velocity. The velocity 
distribution near the centre of the trough was also found to 
be fairly uniform, and it did not vary appreciably in different 
parts of the circumference. In the experiments, conditions 
were fairly steady except at the moment when the rotating 
arm passed the swirl wire ; precautions were taken to break 
the galvanometer circuit momentarily as this took place,and 
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the swirl values obtained refer to the general circulation 
in the centre of the trough. 

The method adopted as a check on the wire method was 
not so convenient, but it revealed visually the nature of the 
flow. The arm was set rotating in the usual way, and when 
the circulation of liquid in the trough was steady observation 
was made of the motion of'a speck of floating or suspended 
dust. For some cases tobacco ash was found to be very 
convenient. The swirl velocity measured was the general 
drift. The timing of the speck was commenced sufficiently 
long after the passage of the test wire for the flow to be 
normal, and was completed just before the returning wire 
brought the local disturbances round again. Simultaneous 
observation of floating specks and suspended particles con- 
firmed that there was a central core of liquid 3 in. to 2 in. wide, 
through which the test wire was moving, where the velocity 
was practically uniform and independent of depth. 

The agreement between these check values and those 
obtained by the wire method was quite good, as may be seen 
from Table I., though generally the speck method gives higher 
results. It will be seen that generally the mean value taken 
is that given by the wire, although some attention has been 
paid to the other results. Divergences from the mean are 
not very systematic, and appear to have an effecton tho true 
velocity of the order of +2 per cent. 


(viii.) Velocity of the Natural Convection Current from the 
Wire. 
‘Experiments were carried out to ascertain to what extent 


the natural convection current from the heated wire was 
comparable with the velocity of the wire relative to the liquid. 


Fig. 4. 


Arrangements for determining the Velocity of the Natural Convection 
streams from the hot wire A. 


The principle of the method of measuring the velocity of 
the natural convection current is simple, and is illustrated 
in fig. 4. The heated wire was mounted vertically at a 
position A in the trough. A steady circulation of liquid 


Phil. Mag. S. 6. Vol. 47. No. 282. June 1924. 3Z 
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past the wire was maintained by means of the paddle- 
wheel C, placed as far away as possible. Convection 
currents from the wire could then be observed as appa- 
rently straight filaments adherent to the wire and trailing 
behind it at an angle to the vertical depending upon the 
velocity of the liquid in the trough. Observation was made 
of the stream velocity at which the filaments were inclined 
to the vertical at an angle of 45°. In this case, heated 
particles of liquid were moving so that the vertical com- 
ponent of velocity, due to natural convection, was equal 
to the horizontal component, which was known from the 
observed liquid speed. 

Errors of refraction in the estimation of the angle of 45° 
were avoided as follows. A separate piece of wire B was 
suitably attached to the apparatus, so that it was immersed 
in the liquid and extended upwards behind the heated wire 
at this required angle. Speed adjustments were made until 
the fluid tilaments were parallel to it. 

These apparent filaments were of course due to the altered 
refractive index of the liquid which had been heated by the 
wire. No difficulty was experienced in seeing them with 
some of the coils. However, with water practically nothing 
could be detected ; so in such cases a speck of soluble dye 
was attached to the wire at one point. It was quite easy to 
attach such a speck when desired, introducing it on the end 
of another piece of wire. 

Only the order of the effect was desired, so elaborate 
arrangements were not adopted. However, by using a 
transparent trough with plane sides, photographs could be 
tuken and greater precision attained. The results might 
be of some interest apart from their present application. 

The velocities of the natural convection current were 
measured for water, No. 2 oil, and paraffin. "They were 
more or less proportional to the temperature excess of the 
wire, and were respectively 001, 0:006, and 0:02 cm. per sec. 
per degree temperature excess of tle wire. 

The maximum temperature excess used in the main expe- 
riments was about 70? C., whence natural convection streams 
of the order of 4 to 14 cm. per sec. are to be expected. 
These should cause but little error in estimating the velocity 
of the fluid relative to the wire, for being vector quantities 
directed at right angles to the motion of the wire, they would 
only increase the slowest speed (10 em. per sec.) bv about 
1 per cent. At higher speeds the effect should be quite 
negligible. 
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4. Tox LIQUIDS UsED. 


(i.) Their nature and condition. 


The cooling power of five liquids was studied. These were 
distilled water, paraffin, and three transformer oils, of which 
the most viscous resembled olive oil at 15° C. and became 
practically solid at 8° to 10°C. Thus a wide range of 
viscosity (and of. k/cv) was covered, and the fluids had the 
advantage of being of kinds frequently used for cooling 
purposes. Transformer oils are very carefully refined pro- 
ducts. Special care had been taken to ensure that they 
were dry, clean, and unmixed with other oils or samples, 
and in a condition satisfying the stringent requirements of 
their normal use. | 

Reference has already been made to the care taken to 
remove fibres of fluff and suspended particles. It was also 
observed that innumerable bubbles filled the oils when they 
were freshly poured into a vessel. These would have caused 
errors in some of the tests, so the liquids were poured care- 
fully and time was allowed for the bubbles to disappear. 
This delay also allowed the temperature to settle down. 


(ii.) Physical Properties of Liquids used. 


The following outlines the various methods used in 
measuring for these liquids the physical properties con- 
cerned in convective cooling. The results obtained are 
given in Table II. 


(a) * Density (p). 

Determinations of density were made at temperatures of 
about 159 C., 50° C., and 80? C., an ordinary specific gravitv 
bottle being used. Values for water were taken from tables. 

The coefficients of expansion, of importance in natural 
convection, may be deduced from these results. 

(b) * Viscosity (9) and Kinematical Viscosity (v2 9/p). 

Determinations of viscosity were made at various tempera- 
tures. Values for water were taken from published tables 
For the more viscous oils a Redwood (No. 1 type) visco- 
meter was used in accordance with customary practice at 
the National Physical Laboratory t. Essentially the method 
consists in determining the time taken for 50 c.es. of the oil 
at the test temperature to flow out of an oil cup through a 


* Mr. A. R. Challoner assisted with these observations. 
+ Higgins, ‘N. P. L. Collected Researches,’ vi, pp. 1-16. 
3422 
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suitable capillary jet, the initial level of the oil having been 
accurately adjusted to a certain standard position. In this 
way “ kinematical viscosity " is determined, from which the 
other coefficient may be calculated. 


TABLE II. 


! Do | Tem ; | | 
| Liquid. | o p | p. | 10%. mM 0 0* | nm Jk. | 8. 
: (| 12 | 100 | 140 | 00121. 00124 8-86 5 ( 
| 15 | 100 | 140 00114; O01l4' 815 | 
| ə | o998 | 140 | ool | oori, 72 || | 
Water ...... i| 40 | 0992 | 147 | 00066 00066 — 448 || 1 4 
50 | 0988 | 150 | 00055 00050. 367 | 
|| $5 | 0975 00038 | 00039; .. || || 
(| 80 | 0972| .. | 00036 | 00037; ~. |) , 
(| 12 | 0814 | 30 00220  002:0 | 381 | " 
15 ' 0812| 30 | 00208| 00256 | 360 7 
20 | 0809 | 30 | 00189 | 00234 | 326 || | 
Pariffn....4 50 | 0787 | 28 | 00110| 00140 204 | $0524 
60 0780 | 2 00096 | 00121 185 , | 
| 75 | 0769 | 26 | 00078 | OOlu] 156 | 
! ! 80 , 0165 | 0:0075 | 0-0096 ' ] 
| ( 15 | 084 | 32 | 0140 | 0166 | 205 |) / 
| 20 | O84 | 32 : O116 | 0138 | 170 z 
Transformer | £0 | O821 | 31 0:046 0-056 1 ous 1 
(| ONo.1} 60 | O814 | 31 | 0038 | 0044 | 54 | POH 
| 75 | 0804: 31 ' 0097 | 0033 40 || 
t. 80 — O8) | .. ' 0026 | 0032 39 |J 
| 
¿í 12 , 0876 | 0-442 | 0-505 732 |) ( 
j I 15 | U875 | 29 0384 . 0438 633 | | 
| "Transformer | | E | yl | 35 coe d iy r^ 
| Praneformes4, 00 | 0852 . 0090 — 0106 , 149 | $048 4! 
'^|| 60 0846 , 29 , 0063 0074 | 104 || | 
| | ' 75 | 0836 0041 0-049 69 || $ 
UL 80 | 0833! 0035 : 0:042 ) L 
'/ 12 , 0918 30 ' 0981 107 | 1500 l) 
| 15, 0915 | 30 ; 0745 | O816 | 1142 | | 
Tani o0 ' 0912 30 ' 0506 0555 | 776 
"Ail No, 31 50 0:894 9:9 0:121 0:135 191 > 0:46 4 l 
Oil No.9| 69888 , 29 0084 0095 | 134 | 
| 15 0879| 29 ' 0059 0007 93 | | 
| 80 0876 | 0052 0060 | 83 ) |, 


WE ME | 


* T am indebted to Dr. G. Barr, of the Dept. of Metallurgy and Metal- 
lurgical Chemistry, for this determination. 
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piece being of capillary dimensions. The liquid under test 
stands initially at different levels in the two limbs, and the 
time is noted which elapses while the liquid meniscus passes 
certain marks on the tube. 

It is desirable to notice (see Table II.) that very con- 
siderable viscosity changes arise when the temperature of a 
liquid is altered. 


(c) Specific Heat (x) and. (e). 


The specific heat (s) determined for each oil was the mean 
value over the range 20? C. to 100° C. It was obtained by the 
method of mixtures, a measured quantity of the oil under 
test at a temperature of 100° C. being poured into a calori- 
meter containing « standard oil at 20° C. The specific heat 
of the oil chosen as standard had been determined at air 
temperatures by introducing a copper block at 360? C. into a 
measured quantity contained in a calorimeter. The standard - 
oil was found to have a specific heat at air temperatures in- 
distinguishable from its mean value over the range 20° to 
100? C. Values obtained were reproducible to an accuracy 
of about 2 per cent. 

The capacity for heat (c) per unit rolume of a liquid is 
given by the equation c=sp. 


(d) Thermal Conductivity (k). 


Thermal conductivities of the fluids were determined by 
means of an apparatus similar to that described by Gold- 
schmidt *. The method consists of stretching a fine platinum 
wire along the axis of a small horizontal silver tube full of 
the test liquid, and measuring the electric current necessary 
to maintain a measured temperature difference between the 
wire and the walls of the tube. This gives a relative value 
for the conductivity of the oil, for it appears that with fine 
wires, small tubes, and but slight heating the disturbing 
effects of convection currents are negligible. This is not 
surprising since the cooling of a fine wire immersed hori- 
zontally in a bath of fluid tends to depend only upon the 
conductivity of the fluid in these conditions. 

In the aetual apparatus the silver tube, 2 mm. diameter 
and 12:7 em. long, was fitted tightly into a massive copper 
cylinder of 5 cm. diameter, so that the temperature was 
uniform throughout its length. A 4 mil platinum wire, with 
current and potential leads attached to its ends, was adjusted 


* Goldschmidt, Phys, Zeits. xii. p. 417 (1911). 
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to pass axially through the tube. Since the current leads 
were helical copper springs they prevented sagging of the 
test wire when heated. The apparatus* was completely 
immersed in a quantity of the liquid to be examined, which 
thus filled the capillary tube. 

Measurements were made of the heat dissipation associated 
with various small temperature excesses of the wire, ranging 
from 1° or 2°C. to 20? €. For this the Kelvin bridge was 
used in the manner already described. However, since only 
slight heating was used, the initial current was reduced to 
0:01 ampere so that its heating effect should be negligible 
in these new conditions. The currents used for heating 
ranged up to about 1 ampere. 

Thermal conductivities were calculated on the assumption 
of radial flow of heat between the wire and the inner surface 
of the silver tube. . For moderate heating results so calcu- 
lated increased as the temperature excess was raised, showing 
that convection currents had become appreciable. For slight 
heating, however, results were practically constant. The con- 
ductivity given in the tables is the value to which results 
tended as the temperature excess was reduced to zero. 

The experiments were carried out with the liquids at two 
temperatures, about 20? C. and 809 C. respectively. No 
allowance was made for end effects, but probably the length 
of wire used (12:7 em.) was sufficient to render these of 
little importance. | 


(e) The ratio (k/ev). 


On the kinetic theory of gases the thermal diffusivity (4/c) 
bears a ratio to the kinematical viscosity t (v), which is con- 
stant for a given kind of gas, and depends upon the number 
of atoms in a molecule. For liquids, owing to complexity of 
structure, such constancy does not hold, and a wide range 
of value is covered. It is to be expected on general grounds 
that this fundamental ratio between the factors determining 
the fluid flow and the heat transfer will be important in 
determining the cooling power of fluid streams. Conse- 
quently, for each of the liquids, &/cv has been evaluated for 
a series of temperatures. It is the factor determining the 
complexity of a fluid when thermal and viscous actions are 
involved together, i. e. in convection of heat. 


* This apparatus was available, having been constructed previously 
by Dr. Ezer Griffiths. 
t Diffusivity of momentum. 
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5. THE WIRES USED. 


The wires used were of specially pure platinum, and were 
of three sizes, being about 4, 6, and & mils* in diameter. 
Mean details are given in Table III. 


TABLE III. 
Details of the Wire used. 


Total length between current terminals = 6:08 cin. 


Mean length between potential leads = / em, 
Resistance per unit length at 0? C. = Rj// ohms per em. 
| | | MEN 
| Wire. | Diam, | l. | R,/l. a. | 
4wil usse ! 00102 em 43 0118  ! 000386 
Grail. ese. e0012 FETS ' 00504 | 0 00380 
8 mil cse | 004  ; 498 /— 00294 | 000387 


* Lengths 2:15 and (6-03 em. were used in tbe end correction test. 


Potential leads of 4 mil platinum wire were welded to the 
test wire at a distance from its ends. The length of wire 
between these leads was easily measured. Diameters were 
measured by means of a micrometer screw gauge none to 
one ten thousandth part. of an inch. 

Before the wires were cut up into lengths for mounting in 
the holder of the rotating arm, temperature coefficients of 
resistance were determined for annealed samples. Lengths 
of about 30 em. were used, and resistances were determined 
at the temperatures of melting ice, and of the vapour of 
water boiling under normal atmospheric pressure. . Sulphur 
points had previously been determined. For these measure- 
ments use was made of a Callendar and Griffiths resistance 
bridge reading to 00001 ohm. However, in one case, using 
the Kelvin bridge arrangement, a check measurement was 
obtained for a portion of wire mounted in the normal manner 
in the holder or the whirling arm. The wire was immersed 
in a stirred oil bath at a few fairly steady temperatures, and 
the temperature coefficient of resistance thus obtained agreed 
to within 2 per ceut. with the more accurate determination 
previously made. | 

During cooling experiments with the arm rotating, the 
finer wires tended to stretch slightly, presumably owing to 


* ] mil20:)001 inch. 
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the strains set up. This was most readily detected by the 
change in resistance of the. wire at 0? C., a quantity which 
was regularly calculated from the measured resistance at the 
temperature of the oil. Necessary allowances for such changes 
were made in the heat-loss calculations. The effect, however, 
was slight, and in the whole life otf a wire did not amount to 
more than 1 per cent. increase in length. 

Throughout the experiments care was taken to keep the 
wire bright and free from adherent fluff, etc. If by accident 
it was over-heated, it became blackened with carbonized oil. 
On these occasions the wire was removed from the liquid, 
and the deposit was burnt off by heating the wire electri- 
caily to a dull redness. Naturally, after this procedure, 
particular attention was paid to alterations in resistance. 


(i.) Calculation of the heat-loss from the wire. 


The heat-loss from the wire during ag experiment was 
calculated from the current “i” flowing through it, and 
from its hot resistance R, us measured on the Kelvin bridge. 
Results were converted from watts to calories per second, 
using 4°184 as the conversion factor. They were expressed 
in the form of heat-loss per cm. length per degree tempera- 
ture elevation. 


Qi.) Calculation of the temperature eacess of the wire. 


The temperature excess of the wire was calculated from 
the increment of resistance dR: on the platinum scale it is 
given by 0=dhR/Rox, where Ro is the resistance of the wire 
at 0? C., and a is the temperature coefficient of resistance. 
Corrections to the centigrade scale involve increasing the 
above value by about 1 per cent. for values of Ô up to 
20? C. and by 1/5 per cent. for 0= 60° C. Such correc- 
tions are almost negligible, being greatest for the low values 
of 0, where the experimental errors were greatest. They 
may be obtained conveniently from tables showing the rela- 
tion between the two scales *. 


Gii.) Correction due to radial temperature gradient in the 
wire. 

There is also a small correction due to the fact that, 
through its immediate proximity to the liquid, the surface 
of the wire becomes slightly cooler than the core. Calcula- 
{ion on certain assumptions shows the temperature difference 


* IIarker, Phil. Trans. A. cciii. p. 343 (1904). 


Wires in Streams of Viscous Liquids. 1081 


between the core of the wire and its surface to be propor- 
tional to the rate of surface cooling *. In the notation of 
this paper it is given by H@/4arK, where K (=0'166 cal. 
per em. per degree) is the thermal conductivity of the 
platinum of which the wire is composed. The mean tem- 
perature of the wire as obtained by resistance measurements 
is thus in excess of the surface temperature bv an amount d@ 
given by 40/0 —H|8rK 20:24 H. From the tables of H, 
given later, we find that for water the relative error 40/0 is 
appreciable only for the highest speeds, aud that tor all other 
liquids it is invariably less than 1/3 per cent. No correction 
for this effect has therefore been made. 


(iv.) Correction. for conduction by the potential leads and 
terminals, 


The wire was clamped to the holder by two terminals 
about 6:1 cm. apart, and the potential leads (4 mil) were 
attached at about 4 cm. from the clamped ends, It was 
considered that at this distance the terminals would have no 
cooling effect on the test portion of the wire, and that the 
potential leads were sufficiently thin to be negligible in this 
respect. 

If the terminals exert any appreciable cooling, measured 
heat-losses should depend upon the distance of the potential 
leads from the ends. With the liquids no such dependence 
was founl. Direct test with oil No. 1 gave practically iden- 
tical results, whether the potential leads were attached to the 
wire at the clamping terminals, at 1 cin. from them, or at 
double this distance. Even with air as the fluid (where end 
cooling would be of much greater relative importance owing 
to the much smaller rates of surface cooling) differences were 
not very systematic and were limited to +5 per cent.t 

[t was inferred from these experiments that the heat lost 
by conduction to the terminals and potential leads was 
negligible in comparison with that carried off by the liquid 
streams. 

| 6. RESULTS. 
G.) Tables and Curves showing heat-losses obtained with each 
of the liquids. 

. The results obtained in the experimental work were ex- 
pressed in terms of the heat-loss H. per centimetre length of 
wire per degree centigrade temperature excess. Observa- 
tions were taken for various velocities of rotation, and for a 
series of values of temperature excess. 

* Wing, doe. cit. 

t Greatest values were indicated when the potential leads were 
attached at the extreme ends of the wires, 
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To present results in convenient comparative tables, it was 
necessary to obtain by interpolation values appropriate to 
certain selected velocities and temperatures. In this con- 
nexion a graph is given, fig. 5, which shows experimental 
points obtained for one of the oils, and the smooth curves 
from which representative results were read off. As regards 


| Fig. 5. 
wt Oil N°3. (at 16-124C) 


Wire diam. 0-0152 cm. 
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Velocilu of wire af end of rotating arm. 
Specimen Experimental Results. 


temperature excess, it will be seen that the values deviated 
but slightly from a convenient series, viz. 5°, 10°, 60°, and 
707C. The small adjustments necessary to give heat-losses 
corresponding to these exact valnes were obtained by further 
curves. The procedure with this oil is typical. 

Tables IV. (i.-v.) give results compiled in the above 


TABLE [V.—Heat losses (10° H) from Wires in Liquid Streams. 


(H =calories per cm. per sec. per ° C. temperature excess of wire.) 


PDAS. 


(i.) Distilled Water *. 


r 10° H. 
mns | d | SOMDA Mure For values of relative velocity (cm. per sec.). 
; Rare — rac! 
Wire. of water. of Wire. ^10. 20. 40. 60. 70. 
em : ? C. oC 


2200 3000 4300 5250 5650 


00204 | 11 | 8 | 9070 2000 ' 4060 | 4950 5340 
| 2560 | 3460 4800 5830 6300 


* Worthington and Malon give a value 105 H =2960, when d 20:0256 cm., 
9 —30? C., nnd v=14:85 cm. per sec. Frankl. Inst. J. 184. p. 115, 1917). 


Diameter | 


of 


Wire. 


0:0204 


0:0204 


+ A series at 10° C. excess taken much earlier and with a different wire 


| 
| 


— 
| 


| 
| 
| 
| 
| 


10° H 
Me : A 
i emperatuje especie For values of relative velocity (cm. per rdi 
On, of Wire. | “40, 20. | 40. . 8. 70. 
o C. 20, i | 
17:6 5 460 622 840 993 | 1055 
50 487 677 910 1140 | 1230 
11 5 500 697 978 ' 1190 | 1280 
50 | 572 798 | 1110 : 1350 | 1455 
| | 
(iii.) Transformer Oil No. 1. 
156  , 5 284, 515 | 693 | 825 875 
| W 400 , 532 | 705 | 827 880 
| 20 42 70 757 | 890 | 950 
| 40 50 603 795 | 944 ' 1010 
| 60 467 625 835 | 1000 ` 1068 
15 | 5 480 644 855 | 1014 . 1076 
| 10 t 483 646 863 | 1024 > 1095 
| we í t2 | 2: 
| 60 1 588 | 786 | 1040 | 1225 '. 1305 
| 
(iv.) Transformer Oil No. 2. 
| j 
u | 5 | 315 | 425 , 353 630 | 660 
50 383 | 512 688 814 | 870 
11 5 | 358 | 468 | 610 713 | 758 
10 9 | 49% 650 765 | 812 
20 395 | 520 687 808 | 860 
40 430 | 565 740 87 923 
60 — | 458 | 598 Ti8 ^ 900 |^ 900 
14 5 (0440 D78 760 890 944 
50 | 643. | T4 972 , 1155 | 1230 
(v.) Transformer Oil No. 3. 
12 5 | 335 450 568 640 660 
10 |. 2363 468 | 600 695 791 
60 | 474 | 600 | 765 880 | 930 
16 5 | 406 ^ 585 | 702 825 | 877 
10 | 417 ! 548 720 847 900 
20 468 612 | 800 940 | 1000 
40 | 51? 672 | 890 1050 | 1118 
60 560 738 | 970 1140 | 1210 
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Table IV. (continued). 
(ii.) Paraffin Oil. 


1083 


Lh smoothed results indistinguishable from these at the lower velocities, aud 
alling to about 3 per cent. lower at 70 cm. per sec. 


i An earlier series nt 60°C. with a different wire gave smoothed values 
indistinguishable from these. 


aeai Google 
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manner, and the values given bear a very close relation to 
actual points obtained in the experimental work. They 
present in some 200 orderly values the results of four or 
five times this number of observations. 

A trial was made of representing these results on graphs 
in which heat-loss was plotted as ordinate against the square 
root of the velocity as abscissa. In general, the lines ob- 
tained were slightly curved, so that the results could not be 
conveniently expressed by a formula similar to that found 


Fig. 6. 
40 
EO 
Wire diam.0.0204 cm. SS 
Temp. Excess 5'C(8'C fer a | 
50 
< 20 
X 
lI 


30 40 


20 
(vdle/; 4 


Reaults for Viscous Liquids compared with formula for Inviscid Fluids, 


for gases (equation 2). Fig. 6 shows a series of results 
plotted on a graph of this form. 

On plotting logarithmically, however, excellent straight 
lines were usually obtained, and results were studied from 
this point of view. Fig. 7 shows families of curves obtained 
for each of the liquids used. It is immediately evident that 
for a given liquid the lines are practically parallel, the slope 
having no marked dependence upon the diameter of the wire 
or upon its temperature excess. There is possibly a tendency 
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for the slope to be greater for the larger wires, but otherwise 
occasional irregularity of slope or of curvature appears to be 

Fig. 7. 
HEAT LOSS . VELOCITY CURVES. 


H-Heal less per cm per degree Temperalure excess. (calories) 
v = Velocity of wire relative lo fluid. (cm. per sec. 


Key 


Tempen 8 | 
Tow [Med Fgh 


Wire 
diam 
cm. 


-£ 


10 20 40 70 


due to experimental error, for with different liquids it is not 
associated consistently with any particular set of conditions. 

Parallel lines are also obtained on plotting results with 
temperature excess (0) as abscissa. This may be seen from 
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the curves shown in fig. 8. Thus the effect of temperature 
is to introduce a factor dependent only upon the nature of 
the liquid used. 


Fig. 8. 
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Temperature excess of wire (9) 


Specimen Curves. Heat Loss— lemperature Excess. 


(1.) Empirical relations. 


If we accept the families of curves of figs. 7 and 8 to be 
parallel lines, rectilinear in the former case, we find the 
following general formula covers the results :— 


H = Me(1ra600), . . . . (9) 


where n, a, and b depend only upon the liquid used, while M 
depends also upon the diameter of the wire. 

The values of “a” aud ** 6" are given later in Table V. 
Undoubtedly they are intimately connected with the rate at 
which the physical properties of the fluids vary with tem- 
perature. Since our theoretical formule are restricted to 
cases where the physical properties remain constant, dis- 
-cussion will be devoted mainly to cases where the tempera- 
ture excess “6” is so small that changes in the properties of 
the fluids are inappreciable. In these circumstances equa- 
tion (9) becomes 


Ic MOS aw 2 ee oe x10 
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Trial of a more general relation of the form * 
H/k =N(rde|250 k)" 


showed N to depend upon both vdc|k and k/cv, so that the 
effects of these two terms are inter-related. While in 
the present experiments “n” exhibits no appreciable varia- 
tion with vdc/k, being given by 


n varies as (k/cy)97?*, . . . . (11) 


published values for gases cover a much wider range and 
indicate that 


n varies as (rdc/k)? 995, . . . . (12) 


Now to a certain degree of approximation equations (11) and 
(12) can be combined in the form 


n varies as {(vde/h) x (Ajev)P} 95, . . (13) 


and it was decided to test whether the new variable thus. 
revealed would express completely the inter-relation of 


(vdc/k and kv. 


iii.) Formula covering all results. 


It was then found possible to express our experimental 
results in a formula of the type 


Hk=A.B.C.F {(vde/k) x (kjev)i} Ts . (14) 


where A(=1+a6+16?) depends upon the temperature 
excess of the wire and the nature of the fluid, 
and is undoubtedly connected with the rate at 
which the physical properties of the fluid vary 
with temperature. 

B represents a small residual effect of wire diameter, 
additional to that covered by the “rd” term. It 
depends somewhat upon tlie nature of the liquid. 

C [ =f (k/ev)] is dependent only upon the nature 
of the fluid. It varies as (4[cv) ^", where m —0 tor 
gases and increases to about 0°19 in the region of 
the viscous oils. 


* |n theexperiments the minimum value of rdc;k for each liquid was 
about 250. By writing vdc/250 Kk instead of vdek the advantage is gained 
that N has a definite physical meaning. It is the lowest value of H/k 
actually measured, instead of being the extrapolated value associated 
with rdc/kz l1. 

t {(vdejk) x (kjcv)i] = { (rdc; k) x (edjv) 3i = | (ed, v) = (kiev)? ! . 
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The formula is of the general form expected (3), except 
for the small corrections represented by the terms A and B. 
The particular grouping of variables within the brackets 
correlates the various slopes of the lines in fig. 7 with the 
curvature observed when study is made of an extended vdc/£ 
curve for gases. 


TABLE V. 
Values of A and B. 


A —1-r-a0 4- 062, where 0—tewperature excess of wire. 


Values of B 


Fluid. 103a. 10°. For wire diam. EN 7 

00102 | 0-0152 00204 ` 
| (AIDE shee, - (0:91-0:94) | (095-0-97» l 
| Water ........ | 264 12 xs 1 
| Paraffin ......... 2-94 zin | 0:98 1 
' Oil No. 1 ......... 725 —508 " |. 0:92 1 
! Oil No. 2 ......... 107 — 8:42 093  : 090 1 
Oil No. 3 ......... ' 135 —9:52 090 1 


* Calculated from King’s results. 
t Mean valu? obtained from results at temperature excesses 5° C. and 50° C. 


TABLE VI. 
Relation between C and £/cv. 


k/cv cv[k C 
1 1 , 102 
01 | 10 117 
ool, 100 1-46 
0:001 100 ` 198 


(a) The dependence of A upon temperature variations in 

the physical properties of the liquid. 
The physical property of the liquid which depended most 
upon temperature was the viscosity. In some cases the cold 
oil was as much as ten times as viscous as hot oil at the 
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temperature of the wire. Such variations may be too great 
to be covered by a simple correction applied to a theoretical 
formula based upon assumptions of constancy. The tempera- 
ture effect has therefore been left in the empirical form given 
above, $, c, and v having the values appropriate to the cold fluid. 

It is worth notice, however, that the effect is generally 
rather greater than can be allowed for in the final formula 
bv supposing the physical properties of the fluid to be 
those appropriate even to the temperature of the hot wire. 
Generally, for 60? C. temperature excess of the wire, 
about 10 per cent. increment in heat-loss has still to be 
accounted for. 


(b) Variation of B with wire diameter. 


By plotting curves showing the relation between H and 
vd, and noticing the factors B necessary to bring the curves 
for the finer wires into coincidence with the curves for the 
stouter, the values given in Table V. were obtained. The 
total range in the value of B, about 10 per cent., is too 
small for deducing the laws governing its variations, but a 
definite diameter effect is indicated. The order of the effect 
found for liquids is seen to be the same as that for air as 
calculated from King’s formula. Special experiments with 
the present apparatus, on the air-cooling of the 6 mil and 
& mil wires, gave ratios of heat-loss in good agreement with 
King’s values*. This eliminates experimental error as an 
explanation of the differences found for these wires when 
liquids were used. 

Considerations of the theory of dimensions show that, in 
the theoretical formula, wire diameter and velocity must 
always occur together, unless variables are involved ad- 
ditional to those included above. If free convection effects 
are included the variable ay may be introduced, where 
a=volume coefficient of expansion of the fluid and g=ac- 
celeration due to gravity. A term cgd'aQ/kv T (or its equiva- 
lent), found by the author to cover free convective cooling 

* Results were not corrected for awirl, but comparisons were made at 
definite arm velocities. ‘The actual magnitudes ot heat-loss were almost 
identical with those calculated from King's formula, provided the swirl 
velocity in the trough was about 12 per cent. of the arm velocity. Such 
a figure is reasonable since values of 10 per cent. to 20 per cent. were 
obtained when liquids were used. King found a 5 per cent. swirl ina 


large room. 

+ If, in addition to the free convection variables, the density of the 
fluid is also separately introduced [it is already included to some extent 
in c(=8p) and »(=n/p)] aterm results which contains d without either 
orv. Richardson has discussed the relation borne by such a term to 
King's results (Phys. Soc. Proc. xxxii. p. 405, 1920). 
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in viscous liquids, may then be expected in the complete 
equation. If B owes its origin to this new correction term, 
its dependence (Table V.) upon the nature of the liquid 
(ca/kv) is thus explained. Some associated dependence 
upon the temperature excess Ó is also to be expected, and 
this may explain the residual relation between A and @ not 
previously accounted for. It may also explain why, in 
King’s results, his diameter term is associated with a 
residual 0 term much larger than that which operates upon 
the velocity group. 

While the term B may have its origin in natural convec- 
tion effects, other possibilities must not be overlooked. As 
previously stated, the diameter effect indicated bv Hughes's 
results for large cylinders is in the opposite sense to that 
found in the present experiments with fine wires. The dis- 
tribution of heat flux across the boundary may have been 
different in this case. 


(c) Relation between C and the nature of the liquid. 
C = f (kje) . . . . . . (15) 


Fig. 9 shows the manner in which C depends upon tlie 
value of k'/cv for the liquid used. It was obtained for 
the 8 mil wire and for small values of temperature excess 
by plotting H/k as ordinate against {rdc/kx (k'ev)?} as 
abscissa. A series of curves was thus obtained parallel to 
neighbouring portions of the extended curve for air, but 
displaced by amounts depending upon the nature of the 
liquid used. Measurement was made of the amounts of 
displacement, that is, of the factors C necessary to bring all 
the curves into coincidence with that for air. lt is seen that 
a smooth relation is indicated between C and k/cv. Values 
read off from fig. 9 are given in Table VI. 


(d) Curve showing correlation effected. 


Fig. 10 has heen drawn to show the extent to which the 
final formula (14) represents the results of the experimental 
work. Ordinates give the value of [H/k] + (A. B. €] and 
abscisse represent [vdek x (k/cy)*]. "Values taken for A, B, 
and C are those given above. 

The points shown represent the experimental values for 
liquids as given in Tables IV. (i.-v.). For convenience only 
a selected number of points have been plotted, and these refer 
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only to small temperature excesses, but each wire is repre- 
sented by high (70 cm. per sec.) and low (10 cm. per sec.) 
velocities for each of the liquids nsed. 


Relation between C and cv. 


Fig. 10. 
o Waler 


o Paraffin 
"| COP 

x Oil N'2 

+ Oi N°3. 


(ng) + (A.8.c.) —* 


2 5 10 20 50 100 200 500 1000 
(vdc/k)x (kj) — 


Representative Results for all Fluids plotted on one curve. 


The line drawn is part of the mean curve* for gases 
referred to earlier, re-drawn on the present basis, taking 
forairk/cv 1:35 tł. In the region shown, H//.A.B.C. varies 
as [vdc/k x (k/cy)*]", where n varies from 0:38 to 0:48. 


* The curve is the mean for gases obtained by the method described 
elsewhere. No correction terms in B or in (1-+-a@+464*) have been used, 
but temperature changes in the properties of air have been approximately 
allowed for by taking values of X, c, and » for temperatures intermediate 
between that of the cold air and that of the hot wire. Little difference 
in the mean curve is obtained if the constants are evaluated for a tem- 
perature equal to that of the hot wire. 

+ c refers to unit volume and constant pressure, If the constant 
volume value is taken, a slight alteration in the form of the function f 
is all that is necessary to give a curve practically as wood as the present 
one. All values of f(x) for r greater than 9 have to be reduced by 
30 per cent. and the alteration in f£ (v) for lower values of x falls to zero 
as x approaches 1:00, the new value of &'cr for air. 
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The figure shows that equation (14) satisfactorily repre- 
sents our results. It is as far as possible of the type suggested 
by theoretical considerations, but is empirical as regards the 
actual form of the functions given. 


I desire to express my thanks to Dr. G. W. C. Kaye, 
Superintendent of the Physies Department of the National 
Physical Laboratory, for the helpful manner in which all the 
facilities for the work have been provided. Mr. R. R. Strand, 
Senior Observer, helped with the constructional work and 
rendered very valuable assistance with the experimental 
observations. 

January 1924. 


CV. Note on the Auto- Transformer and on the Impedance as 


a Tensor. By W. H. INGRAM, M.Gc.* 


Synopsis.—A formula is given for the voltage at a tap in the primary 
of & transformer, and it is shewn that under given conditions this 
voltage will be independent of the load on the transformer. 

Impedance is defined as & tensor. 
T a recently published note ł I gave a voltage formula 

for the step-down auto-transformer which showed that 
the secondary terminal voltage will be independent of the 
exciting current when a certain ratio is obtained between 
the selt-impedances of the two windings into which the 
auto-transformer is divided by the tap. A similar pheno- 
menon may be exhibited in the case of a transformer having 

a tapped primary or, which is the same thing, a step- 

down auto-transformer having a (metallically independent) 

tertiary. 

Let the auto-transformer be the one specifiedjin the above- 
mentioned Note, and the tertiary have ng effective turns. 
The working flux, or the flux that links the windings n, ng, 
and n; perfectly, is to be imagined as also linking the 
winding no of the imaginary core-impedance circuit. The 
system n, Nə, 73, and my represents an ideal voltage trans- 
former, giving the first of the following relations, the next 
two being given by the usual current and m.m.f. conditions: 


e,/ny = eg[ng. etc., 
1) = tdi oce xe 3e 4 bi 
ni, Hna d Ngls = ngo. : 


* Communicated by the Author. 
T Phil. Mag. xlvii. p. 241 (Jan. 1924). 
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Applying the usual circuital work theorem : 


E, e, + Zii, + Zizta + Zizta -+ Ea, } 
E, = e Lets + Lot) + Zo3!s, 


re) 


where E, is the voltage impressed on the transformer 
primary ; E, the auto-transformer secondary voltage ; i; the 
current in the n, winding; Z, the self-impedance of the 
winding 1 (the reactance of which is due to the leakage flux 
exclusively associated with this winding, and the resistance 
of which is made up of the ohmic resistance of the conductor 
plus small in-phase effects due to eddys, etc.) ; and Zi, for 
instance, the mutual impedance between the windings 1 
and 8, the reactive part of which is due to flux linkages 
between the two coils denoted by the subscripts. Solving 
for E, in terms of the impressed voltage E,, the delivered 
currents 14 and 23, and the exciting current à, : 


n noL, = ni Lo NoLio—ni Low . 
E, > Rn” po Nilg | 009443 — T Ly 


= —-- = . zv yz? 

nin OX Qu +9)? m+n)? J ° 
l 2 l 2. 2 

-pa'n Za ead 
“Gated iaga" 

| nol, — nZ - Had — N Zo; 

— n ~ Ee 9 | uM II cc 

: (nj 4 ng)? 4 (4 +7)? 

1s ag — N Zos r” 


(mitna) i. e (8 


The coefficient of i, simplifies somewhat from the fact 
that Z3: Z3 ~Miz: Mog=n 2 2g (since the paths of all the 
stray fluxes in any actual iron-cored transformer are mainly 
iron-free, Z,3i3 is practically equal to Mızdiz/dt, numerically). 
The impedances Z3 Z, (equal) have no significance, and 
should be omitted in any case where there is no tertiary 
winding, as it is here introduced merely to take care of the 
flux that links the windings 1 and 2 but not 3, which flux is 
to be considered as part of the working flux when there 
is no tertiary. 

From the fact that Z; and Z, may represent the self- 
impedances plus any external impedances that may be 
introduced in series with the windings 1 and 2 respectively, 


* The sign of i, here is taken to conform with the actual direction of 
the current. Formula (4) also applies when the winding n, is an auto- 
transformer booster winding; when the tertiary is connected as a 
negative booster, the sign of x, is to be reversed. 
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it is clear that by a manipulation of these latter impedances 
the coefficient of 44 may be reduced to null. The line and 
generator impedances may also be included in Z,, in which 
case E, becomes the internal e.m.f. of the generator. 


The present opportunity seems not inappropriate to point 
out that impedances are tensors, and when defined as such 
enable us to put the “ symbolic " method on a purely vector 
basis. The imaginary number unit occurring in the usual 
Z=R+.,/—1X is entirely devoid of any physical signi- 
ficance, serving merely to establish a certain orthogonality, 
and has a further disadvantage in that the coordinate system 
must be adjusted to every i upon which Z operates. 

The tensor components of Z may be obtained from the 
work theorem for the most general simple circuit having 
lumped constants : i 


; di ; 
pce ps idt. e > . . ‘ (5) 


If g, be a unit vector in the reference-line (see the first 
paragraph of the above-mentioned Note) we have: 


i.gi = imar, cos (i, gi) =i, 6 
I 0... (8 


which may be substituted in (5), giving : 
1 ; 
E = [R+(Lo— ic )uix ]i = [R+Xo,x]i,. (7) 


where co, is a unit vector . perpendicular to the plane 
containing i and g;,@ the angular velocity of the vector E. 
In obtaining (7) the relations 


dt 


are made use of, the first of which is obtained directly from 
elementary vector considerations, and the second by an 
“ educated guess? and verified by differentiation. 

An n-fold iteration of Z is written Z", and from geometrical 
considerations is a tensor that rotates n times the angle Z does 
and stretches to the nth power of the stretch of Z. The 
reciprocal tensor Z^! is equal to Z//Z?, where Z, is the conju- 
gate (R— X0; x) of Z, and Z =R? +X?. The distributive 
law and the commutative and associative laws of addition and 
multiplication for operator and operand are the same as for 


Eb asa fias axi. s+ + (8) 
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algebraic quantities, except the commutative law of multipli- 
cation for the operand : Za.b=Z,b.a; hence Z may be said 
to beskew-symmetric. Such dot products occur in calculating 
wattages ; for example, the average power-loss in excitation 
of a transformer over a cycle is w= 22e; i), where the e,’s are 
internal e.m.f.’s (but not counter e.m.f.’x appearing any where 
as driving forces). Writing Ze;= Zio (no—2nj) gives 
w=4Roi?. Another expression for w is obtainable from 
e,=ndq/dt; hence, using (8), w—32», xi;.o, showing 
that the component of i iy in phase with $ is wattless. 
Massachusetts Institute of Technology. 


CVI. The Pus timate Solution | of Two- Dimensional Pro- 
blems in Elasticity. By Prof. S. TiwoscHENKo, Research 
Dept., Westinghouse Il., E. Pittsburgh, Pa.* 


$ 1. E^ two-dimensional systems of stress generated by 

corresponding boundary forces, the three stress- 
components at any point can be deduced from a single 
function $, which satisfies the equation 


Vibz0. . . . . . . . (1) 

The solution of (1), in conjunction with specified boundary 

conditions, is not always an easy matter. The object of this 

paper is to outliue an approximate method for investigating 

the two-dimensional problem by using the expression for the 
potential energy t, viz. : 


V= og | (X.2+ Y, —20 X,Y, c 2(1 0) Xy*)dedy. ` (2) 
We assume that the stress-function can be represented by 


tlie series 
p = hot zihi + arp: tant... . . + (3) 
where œs, $,, ... are functions specified in such a manner as 
to correspond to the given boundary conditions. 
The three stress-components will be 


: Ü 
X, = "s = Puy + Ean Dnyys | 
: b 
bp = P -=> Porr + Xa, $us, > os (4) 
_ Č 
X coge ~~ m edem 


* Communicated by the Author, 

+ The method was used bv the author for calculating the stress- 
distribution in & compressed block. See his ‘Treatise on Elasticity,” 
vol. i. p. 145 Gt. Petersburg, 1914). ( Russian. ] 
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If we substitute these expressions in (2), we obtain the 
energy function V as a quadratic function of tlie coefficients 
e. aq, "n 

By variation of these coefficients we obtain 


ôV =| Gs, utdY,v)ds, . . . . (5) 


where óX,, SY, are the corresponding variations of boundary 
tensions, and v, v are the boundary displacements. 
When the right side of (5) is equal to zero, we obtain 


DV m. o9 wow & & (9) 


To obtain an approximate solution of any problem, we take 

a few terms in the series (3), and, using the conditions (6), 
determine the coefficients aj, æg, .. _ from “the linear equations 
ey, coq ane @ 


J 


da, — daz 


Making use of (2) and (4), we may write these equations 
as follows : 


(fi (doy, t Xa, Quy) Pn yy + (ore + Lae mPmrr) Prez 
— ao( Poy + LanPmyy Pnr — 8 (Porr + asus) $us 
4 2(L+0) (doy +Eanpmy)Pnzy t dedy — 0. (8) 


In many cases the stress-distribution is independent of 
the elastic constants. We can then put o=0, and replace 
equation (8) by a simpler equation as follows: 


t í (Poyy + Xa) nyy + (do. += >an D mar) o PA 
+2 2 (Dory + LanPusy)Pnzy l d. U dy = 0, (8)’ 


$2. As a first example of the method outlined, we proceed 
to consider the stress-distribution in a Fig. 1. 
rectangular plate (fig. 1), on the edges m 
(c2 +a) of which known normal trac- Er dr 
tions uct. = 
We choose the function $4, in sucha 
manner as to satisfy the boundary con- | 
ditions. The functions œi, $,,... we take | 
in such a form that the corresponding | 
stresses vanish at the boundary. m 
For example, in the case of a para- debo 
bolic distribution of tensile tractions on | 
the edges z—-ra we mav assume a 


~ y-o = 
~ 
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stress-function of the type: 


$= in'(1-; 53) + (0? — a)’ (y? — b) la, ase? Hay’ ...). 
(9) 

To the first member of the expression corresponds the 
parabolic stress-distribution represented in fig. 2 by the 
curve I. If we take two first members of (9), we have to 
calculate the coefficient «,. Using in this case equation (8), 


we obtain 
6a eaea a p 
a 49 a" 7 a3] | ate 
In the case of a square plate (a=b) we obtain 
“= 0:04253 ^. 


The stress-components will be 
pe 3 
X, = p(1- $))- 01102» (1 - 2) (1-4). 
F 2 
Y,= -o1702 (1-27) (1-2) 
X =-0-6805p. 2-5)0- ^) 


The corresponding distribution of stresses X; on the cross- 
section «=0 is represented by the curve IT. (fig. 2). 

To obtain a closer approximation, we take the first four 
members of (9). Then the equations for the calculation 
of Zis Ao, and Q3 will be 


64 236 p S OY ea? (O24 047^ 
ANG AG ae ") ant? (zz t 3g a) 
645? 64 Pp. 
que (i 9 a? RM ab) ^ atl? 
uat 64 pa (192,256 192 n) 
SU | Ty tar aT o 74 
Il 143° 77 a" 7 a (10) 


" 645 64 » o P. 
ar ib: a? at Ty a8) 7 ws 


64 64 bt 64 645 
mes "rne 


192 6° 256 b^ 192 =, 
7 @ TT at 143 a8 


^S 


= 


^b? j 
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In the case of a square plate we obtain 
a, — 004040 E (a, = a = 001174 £, 


The stress-distribution on the cross-section z=0 will be 
given by 
(X,)izo -» (1-4) -o1616p( -35) 


3 4 
«00235 (1—127, e 157). 
a? a 
On fig. 2 it is represented by the curve ITI." 


Fig. 2 
“FREER 
HHA 
Seo TERNERA RENE 
oof REN Hg 
feo e NL LA EN 
OOS 
FERE PREE 
Ee d 
" HH Hue Se 
- ne ME + NSF 
N 
i 
HHHH NE 
E E eA 


Yon aS LEG ERI eee ee 
EEESENERESENEBESEENE CE 

LEE 
Se SPREE RARER 
EEEEEEEEEEEEHEEEEEÀN 1 


Ola 0,4 a, 0,62. 08a 


With an increase in the length of the plate, the stress- 
distribution over the cross-section «=0 becomes more and 
more uniform. If we take for instance a=2b, we have 


from the equations (10) 


a,50:01983 7; a o=(° 1250 ^ ashi? 


* Similar results were obtained by Prof. C. E. Ingl in the case of a 
sinusoidal distribution of tractions on the edges 2=-+t+a. See paper, 
* ‘Two-dimensional Stresses in Rectangular Plates,” read before Section G 
of the British Association at Edinburgh, September 1921. 


252:0:01826 ^; 
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The corresponding value of stresses on the cross-section 
(220) will be 


A = 0 02 04 06 08 1-0 


(Xz),-y= 0690p  0684p 0669p U6S3p  0649p  O'G75p 


This distribution is represented on fig. 2 by a dotted line. 
We see that the deviation from the average stress (equal 
to $p) is now within the limits of accuracy of our 
approximate solution. 

In ihe case of other symmetrical distributions of tractions 
over the edges c= +a we have only to change the form of - 
the function $, in the expression (9): then the right-hand 
expressions only, in equations (10), have tu be changed. 

It is well known that if a thin plate, initially flat, be bent 
by couples and forces applied at its edges, the equation 
satisfied by the principal curvatures of its surface is 
mathematically identical with the equation (1)*. Hence, 
any solution of the two-dimensional problem can be used 
for investigating the bending of a thin plate with appropriate 
conditions at the boundary. The problem explained above 
corresponds to the bending of a rectangular plate, the de- 
flexions (w) of which satisfy the followirg conditions at the 
boundary : | 


dw a ,, (Pw _ y*\ (dw " 
dy "n t 3 pe i Gar) P (1 -h) : (ds oe us 


Fig. 3. 


3. As a second example, we will consider the problem 
of a block between two perfectly rigid bearing-plates 
(fig. 3). We suppose that horizontal displacements on 
the contact surfaces aro prevented by friction. The con-. 
ditions on the free boundary of the block will be satisfied if 

* This identity can be used in experimental solutions of two- 


dimensional problems, See K. Wieghardt, * Mitteilungen u. Forchungs- 
arbeiten, H. 49 (1308). 
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we take the stress-function in the form 
2 
$-— — DE + (y! — UY (ay + agt? + s euet + e), (11) 


where p denotes the value of the average compressive stress. 
Limiting ourselves to the four terms in brackets, we obtain 
the following expressions for the stress-components :— 


> —p (127 — 46%) (a1 + ase + az ) 
+ au? (30y — 2477? + 255), 
Yy =  2(y?—b?)? (ag + bagt” + ay”), 
X, = —8y(y? — b?) (aor + 2252) — Aa c(3y? — 4y + yb*). 
We see that, with the assumption made in regard to the 

displacements at the contact surfaces, the right side of (5) 
will be equal to zero. The stress-distribution in the case 
considered depends on the elastic constants, and we must 
take the equations for calculating the coefficients a, ay, ... 


in the form (8). After performing the integrations, we 
obtain these equations in the following form :— 


1 4p | 8 5 e b? 
a + aa? (3*79; )taa'(z+e 9 ol: a) teet ay ~z = 0, 


16 b? H E 2 
a (4*7 | 2) + + aşa? + (24-3o m T 


n 2: p 112 0? 128 b? 
te yp ate gg art Omas a] 
19 i? 32 18 op) 
a0 ta Me ES. 
Te (s; a! + 93] e) a?’ 


6, 16 ^ ut LM 64 9 
“1 (5+0 TEM 1 Taa 2 E a) 55 «| 
3 576 gre ole b? 64 b? d 
jj A 
duet Hzcra 239 a T ANEO) ig 
6 b? 32 I op 
4 SON i d 
“ae EN a? Noa) DEEP 
12 32M ) id 64 bi i) 36 /? 
eie et g tag d tm T +33 ga) te ae ie 
32 be ~, 32 3264) | op 
-— Er us 


143 & EQ 
N 


A 
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We will make the calculations in the case of a square 
block. 

Putting a=b, c=}, we get the following values of 
coefficients : 


m= 0010164; a, =—0-006294; 
a; = —0:02336 4, ; a, = —0:01825 £ 


The corresponding values of the stress-components on the 
contact surfaces and on the cross-sections (c=0) and (y=0) 
are given in the table below: 


z 4 = 0 0:3 0-4 06 0:8 0:9 1:0 


—— 


(Xz)r=ta... —0959p —0951p --0:9940p —0°956p —1:052p —1152p —1302p 


(Xz)r=0 ... —1041p —1:033p —1021p -0997p -083p —0942p —0919p 

(Xy)r=+a... 0 0069p 0130p 0165p Ol4lp 0:090p 0 

(Yyyzo ... —0013p —0024p -O057p —O113p —0192p —0240p —0292p 
Fig. 4. 


L 
i 


a ERG 


This stress-distribution is represented in fig. 4. We see 
that the compressive stresses are not distributed uniformly 
on the contact surfaces. There is some decrease of stress in 
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the middle, and a considerable increase near * the edges 
{y= +b). There are also tangential stresses acting on the 
contact surfaces. The maximum value of these is about 
16 per cent. of the average compressive stress (fig. 4). 

The block problem in the case of compression with two 
concentrated forces (fig. 5a) can be solved by combining 
the known solution for an infinite strip t (fig. 5 b) with that 
for a block (fig. 5 c), on the edges myn, and p,q, of which 


Fig. 5. 


tractions corresponding to the stresses on the cross-sections 
mn and pq of the strip act. The last problem can be solved 
in the manner explained in the first example above. 

§ 4. The sume method can be used in order to estimate 
the additional deflexion of a beam due to shearing. The 
houndary conditions will be satisfied if we take the stress- 
‘function in the following form : 


1 
$= a | 35 (—2 | Tag M(y—ceyy. . (13) 
The corresponding stress-components will be 


2 
X, = m (L— 2) y + ae (20,5 — 12c?y), 
Y, = a?e (y? — e), Ee (14) 


a 
xy = — B (c? — y/?) + agBe Pr (5$ — 6? + et. | 
€ 


* [n order to calculate these stresses of local character with more 
accuracy, it would be necessary to increase the number of terms in 
expression (11), which will entail considerable more calculating work. 
Fhe calculations made on the compression of the block suggest that the 
maximum compressive stress obtained above is somewhat exaggerated. 

t See Pigeaud, Comptes Rendus (Paris, 1915), p. 673. 
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Fig. 6. 
aw 
d — — 
— 
iw | lw 
v 
Substituting these expressions in (2), and taking by 
calculation ; à 
e dr = =, 
we obtain 


l1(8 „B 64 œ 128 
V Bla et ati yam 


64 256 
ens ga,25. e(8l—1) to m. ca, 


l6 , 128 


(15) 

The terms involving a, in the expressions (14), correspond 

to the usual formula for the bending of a narrow rectangular 
beam. The quantities æ; and B, corres 


ind 8, c ponding to the “local 
irregularity ’” of stress-distribution near the cross-section 
(c0), we will choose in such a Way as to make V a 


minimum. We thus obtain the equation : 


al 


ao = m ce? ° ° . e ° é (16) 
where 
64 1 
m = 77, Oem amn ON 
105 o0: 256 64 
S MN 4 eee 
| 11.9.7, 5 AS + (14 2a) 77^... (goi. 84 
and 
(2+0) 384 25 


s e cLiln \4 
2c |11.9.7.5 (Be)* + 


6 
= (1420) (89 "FT 


-'f_ 128 | 9, 256 ,... 192 
"s [7 usse) I qa Pray 
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From (17) we obtain* values of H corresponding to 


different values of Bc (see table below). With these values 
of Bc we can now calculate, from (16), the values of a,. 
Substituting @c and aş in the expression (15) and equalizing 
it to the work W/ done by the load 2W, we obtain the 
deflexion f from the equation 


WB ° WI | ML Wi? 


~ 2B" 5 Que” Que Thc? 2) 
where 
— E . 12 2 tec, : 
F7 20e)! "= SIEG ^ 


9m 64 " 128 i 
=y bor * 195 (89 dd hr 7.5 (59 


(1 +20) M 
t^g.7.5 128(Be)? =|}. 


Some values of n and q are given in the table below : 


pe = 6 6:5 7 707 
5 = 4239 8°74 72:0 H 
m = 00363 0:0317 00279 
n = 002 0-019 0-017 

° q = 0019 0-020 0-020 


We see that we may write n=q=0-02, in (18), without 
serious inaccuracy. ‘Then the deflexion may be represented 
as follows: 


* Wi , 
/7sga(1*? 957-0021). 0o. (9) 


In this manner we can approximately estimate the cffect 
of “local irregularity” of stress-distribution due to the 
condition that the middle cross-section remains plane 


March 7th, 1922. 


æ In the calculations we have taken ez]. 
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CVII. Distraction Image of Two Close Luminous Lines of 
Finite Width. By B. E. Mourasukinsky, Optical 
Laboratory of the Central Chamber of Wetahts and 
Measures, Petrograd * 


pes illumination at a point P in a focal plane of a 
geometrically corrected object-glass with a circular 
aperture due to an infinite narrow line source is expressed 


bv 
: I:)23LG) . .... : (1 
where 
9 
z= aa T, 
Aj 


r being the linear distance of a point P from the geometrical 
image “of the line source (fig. La). 


Fig. 1. 


B 
L(z) is the function of Lord Rayleigh : 


* 


LO - ^s 02s. (2) 


where H,(2:) is H. Struve's f function : 


9.2 
H,(:)a = ( sin (: sin 8) cos 0 40 
«0 
"E. p 25 
Pes y 154. twn] a 


* Communicated by the Author. 


e t Struve, “ Uber die Einfluss der Diffraction an Fernrohren auf 
Tichtsehe ien " Mémoires de l Académie des Sciences de St. Péter abourg, 
xxx. no, 8 (1882), and Ann. der Phys. xvii. p. 1005 (1872). 


Phil. Mag. S. 6. Vol. 47. No. 282. June 1924. 4 B 
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The function L(z) * by means of (3) may be represented 
by the series 
1 22)? 22)* 
Mie) 43-3 -y. * str g 0) 


The illumination at a point P given by (1) is expressed in 
terms of illumination at the geometrical image of a luminous 
line. We have no complete tables for the distribution of 
illumination in a diffraction image of a fine line due to a 
circular aperture except those by Andréf, calculated by 
another method not clearly explained in his paper. 

As to the limit of resolution of two infinite narrow 
luminous lines, Lord Rayleigh gives the value 3°14 as the 
least distance between two lines in order they may be just 
resolved. The percentage difference between the illu- 
mination at its minimum (at the centre of diffraction image) 
and that at the geometrical images of each line is 4'5. The 
displacement of maxima (see below) was not considered in 
Lord Rayleigh’s paper. 

The illumination at the point P due to a luminous line of 
finite width may be found in the following manner :— 

The expression (1) is to be integrated between the limits 
z and z + D, where 

pec 
— d 
d being the linear width of the geometrical image of the 
line in a focal plane. The z represents now (fig. l5) the. 
distance of a point P from the image of the nearer edge of 
theline. If the point P is outside of the geometrical image 
of the line, z will be positive ; and if P is inside of it, = will 
be negative. Thus the position of the axis of the line w ill be 
noted as 


The illumination at a point P is written 
z+D 
T(z) =3C ( bz mE. «= doe = (5) 


The constant € depends on the choice of units. If we 
express the illumination at P due to a line of finite width in 
terms of illumination at the same point due to the luminous 

* Lord Rayleigh, “ Wave Theory," Encyclopedia Britannica. 


1 Ch. André, “Etude de la Diffraction dans les Instruments d' optique, 
1876, 
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plane infinite in all directions and having the same brightness 
as the line object, the constant; will be * 


i 8 : 
C = Jg? e š " ° . š " (6) 
and — -- 
Te) -A Hoa. TT. 
T? jJ. 
This expression may be written 
8 (^? 
IG) = - HAE s)\dz— , L(:)d: . . . (8) 
T z+D i 


Each of the integrals (8) represents the illumination at 
a point P due to a semi-infinite luminous pe with 
straight edge, a point P being at the distances z z+D 
from the geometrical i image of the edge. For the leon: 
of this type we have the tables in Struve’s paper mentioned 
above. 

At the axis of the geometrical image of a line of finite 
width we have illumination 


D "E 
I(-3)= 172.5. (Lea, 0. e (9) 


At the geometrical image of the edges of a line the 
illumination will be 


I(0) = TE L(j)dz . «0. . . (10) 


The curve representing (5) has a fluctuating character, 
with maxima and minima. As D increases, the maxima 
become less and less marked. 

The position of maxima and minima and the values of D 
at which there are no maxima and minima are very difficult 
to find analytically ; they are obtained by a graphical and 
computative metho for Ist minimum, Ist maximum, 2nd 
minimum, and 2nd maximum. These: values are given in 


Table I. 


* D. E. Mourashkinsky, “ Ditlraetion Image of Two Close Luminous 
Planes,’ Phil. Mag. xlvi. p. 802 (1923). 
1b2 


? 


oj 
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Image 
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In Table I. the data noted a are the values of illumination 
calculated by means of (8), those noted b the same values 
referred to the illumination at the axis, and the data noted c 
the positions of maxima or minima (the distances from the 
edge of the line). The data of this table, as those of 
the following tables of illumination, are correct to 2—4 units 
of fourth decimal. 

It is seen that even for the width of the luminous 
line D-2:0 two neighbouring maxima and minima differ 
one from the other only by a very small amount. For 

values of D» 2:0 the curves representing the distribution 
of illumination have no sensible maxima or minima. The 
illumination at the geometrical image of the edges referred 
to that at the axis decreases rapidly with increasing D 
for small values of D and very slowly for large ones, 
asymptotically approaching the value 0°5 for the semi- 
infinite plane. 

If we have two lines of finite width D at the distance A 
between their inner edges, the illumination at any point P 
in the focal plane is calculated from the expression : 


= Ao ee s nos? Aver: 


erty) eA—Zz 
81^ | 
-5 f L(z) d:. e e e œ (11) 
A-7z+D 


The values of the integrals (11) are to be taken directly 
from Struve's tables. At the axis of the image of each 
line the illumination will be 


D 8 (7... E 
(=)= TERN L()die y ML 
2 3 


-5V Lid: . (12) 


At the centre of the diffraction image of two luminous 
lines the illumination will be 


‘A : 8 oo f 28 Io ; : . 
2 2 


In the expressions (11), (12), and (13) 


A = Tia, 


b.being the linear distance (in a focal plane) between the 
geometrical i images of the inner edges (fig. 1c). 
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It is evident that two luminous lines of width D are 
resolved by the same object-glass at different distances A 
between their inner edges for different values of D. The 
resolution of two such objects depends on the distribution of 
illumination in the diffraction image or on the contrast 
between the illumination at its minimum and that at 
maximum. This contrast will vary with D and A. 

The angular width of a line and that of the interspace 
between them are expressed in D and A and vice versa by 
means of the following relations : 


9 
D= 2m R . tan D”, 
X 


9 
A= E tan A". 


2... s (4) 


For given angular values of D" and A" different object- 
glasses give different values of D and A. 

To investigate the diffraction conditions of the resolution 
of such pairs of close luminous lines of finite width, the 
values of illumination at the axes of the lines and at 
the centre of the image were calculated by means of (12) 
and (13) for different values of D and A from 02 to 10:0. 
Thus we can express the illumination at its minimum (at the 
centre of image) in terms of illumination at the axes of each 
line for each D and different A. Plotting these on millimetre 
paper (the A as abscissee and the illuminations as ordinates), 
we have the percentage illumination curves. . Extrapolating 
them graphically, we obtain the values of A for which the 
illumination at its minimum is equal to that at the axes of 
two lines. The distances thus obtained might be called 
the critical distances, unless there were not the displace- 
ments of maxima for the small values of A. The maxima of 
illumination for small values of A do not coincide with the 
positions of the geometrical images of the axes of two 
lines, but are displaced symmetrically towards the centre 
of the image. To find the values of true maxima and 
values of their displacements with respect to the axes, the 
illumination was calculated by means of (11) for the whole 
illumination curve, especially for the points near the axes, 
and the values of the maxima and their displacements were 
found graphically. The values of the displacements of the 
maxima are given in Table II. So as to insert all the data 
in one table, the distances between two lines are given 
not in A, but in distances between the axes A+D. The 
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displacements are expressed in the same unitsas D or A; thus 
for D=0°2 and A+D=2°9 (i.e. A=2:7) the maxima are 
displaced from the axes by 0°76 in the same units towards 
the centre of the diffraction image. 

As we see from Table II., the values of displacements 
of maxima decrease with increasing A+D and generally 
Increase with increasing D for a given A+D. As these 
values are obtained graphically, they are only correct to 
3-4 units of the second decimal place, and for this reason 
the last displacements are not given for less than 0:04. The 
distances A+ D for which the displacements of maxima are 
Jess than 0-04 may be considered as having no displacements. 
From the same table we see that for the small values of D 
and A+D the maxima may occur even outside of the 
geometrical images of lines. For example, for D—04 
and A+ D=3°0 (i.e. A=2°6) the displacement of maxima is 
0:56 (in the same units); thus they are 0:36 outside of the 
geometrical images of the inner edges of the lines. 

The complete tables of distribution of illumination in 
diffraction images of two luminous lines for different D 
and A are too long to be given here in full. The values 
of illumination at the most interesting points of the illumi- 
nation curves for a number of D are given here as a short 
abstract of the computed tables. In Table III. M, denotes 
the illumination at the axis of each line, M the maxima of 
illumination, m the illumination at the central minimum 
between geometrical images of lines. In the last column 
are given the percentage ratios of illumination at its minimum 
to that at the axes or at maxima. We see that values under 
Mo have a fluctuating character depending on the fluctuations 
of the illumination curves of each line taken separately. So 
that, for example, the values of My for D=0°2 havea minimum 
for A=3°4 and a maximum for A=4°4; but as is seen from 
Table I., the luminous line of width D—0'2 has its first 
minimum at 3°5 and first maximum at 4^5, i.e. just on the 
axis of the other line of width D—0:2. Analogously for 
D20:8 the values of M; have a minimum for A—2:9 
and maximum for A— 3:8. From Table I. we have that 
the line of width D=0°8 has its first minimum at 3:3 


and first maximum at 4°2, so that 33-D-38-04-29 


and 19) =3°8. For the values of D=2°0 and larger 


we have not these fluctuations of Mo. 
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TABLE III. 


D = 0:2. 
M. m. yg 100. q 100. 
i À 
0605 0602 | 103:8 99:5 
0588 A478 | 100:9 98-3 
0569 | 0526 | 33 24 
0560 ‘0478 | 85:6 82:4 
0556 : 04232 | TUT 
05538 0:584 68:8 
-0561 0340 — 60:6 
0562 "0300 | 53°4 
0563 0262 46:5 
0566 '0226 | 309 
64 O14 34-4 
05603 OLG | 20:2 
OGL > 0138 | 246 
D = 04 
| 
M. mo | ay, 100; NEU 
0 
i 
:1209 :1 206 1041 90:8 
*1146 1174 :1154 10:7 98:3 
1134 | 1056 903-7 93:1 
:1118 UOS 85S S5 
‘1112 | 0862 119 
10104 | 0772 69:3 
:1119 | 682 60:9 
"1122 G02 DT 
1175 l 0526 40:8 
| i 
1198 456 i 40:4 
1127 “0300 21:5 
“1123 0332 29:6 
2119 0280 250 
1114 0234 21-0 
D = 0°6. 
M m. M .100 %4 . 100. 
s 0 
:1736 1813 *J408 104:2 99:7 
°1760 1734 JOl: 98:5 
:1698 "1586 94:1 93:4 
4671 4440 — 80:2 
1663 "1298 18:1 
1665 1162 69:8 
16071 1034 61:9 
"1676 0910 54:3 
: 1681 ‘0796 47:4 
"1083 "0690 41:0 
‘1683 :0594 35:3 
:677 * 05060 30:3 
1671 0423 25:6 
:1663 ‘0360 21:6 
"165b "0300 18:0 
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Table III. (continued). 


. m m 
â. M,. M. m. M. 100. M' 100. 
el 2306 2416 “2414 10477 99-9 
9-9 9279 9343 2316 101-6 98:8 
2:4 9948 9258 :2118 0446 - 93:8 
9-6 :2215 2919 19265 87-0 86:8 
2-8 9206 1740 789 
30 9907 1560 TOT 
3:3 8319 1388 627 
344 9220 1228 55:3 
3:6 2226 1074 483 
3:8 2228 00:4 41:9 
40 2227 "USO 30:2 
4-2 9229 -0690 311 
4-4 2213 i “0586 26:5 
4-6 2203 0494 22-4 
4:8 2193 0416 19:0 
5:0 2182 | “0348 15:9 
D-18090 
| | m m 
A. Mo. M. i nm. — = v 100. 100 
Mo 
19 | -9873 -3019 3016 105:0 90:9 
2-0 | RBT 2924 | BUG 102-1 99-0 
92 | 284 R13 2656 954 94-4 
2-4 2754 SYO]p , HIB RT'S 87:6 
94 | 2742 VIRS T98 
2:8 :2140 | “1966 71:8 
" 3-0 2744 | 175d 63:0 
32 S754 | 42552 56:4 
34 :27600 "1366 49:5 
3:6 2163 1190 43:1 
3-8 S700 1030 3713 
40 2155 ‘O56 32-2 
4:9 STAT 0756 27:5 
4-4 2133 0642 23:5 
4:6 2710 0542 19-9 
48 ‘2708 i 0458 16:9 


50 202" "0386 143 
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467 
42:0 
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100-0 
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Plotting the data of the last columns of all the Tables III. 
for each D on millimetre paper, we obtain the percentage illu- 
Extrapolating them graphically, we have 


. mination curves. 


the distances for which the illumination at central minimum 
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is equal to that at maximum (generally not at the axes), for 
different values of D from 0:2 to 10:0. These distances are 
the critical distances and are considered as absolute limits of 
resolution of these lines. The critical distances thus obtained, 
expressed in A or in A + D, are given in Table IV. and fig. 2. 


TABLE IV. 


D. Aer. A+ Der. | D. Avr. A + Der. D. Aer. A + Der. 
02 26 285 29 9 310 | 49 GE 424 
04 2550 285 | 24 75 S15 | 44 O4 444 
06 226 286 , 26 60 3:20 4 '04 $4 
08 207 287 | 28 4s 325 | 48 O4 9 484 


10 1:88 Lp 3°0 30 4:30 50 04 0:04 


12 150 290 32. 20 340 | 60 «04 «601 
L4 152 242 84 10 $50 | TO «04 <T 
L6 — ps6 296 | S6 — 060 — 266 | 80 <H SR OF 
L8 10190 300 | 38 05 385 | 90 «04 «904 
20 105 305 | 40 05 405 |100 <04 «1004 


We see that for lar ger values of D the critical distances 
are less, so that the broader lines are resolved at less distances 
between edges. For small values of D the critical dis- 
tances decrease rapidly ; for the large ones they decrease 

very slowly, approaching asy mptotieally zero for two semi- 
infinite Juminous planes. 

If we have two luminous lines of variable width D with 
distance A between the inner edges, A being always equal to 
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the width of each line, the critical distance for this case may 
be found graphically by means of the curve A« of fig. 2 
The intersection of the line OB (D= A) with the curve A. 
gives the critical distance for D=A; it is equal to 1°47, or 
D+A=2°94. (The critical distance fer two luminous points 
of equal brightness is equal to 3:0 *.) 


TABLE V. 
m m 2A 

= — EN A—D. 
A-D. M, 100 x10 D M, 100 

16 96:6 98:1 

r8 854 8»5 

2:0 T30 

0 617 423 167 

9-4 59-5 44 14:9 

2:6 44:0 46 13:5 

Z8 388 48 12:3 

30 34-2 5:0 11-4 


As the case D=A may be of some practical interest in 
treating resolving powers of an object-glass, the values of 
illumination at the centre of i image with vesper to that at 
maximum are given in Table V. and fie. 3. 


* B. E. Mourashkinsky, “ Diffraction Pattern in a case of two very 
close Point-Light Sources," Phil. Mag. xlvi. p. 29 (1923). 
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The intersection of the curve AB with the line 100 
(fig. 3) gives once more the critical distance for this case. It 
is equal, as said, to 1:47 if the displacements of maxima, as 
it is necessary, are taken into nccount. For comparison 
sake, the curve of percentage illumination at the centre 
of image with reference to that at axes is given in fig. 3 
(the curve BC). In this case the distance at which the illu- 
mination at the centre is equal to that at the axis is equal 
tol' 58. For the values A=D greater than 1°84, both the 
curves coincide. 

Extrapolating the curve Ax in fig. 2, we obtain the critical 
distance for D=0 (two infinite narrow luminous lines) ; it is 
equal to 2°85. Neglecting the displacements of maxima and 
extrapolating the curve of distances, for which the illumi- 
nation at the centre is equal to that at the axes, we have 
that for D=0 the corresponding distance is 3:03. 

In treating the problem of resolution of two close luminous 
lines of finite width by an object-glass, it is necessary to know 
the distribution of illumination along a line perpendicular to 
geometrical images of the edges of each line. But besides 
that it is necessary to know the contrast sensibility of the 
eye. The latter is known only for a case of two adjacent 
fields for different values of brightness of the fields ; but for 
the diffraction image of two luminous objects, as two luminous 
lines, the case of adjacent fields cannot be applied. "There 
are, as far as we know, no experimental determinations of 
contrast sensibility of the eye for a distribution of illumination 
having a minimum with rapid or slow increase. A priori, 
it might be said that for different values of brightness of 
the sources the contrast sensibility of the eye will be 
different. 

Assuming the contrast sensibility of the eye to be equal 
to 5, 10, 15, 20, or 25 per cent., the limit distances A between 
the edges of two lines of different width D could be obtained 
from the curves representing the last columns of Table IV. 
They are given in Table VI. and fig. 4. 

In testing the quality of au optical instrument, say an 
object-glass, two different methods may be used. The first 
is to test all the errors (aberrations) separately ; the second 
to test the instrument in its whole, for example, bv the 
determination of its resolving power. The first method as 
relating to the linear aberrations or to the aberrations of 
wave-front does not give a definite answer to the general 
performance of the instrument, as we do not know till now 
the accurate (numeric) relations between the aberrations 
taken as a whole and the resolving power of the instrument. 
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The second method may give a general characteristic of the 
instrument, but only in the case of our knowledge of theo- 
retical value of resolving power of an ideal chject-alass, 
as by the discrepancies (found experimentally) from this 
theoretical value it is possible to judge about the quality 
of the instrument. The theoretical values of resolving 
power of an object-glass based on the distribution of 


illumination in a diffraction image for several luminous 
objects (two points, two planes, two lines) were investigated 
for this purpose. But, as said before, so as to state the 

ractical limit of resolution of an ideal object-ylass for such 
objects, it is necessary to know the contrast sensibility 
of the eye for the distribution of illumination like that 
in a diffraction image of two luminous objects and for a 
given brightness of them. 


The author is much indebted to Mr. G. Wahrlich for 
execution of the drawings and for assistance in com- 
putations. 
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CVIII. The Complexity of the Elements.—Part I. Elements of 
Odd Atomic Number *. By A. S. RusskELL, M.A., D.Se., 
Student and Tutor of Christ Church, Oxford t. 


$1. Introduction. 


le a previous paper { the writer has shown that there is 
evidence for the possible existence of four disintegration 
series, the members of m have atomic weights given 
respectively by 4n 4-3, 4n 2, 4n 4 1l, and 4n, where nisan 
integer. In that paper reasons are given for supposing that 
the first of these is the actinium series, the second the 
uranium series, the third a hypothetical serles the end 
products of which may be bismuth (4=209) and thallium 
(4— 205), and the fourth the thorium series. The properties 
ot a group of radioactive isotopes were compared with those 
of a group of isotopes belonging to an inactive element and 
points of similarity and of difference discussed. The purpose 
of this paper is to elaborate this comparison in order to see - 
what light the known properties of isotopes of the radio- 
elements may throw on those of inactive elements. It has 
been found possible, by boldly applying to the inactive 
elements what is known to exist for, or is hinted at by the 
radio-elements, to predict with some degree of confidence 
the mass-numbers of both even and odd elements over a wide, 
although not a complete range of atomic numbers. In this 
work grent use has been made of the accepted atomic weights 
of the elements but, as far as possible, I have tried to 
develop the results independently of Aston's published ex- 
perimental values of mass-numbers so that these latter may 
be made use of as a check on the predictions. In this paper 
elements of odd atomic number will be chiefly considered. 


$2. Radioactive and common Isotopes. 


Tha disintegration series as derived in my earlier paper 
are set out in “tig. 1 to show the relation of atomic weights 
to atomic number and to illustrate the points to be dev eloped. 

It may be seen from the figure that if bodies which emit 
a-particles only are considered (end-products must count as 


* A preliminary account of this work appeared in ‘Nature,’ vol. exii. 
p: 588 and p. 619 (1923), 

+ Communicated by the Author. 

f A.N. Russell, Phil. Mag. xlvi. p. 642 (1923) 
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a-rayers, but uot bodies which branch principally in the 
B-direction) :— 

(a) The maximum difference in mass-number of any 
group of isotopes is 8. This holds for the inactive 
elements investigated by the positive-ray method, 
the lowest element to show this maximum difference 
being selenium (2— 34). 

Fig. 1. 


(b) Elements of odd atomic number may have two odd 
mass-numbers only and these differ by two units. 
This has been pointed out by Aston * as holding for 
all elements of odd atomic number so far investigated 
by him. 

(c) Elements of even atomic number may have both odd 
and even mass-numbers and, if elements 84 and 92 
be excepted, the number of the former is limited to 
two and their difference is two units. There are no 
definite exceptions to this among Aston’s results. 
The most complex elements so far investigated by 
him, numbers 80, 54, 50, and 36, have each two odd 
isotopes differing by two units of mass-number. 

« F., W. Aston, Phil. Mag. xxxix. p 611; xl. p. 628 ; xlii. p. 140; xlii. 

p. 436. 
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The reason for excluding 8-rayers in making these com- 
parisons is that these bodies have relatively quick periods 
compared with their a-ray isotopes, so that if a radio-element 
was regarded as a common element containing isotopes the 
B-ray ‘isotopes would be present in negligibly small pro- 
portion, This exclusion, however, does not allow of ps 
existence of isobares amongst radioactive isotopes and, 1 
consequence, makes the radio-elements appear less soni 
than the inactive elements, for these possess, as Aston has 
shown, isobares. This reasonable objection is removed with 
respect to even mass-numbers and, at the same time, the 
comparisons above remain as before, if the second -rayer 
of a change involving the expulsion of two successive 
B-particles alone be excluded. The second f-rayer has 
invariably a smaller period than the first, the ratio of the 
periods of the two varying from 3:2 x 10^? to 0:73. 

It may be noted also that in the ** repeated " change, that 
of radium A (a—218) to radium Q' («— 206), the periods of 

each body in the series from radium D (a—210) to radium 

Q' is much greater than that of its isotope between radium B 
(a2 214) to ‘radium D. This is the only certain ehange of 
this ied in radioactivity, but if it were typical then the 
element, 2-91, «4— 231, would have a greater period than 
:—91, 4-238, and :—83, a=209, than 2—83, a—211. 
This is the merest hint that the lighter of the two isotopes 
of an odd element is the more prevalent in Nature. On 
examining the values of the atomic weights of the inactive 
elements and such results as Aston has already obtained 
experimentally, it is found that this rule appears to hold 
without exception for the isotopes of inactive elements of odd 
atomic number. There are indeed elements where the 
proportion of heavier to lighter isotope is nearly unity but 
none in which unity is exceeded. 

There are two more relations hinted at rather than clearly 
expressed by the numbers in fig. l. The first is that the 


. aid 
difference e — — 2c, where a, and a, are the mass- 


2 


numbers of an odd element of atomic number z, applies to 
one element only ; the second is that the difference «— 2z, 
where a is the odd imass-number of an even element of 
atomic number z, applies to one element only. Neither of 
these holds for the radio-elements as arranged in fig. 1, as 
Tables I. and II. show. This may be because these relations 
are falseones ; orit may be that not all the elements postulated 
in fig. 1 actually exist. Nevertheless, the relations will be 
made use of in what follows as empirical ones, as relations 
4C2 
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likely to provide a minimum amount of information con- 
cerning the mass-numbers of inactive elements of odd atomic 
number. Should this information be consistent with experi- 
mental results these relations may be applied strictly to the 
radio-elements. 


TABLE I. 
(t +a, 


Z —2: a, a, s 
52 235 37 92 
50 231 LA 91 
48 227 229 99 . 
48 223 5 88 
18 219 221 86. 
46 213 215 84 
44 209 211 83 
42 205 207 82 
Tank IT. 
a — 7. aw, z 

53 237 92 

al 235 )2 

40) 220 90 

49 225 88 

49 221 86 

49 217 S4 

47 227 90 

47 223 RS 

47 219 RG 

47 215 84 

45 213 84 

43 207 82 

41 POD 82 


There is one respect at least in which the isotopes postu- 
lated in fig. 1 differ from those experimentally discovered by 
Aston. In all Aston's results * the odd isotopes of even 
elements are never the lowest in mass-number ; according to 
fiv. 1, however, odd isotopes are the lowest in three cases out 
of six. It would indeed : appear that by analogy with Aston's 
results the hypothetical series is the actinium series and rice 
versa. It will be shown in a later paper, partly from experi- 
mental work and partly by the arguments of this paper, that 
this need not be so and that the ‘contradiction between the 
two sets of results is more apparent than real. 

There is thus a prima facie case for considering that radio- 
active isotopes are not markedly different from those of the 
inactive elements. 

* F. W. Aston, Phil. Mag. xlv. p. 944 (1923). 
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It is clear from fig. 1 that a succession of a-particles and 
the succession a, B. 8, a ure the characteristic radioactive 
changes of the two even series, and a succession of «-particles 
and probably the succession a, B, a, 8 of the odd series. If 
it were imagined that these series continued below the so- 
called end-products, it is simplest to assume that the former 
set of changes are characteristic of elements of even atomic 
number and the latter of elements of odd atomic number. 
This, however, is not enough. "The two odd series in fip. 1 
do not pass from elements 89 to 83 through the odd elements 
87 and 85, but, like the even series. through 88, 86, and 84. 
But if thexe odd series are assumed to continue through 
inactive elements both or at least one must be imagined as 
passing through odd elements only, since the even series pass 
through the even elements, and there are as many odd 
elements in Nature as even. In other words, if the isotopes 
of the inactive elements are being or have been produced 
by the processes of radioactivity it might be that the odd, 
radioactive series are not whollv characteristic because of the 
nen-existence (supposedly due to instability) of elements 93, 
87, and 85. 

The main assumption above does not necessarily involve 
the production of the inactive elements by disintegration, 
but merely states that the isotopes of inactive elements, 
however they have been produced in the past, are stable or 
unstable dispositions according as they would be presumed 
stable or unstable on radioactive evidence. This is reasonable 
and not new". If it leads to a satisfactory agreement 
between experimental and predicted values of the mass- 
numbers of the inactive elements, it may reveal a law which 
may throw light on the stability and composition of the 
nucleus and the relation of the radio-elements to the inactive 
elements. 


§3. Possible Mass- Numbers of Odd Elements. 


The odd elements will first be considered. Bismuth 
(: — 83, a= 209) is taken as datum and the assumption made 
that odd elements of the form z=4n +3 have been geneti- 
cally connected like the members of a radioactive series, 
æ- and -like particles only having been expelled. The 
difference in a corresponding to 4 in < may thus be 8, 12, or 

* W. Kossel, Phys. Zeit. xx. p. 265 (1919). W.D. Harkins, Phys. 
Review, xv. p. 73 (1920) : J. Amer. Chem. Soe. xlii. p. 1956 (1920); 
Phil. Mag. xlii. p. 205 (1921). S. Meyer, Wien. Ber. exxiv. p. 249 
(1915). A. van den Broek, Phys. Zeit, xvii. p. 260 (1916) : xxl. p. 357 
41920). 
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16 only. The atomic weight of the elements is used as a 
guide in deciding which of these differences of a is the most 
probable. The same is done for elements of the form 
z=4na +1, thallium (2281, a=203) being taken as datum. 
For simplicity I make the limiting assumption that the 
differences in a are the same for corresponding members of 
the two series, i.e. that both series have disintegrated 
similarly. 
The results of this are tabulated in Table IIT. 


TaBLE III. 
Range :—85 to :=19. 


e a. ea, a. £5 
83 (209) 215 85 
2. 

19 197 (203) 8l 
12 
12 185 191 17 
8 
71 177 183 73 
12 
67 165 171 69 
12 
63 153 159 65 
12 
59 141 147 Gl 
8 
55 133 139 91 
12 
ol 121 127 53 
12 
47 109 115 49 
12 
43 97 105 45 
8 
39 89 95 41 
S 
35 81 8i "TI 
12 
31 69 15 33 
12 
27 57 63 29 
8 
23 49 o9 25 

g | 
19 41 47 2l 


I next assume that each odd element may have like the 
radioactive elements ($2 (b)) two isotopes whose mass- 
numbers differ by two units. In some cases the second 
mass-number may be one of two alternatives; in others 
there is no alternative. (For values of 22—4n-4-3 there are 
alternatives only when the difference between the values of 
a for :=4n+5 and z—4n-1 in Table III. is 12.) These 
possibilities are included in Table IV. 


Complexity of the Elements. 


TABLE IV. 


1127 


Possible mass-numbers of elements of atomic number 


4n+3 over the range of z 83 to 19. 


29 1 st sd LR 
hm CY © lL 


a] 


19 


First isotope. 


209 
197 
185 
ITT 
165 
153 
141 
133 
121 
109 
97 
89 
51 
69 
57 
49 
41 


Possible sécond 


isotope. 
207, 211 
195, 199 
187 

175, 179 
163, 167 
151, 155 
143 
131, 135 
119. 122 
107, 111 
99 

91 

79, 83 
67, 71 
50 

5l 

39, 43 


The same assumption is made in compiling Table V. Here, 
for values of z— 4n +1, there are alternatives for the second 
isotope only when tlie difference between the values of a for 
s=4n+3 and z=4n—1 in Table III. is 12. 


TaBLE V. 


Possible mass-numbers of elements of atomic number 


4n+1 over the range of z 81 to 21. 
Possible seeond 


First isotope. 
203 
191 
183 
171 
159 
147 
139 
127 
115 
103 

95 
87 
73 
63 
55 


47 


isotope. 
205, 201 
193, 189 
181 
173. 169 
161, 157 
149. 145 
137 
129, 125 
117. 113 
105, 101 
93 
85 
TT, T3 
65, 6L 
O0 


45 
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It 1s now possible to decide which of the odd elements are 
simple and which double and to find out the mass-numbers 
of their isotopes in the following way :— 


(1) Certain*odd mass-numbers not likely to belong to odd 
elements, ?. e. not in the second columns of Tables 
IV. and V., are assigned to certain even elements 
according to a method described in $ 4. 

(2) These and other odd mass-numbers are assigned to 
certain even and odd elements, which are believed 
to have each two odd isotopes according toa different 
but analogous plan described in $ 5. Itis then found 
that certain elements should be simple and they are 
assigned the mass-numbers nearest to the accepted 
values of their atumic weights. 

(3) A principle, namely that the complexity of the 
elements over a certain range is a periodic function 
of the atomic number, is then revealed, and this 
helps to coordinate and “check results. — This is 
described in $ 6. 


$4. Klements of Evren Atomic Number containing an 
Isotope of Odd Mass- Number. 


These elements can be picked out from the others by making 
the following assumptions :— 


(1) that no odd isubares exist (see $ 2) ; 

2) that the mass-numbers iu. the second column of both 
Tables IV. and V. belong to the elements assigned 
to them there ; 

(2) that the diffarenes a—2: where a is the odd isotope of 
an even element 2 applies to one element only. 
This difference is the so-called “excess weight" of 
an element, and is called by Harkins the “‘ Isotopic 
Number.” This assumption was suggested by radio- 
active evidence and has been discussed in § 2 above. 


The values of z and a corresponding to values of a—2: 
from 3 to 43, deduced from these assumptions, are 
included in Table V I. 

It is seen that there are alternative values of z and a for 
values of a - 2: of 35, 23, and 11 only. It is decided in the 
next section that the lowest values of a and 2 are the only 
possible alternatives for each of these differences, and this 
is indicated already in two of the three cases by Aston's 
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experimental values. Values of a—2z less than 9 appear to 
have no elements to which they can be allotted. This 
is probably due to the fact that none of the elements in 
this region of atomic number is sufficiently complex to have 
an odd isotope. As none of the four values of a, inconsistent 
with Aston's experimental work, apparently belongs to any 
element at all, it is possible that if these mass-numbers 
existed they would belong to the element to which they are 
assigned in the table. 


TABLE VI. 


Even elements with odd isotopes. 


Experimental evidence 


a. = es in confirmation. 
43 82 207 Radioactivity (Ac Q). 
41 82 205 : 

30) S0 199 Aston *, 
37 76 189 — 
-f T6 187 -— 
Jo 72 17o | -— 
70 175 -— 
33 70 lj: — 
3] 66 163 -- 
9 66 161 nn 
EA 01 155 — 
25 00 145 — 
( 60 143: — 
28 } ATT 135 | — 
t 54 Sl Aston. 
21 a4 129 Aston. 
19 Xx 119 Aston. 
17 00 117 Aston, 
l5 48 111 — 
132 44 101 -> 
rH 99 - - 
11 4 40 91 | — 
| 30 83 Aston. 
9 34 TT — 
T 30 67 | Aston's results 
5 j 38 61 00 are against 
: | 24 53 | ? all these 
" 20) 43 | possibilities, 


* F. W. Aston, Phil. Mag. xl. p. 944 (1923), 
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§5. Elements containing Two Isotopes of Odd 
Mass-Number. 


These elements are distinguished by making use of the 
assumption mentioned in § 2 that if : be the atomic weight 
of any element having two odd mass-numbers a, and ag then 


the difference ^! +a 


element only. = 


On this assumption and making use of previous tables, 
Table VII. is compiled. 


—2z is a number which applies to one 


TABLE VII. 
Elemeuts having two isotopes of odd mass-number. 
aT —2z. a. a.. $ 
42 205 207 82 
40 — 
38 195 197 79 
360 181 183 13 
94 173 175 , 70 
oe 165 167 O7 
) 161 163 66 
28 2 — — 
20 151 153 63 
24 13 159 57 
he 129 13] 54 
20 121 133 5I 
l5 117 119 50 
16 = vas te 
14 107 109 47 
13 93 95 4] 
12 85 ST S7 
E 19 &] 9» 
8 69 Zl 3l 
D 63 65 29 
4 45? 47? 21? 
> T 4] 19 
= 35 37 17 


Below atomic number 37 a certain regularity which exists 
above it disappears. This regularity is that for a difference 
of 2:216 there is a difference of a=44. Below this atomic 
number also the rule is sometimes contradicted by the 
experimental evidence. 


: 0, +a 
It is seen that values of tr ds 


— 2: equal to 40, 28, 16. 
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(and possibly also 4) appear te have no corresponding value 
of 2, for the only possibilities in these cases are : 


a 
Ta, 9. 
— adi s 


a a. ay. z. 
40 197 199 19 
28 157 159 65 
16 113 115 49 

4 45 47 21 


It is decided later (§ 8) that mass-numbers 113 and 157 
are unstable ; 199 has already been assigned to element 80, 
to which it has been proved by experiment to belong and so 
cannot belong also to element 79. Nothing can be said at 
this stage for the difference 4, since it may belong to an 
element 21 in the irregular part of Tabie VII. It is con- 
cluded, therefore, that the differences 40, 28, and 16 cannot 
he assigned to anv element. | 

It is of course possible that the assumption that the 
differences in the first column of Table VII. apply each to 
one element only is unnecessarily simple. It might be that 
certain differences apply to two or more elements according 
to some regular principle, but this does not appear likely 
unless odd isobares exist, and will not be considered here as 
the problem to be attacked is sufficiently complex when 
stated in its simplest terms. 

There are two consequences of Table VIT. The first is 
that all elements in the range z=82 to z=37 not included 
in the last column are simple, if odd, and do not possess more 
than one odd isotope, if even. Simple odd elements are 
therefore atomic numbers 39, 43, 45, 49, 53, 55, 59, 61, 65, 
69, 71, 75, 71, and 81. These are tabulated with their 
mass-numbers below. The second is that two of the three 
differences in the first column of Table VI., which there 
mav be assigned to one of three elements, are now seen to 
he assignable only to the element of lowest atomic number 
in each case. Bv analogy the third difference in that table 
is also assigned to the element of lowest atomic number. It 
is found later ($8) that the rejected mass-numbers cannot 
be assigned to any element. Table VI. should in conse- 
quence be amended to read as follows : — 


Experimental evidence 


L9. z . 
dores m Hi in confirmation. 
30) 70 175 == 
25 54 131 Aston. 


11 36 S3 Aston. 
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In Table VIII. is given for reference the mass-numbers of 
the simple odd elements. They are the “first isotopes " of 
the tables referred to, except in one case where the second 
isotope 1s in agreement with the evidence of atomic weight. 


Tager VIII. 


Simple elements of odd atomic number. 


2 " Reference Experimental evidence 
to Table. in confirmation. 

Sl 203 V. At.-wt. is against *. 
TT 193 V. - 

qa 185 lV. -- 

71 177 IV. — 

69 171 V. —: 

bo 159 V. — 

0 147 or 149 V. — 

459 141 LV. —- 

55 133 IV. Aston; At.-wt. 
"Dd 127 V. Aston; At.-wt, 

19 115 MN Aston. 

45 103 V. — 

43 97 or 99 LV. — 

3U 89 IV. Aston. 


* A recent determination by Hönigschmid and Kothe gives the value 204:39 
(K. Fajans, * Radioactivity,’ p. 129, 1928). 
S0. Complecity a Periodic Function of the 
Atomic Number. 


In Table IX. the atomic numbers of even elements are 
tabulated according to their arrangement in Tables VI. (1s 


amended) and VII. 


TaBLE IX 


Atomic numbers of elements with and without 
isotopes of odd mass-number. 


No odd isotopes. One odd isotope. — Two odd isotopes. 
48 44 72 68 16 80 x2 
62 58 56 22 60 64 ..4*40 06 
46 42 40 33 H 48 36 of O50 


Elements 36 and 38 alone do not conform to the grouping 
by difference of 16. But over tlie range of z=40 to :— 82 
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inclusive the complexity of even elements with respect to 
odd isotopes is a periodic function of the atomic number 16. 

The simple odd elements included in Table VIII. mav also 
he grouped in a similar way, thus: 


Sl TT 75 11 6U 
65 61 50 55 53 
49 45 43 39 


The odd elements having two isotopes included in 
Table VII. may also be similarly grouped : 


T9 73 67 
63 5T o1 
47 _4i 


Thus the complexity of odd elements over the range of 
= 41 to z— 81 appears also to be a periodic function of the 
atomic number 16. It is found by inspection that the 
difference in a corresponding to that in z of 16 is usually 44. 
For heavy elements it may be 48; for light ones 40 and 
even occasionally 36. T hese differences are all of the form 
4n, and their role is readily understandable from work on 
radioactivity. 

To illustrate the periodicity of the complexity of the odd 
elements the mass-numbers are arranged in 8 groups of 
atomic numbers having the forms lont 1, 16» +3, lon+ 5, 
1644 1, 16n 4-9, 165 -11, 162413, lon+15. T TM are set 
forth in Table X. The mass ouuinbers of the elements in the 

range which is chiefly being eonsidered (2239 to 2— 83) are 

devel from the tables to which references are made. The 
investigation is, however, pushed into the region .both of 
higher ‘and lower elements by making use in the former case 
of. the supposed mass-numbers of tlie stable radio-elements, 
and, in the latter, bv inserting the known mass-numbers of 
the lowest element of each series, and linking them with the 
mass-numbers given in the tables of this paper through the 
mass-numbers of elements that have not been considered here. 
In this manner new information is obtained, and in Table X. 
such information is indicated by absence of reference in the 
column for references. This will be considered in Table XI. 
below. 

In each column of mass-numbers in the table the differ- 
ences are of the form 4» and are, as has been said above, 
generally 44 or 40. 
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TABLE X. 
Atomic Mass- Atomic Mass- 
Number. Number. Reference Number. Number. Reference 
to Tables. * to Tables. 
z. aier ty. 2. @. Ay. 
(165 4-1) | (165 --9) 
81 203  — VIIT. | R9 900 9097 
65 l9 | — VHI. l 73 lš] 183 VII. 
49 115 — VIII. l 5T 137 139 VII. 
33 ji — i 41 93 95 vll. 
17 35 or 3T 25 — 05 
1 — 1 At.-wt. 9 —- 4 At.-wt. 
(16243) (o (16211) 
83 211. 209 91 233 — 
67 167 165 VII. | 75 185 -— VIII. 
51 123 121 VII ; 59 141 — VIII. 
35 70 = &) 43 97 or 99 VIII. 
19 39 4l 27 — 59 
3 T 5(26) At.-wt | 11 — 23 At.-wt. 
(102 +5) (164 --13) 
8A 217? 215? T — 193 VIII. 
69 — 171 VIII. i 61 147 or 149 VILI. 
ix) — 127 VIII. ; 45 103 — VIll. 
37 85 or 87 20 63 65 
2] 45 or 47 13 297  — At.-wt. 
5 9(10) 11 At.-wt. mee Se 
(162+7) (162 +15) 
87 292]  -- 79 195 197 VII. 
7 177 — VIII. 63 151 153 VII. 
55 133 — VIII. 47 07 109 VII. 
39 S0) — VIII. 31 7 Oo 
23 i2» ME 15 3l — At.-wt. 
7 —  ]lo(14) At..«t. e Bees TRE 


Jl 

In the above table the threc ;nass-numbers in brackets are 

‘the experimental values; those beside them are those to be 
expected from the sequence of the mass-numbers of the 
table to which they belong. It is obvious, -however, that 
elements 3 and 5 cannot have mass-numbers less than 6 and 
10 respectively. The discrepancies arise probably because 
the considerations which led to the prediction of these 
mass-numbers do not apply to the lightest elements. It is 
seen that series ]6n+1, 16n+7, and 16n+11 are simple. 
Series 16n +3 and 165 -- 15 are double and 16n +9 is chiefly 
double. Series l6n+5 and 16n+13 are more irregular 
than the others but are more simple than double, especially 
ltin +13. 

A relation between these series is shown in fig. 2. S repre- 
sents * simple" or “chiefly simple," D “double or “ chiefly 
double." The two irregular series are characterized as S ?. 
"The line joining 16n4+13 and 16n + 5 divides the figures into 
opposing halves. About the line joining 16n +1 and 165 +9 
-the figure is symmetrical. A simple relation of this kind 
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is to be expected if the complexity of the elements be a 
periodic funetion of the atomic number, 


Fig. 9, 


lon +] 


ontd 


lbn 4-5 


lont 4 


The new information deducible from the arrangement of 
Table X. and from fig. 2 is set forth with notes in Table XI. 


TABLE XI. 
Authority con- 


m Notes on the Mass-Numbers, firming a, and a, 
as set out. 


ty 

A 
— 

E 


R3 211 209 


that the muss-number of 


a, is probably radioactive, so | 
Radioactivity. 
the element is that of a,. J 


69 171 — This value appears more 
probable than 169. 


Nothing can be said as series ? 
37 85 87 1624-5 is the most irregu- Aston. 
lar of all. 
35 79 81 Both are certain. Aston, 
33 75 — a, could only be 77 which Aston. 
belongs to z=34. 
31 69 71 Both are certain, Aston. 
30 63 05 The lower is alone certain. Aston. 
97 59 — Simple element. Aston, 
23 5l — Simple element. . Aston, 
Nothing can be said as series 
2 45 — 164 +5 is the most irregu- Aston. 
lar of all. 
19 39 41 Both are certain. Aston. 
Only one is certain, nnd it 
17 35 37 eannot be said which is Aston. 
the more probablo. 
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§ 7. Discussion of Results. 


When the mass-numbers which have been calculated by 
the methods described in this paper and tabulated in the 
various tables are compared with those actually determined 
hy the positive-ray method or those to be anticipated from 
reliable determinations of atomic weights, it is seen that 
discrepancies are most apparent when elements of low atomic 
number are considered. These are seen in Table II. for the 
mass-numbers of elements 27 and 23; in Table VI. for those 
of elements 30, 28, 24, and 20; in Table VII. for those of 
elements 37, 29, 21, and 17 ; in Table IX. for elements 38 
and 36. 

It is clear, then, that if the principle, that the complexity 
of the elements is a periodic function of atomic number, 
holds, it holds over a range that does not include the atomic 
numbers above, i. e. it holds over the range of atomic numbers 
39 to 83. It will be shown ina subsequent paper that experi- 
mental evidence supports, with qualification, the extension of 
this range to atomic number 92. The obvious cause of failure 
of the principle to embrace the lower atomic numbers is the 
relative simplicity of these elements. This is partly borne 
out by Aston’s results. He finds thatthe largest possible 
difference in the mass-numbers of isotopes rises from 1 first 
shown by element 3, to & first shown by element 34, being 2 
first for element 10, 4 first for element 18, and 6 first for 
clement 32. Since the difference of 8 apparently is not 
exceeded even by the radioactive elements, it may be taken 
provisionally as a measure of the possible ‘complexity of an 
eloment. There is thus a limit to possible complexity which 
cannot be attained by elements below number 34. From 34 
to 92 there is, in consequence, a chance that some connecting 
principle may hold. 

There are some results in Table X. which appear to be 
wrong. 

(1 ) Thallium <=81 appears to have «=203 only. The 
atomic weight of thallium, which is 204:0 in the Inter- 
national Table, and also fig. 1 suggest very strongly, 
however, a second isotope at 205. But if this be so, an 
exception arises both to the simplicity of elements of the 
series lOn+1 and also to the existence of isobares of odd 
mass-number, for there is a probability that element $2 
(lead) has an isotope of this mass-number (Table VIT.). 

(2) It is not likely that gold (:=79) has a second isotope 
at 1925. as the table suggests, in any detectable concentration, 
as the accepted atomic weight is 197:2. Tt is also exceptional 
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for the higher of two mass-numbers to ba the more abundant. 
The mass-number 199, on the other hand, is assigned to 
mercury (<= 80) (Table VI.) which has received experimental 
confirmation by Aston, and is consequently ruled out unless 
odd isobares exist. The difficulty appears best resolved by 
regarding gold as 197 with a sull probably, negligible 
amount of 195, t. e. practically a simple element. 

(3) Lanthanum (:=57) if double is also more abundant 
in its higher isotope 139 than in its lower 137. The atomic 
weight in the International Table is 139°0 although several 
experimental determinations fall below this value. The 
atomic weight evidence against the simplicity of this element 
is consequently conflicting. 

It is a possible inference from (2) and (3) that some 
elements which appear to be double in form may really be 
single. Such have atomic weights which approximate to 
the higher of their possible mass-numbers. In all such 
cases the lower cannot appurently be assigned to another 
element and is, in consequence, a missing mass-number. 

Tt will be shown in a later paper which deals with the 
mass-numbers of even elements that periodicity is shown 
there more strikingly than with odd elements. Periodicity 
is, however, least in agreement with the apparent facts in 
the series of elements whose mass-numbers are of the forin 
l6n+15 and 16n+13. These series correspond, by analogy, 
with the groups of the Periodic System (such as groups VI. A 
and I. B) in which the chemical resemblances of members 
are by no means marked, It is impossible to predict with 
any confidence the complexity of elements of this series, and 
the uncertainty is likelier to obtain for the lighter than 
for the heavier members. 

It is noticeable that several elements of the double series 
16n+3 and 16n+15 have isotopes in nearly equal proportion 
as judged from evidence of atomic weight : elements 35 and 
51 in the former series, and 31, 47, 63 (not 79, however, but 
verhaps 81) in the latter. In the third double series 16n 4- 9, 
ui ad the mean rtomic mass of the elements approximates 
to that of one of its isotopes. 


$8. Missing Odd Mass-Numbers. 


There appears to be three definite groups of missing odd 
mass-numbers, and these may be derived from the numbers 
given in Table X. Each of the series 16n+1, 16n+7, and 
16n+11 is simple. The inclusion of certain mass-numbers 
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in each would make them double. As none of these mass- 
numbers are assignable to elements of even number 
(Table VI.) they are presumably missing. The numbers so 
derived are included in Table XII. and fall into three 
complete groups. The numbers derived from the incomplete, 
simple series 16n+5 and lôn +13 are also given. 


TABLE XII. 
Groups of missing odd mass-numbers. 
Series from which numbers Derived missing 
are derived (Table X.). Muss-Numbers. 
165-F1 . 901, 157, 113, 73, 33 
1604-7 299, 179, 135, 91, $9 ]2 
164-11 931, 187, 149, 99, ?^ 5I 
nno pcne ME Gp DD 
16» +5 169, 125 
162+ 23 191, 149 or 147, 105, 29 


Of these mass-numbers two only, 25 and 29, have been 
proved to exist. They fall, however, outside the range that 
is chiefly being considered here, and, moreover, they do not 
belong to odd elements but to even ones. The following is 
the list of missing odd mass-numbers compiled from Aston’s 
work: 201, 73, 67, 61, 57, 58, 49, 47, 43, 33, 21, 17, 15, 13, 
5,and 3. All of these except 67, 47, 43, 15, 5, and 3 are 
included in the table above. 67 and 43 are not derived 
from, but accounted for, by Table VI. These would be the 
isotopes of elements 30 and 20 respectively if the latter were 
sufficiently complex to include odd isotopes. These, unlike 
the others, are not members of a series of missing mass- 
numbers. Some explanation involving the simplicity of the 
very lightest elements might account for the non-existence 
of 3, 5,and 15. (Analogies would make 15 not 14 the single 
mass-number of nitrogen.) There remains of Aston's list 
mass-number 47. Table VII. leaves the question of its 
existence open ; for, by analogy with the mass-numbers of 
higher elements, scandium (z=21) should be single, but this 
clement occurs at a part of the tabie which does not conform 
to the simplicity of the greater part. Table X. also is 
indecisive although the balance of probability is in favour 
of the existence of 47. There are, however, three further 
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considerations. The first is that the occurrence of two con- 
secutive, missing, odd,-mass-numbers is rare; the second 
that the existence of a mass-number, of the form 4» +3, one 
unit less than that of a simple element seems to be the rule 
for all mass-numbers above 47. On the other hand, if 
scandium be double it is one of three consecutive double 
odd elements, and this appears to be exceptional. On the 
whole the evidence from analogy is in favour of the exist- 
ence of 47. Aston’s experimental work is not decisively 
against this view. 

A second paper will deal with the isotopes of elements of 
even atomic number. — 


§ 9. Summary. 


(1) By analogies with and deductions from the properties 
of the radioactive elements, it is concluded that over a range 
of atomic number 39 to 83 the complexity of elements 
appears to be a periodic function of the atomic number 16. 
The corresponding mass-number is usually 44 or 40. 


(2) Elements of odd atomic number are principally con- 
sidered. It is deduced that the following should be simple; 
atomic numbers 1, 7, 11, 17, 23, 27, 33, 39, 43, 45, 49, 53, 
55, 59, 61, 65, 69, 71, 75, 77, 81, 87,91. Probably also 57, 
19, and 83. 

(3) The following should consist of two isotopes: atomic 
numbers 3, 19, 31, 35, 41, 47, 51, 63, 67, 73, and 89. 
Numbers 57, 79, and 83 are double in form. 

(4) It is not possible to pronounce definitely on the 
complexity of elements 5, 9, 13, 15, 21, 25, 29, 37, and 85 
£rom these considerations alone. : 

- (5) The elements mentioned in (2) and (3) with their 
atomic weights, mass-numbers, etc., are given for reference 
in Table XIII. A blank space denotes there is no informa- 
tion available, a dash that there is no mass-number. The 
reason for the brackets around a few of the numbers has 
been explained in § 7. 


(6) The following mass-numbers belong to even elements : 
77 to 34, 83 to 36, 101 to 44, 111 to 48, 117 and 119 to 50, 
129 and 131 to 54, 145 to 60, 155 to 64, 161 and 163 to 66, 
173 and 175 to 70, 189 to 76, 199 to 80, 205 and 207 to 82. 


1D? 
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TABLE XIII. 
Element E Atomic Expected Experimental 
: d Weight. |. Mass-Numbers. Mass-Numbersz. 

PA uu 91 233 — 
PT EU 89 227. 299 

87 221 — 
Bi uses 83 209-0 209 (211) CLA, 
TE. areias 81 204-0 203 — 203? 205? 
Au 2o teres 79 197:2 197 (195) 
lt senso 74 1930 193 — 

75 185 — 
AE EE 73 181-5 181 183 
D oa 71 175 177 — 
Ti aeaa 69 168:5 171 — 
Ho uus 67 163:5 165 167 
To 2 vis 65 159-2 159 — 
Eu 63 152-0 151 153 

61 147 or 149 Mat) 
Pro ics 59 140:9 141 — 
Det Seine: 57 139-0 139 (137) 139 
US N 59 132-81 133 — 135 -—- 
bL veces & 126:92 127 — 127 — 
SD ccs 31 121:8 121 123 13 123 
In: iess 49 114:8 115 — 115 — 
Åg uos 47 107-88 107 109 107 10% 
Rü sinai 45 102:9 103 — 

43 97 — 
Nb Soci 41 93:1 93 95 
No onn 39 89:33 89 — 89 — 
BP 53i 5 79:92 79 81 7 8l 
As . 33 14:96 19 — 75 — 
Ga . 31 1701 69 71 69 71 
CO sieeve a7 58°97 59 — 59 — 
| 23 ol 51 — ol — 
K sh 19 39:1 39 1 39 il 
Cl . 17 3545 do — NU 3T 
Na en. 11 23:00 25 — 23 isis 
N 7 14°01 18 — 14 — 
LL. use 3 6:04 5 7 6 7 
H ] 1-008 1 — l —- 


(1) The following mass-numbers appear to be missing on 
analysis: 13, 17, 21, 25, 29, 33, 49, 53, 57, 61, 73, 91, 99, 
105, 113, 125, 135, 143, 149 or 147, 157, 169. 179, 187, 191, 
201, 223, 231. Probably also 137, 195 and 211. 

Dr. Lee's Laboratory, 


Christ Church, Oxford. 
February 1924. 
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CIX. Elastic Impact of Pianoforte Hammer. 
By S. Buanaava, M.Sc., and R. N. Ggosn, M.Sc.* 


[Plate VIII.) 


E. 
f ] built up his classical theory of the 


vibration of pianoforte strings on the assumption 
that the law of pressure was given by Fsinptt. He 
regarded the hammer as elastic, and the duration of 
impact as small compared with the period of vibration 
of the string. Later on, Kaufmanni showed that the. 
duration of impact was comparable to the period of 
vibration of the string, and he based his theory on the 
assumption that the hammer was hard. Professor Raman 
and Mr. Banerj $ conjointly and Mr. Das|| separately 
have recently extended the theory of the hard hammer, 
and they have given a method for calculating the duration 
of impact in the general case when the striking-point lies 
anywhere in the string. The present paper attempts to 
develop the theory of impact of the elastic hammer when 
the duration of impact is comparable to the period of 
vibration of the string. The theory has been put to test 
by experiments with hammers and strings actually used 
in the piano. 


II. 


Ignoring for the present the shape of the hammer, and 
its effect on the duration of impact in accordance with the 
theory of Hertz f, we simplify the problem by considering 
that the hammer is made up of a hard mass backed by a 
weightless spring, which together impinge upon the string. 
The shape of the hammer actually used has been chosen in 
order to increase the effective area of contact, which has 
the effect of increasing the convergency of partials. With 
these assumptions we shall now proceed to develop the 


* Communicated bv the Authors. Read before the Indian Science 
Conyress, January 1923. 

t ‘Sensation of Tone ' (Ellis translation), p. 380. 

I Ann. der Physik, liv. p. 675 (1995). 

$ Proc. Roy. Soc. xcvii. p. 99. 

|| Proc. Ind. Assoc. vii. p. 13. 

€ Love’s ‘ Theory of Elasticity,’ Art. 139 (1906 ed.). 
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theory in a few cases. The symbols used in the paper 
are : 


M = Mass of hammer. - 
p = Mass of string per cm. 
y = Displacement of the string. 


yo = Displacement of: the centre of mass of the 
hammer. 


. & = Compression of the spring. 
u = Strength of the spring. — 
— l = Length of the string. 
T = Tension of the string. 
C = Velocity of transverse wave in the string. 


a = Distance of the striking-point from the nearer 
extremity. 


t = The time. - 
Case I. 


Length of the string finite. 


Let us consider a theoretical case in which the mass 
of the whole string is supposed to be collected at the 
point of impact which divides the string into two portions, 
a and l—a. The equation of motion of the hammer is 
given by 

Md*y, 


de = — P; . " . e . " (1) 


where p represents the pressure between the hammer and 
the mass pl. 


pub yo—ytk .... . (2) 


The equation of motion of the mass pl is 


dy _ Tyl | 
pla = Dr ee so (3) 
From (1), (2), and (3) we obtain 
dit T Ë oo 
dat a(l—a)p Sy +(wK, + pT/Mpa(I—a) JE = 0, 
14 (0 
K= -+4 
1 l M . 
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Assuming &=/*, we get | 


s! — —(8tV8-—), 


giving four values of s. 


Tu 
Y = Mpa(l—ay 
Two cases of interest immediately present themselves :— 
(1) When u=% : i.e. the hammer is hard, s comes out 
infinite, or the duration of impact is very small. 
(2) When p=0, s= +iT/pa(l—a): i. e. the duration 
of impact is the same as the period of vibration ot 
the mass pl. 


Case II. 
Length of the string finite. 


The duration of impact is supposed to be small compared 
with the period of vibration of the string, which is therefore 
not appreciably displaced from its equilibrium position 
( Helinholtz). 

yo E. 


Eliminating yọ from (1) and (2) with the help of the 
above relation, we obtain 


Midiy 
p dt? 
p= v ( uM)? sin {u/M vel; 


where rọ represents the velocity with which the hammer. 
impinges upon the string. The law of pressure is the 
same as supposed by Helmholtz. The duration of impact 
is given by a(M/u)i; it depends upon the mass of the 
hammer and the strength of the pne but it 1s inde- 
pendent of the striking distance and the velocity of impact. 


eg n der oe ue 10) 


Case TII. 


Length of the string infinite, and it is displaced during 
impact. | 


Now 


p= p = 2T. E approx. . e . (6) 
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Eliminating y between (1) and (6), we obtain 


M dp MC dp = 
nuntur uu 5pm ee x aH 
cd 1 (‘2 
"m Nu 4 ^. (bh 
r -lgey]i TEE 4 m) f.-& .% (3) 
M 4'21/ 


ir 18Te , M, i. e. if the hammer is elastic. 


The duration of m in this case is given by 


C E 
A6]: 


We observe that : duration of impact for an elastic 
hammer is finite for infinite length of the string. It is 
independent of the velocity of the impact, depending mainly 
upon the mass and elasticity of the hammer. As yp increases, 
the duration of impact increases, and when p is large, 
equation (7) degenerates into 


MC dp 
= jw. tk dx oO 
2T dt a a (9) 
2T 
p = Aesch. . . . (10) 
A being a constant to be determined from the initial 
conditions. Thus we see from (10) that when yw is infinite, 
the duration of impact is also infinite for a very long string, 
in agreement with Kaufmann. 


Case IV. 


Length of the string finite; it is displaced during 
impact, and æ, the striking distance, is small. 


Further, we suppose that the portion of the string between 
the point struck and the nearer end follows the motion of 
the hammer. This means that the wave takes little time to 
reach and get reflected from the nearer extremity. The 
other wave travels onward towards the longer side and 
reaches the end on the longer side, when the impact is 
supposed to be over. The former assumption no doubt 
overestimates the kinetic energy, but the actual facts 
cannot be far from this. p is then given approximately by 


page TU eeu). eo^. DAR rx (11) 
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Eliminating p from (1) and (11), we obtain to a first 
approximation 


T\d’¥y Tdy, Ty. | 12 
where M, = M+pa/3. 
-K 


y = Ae 1 ‘singt, . Sod ded aw Ab) 
T pa ) 

rc 3 we M IK? 

I =m, Gr ah 


. T m 
pus M,C Ld 
If v is the initial velocity of the hammer at the beginning 
of impact, A is found to be given by 


2v f, T(1 Xr 15 
A= 541 (2-56 2s w wot») 


From (13) and (15) we find in the case of hard hammer, 
i.e. 1, — infinite, 


OA A Try 
gi “aM, 4 vic) : 
A, =", 
qı 

The duration of impact in the case of an elastic hammer 
is given by m/q (approximately) ; it depends upon the mass 
of the hammer, its elasticity, and the striking distance a. 

From a comparison with q, in (16), we observe that the 
effect of elasticity is to prolong the duration of impact. 
When the hammer is very soft, » is very small. The 
duration of impact becomes infinite, as is also evident on 
general grounds. ‘The duration of impact increases a8 
a increases. It is, as before, independent of the initial 
velocity of impinge of the hammer. By comparing (14) 
and (15), we find that the duration of impact of an elastic 
hammer when the string is appreciably displaced from its 
equilibrium position during impact, is greater than that 
when there is no appreciable displacement of the string. 

The amplitude of motion produced in the string is 
proportional to the initial velocity of impinge, and increases 
with æ and the duration of impact. When yp is very small, 
the amplitude of motion is also very small ; but when p is 


(4) 


5. . (16) 
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infinite it ix finite, as shown by (16). Further, we observe 
that the amplitude in the case of an elastic hammer is 
greater than that due to a hard hammer. 


III. Experiments. 


The hammers used in the piano in the upper octaves are 
harder and lighter than those used in the middlé ranges. 
The distanee of the striking-point is almost the same for 
all strings ; it varies within one-ninth to one-seventh of 
the length of the string in different types of piano. Hence, 
in order to test the above formule, a sonometer was fixed 
almost verticaly and the hammer was placed near the 
lower extremity of the sonometer, so that the distance of 
the point struck from the lower bridge was small. By 
an arrangement of a lever the hammer was made to strike 
in a vertical plane—that is, parallel to the plane containing 
the hammer and. the string. The lever arrangement was 
the same as is used in the piano. The wires and hammers 
used in the experiments were borrowed from a local piano- 
tuner, and those were selected which are used in the middle 
range where the hammer is elastic and heavy. The point 
of impact was photographed by a sliding plate which 
recorded the approach and retreat of the hammer. (Care 
was taken that the hammer did not strike the string a 
second time, by an arrangement of a catch.) The time 
was simultaneously obtained from the trace of a style 
attached to a tuning-fork. In PI. VIII. figs. 1, 2, 3. 4, and 5 
show in ascending order the distance of the point struck. 
The approach and retreat of the hammer are shown by the 
parabolic shadow, and the vibration of the point struck 
and the record of the style are also seen. It is evident 
from these figures that the duration of impact and tle 
a'nplitude of the resulting motion increase with increasing 
distance of the striking-point. These facts are in agreement 
with those deduced from (14) and (15). Formula (14) can 
be written in the form: 


$ = ^M, 4l M, 1 
{= M o4 an OUO, er 
077) |M i 4T) ez) | 
pa pa 
@ = Duration of impact. 
0 = 


Period of vibration of the string. 


Table I. gives a record of the values at different distances a 
found experimentally and calculated from (14). 
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TABLE I. 
p = 0589 gram per cm, 
M, = 5°61 grams. 


M =73 grams (mass of head plus one-third mass of stem). 


0 = us second. 
Length of the string 95:4 cin. 
T/p = 2:64. 
| 
No. | a, 9/8 obs. 9/8 calc. (14). 9/6 Kaufmann. 
em TN HN 
NE c 8 607 “604 | 52 
ee 9:8 ‘64 65 60 
| 9. WS 704 706 6: 
| 4... 14:3 80 ‘79 "5 
| 5.. 177 10 “87 '84 
6... 181 1:06 ‘90 86 


From the table it is clear that the values observed and 
those calculated from (14) agree fairly, while Kaufmann’s 
formula gives more divergent values than experimental 
errors justify. Further, it is also confirmed that the 
duration of impact does not depend upon the velocity 
of impact, to which no fixed value was imposed during 
experimentation. 

Hence it is concluded that to determine the law of pressure 
between the hammer and the string, its elasticity iust be 
taken into consideration. In the higher scale of the piano, 
where the hammer is hard and light, Kaufmann's theory of 
inelastic impact may hold good. It is also found that 
the calculated values of $/0 differ from those found experi- 
mentally with increasing striking distance. They are less 
than those observed. This regular decrease in the cal- 
culated values points out that our assumption, namely 
that the portion of the string between the striking-roint 
and the nearer extremity follows the motion of the hammer, 
does not hold true when æ is large, appreciable time being 
taken by the wave to reach the nearer end and return. 


Conclusion, 


Since in practice the striking distance is about one-ninth. 
the length of the string, it is thought that the above theory 
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of the elastic hammer will be of practical value. It is 
more general than Kaufmann's, and includes his as a 
special case. The authors hope to culculate the intensity 
of partials on the basis of the law of pressure given by them, 
and compare it with experiments and verify formula (15) 
with different values of vy on a future occasion. i 


Physics Laboratory, Allahabad University, 
Allahabad, India, 
December 14th, 1922. 
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CX. The Relation between Uranium and Radium. — 
Part VIII. The Period of Ionium and the Ionium- 
Thorium Ratio in Colorado Carnotite and Joachimsthal 
Pitchblende. By Freverick Sopnpy, M.A., F.R.S., and 
Miss Apa F. R. Hircuiss, B.Se.* 


N the course of a study of the ionium-thorium ratio in 
minerals, occasion has been taken to redetermine the 
period of ionium from the rate of growth of radium in 
the various uranium preparations purified from 18 to 15 
years ago, and the new results may first be recorded. It 
may be recalled that, as the result of the last examination in 
1919 (Phil. Mag. [6] xxxviii. p. 483 (1919)), it was found 
that the rate of growth of radium was proceeding regularly 
in accordance with the square of the time, with the period 
of 237,500,000 years as the product of the periods of average 
life of ionium and radium, which led to the adoption of the 
period of 100,000 vears for that of ionium. The new results 
are set forth in the same tabular form as in the paper cited. 
The value of the average life of radium is retained at 
2375 years for the sake of uniformity, and the average life 
of ionium, 1/X,, is calculated from the formula 


1s = &(U/Ra)(3:4 x 10-7/2375)T?, 


where Ra grams of radium are produced from U grams of 
uranium in T years. 

Two sets of determinations have been made, in August 
and December 1923, of the amount of radium in the four 
uranium preparations. The electroscope was first calibrated 
with a number of radium standards, made from a radium 
barium chloride of known small radium content, one of 
which was new and the others those previously employed. 


* Communicated by the Authors. 
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Calibration of the electroscope. 
-— Constant 
OI Ra(x10-!3g.) Divisions j9—:2,, of radium 
g- 7a PONES giving 1 d.p.m. 
0:0454 ... .............- 29:6 1:86 15°91 
02140 (new) ......... 139-5 878 15°89 
(F 2090 sce tee lcals 1711 10°91 15°68 
0:398] eere 259:6 16:47 15°76 
0:5683 ick ces ceesesess 370:5 24°16 15:34 
077880 .............. e. 512:9 33:02 15:53 
Mean ...... 15:69 


Before the measurements were repeated in December the 


electroscope was again calibrated : 


02104. icone) 176:3 11:21 
05683 ............ ese. 370:5 23:01 
(5869... cocum eee 512:9 33:36 


15°73 
15:50 
15:37 


Since no significant change had occurred the constant 15:69 


was used throughout. 


The results are given in the following table :— 


£ a Æ 

ic to ss 
<5 & : = T wea 
ae 2 T7 , SL & 23 
Ar 28 of A s ud € 
ES zo £5 E "X = R 

Zi o = E cá a. O 

1781 3172 — 717 55T 

PREET ! 955 16 
l 1815 3294 73:3 T3 
| 1700 2800 720 54-0 

oe 278 18 
Ir34 3007 — 755 57-5 
i 1668 2782 755 71:5 

ILL... | 408 4 
1 1702 9897 794 754 
| 1421 — 2019 — 4345 30475 

IY. 3000 40 
| Moi 2114 4547 4147 


Growth of 
Radium 
+ (Time)*. 


0-176 
0174 
0187 
0-191 
0257 
0-200 
1:954 
1:962 


Simple Mean 


Mean Value. 


Ditto. 


0:189 


[LEE 


2239 
DIR 
P 
104,300: 
105.300- 
113,000 
109,700 
108,000 


For the first time since the start, the older preparations 
I. and II., in which the initial radium exceeded one part 
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in 10!* of uranium, are sufficiently far advanced to give 
quantitative evidence, and this is in agreement with that 
given by the two later preparations. ‘The new mean result 
1s 8 per cent. higher than that arrived at in 1919, and this is 
somewhat outside the probable degree of accuracy (5 per 
cent.) then estimated. This would of course be explained 
by the presence of initial ionium, but in view of the iso- 
topism of uranium X and the known behaviour of the latter 
under the methods of purification employed, it is practically 
impossible to believe that sufficient ionium to account for the 
result was initially present. It seems more natural to ascribe 
it to the errors of measurement being for some reason larger 
than was supposed and to round off the value to be adopted 
£or the average life of ionium to 


l1x10? years. 


Determination of the Ionium- Thorium ratio in Minerals. 


Provided sufficient can be obtained to weigh, since ionium 
and thorium are isotopes, the ionium-thorium ratio in a 
mineral may be obtained, when the period of ionium is 
known, by separating and purifying the ionium-thorium 
mixture, with precautions against the adventitious intro- 
duction of thorium, and determining the rate of growth 
of radium in a preparation containing a known weight. 
‘Ordinarily, a small uncertainty is introduced, especially in 
intensely active preparations, by the time of accumulation of 
the emanation between measurements, during which time the 
radium itself is changing in quantity,—in an active prepara- 
tion perceptibly. For a weak preparation in which the 
emanation may be allowed to attain * transient " equilibrium, 
the correction is exactly and readily made by subtracting 
from the total time of accumulation of the radium the period 
of average life of the emanation. But the correction may 
. ‘be made exactly and readily for any period of accumuiation. 

The first. differential equation of the disintegration series 
involved, in which Io and Ra refer to (atomic) quantities 
-f ionium and radium, A, and A, being their radioactive 
constants, 


d(Ra)/dt = A, Io- A; Ra 
gives, since the second term is negligible relatively to the 
first, | 
Ra—Ray = A, ot, 
where Rag is the initial quantity of radium present and t is 
tlie time. 
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The second differential equation of the series 
d(Rn)/dt = A3 Ra —2, Rn, 


where A, is the constant of radon (radium emanation), gives, 
by substituting the above value for Ra, 


Rn = (A/M) Io (t— 1/34) HAs Rag + Ceo, 


where C is the integration constant. 

Solving for the conditions that. Rn=0, when t=t,, that is, 
that the time from purification to the time of sealing up the 
preparation is tọ, and that the time of accumulation of radon 
is T, the total time from purification to measurement being 
(o 4- T, gives | 
A,Rn/A4(1—67 àT) = Ag Io ((,—1/X, 4 7/(1—67^7)] + Rag. 

The quantity on the left-hand side of the equation is the 
quantity of radium measured in the usual way in the emana- 
tion method of estimation, being the emanation corrected to 
equilibrium accumulation and expressed as the quantity of 
radium with which the corrected quantity of emanation is in 
equilibrium. [For if a quantity of radium Ra produces a 
quantity of radon Rn in time of accumulation 7, and Rn, is 
the equilibrium quantity, 


Rn = Rn,(l—e^^') and Ay Rn, = à; Ra. 
Hence Ra = A, Rn/A(1—€7*«). | 


Substituting-and converting atomic weights to weights 
gives 


Ra— Ray = A, Io 44j—1/A,4- 7/(1—e7*") } (226/230). (1) 


We may designate the expression within {} “ the effective 
time" 0, where 


0-—t5—lD-1(ü—ew) . . . . (£i 


Putting in the values 1:1 x 105 x 365 for 1/A, (days), and 
5:555 for 1/A, (days), gives 


Ra — Ra = 245Xx10^*Io0, . . . . (3) 
is Io = 4:08 x 107 (Ra—Raj)/0,. . (4) 
0 = t)—5°555 + 7|[(1— 67^). 


These expressions allow the quantity of ionium to b» 
rapidly and exactly estimated without the necessity of 
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waiting for “transient” equilibrium, that is for (l—e-~r) 
to become unity. 


American Carnotite. 


The first mineral to be examined for the ionium-thorium 
ratio by the above method was American carnotite. A spe- 
cimen containing some 60 grams of ionium-thorium oxides 
was sent to us for examination by Mr. W. F. Bleecker, of 
Boulder, ('olorado, U.S.A. It had been separated in his 
radium factory from hundreds of tons of representative 
carnotite ore, and from measurements of the rate of growth 
of radium he had already made it was estimated to contain 
wbout 4 per cent. of ionium. In connexion with it he stated 
that “so far as it is humanly possible for me to tell, no 
thorium was added to the ionium at any time during its 
preparation." 

A small part of the material was purified from radium by 
successive precipitations of its solution by ammonia, and 
then made up to a known weight of solution. One part of 
this was evaporated and ignited to determine the IoO,, ThO, 
content, and the other used for the radium method of esti- 
mating the ionium, the weight of IoO,, ThO, in this part 
being 75°8 milligrams. The initial radium determined by 
graphing the results and extrapolating to zero time was 
4x 107! gram, and this has been subtracted in the results 
shown in the following table :— 


No. of Ra ~ Ra, to T Effectize Time Ionium 

estimation. (X107! yj. (days) (days). 0 (days). (mg.). 
Ll inuisons E 3:6 0 1 0:52 2481 

2 ovisaiduuid weed 9:3 1 ] 1:52 2-49 

5 RC RUN, 17:0 2 0:06 2:51 2°78 

B inosthsocn 26:1 3 2 4*06 2:62 

e E 484 5 4 1:24 272 

| TE AE E 96:5 9 8 13°93 2:83 

Ee duet deas 174:9 17 13 25°01 2-85 

B cci" 2433 29 9 34°67 287 
Mean ...... 2719 


The quantity of ionium as determined by the mean is 2:75, 
and hy the mean of three final results, which may be regarded 
ax the more trustworthy, 2°85 mg. Accepting the latter figure, 
the ToO, content is 3°23 mg., the percentage of IoO, in the 
oxides 4:26, and the ratio Io: Th is 1 to 23. 
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The Mesothorium-Radium ratio of Radium from Carnotite.— 
Assuming that no contamination with thorium has occurred 
during manufacture, it follows that in carnotite there are 

23 grams of thorium per gram of ionium or 1:05 kilograms 
of thorium per gram of radium. McCoy and Henderson 
(J. Amer. Chem. Soc. xl. p. 1316, 1918) give 19 kilo- 
grams us the quantity of thorium in equilibrium with the 

“milligram of mesothorium," i.e. the quantity of meso- 
thorium which gives a y- .radiation measured through 2 mm. 
of lead and 1:32 mm. of brass equal to that of a milligr: am 
of radium in equilibrium with its y-ray producing produets. 
Hence per gram of radium separated from American car- 
uotite there must be 0-055 “ milligram of mesothoriam,” or 
the mesothorium contributes initially one part in 1800 of the 
y-tadiation. The same authors show that the “ milligram of 
mesothorium," when in equilibrium with radiothorium, gives 
a total y-radiation equal to 2:7 my. of radium. So that as 
much as 3 parts per 2000 of the y-radiation of carnotite 
radium may, as à maximum, be due to thorium products. 
This is below the error of present methods of y-ray measure- 
ments, and there does not seem to be any valid reason against 
the use of carnotite radium for standards of measurements. 


Joachimsthal Pitchblende. 


Being in possession, through the courtesy of the Mines 
Department of the Government of Czecho-Slovakia, of a set 
of products from the State radium factory at St. Joachim-- 
thal (now Jachymov, Czecho-Slovakia), upon which much 
chemical work has been done, it was thought to be of interest 
to determine the ionium-thorium ratio for this mineral. The 
method of attack in separating the ionium and actinium from 
these products was the one now well-established. The be- 
haviour of the ionium and the actinium during the chemical 
treatments was followed by means of isotopes as indicators, 
uranium X being used for ionium and mesothorium-2 for 
actinium, -ray methods of measurements being employed. 
Our labours in concentrating the constituents on a large 
scale were much lightened by a very careful and thorough 
preliminary examination that had been made of the first pro- 
duct dealt with, by Mr. M. Garrett, who devoted a year to 
this work. 

The material was the “ Oxalsiureniederschlag der seltenen 
Erden," obtained from the first solutions, extracted from the 
insoluble radium residues of Joachimsthal pitchblende by 
successive treatments with alkali and acid, by precipitation 
with oxalic acid. The thorium-ionium ultimately separated, 
though purified repeatedly by the peroxide method until the 


Phil. Mag. S. 6. Vol. 47. No. 282. June 1924. 4 E 
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filtrate failed to give a precipitate on long standing with 
ammonia, was not completely pure. For on solution in 
nitric acid temporary discoloration and slight decomposition 
of the acid occurred. However, this behaviour is observed 
with thorium preparations containing less than 1 per cent. 
of impurity, and it is probable that the purity of the material 
finally separated exceeded 99 per cent. It weighed, as oxide, 
44:3 milligrams, and a portion corresponding with 8°9 milli- 
grams of oxide was used for the radium method of estimating 
the ionium. 


No. of Ra— Ra, ty T Effective Time Ionium 
estimation, (x107!!g.) (days) (days). 0 (days). (nig.). 

EL 5t 16:2 0-06 2°75 1:55 425 
| -—— 454 28 3 4°44 4-16 
"pem 81:6 58 4 8:01 413 
; m 128:7 9°8 5 12°67 4:13 
D^. a sscder vues us 163°8 148 8 16:44 4 06 
EE 499:6 49 1 49°52 412 

Mean ...... 414 


The mean value 4°14 mg. of ionium corresponds with 
4:7 mg. of oxide. The proportion of ionium oxide in the 
preparation is 53 per cent, and the ionium-thorium ratio 
is 1: 0:59. 

Now this was a very surprising result, because hitherto 
this ratio has been considered to be 3:7, whereas we tind 
actually more ionium than thorium. In 1908, the radium 
residues from 30,000 kg. of Joachimsthal pitchblende of 
average uranium content 45 per cent. had been worked 
up by Haitinger and Ulrich in the chemical factory of the 
Austrian Gasglühlicht und Elektrizitütsgesellschaft. Out of 
the rare-eurth fraction, A. v. Welsbach, in 1910, separated a 
few grams of pure ionium-thorium oxide, upon which most 
of the subsequent work has been performed. From the 
atomic weight, 231:51, obtained by Hónigschmid and Horo- 
vitz in 1916, regarded as a mean between that of thorium 
232:12 and of ionium 230, the ionium-thorium ratio works 
out as 3:7. Stefan Meyer, comparing the a-radiation of 
this preparation with that of radium, found, allowing for the 
slight difference in the ranges of the a-particles, that one 
gram of the former emitted as many a-particles as 5:07 milli- 
grams of radium, and from this calculated the period of 
ionium as 1*4 x 10? years, when that of radium is 2400 years*. 

If we recalculate our result by formula (4) substituting 
1:4 x 10° for I:1x 10° for 1/A,, there would be 5:27 mg. Io, 
— 6*0 mg. of IoO,, in the 8:90 mg. of oxides, or 67:4 per cent., 

* Compare Aun. Rep. Chem. Soc. 1916, p. 251: Stefan Mever, 
Sitzungsber, k. Akad. Wiss. Wien, I.a, exxv. p, 191 (1916). 
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and the ionium-thorium ratio would be practically 2:1. Or, 
conversely, if we calculate the period of ionium from our 
result for the rate of formation of radium, assuming that 
the material is 30 per cent. ionium, the result is 7 x 104 
years. So that it did not seem possible that the ionium- 
thorium ratio in Joachimsthal pitchblende could.be as low 
as that hitherto accepted. 

In order to check the result, another of the products from 
the State factory at St. Joachimsthal was worked up for 
ionium and actinium. This product was the ** Sodanieder- 
schlag." So far as we are aware it has not previously been 
chemically examined, although, from our present knowledge 
of the chemistry of the radio-elements, it is to be expected 
to contain actinium and ionium in notable amount. It is 
derived, not from the radium residue, which is the part of 
the mineral insoluble in sulphuric acid, but from the 
uranium solution, during purification of the uranium, as a 
precipitate when the solution is treated with sodium 
carbonate, the uranium remaining dissolved. 

The ionium-thorium oxides separated from these residues 
weighed 19:7 mg., and a part equivalent to 3:9 milligrams 
was used for the radium estimation of ionium. Both in this 
and the preceding case no initial radium was present. 


No. of Ra— Ra, ty T Effective Time Ionium 
estimation. (x10—"'g.). (days) (days), 9 (days). (mg.). 

| get 10:5 0:17 3595 2:26 1:59 
AE tenis 214 4 3 5:61 177 
5 perm 378 T 3 8:04 1'78 
mm 51:6 10 4 12:24 1-72 
E 147:6 33 1 3322 1-79 

Mean ...... 179 


1:79 mg. of ionium correspond with 2:05 mg. of oxide 
and the proportion of ionium oxide in the preparation is 
52:5 per cent. The ionium-thorium ratio is as 1 : 0'9, sub- 
stantially the same as before. Thus the very high proportion 
of ionium in the material is confirmed for another and 
different product of the same material. 

The Mesothorium-Radium ratio for Radium from Joachims- 
thal pitchblende.—Accepting the ionium-thorium ratio as 
1: 0:9, and the period of ionium as 1:1 x 10? years, per gram 
of radium in the pitchblende there are 46 grams of ionium 
and 4l grams of thorium, a total of 87 grams of thorium 
isotopes. Or, per 1000 kg. of uranium (—0:34 g. radium) 
there are respectively 15:6, and 14, with a total of 26:6 grams. 
The “milligram of mesothorium" is initially present in 
450 grams of the radium um s mineral, so that one part 
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in 450,000 of the y-radiation is due to mesothorium, or, 
including the radiothorium, 6 parts in a million, as a maxi- 
mum, is due to thorium products. This is, of course, of no 
significance as regards the constancy of the y-rays, though 
it may be easily put into evidence by chemical methods 
(‘ Nature,’ xci. p. 934, 1913). 


The recent results of Meyer and Ulrich. 


Since the work described was completed, our attention 
has been directed to a recent paper by Meyer and Ulrich 
(Sitzungsber. Akad. Wiss. Wien, II. a, exxxii. p. 279, 1925), 
in which some of our results have been anticipated. They 
have examined the ionium-thorium content of Joachimsthal 
pitchblende to ascertain whether specimens from different 
quantities of the material had the same composition, particu- 
larly from the point of view of a suggestion of G. Kirsch *, 
that an isotope of uranium of atomic weight 236, and period 
about 10* years, may be the first member of the thorium dis- 
integration series, and that thorium may be the product of 
this in an a-ray change. In this event, if Joachimsthal 
pitchblende were a mineral of recent formation, different 
specimens of different age might show different ionium- 
thorium content, 

Meyer and Ulrich have prepared two new thorium-ionium 
preparations from the rare-earths, separated in various stages 
of the manufacturing process, from the mineral worked up 
in the State factory at St. Joachimsthal in 1912 and 1913. 
The first of these only is as yet sufficiently free from the 
isotopic radioactinium to allow of an exact @ ray comparison 
with the preparation for whieh the atomic weight 231-51 was 
found. The new preparation was found to be more aetive in 
the ratio 100 : 60, and the authors conclude that if the latter 
is 30 per cent. ionium, the new preparation must consist of 
very nearly equal quantities of ionium and thorium, and 
should possess an atomic weight of 231:1. This result is 
thus precisely what we have found, although the methods 
of estimating the ionium are totally different, and, as has 
been shown, not entirely consistent. The authors conclude 
that their results make it certain that the ionium-thorium 
mixture from different samples of Joachimsthal pitehblende 
must vary between 30 and 50 per cent., and they diseuss this 
in connexion with the supposed parent of thorium. 

In our view, however, tlie probable explanation is not so 
far to seek. Since we have found essentially the same 1:1 
ionium-thorium ratio as Meyer and Ulrich, the natural con- 
clusion is that the preparation separated by Welsbach, for 

* G. Kirsch, Sitzungsber. Akad, Wiss. Wien, 1. a, exxxi. p. 001 (1922). 
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which a 3:7 ratio was found, is exceptional, and has pro- 
bably been contaminated by extraneous thorium, It was 
worked up in 1908, before anything was known about 
isotopes, by Haitinger and Ulrich in a thorium factory, and 
the dust settling from the air, without any more direct 
contamination, might well account for the difference, even 
hefore the ten tons of raw material found its way into 
Welsbach’s hands. The subsequent separation of the 
ionium occupied two years, and presumably, though the fact 
is not explicitly on record, this further working up took 
place also in a thorium factory. Indeed it must be con- 
sidered remarkable that the contamination was not greater, 
and the 3:7 ratio must be rather regarded as eloquent of 
the great cleanliness and care with which this, then extra- 
ordinarily complicated and difficult operation, was conducted. 


Summary. 


1. Recent redeterminations of the average-life period of 
ionium, from the rate of growth of radium in four uranium 
preparations purified from 18 to 15 years ago, give for the 
mean value 1:08 x 10° years. This is 8 per cent. higher than 
the value arrived at in 1919, and it is suggested. that the 
i value l:1x 10° years should be me: intime adopted. 

2. An exact method is deseribed for the determination of 
lonium, assuming this period from the rate of growth of 
radium, and which is applicable to very active preparations. 
The '* efiective time” of accumulation, 0, is given by 


@ = t—55554- 7/(1—e7^«), 


where t, is the time from purification to sealing the prepara- 
tion, T the time of aceumulation of CHUA CL: and Aq the 
MID E constant of the latter, in days. Then 


Io = 4:08 x 107 (Ra—Ra,)/9, 


where Tta — Ra, is the radium produced by the quantity Io of 
lonlum (grms.). 

3. An examination of an ionium-thorium mixture sepa- 
rated from many hundreds of tons of representative 
American carnotite, gave the ionium-thorium ratio as 
1:23. Radium prepared frem this source will have as a 
maximum 3 parts per 2000 of the y-radiation contributed 
by mesothorium and radiothorium. 

4. Two specimens of ionium-thorium have been separated 
from different products of the working up of the Joaehimsthal 
pitehblende, the first From the oxalie acid) precipitate, con- 
taining rare-earths, separated from the insoluble radium 
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residues, and the second from the sodium carbonate pre- 
cipitate from the solution of the mineral in sulphuric acid, 
in the uranium purification. Both specimens showed that 
the ionium-thorium ratio was 1:0°9, the ionium actually 
predominating. 

5. Results recently published by Meyer and Ulrich ona 
thorium-ionium preparation separated from the rare-earths 
in the material worked up in St. Joachimsthal in 1912 and 
1913, give an a-radiation greater than that prepared by 
Haitinger and Ulrich and À. v. Welsbach in 1908-1910, 
for which the atomic weight 231:51 and the ionium-thorium 
ratio 3: 7 have been accepted. This is in agreement with our 
result that the quantities of ionium and thorium in the 
mineral are nearly equal. We suggest that the older pre- 
paration was contaminated through having been Worked up 
in a thorium factory. 


We wish to express our acknowledgements to Mr. Bleecker 
of Boulder, Colorado, and to the Department of Mines of 
Czecho-Slovakia, for the materials examined, and to Mr. M. 
Garrett, Rhodes Scholar of Exeter College, for valuable 
assistance in chemical investigations preliminary to this 
work. 

Old Chemistry Department, 


University Museum, Oxford, 
April 19th, 1924. - 


CXI. Note on the Relativity Dynamics of a Particle. 
By P. A. M. Dirac, St. John's College, Cambridge *. 


A VELOCITY corresponds to a direction in four-dimen- 

sional space-time, and is determined by the ratios of 
the components of a vector drawn in that direction. The 
velocity of matter may be defined in two ways. If we can 
identify and follow the motion of a particular particle or 
other discontinuity, the direction of its world-line gives us 
the “kinematical velocity." Alternatively, if we measure 
the three components of momentum-density and the mass- 
density at any point, then in certain cases (which include 
that of an isolated particle) the direction determined by the 
four quantities is invariant, and it then gives the “ dynamical 
velocity." In Eddington's derivation of the gravitational 
equations f, mass and momentum are defined through their 
property of conservation without reference to the conception 


* Communicated by Prof. A. S. Eddington, F.R.S. 
t ‘The Mathematical Theory of Relativity,’ Ch. iv. 
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of kinematical velocity, so that the identity of the two 
definitions is not immediately obvious. Eddington has 
proved the identity of the definitions for an isolated particle 
when it has three perpendicular planes of symmetry * ; but 
it can be done without any postulates concerning the form 
of the particle, by considering the conditions that hold at 
surfaces of discontinuity in a distribution of matter. 

The simplest case in which kinematical velocity has a 
meaning is that of a (three-dimensional) surface of dis- 
continuity separating a region containing a continuous 
distribution of matter from a region containing none ; in that 
case the normal component of the kinematical velocity of 
the matter at the surface is zero in any system of coordinates 
for which the equation of the surface does not involve z4 
We choose our system of coordinates such that the equation 
of the surface is 7j; constant. Since the divergence of the 
material energy-tensor vanishes, we have in the usual 
notation 

or 


DT + far, u) Te (Bv, v] Ten 


which may be written 


ul T^2 Tas T^ 
ra Se = = e +o" —{av, p} To — ( Bv, v} T^5. 


The terms on the right are all finite at the boundary, 
however rapid the transition from finite density to zero 


1 
density may be. Hence o is also finite at the boundary, 
1 


so that T^! is continuous, and therefore vanishes just inside 
the region containing the matter. So the normal component 
of the dynamical velocity of the matter at the boundary 

vanishes, in agreement with all that is known concerning 
the kinematical velocity. 

We now consider a particle in free space, whose equations 
may be taken to be z= constant, ¿= constant, z4— constant, 
so that its kinematical velocity vanishes in these coordinates. 
Then Te, T^^, and T^? are continuous at the surface of the 
tube which is occupied by the particle, and therefore vanish 
inside it. We are here assuming that the differences in T+ 
at different points of a section of the tube are negligible, this 
being what is meant by a simple particle. So all the com- 
ponents of T+” vanish except T**, and the dynamical velocity 
is zero. Hence the dynamical velocity veetor has the same 
direction as the kinematical velocity vector, viz. along 2. 


* Loc. cit. $ 56. 


[ 1160 ] 


CXII. Notices respecting New Books. 


An Introduction to the Theory of Optics. By Sir ARTHUR SCHUSTER, 
Se. D., F.R.S., &e. Third Edition, revised and enlarged by the 
Author and J.W. N1cnorsos, M.A., D.Se., F.R.S. (Pp. xy +397, 
with 188 figures.) (London : Edward Arnold & Co., 1924. Price 
18s. net.) 

A Treatise on Light. By R. A. Houstoun, M.A., Ph.D., D.Sc., 
Lecturer on Physical Optics in the University of Glasgow. 
Fourth Edition. (Pp. x+486, with 334 figures and 2 plates.) 
(London: Longmans, Green & Co., 1924. Price 12s. 6d. net.) 


OTH of these well-known works on optics have passed into 
new editions. The previous editions of Schusters work 
appeared in 1904 and 1909 respectively, whilst those of Houstoun's 
appeared in 1915, 1921, and 1923. The additions and changes in 
the new editions are in both instances comparatively slight aud 
therefore detailed comment is not necessary. 

The most important addition to the * Theory of Optics ’ consists 
of the addition of two new chapters entitled “ Emission Spectra 
and the Quantum Theory " and ** Dynamical: Theory of Spectra” 
respectively. These are presumably by Prof. Nicholson, an 
acknowledged authority on the subjects in question. The volume 
will long continue to remain the best introduction from the phy- 
sical standpoint to the theory of optics. On account of its origi- 
nality of treatment and the clearness and precision of the English 
it should he carefully read hv every serious student of the subject. 
A word of praise is due to the publishers for the excellence of the 
printing, 

The new matter in the latest edition of Houstoun’s work consists 
of a very brief chapter on’recent advances, a new index, and two 
coloured plates. The scope of this volume, which is intended for 
students who have completed a first year’s course in physics and 
are proceeding further with the study of light, is a very compre- 
hensive one. It is divided into four parts, dealing respectively 
with Geometrieal Opties, Physical Optics, Spectroscopy and Photo- 
metry, and the Mathematical Theory. A studeut who has 
mastered this book will be well equipped for the more detailed 
study of any special portion of the subject. The author's consi- 
derable experience in teaching has enabled him to smooth out the 
diffieulties which the student is likely to encounter and to present 
the subject in the simplest manner, The chapter dealing with 
systems of lenses may be mentioned as an example of simplicity of 
treatment. That a fourth edition is now required is proof that 
the volume has met a real need. The paper and printing could be 
improved upon but, on the other hand, the price has been kept 
to a reasonable figure, an important consideration for a volume 
which is designed as a student's textbook. 
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